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PREFACE. 


T NOW preſent the Reader with a Third Volume of Mathematical Trafts, 
under the title of Scriptores Logarithmici, of which it will here be proper to 
give ſome account. | 


In this Volume, as well as in the Second Volume of this Collection of Traas, 
I have ventured to deviate a little from the Title of the Colle&ion, and to 
inſert ſome Tracts that do not expreſsly treat of Logarithms. But, for the 
moſt part, they treat of ſubjects which have ſome relation to Logarithms, and 
the knowledge of which will contribute to the more perfect underſtanding of 
thoſe quantities, or of the moſt noted methods of computing them. Such, for 
example, is Sir Isaac NewrTon's celebrated Binomial Theorem; and ſuch is 
the Doctrine of Reverting Infinite Serieſes, by which (as we have ſeen in the 
two former Volumes of this Collection,) many uſeful logarithmick ſerieſes have 
been obtained: and ſuch likewiſe is the Doctrine of the Summation of Infinite 
Serieſes, when their terms decreaſe too ſlowly-to make it poſſible for us to find 
a tolerably near value of their ſums, or ultimate magnitudes, in the common 
way, or by the mere computation of two or three dozen of their firſt terms, and 
the addition of all the faid terms to each other, or the addition of ſome of 
chem to the firſt term, and the ſubtract ion of others of them from the former, 
as the ſeveral terms, that come after the firſt term, happen to have the ſign + 
or the ſign — prefixed to them, Theſe ſubjects are in themſelves fo uſeful, 
and are ſo nearly connected with the Doctrine of Logarithms, that I preſumed 
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it would he agteeable to moſt of my readers to ſee ſome Diſcourſes that relate 


to em, ubiought tagether in the ſame-xolume. with ſome other Trac 4bat 


anſwer more exactly to the Title of the * * n e Ne 


— Ren this Volume. 
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5 The it Tra in this Vole is an Extra from a moſt valuable Treatiſe | 


on the Doctrine of Chances, that was written in Latin by the celebrated Mr. 


Jamss'BzexxovLiii, in the latter part of the laſt century, or the beginning of 
the preſent, and was publiſhed at Baſil, or Baſle, in Switzerland, in the year 
1713,. about eight years after the author's death, under the title of Ars Conjec-- 


tandi, 'which may be tranſlated into Engliſh by the following words, to wit, 


The Art of forming probable Conjettures concerning Events that depend on Chance. 
This work ſeems to have been but little known and read in England, though. 
it contains, as I believe, the beſt explanation of the Principles of the Doctrine 


of Chances that has ever yet been publiſhed, being far ſuperiour in that re- 


ſpect (though not in the extent to which the diſcoveries on the ſubject have 
been catried,) to Mr. De Motvre's famous Treatiſe on this Doctrine, and, as 
I believe, to every other work that has been publiſhed on the ſubject. It ſeeins 
therefore ſtrange that this valuable Treatiſe ſhould have hitherto been ſo little 
attended to; and I cannot but think it would be UGding an important ſervice 
to all ſuch perſons as are deſirous: of obtaining an accurate and ſeientifick 

r Matbematleks, to re-publiſh 
che whole of this excellent work, a" likewiſe to tranſlate It into Eogltth, with 
the addition of ſuch notes as may be neceſſary to remove the difficulties that 


knowledge of this ſubtle and curious branch 


ſometimes occur in it from the TR brevity with which i it is eee 
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It is not, however, with a view to the Doctrine of Acid uh I bave 


here re-publiſhed a part of this valuable Treatiſe, but with a view to the de 


monſtration of Sir Is AAC NEwTox's famous Binomial Theorem, upon which (as 
we have ſeen in the foregoing Volumes of this Collection of Tracts,) ſome of the 
beſt methods of computing Logarithms are grounded, For the extract of this 
Treatiſe which is here publiſhed, (and which conſiſts of the three firſt chapters 


of the ſecond" part of it,) contains the very beſt demonſtration that has yet been 
given, and even (as 1 believe) that ever can be given, of that famous Theo- 
rem in the firſt and ſimpleſt caſe of it, or that of the integral and affirmative 
powers of the binomial quantity « + 3; in which ſimpleſt caſe, as well as 
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in dhe more complicated and difficult! cafes, of it, (ar thoſe in which.the-powers 


of 4 4+ b ure either fraftional, or negative; or both: fractional ande negative,) 


the ſaid Theorem has been left. by city great Inventor without a: demonſtrations 


This ſecond part of Mr. BEX NOVILIi's faid Treatiſe; (of which (we! have: here 
re-printed the three firſt chapters,) is totally independant of every thing con- 
rained in' the firſt part of the Treatiſe; which has no relation to the Binomial 
Theorem, and therefore is here omitted. The contents of the ſecond part, 


and particularly of the three firſt poop {rod _ 2m, e CT „ 
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"I ſecond part of the Wei De A „ een, is a * fon and ac 
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curate Diſcourſe on the Doꝶrine of Permutations and Combinations, conſidered, 


firſt, ſeparately, and then conjoiutly, of which it explains the very firſt, or 


fundamental, principles in the three firſt chapters, and afterwards, in the fourth 
and other follow ing chapters, carries the doctrine to a great extent. But with 


theſe latter chapters we have at preſent no concern, the three firſt chapters 


being the only ones here re · printed. Of, theſe three chapters, the firſt relates to 
tbe, Doftrine ef Permutations, the ſecond to the Doctrine f Combinations, and 
the third to the Doctrine of the Figurale Numbers, the principal properties of 


which are deduced in it from the Doctrine of Combinations. And from the 


properties of theſe numbets the learned author has, in this third chapter, de- 


duced that accurate and ſatisfactory demonſtration of the Binomial Theorem, 
in the caſe of integral and affirmative powers, which 1 have juſt now men- 
tioned, and which 1 was deſirous of making more generally known than it yet 
ſeems to have been in England. Theſe three chapters take up, the firſt 23 
pages of the preſent Volume; and the demonſtration of the firſt caſe of the 
Binomial. Theorem, here alluded to, is contained in page 21, though without 
any expreſs mention of the ſaid, Theorem made by the learned author. But it 
is derived from one of the twelve ſurpriſing properties, or mirifice proprictates, 
(as the author calls them,) of the Figurate numbers, or the numbers contained 
in his Table of Combinations, in page 14, which. the authot has ſet down im- 
mediately after the {aid table, to wit, the , gth property, which; is expreſſed in 
thele words: Columng tranſverſæ ordine exbilent corgſicienles omnium poteftatum à 
radics aliqud binomid genitarum; nempe, ſecunda  co-efficientes radicis, ſcilicet, 1,1; E 
tertia co-efficientes guadrati, cilicet, 1. 2. 1 guaria culi, ſeilict, 1. 3.3.1; 
winſs, $iguaareii, alicia it. l - TI! concerning which num- 
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bers ers, (gx erm be che numeral, co-efficients of tlie terms of. the ſexerab 

ſubcebve powers of a binomial quantity, as 4 + 3,.or 1+ 1,) the author 
afferwattls)In page 21, lines 12, 13, and 14,>draws and. demonſtrates this con- 
chaßbn, to Wit, That Adrogue ſeguitur quod terminus. optatus fecunde columne fit 
— eee er ag 7 inte a= 1X — 
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which eoneluf ion is ſubſtantially the ſame as the Binomial Theorem in the caſe. 
of the n — 3th! power of che binomial quantity @ ＋ 5, or 1 + 1, when #—.x 
is, any affumative whole number whatſoever, and-will- appear under the uſual 
form of the ſaid Theorem, if we ſubſtitute: inſtead of u — 1, and; conſe> 
quently n — 1, * — 2, M — 3, 1 inſtead of u — 2, 1 3, 1 — 4, &c,, 
in anne. gang terms of It. % boriotie Sved bug Aνĩ IA 


"Y = oh as theſe three * are written with great brevity, which x makes 
them rather difficult to be underſtood, unleſs they are read with very great at- 
tention, I have (beſides adding a note to a difficult paſſage i in page 18,) tranſ- 
lated them into Engliſh 1 in a pretty full ſtyle, and have illuſtrated lo1 ne of. the 
propoſitions contained in them, by examples, which will, 1 hope, _ them 
much more caſily underſtood than they would be in the author” 8 original ; and 
by theſe means, I have enlarged the tranſlation 10 74 pages, or to more than. 
three times as many Pages as are taken up by the original, the tranſlation ex- 
N from page 25 to page * 7 o07" To 2N1r 


— — 


abbtln Treatiſe, which was neceſſary to the dune of net chats + 7 
obſerved chat the important properties of the Figurate numbers 'which he had 
demonſtrated, might eaſily be applied to the demonſtration of another cafe of 
the Binomial Theorem, to wit, the caſe of any integral and negative powers 


of the binomial, quantity 4 ＋ 4, or the caſe of the quantity @ +, 41", or. 
= 1 have draun vp an additional Tract upon this ſuhhect, in which l have 


demonſtrated, i in as ff full and clear a manner as I could, the ſaid other caſe of | 
0 07 | | nr 8 
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| Sir ISAAC  Nzwroy' 5 Binomial Theorem, relating to the quantity & 4 > 
or Fo and) baye-likewiſe extended the. ſaid demonſtration to che dame 


ws | powers 


Fu 4 - > . ts 

4 . 3 — = 
4 F 
2 — , ? 


SWN Mn * 


CCC 


Plus 9101 (1 — N 28 lig, ip laihanid “n to 2, e 

This Tract is intitled, An Apptadig : 16 the foregoing ,Tranſatian of * — 
chapters of the ſecand part of Mr. IAE BERNOUKLI'S. Treet/e De Arte: Con- 
jectandi, or of the Art of forming probadle Conjeftures concerning Events that depend 
on Chance. It is inſerted immediately after the (aid tranſlation of A Pare 'of 
Mr. BzanoULL1's work, and it reaches from page 99“ to page 133593 . here 
the pages are all marked with a-ſtar. ® after the figures that denote them, in 
order to diſtinguiſh them from the following pages which are marked with 
the ſame figures without the ſtar , and had been printed off before I had 


formed the reſolution of making this x a mme three 
TRE: Mr. 9 n „ 1 eee his), 0) ig mot 
10 552 4 \ ns  _— "C20 1.9142 


Afier this KS have n two Tracts of Mr. 8 SuAkp; 
of Little Horton, near Bradford, in Yorkſhire, (the great calculator of the latter 
part of the laſt century,) intitled, Zafy and Compendious Methods of making Lo- 
garithms, and The Method of Conſtructing the Natural Sines, Tangents, and Se. 
cants; and I have alfo re-printed ſeveral very curious quadratures of the circle, 
or computations of the length of the whole eircumference when the diameter 
is called I, performed by the ſame eminent calculator, and, moſt of them, 
carried to great number of decimal places of figures. Theſe computations 
are all derived from the tangents of certain circular arches that are erb 


| parts of the whole cecumference, by means of the infinite ſeries += ; TH > 


n 
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=> 5 7% * — 1e 1 a => + &c, ad infinitum, which Was in- 


vented by Mr. James Gxxconx in the beginning of the year 16717 90 ex- 
preſs the length of an arch of which 7 is the tangent, (provided the aid arch 
is not greater than 48 degrees, ) in a circle of which the radius is called H 


Eds: computations, or quadratures,. arg. as follows. al N end ol; 


” -Ebe' firſt of tönt ih derived Rom the albgint of au uch of 8 dkhrsdt or 


ah 2th part of Ar oaeps | CT or Gs 
R Ilo 


or, if the radius be called i, b to 77 — and is arried only 00 73 p . Gel eci- 


mal figures, and gives 3.14192, 653,590 for the length of cord circum- 
ference of a cirele Wen the diameter is called 1. This is uſually confidered 
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as Du HAL»by's Quadratyre.of the Cixele,| and was carried by him (as. I be- 
livve,) to theſe 13 places of _ But the next computation. (which is de- 


Tiy in like manner from — 8 the tangent of 30 degrees,) is carried, by 
my 198 375 div 


te predigious induſicy of the, ſaid Mr, Snare, to no leſs than 73. places of 
decimal figures, and gives che number 3. 141, 892,653,589, 793,238,462, 643, 
383,279, 50a, 884, 197, 269,399,375, 105,820, 974,944,592, 307,8 16,405 for the 
length of the whole eee. wheo the diameter is called 1. 2 ee, 


The third computation is derived —f the tangent of an arch of 18 degrees, 
or the 20th pare et of the whole ciruepference, which, if che radius be called 1, is 
equal to v1 — 2 X V-. or 5 2. or 4 — 8 


putation is carried to 46 Slice of figures, and gives us 3/141,592,053,589, 
793,233,462; 643,3383,279,502 884.197, 169,399, for che length of the whole 


| circumference, when the diameter is called K. hes wagon 


ww 


The fourth computation is dente From the tangent of an arch of 22 de- 


grees and a half, or the 16th part of the whole circumference, which, if the 


radius be called t, is equal to V2 - 1. This computation is carried to 23 
places of figures, and gives us 3.141, 592, 653,589,793, 2 1 the length 
ot the whole circumference, when _ earn is n. 1 N;f⁰ © VE 2617 
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Aud the fiſth and laſt eoldlginciion is dived from the a; a; an arch 


or 15 degrees, or the 24th part of che whole circumfetence, which, if the ra- 
dius be called 1, is equal to 2 — 3. This computation is carried to 28 


Places of figures, and gives us 3. 751, 592,653,589, 793, 238,462, 643,92 


heart nete ne e wand er TO2c 
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' "Theſe tracts and NOTARY of Mr. Suakr were, all, , publiſtied by Mr. 
William GarDINER, (a Land-ſurveyor and Teacher of Mathematicks at 
London, of great ill and induſtry,) in the year 1741, in the third edition of 
'SHERWIN'S Mathematical Tables, which be publiſhed in that year. But they 
were omitted in Dr. HuTTox's edition of the ſame Tables, in the year 1784. 
This omiffion, I thought, was to be regretted by the lovers of theſe ſubjects: 
and I have, therefore, here ſupplied it by re- printing them, and have alſo added 
notes to them in a few places, where the νοꝗds of the computations ſeemed 
| to 
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to require ſome exptanation; Theſe tracts and computations of Mr. A AAꝰ,w 
Su Axp reach from page 99 to page 11... E81 
at bono" ti 29. ot 10 sse St 6 — ont nt em ht 21 
The forcing of theſe quadratures of the circle, which were performed by 

Mr. ABXAHAM SHARP, led me to add to them ſome other quadratures of it, 
which were ſtill more convenient and expeditious than thoſe computed 9 
Mr. Sare, but which had not been invented at the time that Mr. Sante 
undertook thoſe former computations. Of theſe I will now give ſome account. 


The firſt of theſe quadratures 3 is that of the ingenious Mr. Joux Macury,. 
an excellent Mathematician, who was one of the Secretaries of the Royal So- 
ciety in the early part of che preſent century. This quadrature was invented by 
him before the year 1706. For the ſeries hy which ĩt is performed was publiſhed” 
in that year by Mr. WILLIAM JoNBs, in his Syncp/is Patmariorum Matbe/eos, 


16 . e hgh 
being as follows, to wit, 75 = * Ir = + _ & 


-& = 3.14169, &c. But the — of obtaining this ſeries was not pub- 
liſbed till the, year 1758, when 1, publiſhed it at the end of may, Diſſertation an 
the. Uſe of the Negative Sign in Algebra: and it was ſo, far from being obvious, 
or eaſy to difcover, that I have been informed that the very learned and ſaga- 
cious Mr. THhoMAS SM sCx, of Woolwich Academy, (though he beſtowed 
much pains and attention upon it,) could never find it out. But, about the 
year 1752; a friend of mine, who had been much acquainted with the; late 
Mr. Gz0RGE, LEWIS Scorx, (Who was a very learned Matbematician, and 
was afterwards, for many, years, one of the Commiſſioners of the Exciſe,) ſhewed,- 
me Mr. Machix's own, inveſtigation, of it, which he had received from Mr. 
Scorr, who had, in his- youth, been acquainted with Mr. Macurm himſelf. 
And, when I afterwards publiſhed my Differtation above-mentioned, in the 

year x758; I printed the ſaid. inveſtigation of Mr. Machix (with Mr, Scorr's . 
conſent, ) at the end of it, as an appendix to it, thinking that (though it was-- 
no way connected with the ſubject of that Diſſertation, ) it would be right to 
take that opportunity of communicating to the dhe ſuch 2 
N an Venom. oi d a0nibs 2 rrTuHI 10 di bobine an 
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The Gatien e ne was publiſhed i in Mr, Joxxs's Synopſis, was. 
ſd perplexed and difficult to inveſtigate, that no inveſtigation of it appears to have 
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been ever given by any other mathematician, though (as 1 before obſerved,) Mr. 
Tuomas Sie son, one of the moſt learned and ſagacious Algebraiſts of his time, 
is ſaid to have laboured hard to find one. This was not owing to any inherent 
difficulty, or obſcurity, in the principles of the inveſtigation itſelf : for that is 
ſimple and eaſy enough to underſtand, when ſet forth in its native and proper 
form ; but it is owing to the very obſcure and injudicious manner in which 
Mr. Jonzs (who was a moſt obſcure writer,) has expreſſed it. For he has 
repreſented it as a ſingle ſeries, whereas it is in truth the exceſs of one ſeries 


above another, to wit, of the ſeries = — 1 * = + 2 * = — 2 * 
Sur n TXS + Kc ad infinitum 
above the (ſeri WOT ESTI EIT T I +.-5 X 
e e e &c ad infinitum, or 


he ſeri 1 1 1 1 1 I I I I 

of 16 Xt 1 eries er X = + TY X = Wo X = + = * = 
I *® | 1 N. 1 1 4 _ 

— — * = + ot „ * =_ + &c ad inſnitum above 4 X the 


ſeries = — — x =; + — X be 
239 3 29 5 239 7 23" 9 239) 


x I 1 1 I 0 * 
er r n &c ad infinitum, or of 16 
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— ——=;; + &c ad infinitum above 4 x the feries — - + 
15 * 5 | 2 7300 
f | 39 3 


X the ſeries — 2 


* 2393 
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— — —ęV — + ** 1 1 ER 1 
5 x 2399 7x23 gx2399 . Toxin xr t 
&c ad infinitum, or, if we ſubſtitute à for the fraction — and 5 for the 


fraction —, the exceſs o ſeri fry . 4 
2 f 16 x the ſeries a 1 tm ——+> — 
ant a3 415 N 


+ = + &c ad inſinitum above 4 x the n www: Bas oe 
| 3 
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had exhibited theſe ſerieſes in this laſt form, it is probable that Mr. S1MPSON, 
ot any other mathematician of much inferiour {kill and learning to Mr. Stur- 
50N, would ſoon have difcovered the inveſtigation of them. At leaſt it is 


© certain 


r * 2 * 4 . in 
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Mr. Maca hiaiſelf, which was publiſhed in the year 1768. in. the. Appendix 
to my Diſſertation on the Uſe of the Negative Sign in Algebra, and which is 
here again preſented to the publiſ/cccköÿ⸗eQ Ho DOI 9 att 
enn aner ame M eee GH de, N HA nn 
This exhibition of Mr. MacHix's Method of Squaring the Circle, takes up 
eight pages of the preſent Volume, 40 wit, pages 17, 158, 169, 160, 16% 
162, 163, 2 _ WE TFH 3 ©, % WH, ant deg hs * + 44 *; Oy. 
Fog 
Next to this ev Bk of Mr. LS : n of A* Circle, 
(Chich ends! in page 164) I have inſerted' a little Tract of four pages, con- 
taining Dr. CHarLEs HuTton's explanation of the ſaid Quadrature, in his 
Treatiſe on Menſuration, (which was publiſhed in che year 177) and con 
raining likewiſe a remark on the judicious choice made by Mr. Macnix of the 
circular arc which has a Mñne equal to the zth part of the radius for its tangent, 
for the ground, or baſis, of his calculation, rather than of the arc which has 
the roth part of the radius for its tangent; which might, at firſt ſight, have 
been moogbi ſitter for chat purpoſe, or more likely to produce an eaſy calcu- 
lation, but which is there ſhewn to Wy a quite contrary rs 
n r oe a "PIR 1 
| In the next Face I "Mm inſerted a r excellent Method of e the - 
Ci rele, that was invented by the learned Swiſs Mathematician, Mr. Lzoxazrp 
EvLz8, agd publiſhed by him in the year 1748, in his Treatiſe on the Analyſis 
of Iafitite Quantities, printed at Lauſanne in Switzerland, and intitled Iutro- 
duttio in Aualyſu Tnfinitoruyn ; | Auftore LA EULEZ O, Profeſſere regio 
Berolinenſi, "eb Academiæ Inperialis Scientiarum Petropolitane Socio. This Method 
of · Squaring che Lirche bears a great reſemblanee to that of Mr. Machu, but 
is not quite ſo convenient and eaſy. It is, however, 4 very excellent method, 
asd is foond&f on the fame principle as Mr. Macais's, which is that of con- 
ſidering the arch of 45 degrees, or the eighth part of the whole gircumference 
ol a circle, as being the ſum, or difference, of two other arches, g hich the 
raygemts, or the tangemts ef heit halves, or fourth parts, or eighth parte, or 
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final! mag rg (ch as —— a nd — 239 1 in Mr.” Macmin's * Quadraryre, and 15 
100 i Mr. BonEn aud Geriving the values of the-arches belonging to 
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theſe tangents from their reſpective tangents by means of Mr. 8 GRE- 
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CoRY's eries above. mentioned, to wit, 2 — 1 * oe — 775 T 9 i 


0 
ne 


17 7 IS 158 &c ad Abe; which, when the tangent ? is much leſs 


than the radius 7, and is expreſſed in ſimple and eaſy numbers, will con verge 
very ſwiftly, and may be very eaſily computed. This account of Mr. n O 
pa mas 1s contained in pages 169, 170, 171, and 172. 


I have then given an example of this Qiradrature of Mr. EvuLts, in pages 
172, 173, 174, & - 182; by which TI have obtained the number 
3.141, 592,653, 589,793,238, 462,6 56, &c, for the length of the whole circum- 
ference of a circle, of which the diameter is called 1; of which number the 


firſt 23 figures, 3. 141,592,653) 589,793,238,462,6, are exact. 


And, after this example of Mr, Eurkz's Quadrature, I have added, in 
pages 182, 183, 184, &c, - - - 196, ſome remarks on the ſaid Quadrature, 
and ſome improvements on it, or ſome other Quadratures derived from ir and 
grounded on the ſame principle; and in pages 197, 198, 199, &c, - - - 204, 


I have allo inferted ſome additional Quadratures of the ſame nature, or that 


are derived from the ſame principle, which were communicated to me by the 
Reverend Mr. Joux HETTIxs, Vicar of Potter's Pury in Northampronſhire, 
near Stony Stratford in Buckinghamſhire, whoſe {kill in Algebra and in the 
Doctrine of Infinite Serieſes, is well known to the learned world from bis 


Mathematical Eſſays, (which were publiſhed in a ſmall volume, quarto, in the 


year 1788,) and from ſome other valuable — "Wes oo fi — __ : jaar 
liſhed in 4 r — — | 

Aber this long Tract, g Mr. Evues's Quadrature of the Circle, 
with the example to it, and the above-mentioned remarks and improvements 
on it, and the additional Quadratures of a ſimilar nature communicated by 


Mr. HztLitxs, (which extends from page 169 to page 204,) F have inſerted a 


Tract written by Dr. Cnax LES Hurrox on the ſame ſubject, which was pub- 
liſhed in the Philoſophical Tranſactions for the year 1776. This Tract is in- 
titled, A new and genera! Method of finding Simple and Quickly. converging Serieſes, 
by which the Proportion of the Diameter of a Circle to its Circumference may be eaſily 
computed to a great number of figures, and extends through ten pages, to wit, 
r 8 from 


— 
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from page 207 to page 216. And with this Tract J conclude all that this part 
of the preſent Volume contains concerning the Quadrature of the Circle. For 
there are two other Quadratures of it in another part of this Volume, the ſecond 
of which is introduced there as an example of the utility of x certain method, 

there ſet forth, of finding the value of an infinite ſeries whoſe terms converge 
very ſlowly. Thoſe Quadratures are not derived from Mr. JaMss GrzGoRY's 
ſeries above-mentioned; which expreſſes the relation between, a circular arc and 
its tangent, but from another ſeries, which exprefles the relation between a 
circular arc and the exceſs of its ſecant above the radius, and which is much 
leſs manageable and convenient than Mr. GRROORx's ſeries above-mentioned, 

and conſequently much. leſs fit for the purpoſe of ſquaring the circle :. but it 
leryes. very well for the illuſtration of the method, juſt now alluded to, WE find- 
ing the value of a ſlowly-converging ſeries, | 


The next Tra& in this Volume * to the ſummation of infinite ſerieſes 
of a certain form, when their terms decreaſe too flowly to make it practicable 
to approach nearly to the values of the whole ſerieſes in the common way, or 
by the mere computation of a few of their firſt terms, and the addition of 
ſome of them to each other, and the ſubtraction of others of them, which are 
marked with the ſign —, or the fign of Subtraction, from the ſum of the 
former, which are connected together by the ſign ＋, or the ſign of Addition. 
The ſerieſes to which this Tract relates are thoſe which are of the following 
form, to wit, a — bs + ox — dx), + en — fs ＋ g — bx! , &c ad infini- 
tum; in which x is ſuppoſed to be either equal to 1, or very little leſs than 1, 
and conſequently the powers of x, to wit, æ&, &, x*, -x*, *, 4, x, Ke; either 
do not decreaſe at all, being, each of them, equal to 1, or decreaſe very 
ſlowly; and in which the co- efficients a, 5, c, d, e, f, g, b, &c, form a de- 
creaſing progreſſion of numbers, and likewiſe-decreaſe- but” ſlowly; and conſe- 
quently. the whole terms bx, cxx, d, ext, fes, gx*; ba, &c,- decreaſe alſo very 
dean: ſo that it would be neceſſary to -compute a prodigious number of 
terms, in ſome caſes ſome thouſands, and in others even many millions, —in 
order to obtain the value of the whole ſeries, or of the limit of the magni- 
tude of all its terms, exact to eight, or ten, places of decimal figures. In 
theſe caſes it is [hewn in this Diſcourſe, that, if the ſeveral co · efficients c, d, e, 
f, g, b, &c, of the third and other following terms, be ſubtracted: from the 
next preceeding co- efficients b, c, d, e, f, g, &c, ſo as to produce the ſeveral 

| 3 differences 
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diferentes 3 4 , 4e, - -. g—b, &e, and thefe dif- 
ferences form alſo a decreaſing progreſſion; and, if the differences of theſe dif- 
ferences; or the ſecond differences of the coefficients J, c, d, e, f, g, b, &c, be 
found in like manner by ſubtraction; and likewiſe the third differences, and 
the fourth differences, and the fifth and ſixth, and other following differences. 
of the ſaid co-efficients, be found in like manner by ſubtraction ; and every 
new order of differences. be found to conſtitute a decreaſing progreſſion of 
terms; and, if b“ be put for-the difference 4, — c, or the firſt difference of 
the firſt order; and n“ be. put for + A= 4, or b— 2c +4, or the 
firſt difference of the ſecond order; and o be, put for the firſt difference of 
the third order, and v for the firſt difference of the fourth order, and o“, *., 
Du, bu, Ke, for the firſt differences of the fifth, fixth, ſeventh, eighth, and 
other following, orders, reſpectively —it 1s:ſhewn-in this Diſcourſe that, upon 
theſe ſuppoſitions, the 3 ſlow ſeries @ — bs + ox — dx + ex! — f= 

+ g — bx* + &c ad inpnitum, will be equal to the differential ſeries @ — 
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— &c ad iuſnitum, in which all the terms after the firſt term 4 are marked 
with the ſign , or are to be ſubtracted from the firſt; term. And this ſeries 
will converge fo ſwiftly, even in the. moſt unfavourable caſes of it, or when is 
equal to 1, chat, if we compute a dozen or two of wh terms of the original 
flow ſeries a — by ＋ cx — d' + er — fs + g — bx) + &c, in the 
common' way, and afterwards apply this differential ſeries to-the infinite ſeries 


hat conſtitutes the remainder of the ſaid original ſeries after thoſe firſt terms ſo 


computed are taken from it, the value of only eight terms of this differential 
ſeries will exhibit the value of the ſaid remaining infinite ſeries of ſlowly-de- 
creaſing quantities exact to eight, or more, decimal places of figures: which 
is as great a degree of exactneſs as would be attained by the direct computation 
of many millions of the terms of the ſaid remaining infinite * This there- 
ſore muſt be conſidered as a very uſeful ſeries. | 


of this method" of finding the value of a Qowlyconrergng __ the fol- 
lowing examples are given. 


2 If the radius of a circle be called 1, an arch of 45 degrees i in the ſaid rele 


will 2 to the infinite ſeries 1 T- 


SEELEY an = 


— 4+ &e ad infinitum; Zut the terms of this ſeries decreale ſo very. E 


as to ite the computation of it to any conſiderable degree of exactneſs, i 
the common way, (or by firſt computing a ſufficient number of its — 
and then ſubtracting the ſum of all thoſe which have the ſign prefixed to 
them from the ſum of all the others,) abſolutely impracticable. For Sir Is AAC 
Newrow has obſerved, concerning this feries; and another ſeries that: is almoſt 
as flow as this, that, to exhibjt its value exact to twenty places af decimal 
figures, chere would be occaſion for no leſs than five thouſand millions of its 
terms; to compute which would take up above a thouſand years. See Sit 
Isa Nxwrox's ſecond letter to Mr. OrpEN BURG, dated Oct. 24, 1676, 
in the Commercium Epiſtolicum of Mr. Join” Cor.Lins and other celebrated 
Mathematicians, publiſhed by the order of the Royal Society of London, 
in the year 1712, page 159. But by the help of the foregoing} differen, 
tial ſeries, we may, by ban only twenty terms of the faid flow ſeries 
8 S .Der ITO of eie . 
I — 2 * A 3 N + Kc, obtain the value of 
the whole of it exact to eight places of decimal figures, or to les than ihe 
hundred-millionth- part of the radius 1; which is a degree of exactneſs that 
could not have been attained. by the mere computation. of the ſaid ſeries itſelf, 
without computing fifty millions of its terms. For, if we compute the firſt 
twelve terms of this ſeries, to vit, 1 — 1 ä +' 1 harry 
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marked with the ſign — from che löm of all the others, we ſhall find the re · 
ſult to be = e e And, if we afterwards compute” — 
+ -Þ DD. 


of the remainin infinite ſeries 3 I — — — — — — "id 2 
8 25 . 35 37 — 


= ee ad infaitim, by means of the differential ſeries 4. — r 
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ſubſtituting 1 for æ, wif < for a, and — —— — for b, and — — for <& and — 2 for 4, 


and Iz for e, 57 for n 2 for , and finding e 


D*, 95 p 9 p', wy from theſe ace we ſhall. find the value of the 
eight firſt terms of the ſaid — a gp and conſequently the near value 


| e infinite ſeries — + = _ r 1 
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Andi à third example of the uſefulneſs of this differential ſeries is given in 4 
this Diſcourſe in the application of it ro the very flow logarithmick ſeries 1 — 4 
r AG OB: 4 1 Far 442 

= 1 e, ty ng 3 LI &c ad infinitum, which is equal 


| W lh 
toNarizs's logarithm of 2, or of the ratio of 2 to 1. This logarithm, it is 
well known, is = 0.693, 147,180, 559, 945, &c ; and, by the help of this 
differential ſeries, it is here found to be = 0.693,147,180,567, — &c, or 
ſomewhat leſs than 0:693,147,180,567 ; which number is therefore exact in 
the firſt ten figures 0.693,147,180,5. This is as great a degree of exactneſs as 
8 could have been attained in the common. way, by computing an hundred 
l thouſand millions of the terms of the original, or propoſed, ſeries. This there- 
[ fore is another ſtriking inſtance of the utility of the ſaid differential ſeries. 


1 


| 

| 

| But, to obtain this best 8 of nk, 1 computed the firſt 36 terms 
I 5 of che ſeries 1 — > rec ad infini- 


tum, in the common 7 and found "their reſult wo 0.679,451,118,600, 
&c; and then 1 applied the ſaid differential ſeries to the inveſtigation * the 


6 Tan of, the remaining part of the ſaid original ſeries, to wit, the leres — — — 


r 17 22 + &c ad infinitum, ws was 
found to be = 0.01 R A this number, being added to the 


former number 9.679,45 1,118, 600, or the value of the firſt 36 terms of the 


ferjes - + — + =p tt + &c ad inſinilum, 
gave us 0.69, 14), 180, 567 — &c for the value of the whole of the ſaid or 
WT Narin's EEO IO FRANCE 2-00 1. 
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And here again we may * 6 in he. too former = that this 
great degree of exactneſs is owing almoſt intirely to the ſaid differential ſeries. 
For the number 0.679,451,118,600, which is the value of no lefs than thirty- 


hog ere the original ſeries 1 — — 24 _ ＋ 


— 
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1 * ENT A + 4 ad infinitum, gives the — of 5 Ek ſeries exact only 


to one place of figures; ſo that the nine following figures of the ten figures, 

0.693,147,180,5, which are exact in the value of the ſaid original ſerics ob- 

. tained by means of the ſaid differential ſeries, to wit, o. 693,147, 180, $67, are 

obtained by means of the ſaid differential ſeries. 8 
is. 
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This Tract is of my own compoſition, and was formerly publiſhed in the 
Philoſophical Tranſactions of the year 1977, while the learned and reſpectable 
Sir Jokx PRINOIE was Preſident of the Royal Society. But it is here a little 
enlarged by the addition of the laſt example, juſt now mentiored, of the uſe- 
fulneſs of the ſaid differential ſeries, by applying it to the ſummation of the 


locarthmick re —, . r n n I og p 
logarithmick ſeries 1 + : 7 + 7 * - 8 + - 


_ + &c ad inſinitum above- mentioned. It n in page 219, and ends in 


page 252. 

The next Tract in this Volume is a very full Inveſtigation of the Differential 
Series given in the preceeding Tract, and was occaſioned by the remark of an 
intelligent friend of mine, now deceaſed, who, upon reading the former Tract, 
was greatly pleaſed with the Differential Series deſcribed in it, on account of 
the great utility of the ſaid Series in finding the ſums of ſlowly-converging Se- 
rieſes, but at the ſame time complained that the manner of obtaining it had 
not been ſufficiently explained for him to underſtand it thoroughly. This 
made me reſolve to give a further explanation of it in as full and clear a man- 
ner as I could, and was the occaſion of my drawing up the preſent Diſcourſe, 
in which the ſubject is treated with great care and exactneſs. And I was the 
more willing to enter into this full inveſtigation of the ſaid Differential Series 
on another account likewiſe ; namely, becauſe the principles on which it is 
founded are the ſame with thoſe of one of Sir IsAAc NewrTon's methods of 
reverting infinite ſerieſes, that is of very general and extenſive uſe, and is fre- 
quently employed by Mathematicians for that parpoſe, but yet has never been 
explained and demonſtrated in a full and ſatisfactory manner in any of the books 
I have met with on the ſubject. The method of reverting ſerieſes which I here 
allude to, may be deſcribed as follows. If there be two variable quantities, 
denoted by the letters x and y, that both. increaſe together, and their relation 
is conſtantly expreſſed by an equation conſiſting of an infinite number of terms, 
as, for inſtance, by the equation ax + bxx + af + A T er + e + gx? 
+ ha + &c ad infinitum = y, and it be required to find the value of the 
firſt variable quantity, x, in an infinite ſeries of terms involving the powers of 
the ſecond variable quantity, y, with certain numeral co-efficients prefixed to 
them, or multiplied into them, (which is called reverting the firſt infinite ſeries 
ax + bxx + ca + d + e + * + gx) + b + &c,) Sir I8Aac New. 
TON, in this firſt method of reverting ſerieſes, directs us to proceed as follows, 

Vor. III. C Let 
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Let us aſſume the ſeries Ay, %, G, Dy*, 5, ty, Gy", ), &c ad infinitum, 
(in which the values of the numeral co-efficients denoted by the capital letters 
A, B, C, D, E, F, G, u, &c, are unknown, or undetermined, and the figns, 
+ or —, which are to be prefixed to the ſecond term By, and the following 
terms cy, py*, 5), y', Gy?, ny", &c, are likewiſe at firſt undetermined,) for 
the ſeries we are in ſearch of, or.for the value of the firſt variable quantity x ; 
and let us inſert the ſaid ſeries inſtead of x- in the terms of the original equa- 
tion ax + bxx + c + dx* + ex + r + gx?) + br + &c ad infiuitum = y. 
And we ſhall thereby transform the ſaid equation into another very compli- 
cated equation which will involve in it only the powers of y combined with 
the original and known co-efficients a, ö, c, d, e, f, g, b, &c, and with the 
new and unknown co-efficients 4, B, c, D, E, r, G, H, &e. And then, by 
certain reaſonings on this transformed and very complicated equation, we may 
gradually diſcover the values of the new co-efficients A, 3, c, b, E, r, 6, n, 
&c, and the ſigns + or —, which are to be prefixed to the ſecond term By, 
and to the following terms cy?, py?, E/, Fy*, cy, ny*, &c, of the new, or af- 
ſumed, ſeries ay, , cy*, Dy*, EY, xy*, cy", ), &c, reſpectively. And, 
when that is done, the value of the ſaid new ſeries, which is equal to x, and 
* which we were required to find, will be obtained, and the original ſeries ax + 
bex + cr + dx, ＋ er- + fo* + gx” + bx* + &c will be reverted. The 
principles of this method of reverting ſerieſes, or the reaſonings to be made 
uſe of with reſpect to the above - mentioned transformed and complicated equa- 
tion, in order to determine the values of the new co-efficients A, B, c, D, E, 
r, 6, H, &c, and the ſigns + and — that are to be prefixed to the ſecond 
and other following terms of the aſſumed ſeries ay, Byy, cy,  Dy*, Ey*, ye, oy?, 
, &c, have, as far as I have obſerved, been generally taken for granted, as 
if they were ſelf-evident propoſitions, and incapable of being demonſtrated ; 

which yet is far from being the caſe. And therefore the full demonſtration pf 
theſe principles which is given in this Tract, (though it was originally drawn 
up with a view to the Inyeſtigation of the above-mentioned Differential Series,) 
vin be uſeful as a preliminary doctrine to the demonſtration of the ſaid me- 
thod of reverting infinite ſerieſes, which is treated of in a ſubſequent part of 
the preſent Volume, where the Doctrine of the Reverſion of Infinite Serieſes, 
by this and by another method, invented likewiſe by Sir Is AAc Nzwrox, is 


made the ſubject of a very long Diſcourſe. 
| Towards 
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Towards the end of this [nveſtigation of the Differential Series 2ͤ— 
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which is equal to the flow ſeries a — bx + ax — dx A N + 2 * — 

bx” + &c ad inſnitum, 1 have given a Scholium, which explains, how it comes 

to paſs that eight terms of the ſaid Differential Series ſhall approach ſo much 

nearer to the value of that whole ſeries, than eight terms of the other ſeries 

(the whole of which is equal to the whole of the Differential Series,) approach 

to the value of the whole of the faid other ſeries, and that they are even equal 

to many millions of the terms of the ſaid other ſeries ; which we have ſeen to 

be the caſe in the three remarkable examples of the utility of the faid Diffe- 

rential Series given in the former of theſe two laſt Tracts. This ſeemingly 

ſtrange concluſion is ſhewn to ariſe from the following circumſtance. Each of 

theſe infinite ſerieſes is ſhewn to be equal to a certain complicated infinite ſe- 

ries, there called M, conſiſting of the following horizontal lines of terms, to 

wit, | 

p * * . * * * — 

— + ex — q e — of + c — os? + &c ad infinitum, 

n + 28x — 3Rx* ＋ 4Rx* — g + 6Rx* — &c ad infiritum, 

— $x* + 38x — 68x* + 10sx* — 1584 + &c ad infinitum, 

| — Tx* + 4Tx* — 10Tx* + 20Tx" — &c ad infinitum, 

— v' + FV — FV“ + &c ad infinitum, 

— W + 6ws' — &c ad infinitum, 

— xx” + &c ad infinitum, 

== &c ad infinitum. 


Now, if we reduce this complicated ſeries into a fi be ſeries, by uniting 
together the two terms, + Qxx and — Ryx,- (that involve the ſquare of x, 
and ſtand in the firſt perpendicular line of terms,) ſo as to convert them into 
one term, to wit, + Q— A x xx; and by uniting together the three terms, 
— . + 2Rx* — s, (that involve the cube of x, and ſtand one under the 
other in the next perpendicular line of terms,) ſo as to convert them into one 
term, to wit, — [N — 2k +5) &; and by uniting together the four terms; 
+ o* — 3 + 38x* — rat, (that involve the fourth power of x, and ſtand 
one under the other in the third perpendicular line of terms,) ſo as to convert 
them into one term, to wit, T q — Zu + 35 — TX *; and by uniting . 
together, in like manner, the five terms that involve the fifth power of x, and + 

C2 the 
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the fix terms that involve the ſixth power of *, and the ſeven terms that in- 


volve the ſeventh power of x, into ſingle terms, ſo as to convert them into the 
ſingle terms _— 4R + 68 — 4T + v) x *, and | 

+ — 5 + 10s — 1oT + gv — W)X K, and 

—ſq — n + 15s — 20T + 15v — 6w + XN *, reſpectively, it will 
be found that the new ſeries of eight ſingle terms thence ariſing, to wit, the. 
ſeries r — d + Q—R| X xx —(Q — 2R + SY X K* 

KA + 3s I „ —ſa—4t + 6s —47 +v\Xx * 

+ d — 5R + 10s — 10T' + FV — IX K* | 


— {Q ö + 155 — 20T + 15Y — 6w + x)X x”, will be exactly the 


ſame with the eight firſt terms of the original ſeries a — r ＋ cxx — dxf + 
en — s + ga* — bx*, each term of the one ſeries being equal to the cor- 
reſponding term of the other ſeries, to wit, Þ being equal to a, and ex being 
equal to bx, and @ — N X ax being equal to xx, 

and W — 2R + + Xx * being equal to d=, f 

and Q — 3R + 35 — r* * being equal to ex-, | 
and C — In + 65s — 4r + v)x & being equal to fx", d 
and Q — 5R + 10s — 10T + 5v — W) x * being equal to gx*, 

and . — 6R + 15s — 20T + 13v — 6w + x\ x x” being equal to bx". 
Therefore the eight firſt terms, @ — Ir + ax — dif + e — , + g* 
bx", of the original ſeries 4 — by ＋ oxx — dx + ext — r ＋ gif — bu! + 
&c ad imfinitum, are equal to all the terms of the complicated infinite ſeries 
M, which are above ſet down, and which involve the firſt ſeven powers of x, 


and no more. But the eight firſt terms of the Differential Series a — = — 


* 
bar pues — AIP 4 Doe b . 
Fr r 255 — ==; = &c ad infinitum, are 
equal to all the terms of the ſaid complicated ſeries M which are above ſet 
down, together with the ſeveral infinite ſerieſes which follow the terms — d“, 
+ 6a, — psx, + 20Tx", — 15vx', + 6wx?, and — xx”, and are com- 
prehended under the ſeven marks &c ad infinitum that follow thoſe ſeveral terms. 
For the firſt term, a, of the ſaid Differential Series, is equal to the ſingle 


term 1 in the ſaid complicated ſeries M; and the ſecond term, — =, of the 


ſaid Differential Series, is equal to the firſt horizontal line of terms, to wit, 
— T - , - + o& - * + &C ad infinitum, including 
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rhe terms + a — Qs? + G — ox" + &c ad infinitum, as well as the 


former ſeven terms ; and the third term, — _ , of the ſaid Differential Se- 


ries is equal to the ſecond horizontal line of terms, to wit, — Rxax + 284) — 
gRx* + 4a — gn + Gn“ — &c ad infiritum, including the terms — RX 
+ 8 — 98x” + 108Rx"" — &c ad infinitum, as well as the former fix terms; 


and, in like manner, the fourth term, — == and. the fifth term, — SY 


and the ſixth term, — — and the ſeventh term, — == and the eighth 


D 
777 
551,7 


term, — ; of the ſaid Differential Series, are equal to the whole third, 


* 

and the whole fourth, and the whole fifth, and the whole fixth, and the whole 
ſeventh, horizontal lines of terms, (including the infinite numbers of terms 
comprehended under the marks of &c,) reſpectively, in the ſaid complicated 
ſeries M; as is ſhewn in this-Diſcourſe.. And conſequently the ſaid eight firſt 
terms of the ſaid Differential Series muſt come much nearer to the true value 
of the whole of the infinite complicated ſeries M than the reſult of only the 
ſeveral terms that are actually ſet down above in the faid complicated ſeries, 
and therefore muſt likewiſe come much nearer to the ſaid true value of M than 
the firſt eight terms of the original ſeries a — bx + oaxx — dx + en — J 
+ gx* — bx" — &c ad infinitum, which are equal to the ſaid reſult of only the 
ſeveral terms above ſet down in the ſeries M, can come to it; or, in other 
words, the firſt eight terms of the Differential Series muſt come much nearer 
than the firſt eight terms of the original ſeries to the true value of the whole of 
either of the ſaid two equal ſerieſes. The Scholium, in which this curious 
ſubje& is explained, begins in page 284, and ends in page 290. 


In the laſt part of this Tract on the Inveſtigation of the above-mentioned 
Differential Series, J have given another remarkable inſtance of the utility of 
the ſaid ſeries, in enabling us to find the ſums of flowly-converging ſerieſes, 
by applying it to the ſummation. of the complex ſeries which expreſſes the 
length of a circular arch of which the ſecant is given, in the extream caſe of 
the convergency of the ſaid ſeries, or when the arch is equal to 60 degrees, 
and the variable part of the ſecant, or the exceſs of the ſecant above the radius, 
is conſequently equal to the radius. For it appears by the computation of only 
the eight firſt terms of the ſaid complex ſeries, and of the eight firſt terms of 
the correfponding Differential Series, that the value of the ſaid ſeries, or of the 
| arch 


> + +1 LW 134K 2 


arch of 6o degrees, to which it is equal, will be obtained, by means of only 
theſe eight terms, exactly to four places of decimal figures, and that the value 
of the whole circumference of the circle, derived from it, will, if the diame- 
ter be called 1, be 3. 141,672, &c; which exceeds the true value of the cir- 


— or leſs 


cumſerence, to wit, 3.141,92, &c, by only o. ooo, o8o, or 


1 ; . 2 

than 8 or one ten- thouſandth part of the diameter. This is a very great 
degree of exactneſs to be attained by the computation of ſo ſmall a number of 
terms of the ſeries as eight; and it is intirely owing to the Differential Series, 
becauſe the value of the circumference ariſing from the computation of the firſt 
eight terms of the original ſeries itſelf, is only 2.954,93 1, which does not 
agree with the true value of the circumference, or 3.141, 592, &c, even in the 
firſt, or higheſt, figure. | 


And I have alſo added another Quadrature of the Circle derived from the ſaid 
ſeries, expreſſing the relation between a circular arch and the exceſs of its ſe- 
cant above the radius, in a caſe in which the ſaid exceſs of the ſecant above 
the radius is much leſs than the radius, and in which the ſeries confequently 
converges very ſwiftly, to wit, in the caſe of an arch of 15 degrees, or the 24th 
part of the whole circumference. And in this calculation I have made no uſe 
of the aforeſaid Differential Series, but have merely computed the firſt eight 
terms of the original ſeries derived from the ſecant. And the value of the 
whole circumference thereby obtained, will, if the diameter be called 1, be = 
3-141,592,656, &c; of which number the firſt nine figures, 3.141, 592, 65, 
are exact, the. more accurate value of the circumference being 3.141,592,653, 
589, &c. | 3 


This Tract on the Inveſtigation of the foregoing Differential Series, begins 
in page 255, and ends in page 312. 


The foregoing Differential Series is applicable only to the ſummation of a 
flow ſeries of the form above-mentioned, to wit, 4 — bx + ox — dx + ex 
— fx* + g — bx" + &c ad infinitum, in which the ſecond, and fourth, and 
fixth, and eighth, terms, and all the following even terms of the ſeries, are 
marked with the fign —, or are to be ſubtracted from the terms that imme. 
diately preceed them; and it will not aſſiſt us in the ſummation of a flow ſeries 

of 
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ol the following form, to wit, a + bx + ca + h + c + i + g + b; 


+ &c ad infnitum, in which all the terms after the firſt are marked with the 


fign +, or are to be added to the firſt term, Nor have I been able to find 


any good general method of helping the convergency of a flow ſeries of this 
form. But in ſome particular caſes I have obſerved that a flow ſeries of that 
form may be ſummed with convenience by a peculiar application of Sir Isaac 
Newron's Reſidual Theorem in the caſe of fractional and negative powers. 
Of this I have given an inſtance in the next 1 NN 3 this EO, 


which ſhews how the * ſeries x + — — += 2148 2 4 Go - 


+ - + ＋ + &c ad influ, may be ſummed to a very 1 * of 


exactneſs by ſuch an application of the ſaid Reſidual Theorem, even when its 
terms decreaſe with exceſſive ſlowneſs, as, for example, when x 1s equal to the 


fraction =, or even to the greater fraction 95 — which approaches very nearly 


to 1, and conſequently cauſes the powers of : x, to wit, a, © , 
&c, to decreaſe at a very flow rate. The true value of the ſaid ſeries in the 


former caſe, or when K is = 2, is the logarithm of the ratio (of x to 1 — x, 
or of 1 t-to 1 2, or of 1 to 2 — 55 or of 1 to 255 or) of 1 to 1, in 
Narizx's Syſtem of Logarithms, to wit, 2.302, 58 5, 092, 994,04 5,684, 017, 


&c; and in this Tract the value of this ſeries is found to be equal to the ſaid 
number 2.302, 585, o92, 994, 045, 684, 17, &c. And the true value of the ſaid 


ſeries in the ſecond caſe, or when is = 5 is the logarithm of the ratio (of 


1 to 1 — , 1 or of 1 w2—2,orof 1 0 05 or) of 


99 to 1, in Napte's Syſtem 6 of Logarithms, which is 4. 59 5, 119,850,134, 589, 
892, &c; and in this Tract the value of this ſeries is found to be = 4.595 
119,80, 134, 589, 926; which agrees with the true value, 4. 595, 119, 8 0, 1 34, 
589,892, in the firſt ſixteen figures 4.595,119,850,134, 589. This application 
therefore of Sir Isaac NEwrOA's Reſidual Theorem is very uſeful in the ſum- 


mation of theſe logarithmick ſerieſes when they converge too ſlowly to be ſum- 


med in the common way. And I ineline to think there may be other ſerieles, 
whole terms are all connected to each other by the fign +, or by addition, 
to which it may be applied with the like ſucceſs; namely, all ſuch ſerieſes, in 
which the ſeveral generating fractions of the numeral co-efficients of the terms, 


Er 


xA¹ 1 n 1 1 EE, 


(or the fractions, by the continual multiplication of which the numeral co. effi- 
cients of the terms are produced, or generated, from each other,) are formed 
by the continual addition of a given number to both their numerators and de- 
nominators. And therefore, in our endeavours to ſum any ſlow ſerieſes of this 
form by this method, it will be proper to attend with great care to the law 


of the generating fractions of their terms. 


The ſubſtance of this Tract was read before the Royal Society on the gth 
day of July, 1778, and was publiſhed in the Philoſophical Tranſactions for 
that year. It is here a little enlarged, and extends from page 315 of the pre- 


 fent Volume to page 325. : 


The remaining part of this zd Volume of the Scriptores Logarithmict is taken 
up with a Diſcourſe on the Reverfion of Infinite Serieſes, which has been al- 
ready mentioned in this Preface. This Diſcourſe is a very long one, and ex- 
rends from page 329 to page 786, or the laſt page of the book; which may, 
at firſt ſight, ſeem to be a greater extent than was neceſſary to the explanation 
of that ſubject. Bur, I muſt own, I am of a quite different opinion, For the 
Doctrine of the Reverſion of Serieſes appears to me to be a moſt ſubtle and 
difficult ſubject, and to require a great deal of explanation and illuſtration by 
examples; which neither Sir Is aac Nzwron, (the great inventor of the two 
methods of Reverſion here conſidered,) nor any of his ſucceſſors or commen- 
tators, have thought fit to beſtow upon it. And therefore I have here entered 


largely into the ſubject, and have not only ſet forth the principles on which the 


ſaid two methods of Reverting Serieſes are grounded, but have illuſtrated the 
firſt of them (which is the more ſubtle and difficult of the two, and is grounded 
on the aſſumption of another infinite ſeries with indeterminate co-efficients to its 
terms, for the value of the variable quantity æ involved in the firſt ſeries, in 
the manner deſcribed above, in page xviii,) by a conſiderable number of ex- 
amples in the application of it to ſome of the moſt remarkable Infinite Serieſes 
that have been diſcovered by Mr. MzzcaTor, and Dr. WALL1s, and Sir 
Isaac NewrTon, and Mr. Jamts GREGOR, relating to Logarithms and the 
Arches of Circles. And it is to theſe examples of the ſaid Method of Rever- 
fon, in which all the neceſſary proceſſes are ſet forth in a very full and diſ- 


tinct manner, that the great length of this Diſcourſe is owing. 


The 
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The principal matters contained in this Diſcourſe may be deſcribed as 
follows. | 


The firſt three pages of it are employed in explaining what is meant by the 
operation of reverting an Infinite Series, and in ſhewing how the occaſions for hav- 
ing recourſe to ſuch an operation in the proſecution of mathemarical inquiries 
uſually ariſe. And here it may be proper to obſerve, that I am now perſuaded that 
a doubt which is ſuggeſted in page 331, art. 7, concerning the poſſibility of re- 
verting an Infinite Series in all caſes, or when the powers of x in the terms of 
the original Series increaſe in an irregular manner, and the ſigns + and —, that 
are prefixed to the ſaid terms, ſucceed each other in an irregular manner ;—1 
ſay, I am now perſuaded that the doubt there luggeſted, concerning the poſſi- 
bility of reverting an Infinite Series in theſe cafes, is without foundation, For, 
upon peruſing again, and conſidering attentively, the reaſonings uſed in art. 18 
and 19, pages 340, 341, 342, I am ſatisfied that they ſerve equally to prove 
that it muſt be always poſſible to revert an irregular Series, (ſuch as the Series 


ax ＋ I + if + dx* + e8* + fx" + gx** + br + &c mentioned in art. 7,) 


as to prove that it muſt be always poſſible to revert the regular Series ax + 
br. + c + dx + ex* + fo" o+ gu" + bx" + &c, to which they are there ap- 
plied. However, this is a matter of no importance as to the remaining part of 
this Diſcourſe ; becauſe all the Serieſes that are reverted in it, or to which the 
methods of reverting Serieſes here delivered are ſuppoſed to extend, are thoſe in 
which the powers of & in the ſeveral terms increaſe regularly, and the figns + 
and —, prefixed to the faid terms, P alſo ſome regular _ | 


After this introduction to the ſubject, directions are given in pages 332, 333. 
and 334, art. 8, 9, 10, 11, and 12, for reverting the general Series ax + Ir 
+ cx + d Ten + „ + g' + bx* + &c ad infnitam, by Sir Isaac 
Nzwrox's firſt method of reverting Serieſes, or by ſuppoſing # to be equal to 


the Series ay, BY, cf, 9, xy*, y, oy", u, &c ad imm, and inveſti- 


gating the values of the indererminate co-efficients a, B, ©, D, E, v, o, n, 
&c, and the figns — and + that are to be prefixed to the ſeveral terms 3%, 
cf, , K, ry, oy, ny", &c, reſpeQively, that reſult from that ſuppoſition. 


And chen, in pages 334, 335, 336, 337, 338, 339, and 340, art. 13, 14, 


15, 16, and 17, theſe directions are carried into execution fo far as to obtain 
the values of the two firſt terms of the ſaid aſſumed —— the terms 
Yor. Ill. | d AY, 


K i REP „„ 


sk 1 {11 * 91 
* : which are a * „*. "me the ſeverat dine 


equations are alſo exbibited, by the reſolution 50 which it is poſſible to aſcer- 


tain the values of the ſix following co-efficients o, D, E, F, o, and H, and the 
— ＋ and — which are to be prefixed to the. ſeveral terms cy*, 507, Ey*, 
177% Gy, and my", reſpectively. And, finally, this Reverſion of the general 


Series ax + bx* + c + dx* + ex + e + gx! + b + &c ad infinitum, is 


followed by ſome reafonings upon it in art. 18 and 19, pages 340, 341, and 
342, Which explain the grounds of it, and demouſtrate the poſſibility of the 
ſuppoſition that & ĩs equal to the Series , By*, “, py', Ey*, Eye, y', H, &c, 
which. has . reer for its value. 


DOTY this Reitribo of the W Series ax + bx* + c + di* + at + 
e 87 '+ Þx*'+ &c-ad infinitum, by Sir Isaac NRwTox's firſt method of 
Reverſion, or by the aſſumption of the ſeries ay, By*, cy*, Dy*, E), xy*, Gy? „ Hy, 
&c ad inſmitum, for the value of x, I proceed to revert a ſeries of the ſame form, 
with particular numeral on wig to its bs to wit, Dr. WALL1S's Loga- 
rithmick Series x + += ＋ ＋ 8 1 2 42 KA 


4 N N * 


finitum, by the fame method, wo _ the 8 of the fame ſeries AY, 955 
ey, Dy*, Kyi, Fy*, Gy", nh, &c ad infinitum, for the value of x. And the refult is, 
that the firſt eight terms of the faid aſſumed Series, which is equal to x, are) - 4 
; 8 12 a 2 2 2 
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This Reverſion extends de Pages 343. 345 345. +846, i 348, 349» 


350, 38, and 3 2 all 


eg end ann dens an TaGnire Series of. chi firſt * ſi maple form, 
eee eee fers + * + br + &c, in which all the 
terms are connected to each other by the ſign , or are all to be added to each 
other, may be reverted by Sir Is AA NRWTox's firſt method of Reverſion, or 
by the aſſumption of a Series with indeterminate co. efficients to its terms, we 
proceed to ſhew how an Infinite Series of the following form, to wit, ax — b«* 
＋ — dr er . + g — bx* + &c, (in which all the powers of .x 
occur in their natural order, as well as in the former Series, but the ſecond and 
other following terms are marked with the ſign — and the ſign ＋ alternately,) 
a may be reverted ** GW or by the aſſumption of an Infinite 


Series 
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Series with indeterminate co-efficients to ich terms for che Value of -x * in the firſt 
Series. And the Reverſion of the ſaid Series is actually performed, ſo far 48 


to obtain the two firſt terms of the ſaid aſſumed Series, and like wiſe to obtain the 
fix ſimple equations, by the reſolution of which it is poſſible to aſcertain the 
fix following terms of the ſaid Series. And the _ is, 21 the two firſt terms 


of che aſſumed Series, which is equal to x, are * y + — XY This Re- | 


verſion. of the Series ax — bx* + c — 4 f „ &c ad 
in ſnitum, extends from page 353 to page 360; and it is followed by ſome ob- 
ſervations on the principles of it, in pages 360, 361, and 362. 


We then proceed to revert a Series of the ſame form as the. foregoing general 
Series ax — bx* + 0x — dx* +. ex = fx* + 8". bx* + &c ad infnitum, but 
in which the ſeveral co-efficients. of the powers of æ are R 71 to 


wit, Mr. NIcHOLAS MzxcaTor's Logarithmick Series - — 1 ＋ 
+ c od infinitum, by the ſame method of Rever- 
ſion, or by the aſſumption of the Series , By*, cy*, Dy*, EY, Fy*, cy, By", 
&c ad infinitum for the value of x. And the reſult is, that the firſt eight terms 
of the faid aſſumed Series, which is equal to x, are y + — 2 + — 2 77 — — A 
+ Fy 5 * I 5 ＋ 7 ＋ 7 3. is 7.8 This ede c. 
tends N 1 U 363, 364, 365, '&C.- 373. 33 
92 + 2. 
The great W. of the — of this Logarithmick Series and of the 
Reverſion of the former, or Dr. WaLL1s's, Logarithmick' Series, in pages 343, 
344, &c, is owing to the full exhibition of all the neceflary proceſſes of the 
reſolutions of the ſeveral ſimple equations that involve the ſeveral indeterminate 
co- efficients A, B, o, D, *, r, 6, and ; which proceſſes, in the equations 
that involve r, o, and H, are very numerous and tedious. But I nevertheleſs 
thouglit it beſt to inſert them thus at length; becauſe without performing them 
the values of theſe co-efficients cannot be aſcertained, and the reader will find 
it Teſs laborious to peruſe them, when thus fully exhibited before him, than to 

| them without ſuch affiſtance. Thoſe readers who ſhall be diſpoſed to 
exert” their own induſtry in performing the reſolutions of ſimple equations of 
1 N kind, may eaſily gratify their inclination by I oro or 
dz __ © three 
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hus gr we have conſidered the Reyetſion of Serieſes in which all the powers 
| Ds to wit, x, *, 45, *, *, *, W, x*, &c, occur in their natural order. 
We then proceed to the Reverſion of ſuch Serieſes as involve only the odd 
powers of x; to wit, x, *, *, t, &, x, x3, x, &c. And of theſe Serieſes, the 
two principal forms, or thoſe which moſt bendendy occur in mathematical inqui- 
ries, are ax + c + er + 2x" ＋ 1 A ing? + px"* + &c ad inſini « 
tum, and ax = c I en — g + 1 I + wi? — pr + &c ad infini- 
tum. And to theſe we have therefore applied Sir Isaac NEwrox's firſt me- 
thod of Reverting Serieſes, and likewiſe to two particular Serieſes that are of 
the ſame forms with (ore two e 18 775 and which are Aen. om | 
the Circle. . Tell 


»fy 7 rf a4 | 4 : , . 0 7 4 A 
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The 5 a the "OO ry 8 br of theſe two i Se x to 
wit, the Series ax + ox? + ex* + 2x) + ix? + I + A* + pr + &c od in- 
fmitum, by Sir Isa Ae Nxwrox's firſt method of Reverſion, or by the aſſump- 
tion of the Series ay, cy, xy, Gy", , 1% xy”, ry, &c ad .infinitum, for 
the value of x, are ſet forth in pages. 375, 376, 377, &c = - 3843 and 
then the Reverſion of the ſaid. Series by that method is exhibited in pages 384, 
383, 386, &c - 2396, fo far as to obtain the values of the three firſt terms 
of the {aid aſſumed Series, ay, c, , y', 9, by", y, 235, &c ad ins- 
nitum, and likewiſe to attain the five ſimple equations by the reſolutions, of 
which it is poſſible to aſcertain the five following terms of the ſame Series. 
And the reſult is, chat the firſt three terms of the ſaid aſſumed Series, which is 


equal to *, will be + — EET, when 4e 3 or e 
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eee * * „. when eee 
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| Theſe - Serieſes a ns mack more abſtruſe and difficult to comprehend 
thoroughly, than particular Serieſes of the ſame forms: and therefore it is always 
adviſeable to accompany. the Reverſions of them by the Reverſions of ſuch parti- 
cular Serieſes. And, accordingly, after the Reverſion of the ſaid general Series 
nee ＋ i f r + px5 x &c ad infiritum, I have 
proceeded 


= > II A . Nin 
wn nn patticular Seties' x + 2 e go hl: as 


2.45 
2579.28 3:5+7+9617, x33 * 13. — 
= +73 e em it ＋ a-. B. 18 75 15 2. 4. 6. 8. 10. 12. 14. 15 Ly ke ad 
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ad infinitum, dey is of 5% ſame form as the foregoing general Series, and is 
equal to the length of a circular arch of which x is the fine, in a cirele of 
which the radius is called 4,) by the foregoing mechod, or by putting y for the 
value of the ſaid Series, or circular arch, and aſſuming the Infinite Series ay, 
cy, ky', , 19*, 1% ny'®,. ry“, &c, with the indeterminate co efficients 4, 
C, x, o, 1, L, u, P, &c, for the value of the fine x. This Reverſion is per- 
formed at great length, and ſo. far as to obtain the values of the firſt ſix terms 
ol the (aid aſſumed Series, which is equal to x, and hkewiſe to obtain the two. 
fimple equations, by the reſolutions of which it is poſhble to aſcertain, the fe- 
venth and eighth terms of the ſaid Series. * che ſaid ſix firſt terms of tha 


N * — 
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vetſion of the ſaid Circular Series begins in page 396, and ends in page 405, 
and is followed by a Scholium in pages 405 and 406, and by an application 
of the ſaid fix firſt terms of the aſſumed Series (which is equal to the fine »;F 
found by the foregoing Reverſion, to the com putation of the length of the fins 
of an arch of 1 minute, in a circle of which the radios is _— 1. This com- 
poration * pages 47 ho your” Iu, | {12 en aber 


29119, ne! art te T's (34 


21 we then proceed to conſider "oy ah war Series that W the odd 
pr + &c ad infinitum, (io which the ſecond, and fourth, and ſixth, and 2 
and other following even terms are marked with the ſign , or are to he ſub- 
tracted from the other terms,) and we apply Sir Isaac NEwrox's firſt me- 
thod of Reverting Serieſes to the Reverſion of it, by putting y for the wen of 
the {aid Series, and ſuppoſing x to be equal to the Series ay, cy*, Y, cy, 9, 
in, ww, vy*, &c ad infinitum, and ſubſtituting the ſaid latter —. iullead 
of '# in the equation y"= a — , + er — 237 „ n pets 
+ &c ad infinitum, and reaſoning in the manner before deſeribed on the trunſ- 
formed and very complicated equation ariſing from ſuch ſubſtitutior. This 
Reverſion is carried ſo far as to obtain the values of 'the firſt three terms of 
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che ſaid a aſſumed Series AY, cy, H', ch, 19% h, xy, , &c, and to ob- 
tain likeyiſe the five ſimple equations, by. the reſolutions of which it is pol⸗ 
fible to aſcertain the values of the following five terms of the ſaid Series, to- 
gether with the ſigns + and — that are to be prefixed to them. And the re- 
ſult is, that the three firſt terms ay, cy3, 2 , of the ſaid aſſumed Series, which 


in equal to 4, will be = + —Xx W. En x 955 when ae is leſs than 


e 14 


30 or e is leſs than =; and will be 2 + — K = E * V, when 
is greater than 2 2. This "be rp general Series ax e + 685, 7 
gx) + in) — AB + me _ w— 4g us, _— in page _ and ends in 
page 418. | 4. EC0791 1591 : 39014 
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After this Reverſion of a 3 Series ax — cx + ex — wy + * = 
* + * — — px" + &c ad infinitum, we proceed to revert, by the lame me- 
thod, A; particular Series of the ſame ms to wit, the Circular Series * = 
15 45 x7 a? an ot Ann 
er r + JW Tt + 1 — 25 — + &c ad infinitum, which was in- 


vented by the celebrated Mr. James Gliziowr, in the year 1670, and which 
expreſſes the length of a circular arch of which x is the tangent, in a circle 
of, which the radius is called 1, provided the ſaid arch be not greater than, 45 
degrees. This Reverſion is performed by putting y for the value of 50 {aid 


circular Series, and aſſuming the Series , q, Ey*, q), 9, Ly", 9 


&c ad infinitum Tor. the value of 45 and ſubſtituting it ai of x in the 5 
dowy e- e e ad 


tum, and . in the manner before deſcribed on the transformed and 
very complicated equation ariſing from ſuch ſubſtitution. And it is carried ſo 
far as to obtain the values of the firſt fix terms of the aſſumed Series ay, c, xy, 
Gy", 15? , 15, “„ Þy'*, &c, and to obtain likewiſe the two ſimple equations, by 
the reſolutions of which it is poſſible to aſcertain the values of the two following 
terms, d) and 1978 of the ſaid Series, together with the figns + or — that are 
to be prefixed to them And the reſult is, that the fx firſt terms, A, off, x35, 

chi, be, 0 of the ſaid aſſumed Series, which | is equal to the tangent x, are 


2 2 12 , by , fey n 
5 + ＋ 45. 15 he N Mow 21 sr exve el 
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The TW of reſolving the next two ſimple equations, by which the values 
14 of 


t r 1 1 „ ac x, XI 
of the ſeventh; "ad! eighth terms, » 5 bad and py, together "with the gang K. er 
—, ' which are to be prefixed to them, may be aſcertained, is ſo great, dba ! | 
lp contented myſelf with inveſtigating the above-mehtioned fix terms. Put 
the indefatigable Mr. A8RaHan SHARP, the great calculator of the latter part 
of the laſt century, has given us the values of the next three terms of this Se- 
21,844 y*3 y3s . 

6,081,075? T 


and + ZE, See his ſtatement of the ſeveral infinite ferieſes relating 
to the ſines and tangents and arches of a circle, in page 130 of this Volume. 


ries, to wit, Ny”, ey”, and 85, which he makes to be ——— 


| Whether Mr. SHareP computed theſe three terms by reſolving the three 


ſimple equations which reſult from this method of reverting the _ 1 — 
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found them by reſolving thoſe equations, it is a firiking proof, in addition to 
the many others he has given us, of his wonderful patience and perſeverance 
in encountering the difficulties of the moſt formidable arithmetical calcula- 
N But, what the law of the generation, or continuation, of theſe terms one 
from another, is, and, conſequently, what will be the values of the terms that 
come after thoſe which have been computed in this Volume, and by Mr. 
Suk, neither Mr. SHARP nor any other writer, or calculator, that 1 kn.) of, 
has ever ventured to declare: nor can I ſo much as W to form a conjec- 
ture e it. 


5. 167 » 18 
Tus Reverſion of the Circular FOIL I: + = _— = 


0 N + &c ad infiitum, begins i in page 418, and ends 1 in a page 431. 


The Series obtained by this eds to mit, * Gently. 8 * 25 „ 7 1 


= + 7555 ah &c, was diſcovered, as far as = firſt five terms of it, Wy Mr. 
K 11 
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Jams CO as well as the Series x — - 1 857 22 7 + 5 — 27 + 


* e ieee, bos wich un eee. 0 wodel SF 
After 


" — 1 22 e „ | 
FP Alter thus obtaining th the Series y x eg + — + a "Hy &— -* + 


Gee ad infinitum,. (which expreſſes, the length of the, rangent x of acircular archg, 
in powers of che ſaid arch hn, by the foregoing Reverſion of the original Series 


Gato pe 2 45. += 11 45 . — + &c ad infinitum, I proceed 


to nn * Abe Sener my be Ae — in another manner, to 
755 by ae it from the Series which expreſſes the length of the fine of the 
— arch in the powers of the arch, which has been found before by the ſame 


therhad of Reverſion te be — 2 L —£= — Be bo Linda 


vat alia” 
e eee „ 7 + 


| 25 5 * 1 - | 
——X N 80o _ + Kc ad infiritum, For, if this Series be ſquared, or 


taulciplicd. into itlelf, ve ſhall find its ſquare, or the ſquare of the 8 "I che 


* LE * 
arch y, 1 r in ta; r 


= ho” e N 512 
bee, ad amn, or 2 —+ = 2.3-4.5-6.7.8 TS 3. 4. 5.6. 7. 8. 9. 10 0 
n 
2.78775 5 &c ad — in which the numerators of the nume- 


ral-co-efficiens of the even powers of y, to wit, 2, 8, 32, 128, 512, and 2048, 
intreaſe in the proportion of 4 to 1, and the denominators increaſe by the mul- 
tiplication of the natural numbers 3, 4, 5, 6, 7, 8, 9, 10 11, and 12, taken 


| by pairs in their natural order, the ſecond denominator, to wit, 2˙3˙45 being 


equal to the firſt denominator 2 multiplied by both 3 and 4, and the third 
denominator 2.3.4.5.6 being equal to the ſecond denominator 2.3.4 nmltiplied 
into both g and 6, and the others being derived from theſe in the like manner. 
Now, if chis Series (which 1 is equal to. the quatre of the ſine of the arch bp] be 
ſubtracted from the ſquare of the radius of the circle, that is, from 1 A 
or 1, the remainder will be equal to the ſquare of the co-ſine of the ſame — 
Due the e of the ſaid 9 will be raul to 17 nfs Series 1 — 


* | r 
» + 5 +I * '2, 2 45 


45 3¹5 1475 1 


92 110 I ALI 2 ; WM n a K . 
+ 2.3-4.5.6.9.8 © 2: 3-4+5-0.7:8.9.10 + Res» wry 11.12 oy N and conf ently 


4he ind co-fine itſelf will be.equal to the ſquate roat of this Series, 1 we 


take the trouble of extracting * we ſhall find to be the Series 1 — — 4145 
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 1nfinitum. And, when we have thus found the length of the co-ſine of the 
arch y expreſſed in powers of y, as well as the length of the fine itfelf expreſſed 
in the ſame manner, we need only make the following proportion, in order 


io obtain the value of the tangent of the ſame arch expreſſed in the fame man- 


ner; to wit, as the co-fine of the arch I, or the ſeries zu — 2 EFT — 
9 e 5 N gh 
2.3-4+5-6 +, ' 3+3+4-5-6.7.8. 2+3+4+5«0.7.3.9.10 + 3 rt 12 — &c, is to 


the fine of the ſame arch, or the Series y = 2 + py = — A + 


2.3.4.5. 6. 7. 8. 9 2.3.4.5. 0.7. &. 9. 10. 1 f + Ke, ſo is the radi N the tangent 


of the ſame arch. And the Series obtained by this proportion, or (becauſe the 
third term of the r is an unit) by dividing the Series y — 25 1 2 


2375 

= 8 CORE: 

D 394567 © r 9 734561 8gmom © &c, bythe Ser 9 
Bn ES <a — ——_—_ 3 
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&c, will be equal to the tangent of the ſame arch y. And this ſeries, or the quo- 


q 8 4 1 2 , 29 , 179 6 238272 

tient of this diviſion, will be the ſeries y + = += + —= — + = = I 2 

+ &c, which we have already obtained by the rior Reverſion of the original 
K * x3 _ a7 x9 att 2 * acts 
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ſeveral algebriick operations are then performed at full length, and the reſult is, 


2 2797 , 62 , 13829 
that the ſame Series y + <= + T 155-975 + &c is ob- 


tained for the value of the . x as was obtained for it before by the 
A WI art nee 119 aft fn: iatts a2 + nfl ad 
foregoing Reverſion of the Series DRE IIS — OT 
x35 , p , _=— 

I + &c ad infinitum, And this ſecond method of obtaining theſe firſt fix terms 
of the Series which expreſſes the length of the tangent of the arch y in powers 
of the ſaid arch, is a ſtrong confirmation of the truth of the ſaid fix terms, 
and a proof that we have not committed any arithmetical miſtakes in the reſo- 


lution of the ſeveral ſimple equations by means of which they were deter- 


mined ; which otherwiſe, from the variety of the arithmetical operations per- 


formed in the reſolution of thoſe equations, there would be reaſon to ſuſpect. 
Vol. III. 2 This 


Xxx iv Dr DM „ 4 © * 
bis ſecond nalen at odaaining, the Series». + 2 + L + 2 + 


b 855 
A 1383) un boni N 
Hs + ba poop + cee begins in page 432, — ends in a page 437- 2 dh 
—_ 1597 6 
The N Series 3 85 * = . — 25 + &c ad infinitum, and 
x3 Dh 29 * K * ts 
likewiſe the original Series x I} tro + rr 


＋ Ec ad (infinitum, from which it is derived, were, both of them, commu- 
nicated by Mr. Jawzs Gzzcokv, bf Aberdeen, to Mr. Jon Col LIns, of 
the Royal Society of London, in a letter dated on the 5th day of February 
1670-1, which was publiſhed many years ago in the Commercium Epiſtolicum, 
and again lately in the ſecond Volume of this Collection of Trafts, intitled, 
Scriptores Logarithmici, page 18. Only his notation is a little different from 
ours.” For he puts v, inſtead of 1, for the radius of the circle; and a, inſtead 
of y, for the arch; and 7, inſtead. of x, . the tangent of the ſaid arch; and 


then ſays, chat / will be = the feries'@ + = = + + aa + & 


giving us only the firſt * terms of the Ser 


> wakes Ge: letter to Mr. Corum, Mr. James GREGORY | gives us 
als a Series expreſſing the length of the Secant of a F reular Arch' in powers 


of the arch and of tlie radius, to wit, che Series r + — 2 +, —= _— — + 
3 + dec. "This ſeries he probably deduced from the ſeries he wy given 


; wo | | ; prog 6209 | 
for the rangent, to wit, the ſeries! a + = + 185 en + — 28557 + &c, by 


ſquaring the ſaid Series, or multiplying it into itſelf; and adding its ſquare to vr, 
or the ſquare of the radius, and extracting the {quare-root of the ſum. Theſe 


| operations I have therefore performed ar full length, in pages 438, * and 


440. And the reſult is, that the faid fecant is equa to the Series * + 


ga* | 61a® + -  13850* 50, 521 + 
2. 3. 4 13 2.3. + 5 N 7. 3. 4. 5. 6. 7. F. 77 wb + Mb Foo! 6. 7. 8. Nn 8 
2,502,765 a** © | 619%  277a* 


2. 5 4 5. K 7. K. 9. 10 11. 12. 1 Ke, vo ++ += + Jog * 
7 + 2 + &c, of which .the Fg firſt terms are the ſame 


$3,628,800 r® 95.800, 320 77 
with thoſe given by Mr. Jauzs Gangont, 
This 
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+ This value of the ſecant of the arch a, in a circle of which: n is the tadius, 
ts e in page 442, pax eggs in another NO to wit, by. dividing rx, 


80 29 3 Ie Fubta- 
or the ſquare of the radius 75 W the ſeri ies 7 9 + 2+ 3+ 4 T RT «4+ 5. We 
of 410 FM. 


+ 7.5. So" 7 5. 7. U. 9. 70. 77 * 2. J. 4:5. 8. J F rr 
& c ad infinitum, which is equal to * * of the arch a; and it is found, as 


lee 13855 
t the Series 4 — — — ＋— 22 — 
h 9187 4 Ee 2, — 23. 7 7 or ＋ s = 8.55 
0 wy 
be 89782145 KY 702,765 | ＋ Ke oe ed! 8. 
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00 


247 ＋ 77 = * Boby = + 3,628,800 7% 7 95,800, _ + be, , of which the 
ny ONT Dns Mr. Aus Gar. 
[1 it. & et noa u TIMTI 81 84 in 284 * Nau. 


= 4 ä, as theſe ſeven terms of the ſaid Series have been bound 8 dif- 
ferent proceſſes, we may be confident that they are rightly aſſigned, or that no. 
miſtakes have been made in the arichmetical operations uſed in the inveſtiga- 
tion of them; which otherwiſe, from the great number of thoſe. operations, 
there might be new to apprehend. | 3-1 


Mr. Janzs, Gasen. in that letter to. Mr. Collins, dated i in February, 
1670-1, mentions alſo four other Infinite Serieſes of his invention, which relate 
to the logarithms of certain lines belonging to the arches of a circle, but with- 
out any inveſtigation, or demonſtration. I have therefore here given inveſtiga- 
tions of them, and in ſo doing have Deabe had occaſion to revert an Infi- 
nite Series by. the foregoing. method of Sir Isaac NRwWTox. Of theſe inveſti- 
gations I will POR GNP Kere account, vai igittum 0,25 rss bod ie nn 
190.1: mol 3% {OUT -23%1FP1 900) ness bn NH? 3 > ws __ 20 


The firſt of — four Seriefes of Cn inghaiSeriaas r _— 
+ SPP = + 2m - + &c al infoiitiim; which Mr. Get affirms 


4575 ＋ 52077 24350 19 

to be equal to the anifici, or logarithmick, ſecant of the arch az by which 
we are to underſtand the logarithm of the ratio of the natural. ſecant of ſuch 
arch to the radius 7, taken on the axis, or aſymptote, of 2 logarichmick curve, 
of which the ſubtangent (Which, by the nature; of that curve; is always of the 
ſame magnitude in all the different points at which the tangents that determine 
it may be ſuppoſed to be drawn, ) is equal to the tadius 7; of, in other words, 

e 2 we 


N 1 1 4 6 *. 

we art to und erſtand the abſciſs or portion of the axis, or uſymptote, of the 

aid carve w bich meaſures the ratio of the natural ſecant of the arch 2 to the 

radius, or whict is intercepted between two ordinates, or perpendiculars, to 

che ſuid Axis, or aſymptote; of which che leſſer is equal to the radius r, and 
che greater to the ſecant of the arch s. Tbe magnitude of this abſcifs, or lo- 

garithm, is inveſtigated in pages 4 445. 440, 447, and 448; and it is 


ow” as 174% zial 
dere to be equal to the Infinite Series = + 7 155. * 7 * 25507 L vr 
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+> 0-7 HY Kc. of which the fixe Srl rs are the ſame with thoſe 
eiren oy Ms Tins nber. if DOE (laon 1051 


00 4 EQ 4 10 PE4]0MsS! | als. 
In this Series che arch a mot be rappoſed to be gelte, than the radius / 
becauſe, otherwiſe the Series will not converge. And, that it may converge 
with ſuffcient ſwiftneſs to be uſeful, the ſaid arch ought to be much leſs than 
the radius, and not greater than ten or fifteen degrees. 


8 
The next Series given us by Mr. James Graner, in _ _ to Mr. 
6e 
J dar JF 


715765 + &c ad infinitum, which he affirms to be equal 1o/nhelertifiale) or 
logarithmick, tangent of a certain arch, in a circle of which 7 is the radius, 
chat is, to the logarithm of the ratio of the natural tangent of the ſaid arch 
(which be ſuppoſes to be greater than an arch of 45 degrees, or of half a qu 

drant of the circle, ) to the radius. This arch he uppoſes to 'be leſs than 5 
arch of a whole quadrant, though greater than the arch of half a quadrant 5 
and he denotes it by the letter 2. He alſo denotes the arch of a whole qua- 


drant of the circle by 9, and the radius of the circle by r: and he makes e 


CoLLins, dated in February, 1670-1,1s the Series e RE = 7 += — + 


equal to 24 — . or the excels, of twice the (aid arch 4 above the arch g of a 


whole quadrant... Then we are to ſuppoſe a logarithmick curve to be deſcribed, 
of which the ſubtangent ſhall be equal to the.radius.r, and in this curve two 

ordinates, or perpendiculars, to its axis, or aſymptote, to be taken, of which 
the leffer ſhall be equal to the radius 7, and the greater ſhall be equal to the 


tangent of the arch a; the ſaid tangent being greater than the radius 7, or chan 


the tangent of an arch of 45 degrees, or 2 becauſe the arch a is ſuppoſed to 


be greater | than . Then vin the abſciſs, or aan of the axis, or alymp- 
1 ö tote, 
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tote, of ibis logarithmick curve chat ãs intercepted bet wer n theſe two ordinates, 
(that are equal to the radius ; and the ſaid tangent of the arch a,] be the loga · 
rithm;of the ratio of the {aid tangent to the radius 21 or, in Mr. Grecory's 

language, it will be the artificial tangent, or logatithmick. tangent, of the arch 3. 
Now this 1 — . of the arch a Mr. Gx GOR arms to be equal to 
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This propoſit tion is demouſtrated i in pages 449, 450, 451, 452, and 453- 
The demonſtration of it is given at conſiderable lengtb, becauſe the ſubject 
ſeemed to be uncommonly ſubtle and difficult. And for that reaſon I have alſo 
given another demonſtration of it in pages 454, 455, and 456. And in both 
theſe demonſtrations 1 have carried the Series that is. equal to this lagarichmick 
tangent lo, two terms more than had been given us by Mr. GREGORY, and 
haye ſhewn, chat the ſaid logarithmick , tangent is equal to the Series e 


e e 617 2776 80, 21% 41 2531 ef3 
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This denen is — aſe, Fa ths ſolution of the curious = acer Prop 
blem in Navigation propoſed by Dr. HaLLzr, in the year 1695-6, in the Phi- 
loſophical Tranſactions, Number 219, in his learned paper, intitled, n 20 
Demonſtration of the Analogy of the Logarithmick Tangents to the Meridian Linz, or 
Sum of the Secants ; With variaus Metbods for computing the ſame to the utmoſt ; ex- 
atineſ ; „ Which bas been re-printed in the 2d Volume of . Collection F 
Tracts, intitled, Scriptores Lgaritbmici, pages 76, 77s 18, & C.-- - 84, And 


a ſolution of this Problem of Dr, HALLE Y, by means of this Stine of Mr. 
GREGORY, will be. given in the next, or 4th,, Volume of this Collection of 


Tracts, intitled, Seriptores Logarithmici. 1 . 


- 'The'third' of che four Serieſes of . t Sid v, mentioned above 
in page xxx, as contained in his faid letter to Mr. Cof uns, dated in February, 
1670-1, is a Series 9 the length of the circular arch oy or 20 = f, 


hich | is involved in che terms of the foregoing Series o += 52 + 


. (C21 677 2411581 63 1 { 


* 
T0400 + OAT, 4 39,910, 50 ＋ on 320 MEL T cc Ae, Yie powers 


of ther foregoing; logarithmick tangent of the arch a, [= is equal to the faid 
foregoing Series,) and in powers of the radius 7; and, if the ſaid foregoing 
Series, or the logarithmick tangent} the arch @, be denoted by the letter v, 
3100 the 
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Ann or; if we adopt Mr. GREGORY'S notation, and put , inſtead of v, 
for the logarithmick tangent of the arch 152.47 Series (chat is equal to the | 
arch e or 20 — f.) will be't = — 6. 4 555 e 4 I e ad inſni. 
un, of which Series Mr. Grzcory has given us only theſe firlt five terms, 
But, 3 as the letter / is often uſed to denote the hatural tangent of an arch de- 
noted by a, and is ſo uſed, by Mr. Gagcory” himſelf in this very letter to 
ee when he tells K that the arch will be equal to the Infinite 


984.13 ar | 1 * 
Seriewf rm „ * 2 = +5 > + TR $I. Kc, 1 have 


chought] it better 18 5 Cake uſe of the letter v to denote. the faid logarithmick 
tangent of the arch a on the preſent occaſion. And then Mr. GxTOOR O 
propelition, 3h that the arch e, or . is * to the lofinite Series Vw 
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01 chis Froppktion may be demonſtrated by reverting the former Series 

1 


Gre 
45 = —— ore + = + ＋ & ad 'infinitum. This Reverſiou, 1 


have therefore performed by Sir Isaac Nxwrox's firſt method of Reverſioh, 
r 607 1 Les u ies + pps: Kc, 
+? Ar 2... POE PILE 092 2 oe. 
with. the indeterminate co- efficients 4, c, E, o, 1, E, N, f, &c, combined 


with the ſeveral odd powers of v, for the n of e, and ſybſpting 3 It, inſtead 
G1 &7 


of e in the terms of the equation v = e' + — ＋ Sp? Togor® 2 a 


590, 5216 


*. 79,916,806 17 . 8 — a &c, and then reaſoning i in the manner be- 
fore deſcribed on the transformed and very complicated equation ariſing from 
ſuch ſubſtitution. This Reverſion is extreamly laborious and intricate, and ac- 
cordingly takes up a, great deal of room, extending through no leſs than 22 
pages, to wit, bases 458, 459, 460, &C -,- 479. And the reſult is, that 


c S8 av). 9 — x" 
the firſt ſeven terms of the aſſumed Series Av, Lea 2 2 1 No": 


or by aſſuming the Infinite Series AV, == = 


„ 18 74 . 70 76 ** 77 3 

Ai lo naive Tod! vo 

= 5 cc; which is equal to the arch e, or 24 — = 0, are v — E +. — * 
x, by ny 27 og 550,621 5 41,881 973 ü N 

0 75657675 5 „ of which the five firſt t terms 


e the ſame with thi le given by Mr. Jaxzs Gaxcony, Ny" 45 
F, al vm vo 211 23 a7 Ua 97 WW 1910'S OTE: FO K _ 
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— 1 — = + 8 — . fs obtained by the foregoing Reyerfion of 
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the Series e + F + e 55 55 + Lg +04 39-916, 300 x9 S 95 90,20 


+ &c ad infinitum,. are os the ſame _ the numeral . of the 


firſt ſeven terms of the ſaid. 7 e 55 wa 2 we Ye . 
r 38 0 STH . Se 
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and other following terms of the firſt Series, or that which has been here re- 
verted, are, all of them, marked with the ſign +, or are added to the- firſt 
term e; and in the ſecond Series, or that which has been obtained by the Re- 
verſion of the firſt Series, the ſign & is prefixed. only to the third, and fifth, 


and ſeventh terms; and the ſign — is prefixed to the ſecond, and fourth, and 


ſixth terms. This is the only inſtance I have ever met with, in which the co- 
eff cents of the terms of the Series obtained by the Reverſion of another Se- 
ries are the fame, for ſo many terms together, with thoſe of the correſponding 
terms of the reverted Series. Nor is it at all evident to me, that this equality 
of the numeral co-efficients of the correſponding terms of 'theſe two Serieſes 

will take Plate in ee other” Fr terms of them, though it is 
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en ada four — Mr. Annes nner; reiertdionad above in 
page xxxv, as contained in his ſaid letter to Mr. Colitis, dated in February. 
1670-1, is a very ſubtle and abſtruſe Series, and the inveſtigation of it is 
ain wore diteult and tedious than chat of the 'third Series r I ts 


— LCA — 277% ih 5 $0;c21 vin 7 41,681 % & * b N. * ob ined 
7570 72457 N 35.978580 78 8 1 P., 209197 eee 
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by e everſion of the former Series <7 *. 5 — + +; + 


0,821 ar E 41,81 023 8K 
39,916, ꝗ EIS ＋ &c. However, 1 .bave gone nun all the 


difficulties attending it, and | haye given tyo toll inveſtiga ions of it, oge of 


which is my own, and the other was communicated to me y my learn 


0 fiend, 
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friend, Mr. Gzorcs Arwoop; of both which I will yer endeavour to give 
ſome ACCOunt, The y__ itſelf may be deſcribed as Fern 


* y be put for the radius of a circle, and , 1 the length of the = of a 
quadrant of the ſame circle, and conſequently L for the length of an arch of 
45 degrees, or of the arch of half a quadrant ; and let à be put for the length 
of an arch in the ſame circle, that is greater than , or 45 degrees, but leſs 


than 9, or go degrees. Further, let a logarithmick curve be ſuppoſed to be 
deſcribed, of which the ſubtangent is equal to r, or the radius of the aforeſaid 


circle ; and let s be the logarithm of the ratio of the ſecant of an arch of 45 


degrees in-the ſaid circle to the radius v, taken on the axis, or aſymptote, of 
the (aid logarithmick curve; or, in other words, let 5 be the abſciſs, or por- 
tion, of the ſaid axis, or aſymptote, which is intercepted between two ordi- 
nates, or perpendiculars, to the ſaid axis, of which the leſſer is equal to the 
radius a, and the greater is equal to the e en 


r 
its ſecant will be greater than the ſecant of an arch of 45 degrees, and con- 
ſequently the ratio of its ſecant to the radius 7 will be greater than the ratio 
of the ſecant of 45 degrees to the radius 7, and the logarithm af the ratio of 
the ſecant of the ſaid arch @ to the radius r, taken, on the axis, or aſymptote, 
of the ſaid logarithmick curve, will be greater than the logarithm of the ratio 
of the ſecant of an arch of 45 degrees to the radius r, taken on the axis, or 
aſympiote, of the fame logarithmick curve, that is, than the logarithm 5. 


Now let i be equal to the exceſs of the logarithm of the ratio of the ſecant 
of the arch @ to the radius r, taken on the axis of the ſaid logarithmick curve, 
above the logarithm of the ratio of the ſecant of an arch of 45 degrees to the 
radius r, taken alſo on the axis of the ſaid logarithmick curve, or above the 
logarithm 5; ſo that s + 7 ſhall be the logarithm of the ratip of the ſecant 
of the arch 4 to the radius , taken on the axis of the faid logarithmick 
_ Theſe things being thus ſuppoſed, Mr. Jauzs GA EOD v Propoſition is, 
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that the circular arch 4 will be equal to the Series — + 1 — ＋ + 12 — 


7 14/5 45216 | 
. 

This Propoſition is evidently ſubject to one reſtriction, though it has not 
been mentioned by Mr. James GRRCORY, namely, that the arch a muſt not 


only be leſs than an arch of 90 degrees, (as is ſuppoſed by Mr. Gzzcorr,) 


but ſo much leſs than ſuch an arch that the terms of the Series — + 1 — 7 


+ 5 — 355 + = —= + &c ſhall continually decreaſe, and conſe- 
quently that the logarithm /, which enters the numerators of the terms, ſhall 
be leſs than the radius r, which enters their denominators. And for this pur- 
poſe it is neceſſary that the ſaid arch à ſhould be leſs than 745, 55 ; that being 
the magnitude of the faid arch when the logarithm J is equal to the radius r, 


as is ſhewn in art, 129 of this Diſcourſe, page 482. 


And we may further obſerve, that the Series * + 1 — — + 175 — z 
+ WE M0 + &c, will not converge with any confiderable degree of 


* 4575 

ſvifineſs, or ſo as to be of much uſe in calculation, unleſs / be much lefs than 
the radius r, (as, for example, equal to only a tenth part of it, or leſs,) and 
conſequently, unleſs the arch a be much leſs than 74*, 55, as for example, 
equal io 55, or 60, degrees. And, by a more exact inquiry into the degrees 
of convergency of this Series, when J is of ſeveral different magnitudes, (made 
in art. 163 of this Diſcourſe, in pages 524, 525, and 526,) it appears that the 
terms of this Series will not converge with ſufficient ſwiftneſs to make it of 
much uſe in calculation, unleſs / is of ſo ſmall a magnitude that the arch 4 
ſhall not be greater than 487, 22”, or, we may rather fay, than 48 degrees. 
This reduces the utility of this Series to very narrow limits; ſince the arch 4 
muſt always be greater than 45 degrees, and cannot, to be uſeful, be much 
greater than 48 degrees, 


This Propoſition of Mr. Ga EON v, * that the circular arch à is equal to the 


i I * 4 — — 3 7% 145 45255 * | 
Infinite Series = + 1 — — + Re ia” en. = + &c,” may be 


expreſſed in another manner, ſo as to preſerve a greater reſemblance to the 
Var. III. f notation 
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notation of the two foregoing Serieſes, as follows. Since a is = + +1 — 
ELEC... a de ſubtrated from both ſides, 


"#71 + 375 376 _ a ar 
* ; 2 45 714 145 al 
and we ſhall have 2 — + = the Series / Ep + => — 


+ &c. But, becauſe, in the notation of the two foregoing Serieſes, 24 — q 
was equal to e, we ſhall have a — . = —; and conſequently the arch — 


will ako; nm to 1 Series 12 + CAT - SLE + tee. 


1 will now give ſome account of the ſeveral operations by means of whick 
this Serics has been here inveſtigated, | 


I the firſt * 1 put c & the ſecant of — or the arch of 45 degrees, in 
the circle of which 7 is radius; which ſecant is = (arr, or r x V2. I then 
put z for the exceſs of the ſecant of the arch a (which is greater than —, or 


45 degrees, and of which the ſecant is conſequently greater than the ſecant of 
45 degrees, or than v x V, or than c,) above c, or the ſecant of 45 de- 
grees; ſo that c + 2 is the ſecant of the ſaid arch a. I then put y for the ex- 


ceſs of the ſaid arch a above £ ＋ or an arch of 45 degrees. And then I en 


deavour to expreſs the value of the arch y, or 4 — , in a ſeries of terms 


that involve only the powers of z. and e with known numeral co-efficients. 
This, however, is no eaſy matter, and requires a great deal of algebraical 
computation. ; | | 1 


For, in the firſt place, putting y for the infinitely ſmall increment. of the ſaid 


arch y, and z for the contemporary increment of the ſecant c + * I LOG * 
64 


* the fraftion f N v2 x of + e + 116 + 8er + 2 


 _ Secondly, I extract che ſquare · root of che quinquinomial quantity c* + 6 
+ 11% ＋ 8c2* + 22+; and find it to be = the Series c + 30 ＋ 22 + 
23 5x 

COSTS 35 + &c ad infinitum. And thence I conclude that 5 
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x the fraction — - , or (if we ſubſti- 
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tute * letter m inſtead of the ſurd number 2.7 = = x the fraction 
—— — | ——, or (if we divide * F the ſaid 


52% 1325 


ee 0 O0 
Series c“ + Ln + = +=>—S+ Fi + &c) = — x the In- 


„ 2c3 


, : zu Ba 2225 12% 38125 2 . 2 

finite Series 1 e + = —— — — = T0? + — &c, and conſe · 
82 * * 8 we) 8 8 

quently = = —= + === + E5- 72% PR 


me mne mcs 


Therefore, '3dly, by taking the fluents on both ſides of this equation, we 
find the arch y, or a — +, to be equal to the Infinite Series — _—— + 
r ec. | Q k. 1. by 


zuck a2 Ne i 


' Theſe operations and reaſonings extend 9 pages 483, 484, 45s 5. 486, 
487, Wy 8 and 490. 


1 thus found the value of the arch y, or 4 — -, in a ſeries of terms 


involving the powers of z and of c, and certain known-numeral co-efficients, 
we muſt, in the next place, revert the ſaid Series, in order to obtain another 
Series that ſhall expreſs the value of z, or the exceſs of the ſecant of the arch 
a above c, or X V, or the ſecant of the arch of 45 degrees, in powers of 
the arch y, and of the ſecant c, or r x V2, or of the radius r. And for this 


purpoſe we have again had recourſe to Sir Is AA NewToN's firſt method of 
Reverſion, and have aſſumed the Series Ay, — E, „2 =>, ., 2 2. A, 2 
& c ad inſinitum for the value of 2, and have fubſtitured the ſaid Series inſtead 

$23 112% , 1278 ET __ 
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of z in the equation = - 72 Tr So +: I 


xc, and thereby transformed the ſaid equation into another much more Gi 


cated equation that involves only the powers of y and c. And, laſtly, by rea- 
f 2 ſoning 


xliv r n E A C x. 

ſoning upon this transformed and very complicated equation, in the manner that 

has been before deſcribed, we have found the firſt ſeven terms of a ſaid 
_ cy? xy xy* oy! —i- 

aſſumed Se ies Ay, —, , 5» , , T, r, &c to be my + —— op 

4 6 | 

_ + * + gi + Py + SD, So * we may now conclude 

that z, or the exceſs of the ſecant of the arch à above c, or r x 4/2, or the 

ſecant of the arch of 45 degrees, is equal to the Infinite Series my + — + 


11,3 199% 36 my; — 24,61 2 4461 roy? | | : 
365 * ue} + ay W 1 &c. QC E. 3. 


- This Reverſion of the Series 2. — 2= S + 


= &c, begins in page 490, and ends in page 505. ; 
Since 2 is equal to the Infinite Series m 7 * — + + 4 297 + 5 


+ — K e + &c, it follows that c + 2, or the ſecant to che arch a, will 


be equal to the Infinite Series c + my + 4 + ——- = + — 2 Ve — T. a | 
* — + ke. 

Having thus found the value of c + 2, or the ſecant of the arch 4, in a ſe- 
ries of terms involving the powers of the arch y, or a — , and c, or the 


ſecant-of an arch of — or 45 degrees, we proceed, in the next place, to ſeek 


the logarithm of the ratio of the ſecant c + 2 to the ſecant c, taken on the 
axis of the above- mentioned logarithmick curve, of which the ſubtangent is 
equal to the radius 7; which logarithm Mr. Grzcory denotes by the letter 7. 


Then, if we put 2, as before, for the infinitely ſmall increment of z, or 
e + 2, and } for the contemporary increment of the logarithm 4, we ſhall (by 
| the nature of the logarithmick curve,) have 2: J:: ＋ 2: 7, and conſe- 
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ne before ſhewn that z is equal to the WM” 2 ah 
— + LR 40 £4 2 + ED 6 i my$ + = + + kee. i” 310d add end 
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Therefore 2, or the infinitely ſmall increment of 2, will be a to the can-- 
361 j . 


temporary increment of the ſaid Series my + Y- + EE + 2 RES + 
222. + 2461199 c of infinitum, that is, "20.the Series my + - 2" 74 


"630 
+ 35% + $199. 4 299 4 26119 . tee ad infuitum; and conſequently 


r x 2 will be = r x this laſt Series, and conſequently (becauſe c is = 
* Va, orr * u, and therefore r is equal to , will be S x this laſt 
Series, that is, to the Series cy + 2 + — + 327 + 3992 + + —_ - + 
gs + &c ad infinitum. Therefore gs will be equal aw os quoriene 
that ariſes by dividing this laſt Series cy. + 2 + —— ny + 2 * | Y .. i + 
8 + 55 — + &c ad infinitum by the Sai «$99 4 © +12 + 
295 þ 1999 + BY + 9197. Kc ad infoitum, which is equal to e + 23 


J 10c5 
and this quotient is the Series 7 + 2 + Y + 329+ BZ + —= + 


— 25 + &c ad lian. Therefore I, (which is equal to 2x8) will 'be 


. to the ſaid Series j + © + + 4 2 9 19% + 9 + 


&c ad infiuitum. And nite taking the fluents on both fides of this 
equation, the logarithm / will be equal to the won" + — +> wok 


5 N - 
+> + BY . Ac ad infaitum. d. l. 1. 


And, becauſe c is =r x V, or X m, * ES me is (= 
mxXrxXm=mamxXxr7y) = ax, and & is (= rr x mm) = 2rr, and 30 = 
= 6rr, and mc* is (= me X cc ar X 277) = 47, and 2m = 12, and 
“is (S Xx = 277 X 277) = 417, and 3c = 1214, and me? is (= me * 
c“ = ar X 41*) = 84, and 45me* (= 45 x 8 = 360, and ( x 
* = 2rr x 41*) = 877, * (= 315 x 8% = 2520”*, the ſaid Series 

z y + 
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„ +8 +E 2 + 2 r &c ad infnitum will be = 


ge® 45e Zig 
855 6 "OR 2 
57 272 4,” et +E +1 + I + &c ad infinitum, or = 
— 2 125 5 32 244 y7 
y + * SY + + = + Its rs, + &c ad infinitum. Therefore l, 


or the e of * . of che ſecant of the arch @ to the ſecant of an 
arch of 45 degrees, taken on the axis of the above- mentioned logarithmick 
curve, of which the ſubtangent is equal to the radius r, will be equal to the 


2 2 25 32 322.  infinitum. 
Series y + + * + + E542 + &c ad infinitum 
d. E. 1. 


This inveſtigation of the value of the logarithm J of the ratio of the ſecant 
of the arch à to the ſecant of an arch of 45 degrees, 298 in page 506, and 


ends in page 50g. 


Having 4 found the value of the pre 1 in a ſeries of terms involv- 


ing the powers of the arch . or a — —, and of the radius r, to wit, the Se- 
ries y +2 pigs 25 TT — + * — + = + = + &c ad infinitum, we now 
proceed to fs ** wa PA by Sir 8 NewrToN's firſt method of Re- 


* of! 
verſion, or by aſſuming the Series Al, = =, =, . =, _ — &c, 


ad..infinitum for the value of the arch y, and ſubſtituting the ſaid Series inſtead 


N . ; 253 $ 7 
of in the equation? = 3 E + 5 35 + oo + 2 +2; + ke, 
ad infinitum,” whereby it is transformed into MS much more complicated 
equation, and then by reaſoning in the manner before deſcribed on the ſaid 


transformed And the reſult is, that the firſt ſeven terms of the ſaid 


TY * [* 
aſſumed Series ah —, 2 Th — — —, * , 17 9 a which is equal to the 
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2 85 = + + + ad infinitum, of which the firſt ſeven terms are the 


ſame wich "wake given for the value of, the arch 4 by Mr. Jauss GrEGCoRy. . 
| bal 26. Ira v0. .« | Qs E. 1. 
This 


arch y, = are | — 
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This Reverfidn of the Series y + — + - Ty 5+; 32 2 4 =, + e 


+ &c ad infinitum, begins in page 20 * * in _ 524 3 after which 
there are ſome remarks on the convergency of the ſaid Series — + | — — + 


4 4526 14817 
5 — = _ + 5055 + kee, obtained by the ſaid Reverſion, which | 


begin in page 524, and end in page 527. 


The above-mentioned inveſtigation of this laſt Series: of Mr. James Gre 
cory is extreamly tedious and laborious, as we have ſeen from the foregoing 
deſcription of it; but it is, at the ſame time, as I believe, the moſt ſimple and 
direct method, and the cleareſt in point of reaſoning, that can be taken for the 
diſcovery of that Series. But there is another method of difcovering the ſame 
Series, which requires much leſs arithmetical and algebraical computation' than 
the foregoing method, and is therefore leſs liable than the ſaid method to 
errors in the operations, and which might be extended further than the former 
method has been, or fo as to enable us to find more terms of the. ſaid Series 
than have been above inveſtigated, with more eaſe than the foregoing method 
could be carried to the ſame extent. This method was communicated to me 
by my learned friend Mr, Gzox6s ATwoon, and is derived from the follow-. 
ing very curious Propoſition ; to wit, that, 7 the ſubt ent of a logarithmick 
curve be denoted by the letter a, and two ordinates, or perpei culars, to the axis, 
or aſymptote, of ſuch curve be drawn, in any part of it, at a diſtance from each other 
that is equal to the ſubtangent a; and the leſſer of theſe ordinates be called b, and 


the greater of them be called e; and n be any. fraction le/ſs.than 1, ſacb ar —, 1 


3 
* * „Sr: - the ratio add to * will be equal 10 the ratio of the ms 
na 
3 2. 3. 4+5 + nit is + 
aer re, +1 + > ++ = + 


7 7 1 ee + &c 1 1. This Propoſition is demon- 
ſtrated in art. 165 of. this Diſcourſe, pages 528, 529, and 330. And, in the 


following pages 53 1, 532, 533» 534» $35» 536» 537» 538, and 539, I have 
ſer forth and explained. Mr. Arwoop's very fubtle and recondite inveſtigation 


of Mr. Gxzcorv's ſaid Series, by meaus of the ſaid fundamental propolition,. 
in 


N 
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in as full and clear a manner as I could. And the reſult is, that the arch y, or 


P 714877 
4 — —, is equal to the Series 1— 2 * 372 — 3+ IT IT 37. T7 T 315r® 


— 26717. 7 + &c WV TIRES and conſequently that the arch 4 is equal to 


TH 
5 2 145 42“ , T1487 16,1747 
we Series E +1 = 5 — 2 n 3787 N N 


&c ad infinitum ; of which Series the firſt ſeven terms are the ſame as thoſe given 


71487 
775 


eighth term obtained above by the foregoing method of inveſtigation. 


us by Mr. JaMes GREOOR Y, and the eighth term = is the ſame with the 


The inveſtigations, given in this Diſcourſe, of all the Serieſes of Mr. IAuxs 
GaEcorr, relating to circular arches and logarithms, which are mentioned in 
his ſaid letter to Mr. CoLLins, dated in February, 1670-1, take up no leſs 
than 123 pages of the preſent Volume, beginning in page 418, and ending in 
page 540. 


In each of the examples hitherto mentioned of the Reverſion of Infinite Serieſes 
by Sir Isaac Nzewron's firſt method of Reverſion, the Series that has been 
reverted, and which has iavolved in it certain powers of a quantity denoted 
by the letter x, has been equal to a fingle quantity denoted by the letter y. 
But it ſometimes bappens that an Infinite Series of terms involving the powers 
of one variable quantity is equal to another Infinite Series of terms involving 
the like powers of another variable quantity. And in theſe caſes either of the 
two Serieſes may be reverted by this ſame firſt method of Reverſion invented 
by Sir Isaac Nzewrox, as well as the ſingle original Series in the former 
caſes. Of this we have a notable example in the inveſtigation of the Series 
given by Sir Isaac Newron for expreſſing the relation between the fines of 
two circular arcs, of which the greater arc is any given multiple of the leſſer 
arc; which inveſtigation may be performed by the aforeſaid firſt method of re- 
verting Serieſes invented by Sir Isaac NxewToxn. This example I have there- 
fore thought fit to introduce into this Diſcourſe, and have accordingly given, 
fiſt, a full inveſtigation of the Series expreſſing the value of the ſine of the 
greater, or multiple, arc, in terms involving the powers of the fine of the leſſer 
arc; and, fecondly, a full inveſtigation of the Series exprefling the value of 
the fine of the leſſer arc in terms involving the powers of the ſine of the greater, 
& multiple; arc, by the — firſt method of Reverſion invented by Sir 

Is AAc 
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Isaac Nxwrox, or by the aſſumption of a Series with indeterminate co - effi · 
cients to its terms for the value of the quantity ſought. Theſe inveſtigations 
begin in page 541, immediately after the inveſtigations of the foregoing Se- 
rieſes of Mr. JaMts Grecory, and extend to page 392. The principal pro- 
ceſſes uſed in them, and the n obtained by a may be yy 
deſcribed as follows. 


The firſt inveſigution is that of the fine of the multiple arc, when the fine 
of the ſimple arc is ſuppoſed to be known. To find the fine of this 1 
arc we proceed in the en manner. 

Let x be put for the fine of any Geer arch that is not greater than go de- 
grees, or the arch of a quadrant, in a circle of which the radius is called v. 
And let u be any whole number whatſoeyer, and s be the ſine of another arch 
in the ſame circle that is equal to the nth part of the former arch, of which x 
is the fine. And let the leſſer of theſe arches be denoted by the letter a, and 
conſequently the greater of them by 14. | 


Then will the prone arch #9, or that of which & is the ane, be equal to > the 


gx 2 . x? 22. * Es 

Infinite Series . + — 12 = 1 Tr DIE | 117 80.11. 
x5 11 8 
+ Kc, ors + F ＋ 8 $5 © 2 Macs wk the lefler 


| Itgzr? 
arch a, or that of which 5s is the fine, will be equal to the Infinite Series 4 7 


—— 6 = 2 $5 e 

rer ra + 3992 + it + Kc, ort N 
0 

+ = + = + ES + => + &c; as is ſhewn in many books of 


Mathematicks, and, amongſt others, in my Elements of Plane Trigonometry, 
art. 329, page 428. But times this leſſer arc is ſuppoſed ro be ey to 


the greater arc, of which x is the ihe.” Therefore the. Series 5 27 + = + 


3455 — 4 3 $1149 63 
=? 120 * len + es + &c ad infinitum, win be equal to the Se- 
rr 


ries * + & ＋ + — +333 4, 4 022, „ * ad fit, Now 


1152 
ſince it is ade to find an Infinite Series conſiſting of the odd powers of 5, 
the fine of the leſſer arc 4, (to wit, s, , „, „, 3), zn, &c.) together with 
the powers of the radius 7, and certain numeral co-efficients, that ſhalhbe equal 
Vor- _ 8 to 


iis | Ni 0 1a vE Cc 


to , or the fine of the greater arc a, let us ſuppoſe that Series to be as, 
e Br5 | Gf 1 Ls” 


5, e, e, A vs, &c ad i. nfivitum ; and let this Series be ſubſtiruted in- 


3ns5 KL. 


end of „ in the terms of the equation 19 += _ 


4or® Tm * = by 
fn, + & = + % + +3 + + ee + ke, by which 
28167*? TY = 71275 11527 3 2816709 v FL 


{ub{litution the ſaid equation ain be transformed into another much more 
complicated equation, which is ſet down in art. 179, pages 543 and 544. 
And then, by reaſoning upon the terms of this transformed equation in the 
manner before deſcribed, we find at laſt that, if the number n be greater than 5, 


po n+; vs# 2: 107 


the four firſt terms of the d Series * . A, bl „T. , xc will 
—— | — —— un — 1 
r= n — A a 
. 15 a =o FT 55 \ we » 70972307 =-x 
un = Q nn—2q — A un — 9 45 
4 A 6. 7 E POR. 2+ 3 4. 4" Y * — 


The _—_— by which theſe four firſt terms of the aſſumed Series as, 


125 % in une | pats. 8 
I . —— bough « whe 8 & c, are obtained, are exceſſively tedious, 


and the concluſions xeſulting from them are fubje& to great variations with re- 
ſpe& to the hgns + _— — that are to be prefixed to the third term, _ and 


to the fourth term, _ , according to the different magnitudes of the number x; 


4 f in ſome caſes each of thoſe terms becomes equal to o. Theſe variations 
ae; as enn. 5 


13 a firſt PR it appears "hen the aforefaid reaſonings that, if » be any 
«bole. number whatſoever, the firſt term as of the aſſumed Series as, «Bp of 


72 „ py 3 
7 70 11 13 13 
2 —— =» _ a = (which is equal to æ, or the fine of the arch xa, 


or n times the arch 4, of which 5 is the ſine,) will be u, and the ſecond term, 
=, of the ſaid Series will be ſubtracted from the firſt term As, or 14, and 


LW. — 43 — 

will be equal to # x —— X , or A X = x * —-3 ſo that the two firſt 
101118 Dit. 28 ; _— Leto — " 
terms of the ſaid Series will be 4 — =, or HS — A * Ty =. 


And, 


C li 


And, in the 2d place, it appears that, if # is = 2, the third term, =, of 
the ſaid aſſumed Series will be ſubtracted from the firſt term as, or 1, and 
conſequently will 5 marked with the fi 'gn —, and that it, will be = to # x 


un — 1 2 2— 
„ or to c x * ; and therefore that the three firſt 


terms of the ſaid aſſumed Series will, in this caſe, be As — = — IT or #5 
nn—1 9-2 ' iP 
r Td En 4g 


And, zdly, that, when # is = 3 the third term, , of the ſaid aſſumed 
Series will be = o, and conſequently that the three firſt terms of the ſaid Se- 


. . o . Cz3 81 z3 
ries will, in this caſe, be as — == — o, or 2 A T3 X 0. 197 


And, 4thly, that, if u is equal to 4, or any greater whole number, the third 
term, — , of the ſaid aſſumed Series will be added to the fiſt term As, or 
ns, yo conſequently will be marked with the dsa +, and that it will! be = — 


m—1 ,, m—9 15 n —9 
. K . or to c * 22 * 77> Ns Fo 


firſt terms of the ſaid aſſumed Series will, in this caſe, be AS — = . , or 


— — $ 
ng * Xx +0 8 
45 | { « 
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And, r. that, if nis=2, the fourth term, = * of the aſſumed Series 
AS, — — , = 5 = — * I OR 2 5 &c, will be ſubrrated from the felt term 
ns, and conſequently will be marked — the ſign —, and that it will be equal 


25 —nmn | —.— „ „ n ele. 


nn —1 9-2 
o * X 2 Ai „or to 1 x = — x +; and conſe- 
quently that the four firſt terms of the faid aſſumed Series will, in this caſe, 
c Es 657 2 —1 — n 38 
be as — 7 * = nie ory _ x goons WS RK 
25 -n $7 7 Cal T1 9130] 70 20 Nova 24 
— E X 6. 7 . X 5 ; * 
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| And, any, = if nis= 3, the fourth term, S. . the- ſaid aſſumed 
g 2 (© 1 j 7 igh JAM "Sits 


li „ „* y ACE 
Leties will be = o, as well as the third term, a ; and conſequently that the 


Glue | firſt N the laid Series will be As — 8 — o, or — A X 


And, ythly, that, if » is = * the fourth term, at of the ſaid Series will 
be added to the firſt term as, or 14, and conſequently will be 28 with the 


1 an 1 222 22 
3 —_— XK or x = 


. * = z and conſequently that the four firft terms of the ſaid aſſumed 


6.7 
Series will * eee x == + EN 
$5 * u 


And, gay. Gar if x is = K 5 the fourth term, = ——» of the ſaid aſſumed Se- 
ries will be = =03 and conſequently that the four ag terms of the ſaid Series 
vill be wo Dn > + 0/07 05 K . * ＋ + * X 
＋ o. "EAT 4 | 


And, gthly, that, if = is any whole number greater than 5, the fourth term, 
LR of the ſaid aſſumed Series will be ſubtracted from the firſt term as, or ns, 
— conſequently will be marked with the fi W: —, and A it will be equal to 


=— — —_ 12 —25 E —-25 
n Xx _ 7 55 X "+ fs A, or to R X 2 857 * = ; and therefore that 
C83 2 


the four _—_ the faid Series will be 4 — = {= — — 2 r — 


Oy * 222 42 1 —25 x 
—_—  — — — — — Ä E — — c—— 
4 * 7 © 3 nt 06A ae 
0 6 | | 


The „ of theſe "EN firſt terms of the aſſumed Series As, = 4 
2 WW 2 2 &c, extend through no. lefs chan 20 pages, to 


wit, pages 545, 546, 547, - 364. And in page 565 I have ſet down 
the three next ſimple equations, by 11 reſolution of which it is poſſible to in- 
veſtigate 


y A 8 r A C B fi 


veltigate the next three terms =, s. and r. of the ſaid aſſumed Series: 


but 1 have not undertaken the reſolution of them, becauſe 1 perceived | it would 
lead to a prodigious multitude of tedious and intricate inquiries. But we may 


obſerve, that it ſeems natural to conjecture, that the next term, LY will be 


equal to o x r X =, and that the fixth term, , will be = 1 x 


4 . un — 12 42 
Pr will be = L X 12. 13 * 12 by 


vn 81 
10. 11 


and that the eighth term, 2. will be = N x „c X =» and that the 


ninth term, = will be = Þ x 27775 * A and that all the following 


terms of the ſaid aſſumed Series will be generated one from the other accord- 
ing to the ſame law, the numerator of every new generating factor of the co- 
efficients being the exceſs of un, or the ſquare of the number , above the 
ſquare of the next following odd number, and the denominator of ſuch gene- 
rating fraction being the product of the two natural numbers that are the next 
greater than the odd number of which the ſquare appears in the numerator of 
the fame fraction and is ſubtracted from mm. And Sir Isaac NewrTon (who 
was the inventor of this Series,) and all ſubſequent Mathematicians that have 
ſpoken of this Series, ſuppoſe and affirm that this is the law of the ſaid Series, 
but without giving any demonſtration of it (as far as I have ſeen,) except in a 
few of the firſt terms, as has been _ * * Diſcourſe with great exactneſs 


with reſpect to the four firſt terms As, = —, — , and . And, if this be ad- 


mitted to be the law of this Series, the reſult of the whole inquiry will be, 
that, if 3 be the ſine of the circular arch a, and x the ſinè of the arch na, 
and # 4 be not greater than an arch of go degrees or the arch of a quadrant, 
and r be the radius of the circle, the fine x, of the multiple arch u, will be 
45 


equal to the Infinite Series #5 — A Xx = x = + c * — Xx = — 


* . = that the ſeventh term, 


4 5 
un — 2 17 mm —49 40 un- 81 * 11 121 
E X 6. 7 X ＋ + 6X * x1 10.11 * 2 K 
313 un - 169 37's uN225 7 ._ .--; ae—allg,, >159 


X = OX eee 16. 77 XX — EX i  # 


After having thus inveſtigated the Series which expreſſes the value of u, or 
i 


liv = & M4 0& 


ſine of the multiple arc za, in terms involving the odd powers of 5, or the fine 
of the ſimple arc a, I proceed in the next place, in page 567, to inveſtigate a 
Series which exprefles the value of 5s, or the ſine of the ſimple arc a, in terms 
involving the odd powers of x, or the fine of the multiple arc » a, by the ſame 
firlt method of reverting Serieſes given us by Sir Isaac Newron, or by the 
aſſumption of an Infinite Series involving the odd powers of the greater fine x» 
with indeterminate co-efficients to its terms, for the value of the lefler (ine 3. 
The manner of proceeding in this caſe is as follows. 


The greater 3 of which x is the fine, is equal to the Infinite Series 


x3 3x5 | 35a? 63 231 213 143 K 15 6 
4 + 675 e 407 + 15 * 182 718275 ＋ 73167" 2816710 + 13,3127 + 10, 240 + &c; and 


the leſſer arc a, of e is the fine, is equal to the Infinite Series 5 + 
$3 625%" 231 453 14355 
e e + e. But the 


281077 13,3127" 10,2 401 34 
former arc is equal to 2 times the latter arc, and conſequently the nth part of 


the former arc is equal to the latter arc. Therefore the mth part of the Series 


_— 705. — 35 * 63 231x%3 143x%5 

of, or + a: 1127 + 115275 * 3 ＋ 13,3727 + 10.240. 24077 + &c ad 

35 bs Lach 359 | _63077 
fn Go be equal to the Series 5 + = = 3 += + —+ e © Wi 
+ FO + 3 + &c ad izſinitun =—_ is, the Series — + —— 

,13,3127*? 10, 2407+ , , = = 
ESD . 143 1 25e 
Jo 5 1121ur? . — 115 208 T 281675 + Tags 31a + 10 „240 71. + &c ad _ 

E 4 359? V. 


tum will be equal to the Series 5 + — > += — ＋ 2 r * 


A | . 45 
— nn + &c ad infinitum. 
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7 ? ey 


=, SY =, => =, &c ; and let this Series be ſubſtituted inſtead of 5 in 


Now let us ſuppoſe the leſſer fine s to be equal to the Series ax, 


| i ion — Ko 4. 42 . 
the terms of the foregoing equation — + — + r= Ber — TT, 
, 634" e n N 
| + 28 16 55 13,3 12 + 10,2 40 + Kc ad infinuitum 7 5 T ors 
TH 3559 63 23153 14385 
+ 1127 T 715277 1152 7 + 281 2816729 T 13,3127 T — 10 10,2407 + &c ad infinitum. Then 


will this equation be thereby transformed into another much more complicated 
equation, 


7 x27 AC 8, Iv 


equation, of which the ſeveral terms will involve only the powers of x, to- 
gether with thoſe of the radius r and the number u, and certain numeral co- 
efficients. This complicated equation is ſet down in the following Diſcourſe, 
in pages 569 and 570. And then, by reaſoning upon the terms of this com- 
plicated equation in the manner before deſcribed, we find the four firſt terms 


. . cx? nx ox! 1389 lein wad pats 
of the aforeſaid aſſumed Series Ax, , , , , e, Fs? Jie”? & 


(which is equal to the leſſer fine 3, to be — „ x T 4A X22 * — + 


2.3. 18 
gun — 1 Lf 25un—1T x7 
9 4+5+ 24 * 3 6.7. * wb 


Tus inveſtigations of theſe four terms begin in page 571, and end in page 
582. And the labour of performing them increaſed fo faſt in every new term, 


that I declined inveſtigating the three following terms, , , and | 2 | 


which may be deduced from the terms of the fore-mentioned complicated 
equation that are ſet down in pages 569 and 570. 


18 — 1 
2.3. 2 


It is remarkable that in this Series — X * + A x X * + e x 


| A —1 Lk 221 akin - | — — or 
rn &c, or Ax + — + - +5 Ke, 


the ſecoffd, third, and fourth terms, =, =, and =, are all marked with 


the ſign +, or are added to the firſt term ax, or — * : whereas in the 


EG 03 x8 of 1 13 wt pb ES 
former Series 43, =, =, , EN N &c, which expreſſed the 
value of the greater fine x in powers of the leſſer fine 3, the ſecond term, 


= was always to be ſubtracted from the firſt term as, and conſequently to 
be marked with the fign — ; and the third and fourth terms, , 
were in ſome caſes to be ſubtracted from the firſt term as, and conſequently to 

be marked with the ſign —, and in other caſes were to be added to the ſaid 
| firſt term As, and confequently to be marked with the fign +. So that this 
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latter Series ax + r + + 3, , , , , Kc, which ex- 
preſſes the value of 3, the ſine of the ſimple arc a, in the powers of x, the 
fine of the multiple arc »a, ſeems to be more ſimple and manageable than 


the 


lvj n „* „* a „ . 


#73 


3 $ 7 9 23: 683 "o.b3 ; 
the former Series 4. — ., ., So , s, A, , &c, for expreſſing 
the value of , the ** the multiple arc ua, in the powers of 5, the fine of 


the ſimple arc @: which is contrary to what I ſhould have been inclined co 
„ 
* 

* What will 3 the Glowing e IT I, L, N,-P, R, T, 


&c, of the powers of x in the Series ax + - 7 «+8 = + =, ＋. A, , 


1 f 7 : 1 - — 
4 4 - * o * * 
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77 AN, nr, &c, I cannot tell, But it . natural to conjecture, that, 
25 mn 


we gag 1 — 
ſince eis = = AX es and E is = c X 2”, and o = EX Gow? 


Aae covefficient/1 will be = 0 Xx We-, and the ſixth co-bfficient L will 


f r 812. N —— OT 
be'= = Boho CE and the ſeventh co wr N will be = . S - 


and the eighth co- efficient Þ will be = = N X — ; and the ninth, and tenth, 


and eleventh, and other following co-efficients, R, * , &c, will be equal to 


at 22 —1 


'Þ 8 6111 
2 5 %, ae and x * 77851 and r X 4 — „ & in all vhich quan- 


"20.2 757 
tities the co · eſficients of mw in the numerators of the ſeveral generating frac- 
tions by which they are produced, are the ſquares of the odd numbers 3, 3, 
, 9, 11,1, 15, 17, 19, &c, taken in their natural order, and the co- effi- 
cients) of nn in the denominators of the faid generating fractions are the pro- 
ducts of the two numbers next greater than thoſe of which the ſquares are the 
co: efficients of n in the numerators of the ſaid fractions. And it ſeems pro- 
bable likewiſe, that all the following Er of this Series will be marked with 
the fign +, or udded to the firſt term, — —— * *, as well as the ſecond, and 


third, and fourth: terms, 7257 bee and = By And, if theſe conjectures be 


true, the fine s of the leſſer arch 4 will. be equal to the ba Series if, * * 


2 1 gan — x5 25un—1 49nn — 
* S 5 
81 1 Fa 12m —1 169 —1 s 
2 ＋ 45 10. 11. 1 * 755 * _ 12.13. nn 7 ; + x * 14. 3 nn * 5 T 
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In 
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Tn pages 584 and 585, I have ſet down the three ſimple equations, by the 
reſolution of which it is poſſible to inveſtigate the values of the three following 


terms, ＋, ER and = of the foregoing aſſumed Series aw + = + — 


r + &e. But 1 apprehend that very few 


of my readers will find themſelves inclined to undertake the tedious taſk of 
reſolving them, | 


In pages 585, 586, 587, 588, and 589, there are ſome remarks on the de- 


gree of convergency of the foregoing Series — Xx + A X = X 5 + 


2.3·⁴ 


6 —1 ,, x5 25 —-1 x? x 
Cc * 72 XTR in &c, which is equal to 3, the ſine of : 


the leſſer arc a, or of the nth part of the arc # a, of which x is the fine. And it 
is ſhewn that, when the greater arc 14 is equal to, or nearly equal to, an arch 
of go degrees, or the arch of a quadrant, the ſaid Series converges too flowly 
to give us the value of the fine 5s to any conſiderable degree of exactneſs. But 
it is alſo obſerved, that, notwithſtanding the flow conyergency of this Series 
in theſe caſes, it may, by a little judicious management, be applied to the in- 
veſtigation of the fine of any aliquot part of even an arch of go degrees, to a 
very great degree of exactneſs, by proceeding in an indire# manner, and by 
combining the uſe of this Series with the well-known Propoſitions of Plane 
Trigonometry, which enable us to find the fine of an arc that is equal to one- 
half of another arc of which the fine is known, and to find the fine of an arc 
that is double of another arc of which the fine is known. Thus, for example, 
if it were required to find the fine of the 37th part of an arch of go degrees, 
we might, by repeated biſections of the arch of 90 degrees, find, 1ſt, the fine 
of 45*; 2dly, the ſine of 227, 3o'; 3dly, the fine of 11, 45 4thly, the fine 

of ze, 37', 30“; 5thly, the fine of 25, 48“, 45; and, 6rhly, the fine of 1*, f¶ 
24“, 22”, 30%, or of the 64th part of an arch of 90 degrees. This fine will 


be between a and —.— parts of the radius r. Therefore, if we call 


10,000 10, 
this ſine x, the fraction — will be nearly equal to = or ., or 


10,000 2 100,000,000? * 


4 


0.000,600,25, or (nearly) 0.0006, or —— or 255 and conſequently the Se- 


4 xd Ex S G 1 1x Na pats 8 t 
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&c, will converge very N by means of the continual multiplication. of. "the 


I 6 
terms into the fraction . or , or , or 0.0006, notwithſtanding | the 
1666 10,000 


flo nels with which / he 22 co efficients Ng e, r, &, &c, will decteaſe. 
We ay therefore apply this Series to the 1 of the magnitude 'of the 
fine of the 37th part of the {mall arc of 19, 247, 22% 30%; andi the ** four 


terms of uhe ld. Series, (which ben before inveſtigated, t to * —— Xx 


43d . e b S X ies * 2 * E NX Ip NF! wil give 


the value of the faid very ſmall fine exact to at leaſt nine decimal places of 
figures below the place of units, And, * thus found the ſine of the 3yth 


pan of, the ſmall arch 15, 24“, 22”, 30%, we may find, by the methods given 
2211 203 03 FTI 91 


* of Trigonometry, firſt, the ne of Tb parts c of the ſame ſmall arch; 


and, '2 diy, the ſine of Lths ef the wy 223 zdly, the fine of Labs 
0 211 of 29139 37 16 


of it ande bly, be ſine of ths of ol irs and, gtbly, ibe ine of 90 i; | 
and, 6hhy2 ch bende of ls of . And ibis ut fine will be the fine tequlted, 


or the ſine of the 2% part of an arch of 90 degrees. For 64 thirty- ſeventh. 
desto of the; 43h part of an arch of go, degrecs, are mn to one thircy-leyenth. 


part of che Whole ol, the laid arch bee O 10 ont 2d3 
Aluguss Dei s lo eizr 20} 07 2938nib1o-im? 241 15b 109 03 D9S9 1591.81 
540 The e foregoing, Series is then applied (in pages 589,. 599, 591, and 5924) to. 


Ne of a circular. arch, and it 15 ſhewn that, if the arch na, + or 345 | 
that is to be triſected, i is not greater than 30 degrees, the firſt eight terms of 
the ſaid Series will give the value of the fine of its third, part exact to at leaſt 
ſix places of decimal figures. And. if we were to take only the firlt four terms. 
of, the ſaid. Series. (which have been before inveſtigated, ) the reſult would give 
the. value of the ſaid fine of the third part of the given arch (which is not 
greater than 39 degrees,). exact to only four places of decimal figures. And 
conſequently in triſecting an arc of this magnitude: if we do not chuſe to 
make uſe of more than the four firſt terms of the foregoing Series (which have 
been here actually inveſtigated,) it wall be expedient to biſect the given arc, 
two, or three, or, more, times, and then apply the ſaid four terms to the com- 
* of the ſine of the ſaid fourth, or eighth, or other leſſer, part of the 
given 
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given are; and, laſtly, to find the fines of the double arcs io the m 
ready mentioned, till we ene the arc anten is a map of the 3 
or len, es"? lem 1&0 [Ji IND 2112. 10 i 7 NQ 71 197 n iv, 333 
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And ai ſuch a rriſe8ion vf a 2 arc. Al thoſe caſes of cubick equations 
which do, not, fall under the two rules known by the name e 5 Rules 
may be reſolvod. So that the foregoing Series _ Xx iv 4A * 2 2 * = 
eK * x e XS, kee may be juſtly Rina 


4-5, * 
very uſeful towards the blind of "theſe keen and conſequently as. be- 


iog likewiſe uſeful towards the reſolution of e e equations, which de: 
Ley relolygion of cubicks. I 


| 3 9 D word e291 git 
* 


| The inveſtigation and illuſtrations of dels two el e. relating to the fin 
of arcs that are either multiples, or aliquot parts,” of other given arts, (of 
which the former Series, which relates to multiple arcs, was invented by Sir 
Is AA NzwrTon, and is mentioned by him in his firſt letter to Mr. Orbzx- 
BVRGH, dated June 13, 1676, but with" little or no acebunt of the manner 


in which he obtained it,) extend through no leſs than $2, pages of this Diſ- 
courſe, | to wit, through Pages 5415 542» 843, &c = = - 592. 
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Alter wü thus inveſligated the 'Serieſes FRA exprels ihe felitio between 
the ſines of two circular arches, of which the greater is atiy givet! rnultiple of 
the leſſer, I proceed to conſider the ſemi-ordinates to the axis of a rectangular, 
or equilateral, hyperbola; which may be faid to correſpont to the fes of the 
arches of a circle, becauſe the fa d fines ate the ſetni-ordinates to the diameter, 
or che axis, of the circle. And, as, in conſidering the fines of circular arches, 
we ſuppoſed the greater : arch to be any given multiple of the leſſer arch, and 
confequently the ſector belonging to the gteater arch, or of which the greater 
arch is the baſe, to be the fame given multiple of the ſector belonging to the 
lefler arch, or of which the leſſer arch is the baſe; ſo, in confidering the ſemi- 
. ordinates belonging to two different arches of an equilateral hyperbola, I ſup- 
poſe the ſaid hyperbolick arches t6 be of ſuch relative magnitudes, that the 
external byperbolick ſector belonging to the greater arch, or the mixtilinear 
triangle contained between the faid greater arch and two right lines drawn” 
from i its extremities fo the center of the bypeibols, ſhall be any given nn 


4 n = ” A C I: 


of the Eternal y perbolick ſector belonging to the leſſer arch, ot che minelli- 
near. triangle contained between the ſaid leſſer arch and two right lines drawn 
fromits etre mlties to the center of tlie hyperbola. And I propoſe to reſol ve 
two Problems concerning the two ſemi-ordinates correſponding to theſe two ex- 
teroal nyperbolick ſectors, of which the __ is any propoſed mp of. the 
tefler;/ Theſe Problems are as follows.: | Mee 1 


2 U OTA 


„In the firſt place, 22 we put a for the ſemi- tlanſverſe a: axis of the on 
and q for, the ſemi-ordinate correſponding to the leſſer hy perbolick ſector, and 
1 lor. the ſemi· ordinate correſponding to the greater hyperbolick ſector, and u * 
Gr «| the hole number that expreſſes the number of times the lefler ſecbor is 
contained in the greater, it is propoſed to find an Infinite Series. of terms in- 
vol Ving the powers of the leſſer ſemi-ordinate y, together with the powers of, 
the ſembakis a, and the number * that hall: be nen to the e lemi- 
pre; N Ino 10 1 to N | 511 
vd el - 210190if3-02 181 | bs 
And, e place, it is 9 eee eee * — 
iffyolving the powers of the greater ſemi- ordinate v, together with che powers 
of the ſeimi-axis 4, and the number u, that ſhall be equal t to the leſſer ſemi- 
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Dio ty ber Pres we prod ure. N 8 + -- P 


ETA in — 594 and Is 18. en that the ſaid hy perbol cke db 
cotreſponding to the ſemilordinates y and v, are equal to the aſymptotick areas: 
belonging to the hyperbolick arches which" are the- neſs 10 the ad Kae 
reſpectiv * mum .s to an 111 to Sul Ani | > 3 


rng 1 4 7 Tie 


Then, in pages 59 5, 596, and! 597, it is meal dar the leſſer eder 


ſeor, which correſponds to the femi-ordinate y, will be equal Weihe Infinite 
5 a att eee eee eee 6 
Series > — — + = 3 — ee ( &c, and 


that: 3 byperbelkk ſeclor, which correſponds, to the ſemi-ordinate v, 


. , - + av v3 305; -»$P*.{:1 i 1; 36%; 41 1 
will tne” to the Infinite Series 2 — — + 85 7 11 
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: But 
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or the greater ſemi-ordinate. This Reverſion is Wa bd by, fitſt, "fig 
the Infinite Series AY, 2. 3 — * . i 3 1 Kc, for the value ue 0 


Na al? ?! 8 DEI 
the greater femi-ordinate v and then ſubſtitutiag the ſaid Series, inſtead, ff, 
in the ſaid equation, hereby it is transformed into another much | more. Come, 
plicated equation that involves only the powers of the leſſer ſemi-ordigate an 
the ſemi- axis a, together with certain numeral co-efficients ; and, laſtly, by 
reaſoning on the terms of the ſaid transformed and-complicazed,;equation, in 
he manner tliat has been before explained. And the reſult of cheſe operations 
is, that, if the number 7 15 greater than g, the four firſt terms of the laid aflyazed, 


cy xy coy? 1 19% Nys pets 
Series AY, , z, TE 5 75 , &c wilt be ny 2 


nn —1 nn 

x {> + n X = ah n=. * "ni gre 

or fo ECL * 25 aN * 2 wo = * - Fn == — lin 
which Series it is remarkable that the numeral co- efficients of theſę firſt four 
terms are exactly the ſame as thoſe of the firſt four terms of the Series that 
was found before for expreſſing the value of the fine of a. multiple arch of a 
circle, in terms involving the powers of the ſine of the ſimple arc. This ſame- 
neſs of the co- efficients of the terms of theſe. two Serieſes, is a. ſtriking in- 
ſtance of the analogy which has been obſerved to take place between the Circle, 
and the Equilateral Hyperbola. But the ſigns + and — prefixed.to the ſecond 
and fourth terms of theſe two Serieſes are different: in the circular Ser the 
ſigh L was ptefixed to thoſe 1 but in this Series the ſaid two terms 
ae marked nn en re B = „ 


* - 17 
1e 31:nnnt scho: lupe 30 Hin 


Though the firſt four terms of the aſſumed Series Ay, 2 = 
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gt e ct ; are equa tony + 4 . Iu + Fr ging N. 
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7877 7 bj 40 4 f i1 1 
07 [sup5 n 11 Ms + gt 271 18 


fourth, terms, , an 2 undergo n variations, e mengen 
ber x is equal to 2, or 5 or 4, the inveſtigations of which are extremely tedi- 
bus and laborious. They have, however, been all performed and ſet down at 
_—_— in this Diſcourſe, and the relplts from them are as follows, 


* 


A+ 48 


In the firſt place, if » be, any whole number whatſoever, the firſt term, AY, 


of che ſaid affumed Series (which i is equal to the greater ſemi-ordinate 4 v, will 
222 be's 7; and. the ſecond term, 2 2, of the ſaid Series will alvays be 
Added to the fitlt term Ay, or 15, and conſequently will be mate — che 


figh 5 and it win be equal to . x = x 2 or to a x r x x . $0 


that 1 the ſaid Sele vit * be =y 3 22þ 


as Ns if _ 1 Sg to 2, or dhe n byperbolick eter © is ena 

Aoüble of doo U ſector, the third term, < =, of the ſaid aſſumed 1 will 
. firſt term Ay, or , Fa conſequently will be marked 
whh dhe Bgn ; and it will be S to X K FN , ot to gd 


TY * 2 and conſequently the three firſt terms of the ſaid aſſumed Series 


wl in dis caſey be 47 + 5 ce 


* 2 oF 7 : — 1 2 * 0 0 " :, » + & 11 10 * * C1 o " ©. . he mY 7 p _" 
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And, i in the 4a N when # is 3, or 0 greater NPR Gai 
triple of the leſſer ſector, the third term. % s of the ſaid aſſumed Series will 
be = o; and conſequently the three firſt terms of this Serves will in tes caſe, 
be ay + 20 l * o. 5 

| 6 And, 


* "= 
daf. 


Þ ® r 4 0 Fe kali 
And, -athly, if u is equal to 4, or to any greater whale wumder, che third 
term, ns , of the laid aſſumed Series will be added to the firſt t . V, or 


15 and conſequently * be marked with the fgn + ; and ie will be equal to 
WEE * 2 A x4 , or to © x raked 2 and conſequently we het 


29 5 4 10 

firſt terms of te aid aſſumed Series lp in this caſe, be Ay. 1 r 
8 m1 _ oli eid: ai gde! 
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And, Schl, if u is = 2, the fourth term, 2 . , of the faid a aſſumed" Se aa 
will b be added to the firſt term , or * and 2 will Wt marked J with 
f {EW 4 

hgn - +; and it will be equal to a X — X L== X 


* 
| T 3 445 * TID ” x 1.07 0? 14,20 | 
5 x e and conſequently the four firſt, terms: of the ſaid \afſiuned 8e. 


ries will, in this caſe, be ay + 2 — 2 Y 4 or ny A N 2 N 2 
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* bet” es ah | WIEN 


And, 6thly, if u is = 3, or 2 greater hyperbolick ſeRtor i is triple of 4 the- 
Er ſeftor, the fourth term, = =, of the laid aſſumed Series wil be equal 49 0, 
nb 6 


as well as che third. term, rn: and conſequently, the four firſt, zeqms. of. Ihe fad 
Series will, in 8 be AY + * + o, or n . AX Ax dll FF. 


: 5 
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And, 5chly, if . is equal to 4, or — — hyperbolick ſector is equal to 
four times the leſſer ſector, the fourth term, SM of the ſaid aſſumed Seger ill 
be ſubtracted from the firſt term Y, or xy, and 8 will have the gn —- 
pos and it will be equal to n x === 2 * . * x 454. or- 


tn * ES SES and cbnſtequently the four firſt terms of the aid aue 


* 
3 25197 nt „e 18 501 288 1 11015; 
— * will, in this e be 4 * EL, "mr * 
3 * ay 2 + a Y T2, or ny + * TE. x TE 
Gaya. 25 =-nn „ 


And, 
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And, Schly, if » is = 5, or the yu hyperbolick ſector is equal to five 
times the leſſer ſector, the fourth term, 22 „of che ſaid aſſumed Series will be 

o; and conſequently the four firſt terms 0 the ſaid aſſumed Series will be ay + 
; 2 + —0, or #7 + Xx R 2+ o N 2 x4 —o. 


5850 gthly, and laſtly, if » is any whole number greater than 5, the fourth 
term, LF, of the ſaid aſſumed Series will be added to the firſt term ay, or u I, 
and conſequently will be —— with the ſign + ; and it will be equal to 


* * L, or to x 225 X 2: and conſequently 


the four firſt terms of the a Series will, in this caſe, be ay + — 4 — 5 


oy? 1 2 1 3 nn —09 2 2 — 25 #1 
2, or 89 + AXEL x 2 +. 0 ere 


The various operations by which theſe four terms of the aſſumed Series 


AY, 2 , , S, E. 25, Ar, 22. &c, are obtained, extend through no 


leſs than thirty-two pages, beginning in page 598, and ending in page 629. 


This hyperbolick Series for expreſſing the length of the greater ſemi-ordinate 
v in terms involving the powers of the leſſer ſemi-ordinate y and the ſemi-axis 
a of an equilateral hyperbola, when the ſector correſponding to the greater 
ſemi-ordinate is any given multiple denoted by the whole number », of the 
ſector correſponding to the leſſer ſemi-ordinate, was invented, as I believe, by 
the celebrated Algebraiſt, Mr. ABRanam DER Motvas, 


Though only the firſt four terms of the ſaid aſſumed 3 AY, Sa . = _ 


Gy7 19? 11 . Py 15 
"= TY 25, PTY, 2. 

the three ſimple equations that involve the three next co-efficients I, L, and N, 
(and by the reſolution of which it is poſſible to inveſtigate che three following 


& c, are actually inveſtigated in this Diſcourſe, yet 


terms 2. 2, and 2 —7» and to determine the figns + and — which are to 


be prefixed to them,) are ſet down in art. 248, pages 629, 630, and 631. But 
J believe few of my readers will be inclined to go * the immenſe labour 
of 
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of reſolving them. It ſeems natural, however, to conjecture, (from the com- 
poſition of the four aun! d of the ſaid aſſumed . which have been 


; —9 nl — 2 
ſhewn to be 0 ＋ A * * * * * 2 ** K . 
that the next, or fifth, So 25 , of the ſaid Series, will be = &- * N 


FS 11 


* * and that the ſixth term, , will be = I x —— . * 2— . and chat 


Be * wyl3 . 2 —121 
che ſeventh term, ==, will be = L x ——— 7 * r 2, and that the eighth, 


and niath terms, 2, and of will be equal to x * _ 7 6d * 


—_ * 2 28, and that all the following terms of the faid aſſumed "Series will 


be generated one from the other according to the ſame law, the numerator of 
every few generating fraction of the ſeveral numeral co-efficients a, C, E, o, 
I, L,"N,"?, x, T," &c, being the exceſs of nn above the ſquare of the odd 
number next following the odd number contained in the numerator of the 
next preceeding generating fraction, and the denominator of the ſaid neu ge- 
nerating fraction being the product of the multiplication of the two natural 
numbers next greater than the odd number of which the ſquare appears in the 
numetator of the faid new generating fraction and is ſubtracted from m. And 
Mr. Dx Motvnxx (who was, as I believe, the firſt inventor of this hyperbolick 
Series, as Sir Is A Ac NtwTon was of the Series for expreſling the fine of the 
multiple arc of a circle,) and all ſubſequent Mathematicians who have treated 
of this Series, ſuppoſe and affirm that this is the law of this Series, but without 
giving any demonſtration of it (as far as I have ſeen, ) except in a few of the 
firſt terms, (and ſeldom, I believe, in more than the three firſt terms,) as is 
done in this Diſcourſe with great exactneſs with reſpe& to the four firſt terms 


AY, 73 , 2 , and 25 ==, of the ſaid Series. 
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It is evident that the R Ay + 2 + 


2 2 Ly" 
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Vor. III. i : "Y x 
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c 2 ＋ 1% C22 x Lo ＋ &c ad infiuitum, (abich is equal” to v, or 


the ſemi- ordinate correſponding to the greater byperbolick ſector which con- 
tains the leſſer ſector » times,) will not converge at all, when , or the leſſer 
ſemi-ordinate, is greater than 4, or the ſemi- axis of the hyperbola, And it 
will converge but ſlowly when the ſaid leſſer ſemi-ordinate y is equal to, or 
almoſt equal to, the ſemi-axis 2. But, when y is much leſs than a, as, for ex- 
ample, when it is only one-tenth part of a, or leſs, the Series will converge 


wich conſiderable Imſcoeſs, and = be of uſe in calculation, 851 in theſe caſes 
75 * 11 953 15 17 

the litteral parts, LY 25 , 2, 2 1 — — =, = __ , Kc, of the 

terms "of the ſaid Series will decreaſe with conſiderable ſwiftneſs, and their 

convergency will, in all caſes, after a certain number of the firſt terms, be: 


ſomewhar aſſiſted by that of the numeral co-efficients Ay ©, , , t, k, u, v, 
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generating fraftions, * © BATS ye” 9 ? 10.11? 12, 17 T4 _ 


re 
r : jon =, &c, evidently form a decreaſing progreſſion, ſince their, nu- | 


merators continually decreaſe by the ſubtraction of greater and greater numbers. 
from un, and their denominators continually increaſe ; the conſequence, of which 
increaſe of the denominators and decreaſe of the numerators of theſe: fractions 
will be, that the numerators muſt at laſt become leſs than the denominators, 
after which the whole generating fractions will become. leſs than 1, and conſe- 
quently. will, cauſe the new co-efficients,, generated by them to decreaſe con- 
tinually. Thus, for example, if:z is 19, we ſhalk have an = 361, and the 


co-efficients a, o, E, o, 1, L, x, r, R, r, &c, or n, 4 „ = 0 * 1 


* 3 

n 25 — un 81 m—121 | — a bs 
rr IE en PX Goes 
and x * 2 =, will be equal to 19, * , Cent = * SS, 

35 = 461387 2 IF 361169 be | 361=225 
© x * oa? © 12. 13 * XK Tor 14.15 3 Ana 
n X =D 1 * . * , 0 * 2 I * 2, L x 

- 4 x 2 

N and x x 2, in which r | 

5 3 * = * 172 = the three laſt generating frac- 


tions, 


2 

3 „ a Ixvii 
tions, =, = and =, are leſs . 1, and conſequently will make the co- 
efficients into which — are multiplied become leſs than RN gc or 
wil cave the co-efhicients to decreaſe nn 


What has been here obferved may ſerve as a conic of what 1 now per- 
ceive has been erroneouſly aſſerted in the laſt line of art. 250 of this Diſcourſe, 
in page 632 at the bottom, to wit, © zhat the numeral co-efficients A, C, E, G, 


any N. P, Sc, or A, A Ke C x — E = = G * bs 0 
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greſion; whereas the aſſertion ſhould SS been, that the generating fractions 
of the ſaid co- efficients, and not the ſaid co-efficients themſelves, evidently form 
a decreaſing progreflion,” becauſe the co-efficients themſelves do not form a 
canning progutice till after a certain number of the firſt terms, 

In pages 633 and 634, the reſemblance that has been ae 4 be- 
tween this hyperbolick Series, invented by Mr. Dx Morvsz; and the Series 
for expreſſing the ſine of a multiple arc in powers of the fine of the ſimple: arcs 
which had been invented long before by Sir Is aac Newrox, is diſtinctly pointed 
out. And this obſervation compleats the whole of what is laid in this Diſ- 
courſe. concerning the ſaid hyperbolick Series. ande Bas (A tar 


- Having compleated the inveſtigation and examination of tlie foregoing hy- 
perbolick Series, which expreſſes the length of the greater femi-ordinate v in 
terms involving the leſſer ſemi-ordinate „ I proceed to inveſtigate the Series 
which is the converſe of this Series, and which expreſſes the length of the leſſer 
ſemi-ordinate y in terms involving the Crater ſemi-ordinate v. This is per- 
formed in the 3 manner. 


The hyperbolick ſector which _ * to the greater ſemi-ordinate v, is 


7 a9 6 211 
equal to the Infinite Series — K * — — + 2 Eh — 2 —— 2 + 


— — &c; and the 3 ſector which correſ [ponds to the lefſer 


ſomi-ordinate , is equal to the Infinite Series 2 — 2- +£ — 


124 


12 230407 


n rn 1 7 4 e *. 

f 117 eee 15: 15 & — ** W 
— —— eee + Ink — &c, But the former ſector is equal to n times 
the latter ſector, and conſequently the-zth part of the _ ſector will be equal 


3 5 : 
to the PRE ſector. N the Series — 8 + 
459 wy 634/% * 231933 | 185 | i 
Tp "7 Eo &c ad inſnitum will be equal to the Series 
| $ 7 -9 t ta f 5 
2 2 — LAS FF. inſiuitum. 


> ae | 2 — goa 224 2304 a? 86 3249 26,62 4a 
From this equation we may derive a Series that ſhall expreſs the value of the 
lefler ſemi-ordinate y in terms involving the powers of the greater femi-ordi- 


nate v and the ſemi-axis a, by proceeding in the manner following. 


Ran us ſuppoſe the faid "roy * is equal to y, to be the Series Av, - „ 
—— ov! = — _ —— &c ad infinitum ; and let this Series be ſubſli- 


tuted inſtead of ) in the fencing equation. Then will the faid equation be 
thereby transformed into another much more complicated equation, which wilt 
involve in it only the powers of the greater ſemi-ordinate v and. the ſemi- 
axis a, together with certain known numeral. .co-cfficients, and the hitherto. 
vaknown'numeral co-efficients 4, c, R, , 1, L, N, p, &c. And, laſtly, by 
reaſoning upon the terms of chis transformed equation in the manner which, 
has been before explained, we may determine both the values of the ſeveral co- 
efficients A, c, E, Gy, 1, 'L, N, r, &c, and the ſigns + or —, which are to 


ch“ xy Go? 109 Lott Nos pots 
be prefixed to the ſeveral terms = , . => 7 . A: &c of the 


ſaid aſſumed Series. Theſe operations are performed in pages 636, 637, 638, 
es kus ov 


e 650. And the reſult i is, that the four firſt terms, Av, —, D . 


G 1 


of the ſaid aſſumed Series, are av — = +W 28; ASX U=AX 


g n -I v „ „ 2528—1 v7 


= K e 


In pages 65¹ and 652, I have ſet down the three ſimple equations (derived 
from the aforeſaid general transformed equation, ) by the reſolution of which it 


is poſſible to inveſtigate the values of the three next numeral co-efficients 1, L, 


— *, of the terms of the ſaid aſſumed Series av, , e = * =, 


kHz F,A CH lzix 


— 1 Ke, -and, to determine. My + or — which are to be prefixed 


to the three terms = =, and . ', that involve them. Bur, as the reſolu- 
tions of theſe ſimple equations would be exceſſively tedious and troubleſome, I 
have not undertaken to reſolve them. I cannot therefore ſay with certainty, 


what the values of the ſaid three co-efficients I, L, and N, will be. But it 


ſeems natural to conjecture, that, ſince. e is = 4 * — „and x is =-C Xx 


A, and o is = K X — — = the next co- efficient 1 will be = O x 
4.5· un | KD ag? * | 
49%" ==. and the ſixth co-efficient L will be =1 x n+ the ſeventh 
8.9. un | 10.11, an 

co-efficient x will be r L * I” and that, in like manner, the cighth 
co-efficient v will be = * * e and chat the vine, and eth. and 
deviates and other following co-efficients, x, 1, w., &c, will 'be equal to: 
P X Eggs and n Xx ==, and r X —— * Ke, reſpectively: in all 


which quantities che co-efficients of n in the numetatons of the ſeveral gene- 
rating fractions by which they are produced, are the ſquares of the odd numbers 
3. 5, 75 9, 17, 13, 15 17, 19, Ke, taken in their naturel order, aud ſbe c- 
efficients of n in the denominators of the ſaid generating fractions are the pro- 
ducts of the multiplication of the two numbers next greater than thoſe of which 
the ſquares are the co- efficients of un in the numerators of the ſaid fractions. 


And, further, ſince the three terms, =, =» and AY are "alternately ſub-- 


tracted from, and added to the firſt term, aw, or — X v, of the ſaid aſſumed: 
ev3' rot ow! 1 Toe %% pls nyt rute 


Series kv, FL — 77 "as? Pri. FL. 7 is 7 > 2 „ Kc, it ſecins: 
natural to conjecture that the following terms of the faid Series will be like. 


wiſe alternately added to, and ſubtracted from, the faid firſt term, and conſe- 
quently that the ſecond and all the following terms of the ſaid Series will be 
marked with the fign = — and the ſign + alternately. And, if theſe _—_— 


are true, the ſaid Series will be av — 2 => += 


6: 7 — wenn ” 
re Se 
un —1 J s 2 — 1 wo! — 1 wv dn. 
* 4+5, 1K * 222 * 6.7. an * as * @ N 2 * a 1 10.11. 8. 


* 


x ” E 7 x & x 
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12.13. #n®© 7 14.15. an 16. 17. n# 


— 1 9 22 K 24er Pak: 8 cc 4 infnitum, which 


#191 Tdi a 20.2 1. n * = 1 
therefore will be the value of the leſſer ſemi-ordinate ”, which correſponds to 
the leſſer hyperbolick ſector, which is the »th part of eee ee 
. to which the 2 ſemi- ordinate v acl | 


'F 10 1105 0 — 


| "It is remarkable chat in this Series the third term, 2 is conſtantly mark- 


ed with the fign +, and the fourth term, 2 is conſtantly marked with the 


gn —, whatever be the magnitude of the number » which expreſſes the 
number of i rimes that the 223 hyperbolick ſector contains the leſſer: whereas 


7 vil 13 I 
in th ber eie n, . F. Zr. E., Be, We gr, de. bier er 
preſſed the value of v, A bee een to the greater hyper- 
bolick ſector, in powers of the leſſer ſemi · ordinate y;) the third. term, 2, 2 


is ſometimes to be marked with the ſign —, to wit, ben n is ='2; and Sr 
times with the ſign +, to wit, when # is equal to 4, or any greater number; 


and rhe fourth term, 2 b is ſometimes to be marked with the ſign , to wit, 


When 1 is = 2, and ſometimes with the ſign —, to wit, when 1 is equal to 45 
and Wann Wag the ſign +, when n is greater than 55 78. that chis latter Series 


cv! 199 Ly! N 


* — ＋ 1 "= gh en Tz r pF gee 2” + &c ad infnitum for 


— 4 the 40 of y, the ſemi-ordinate e to the leſſer hyper- 
bolick ſector, in the powers of v, the ſemi: ordinate correſponding to the greater 
hyperbolick ſector, or for dividing the ſaid greater ſector into n 8 ſeems 


5 Gy7 


to be more ſimple and manageable than the former Series ay + = . 255 T, 
=, 22 2. *. &c, for expreſſing the value of v, or the ſemi-ordinate 
| correſponding to the greater hyperbolick ſector, in the powers of y, or the 

- ſemi-ordinate correſponding to the leſſer hyperbolick ſector, or for multiplying 
the faid leſſer ſector into the ſaid number s: which is contrary to what 1 
 dhould have been inclined to conjecture. 


In page 655, it is obſerved that the numeral co-efficients TEL EL IL, 


N, 


lxxi 


K 12 I L 4-200 .2can el. 
vu 2; &c,"'01 Dy A RE gc nm OY == „Kc, of che ſeveral 


terms of chis Series will always « decreale, whatever be the rae of the number u, 
but o ſlowly that the Series Can never be of uſe in calc ation bur when v, 
ot Ko TſemFordindte” correſponding to the Srettef hyperbolick ſector, is much 
leſs than 4, or the ſemi-axis of the curve, (as, for example, ben K is only a 
tenth part of @,) and conſequentiy the littetal parts of the ſeveral terms of the 


3 7 3 
Series, or the quantities v, Is — 2. 2 8 25. 2. Jo — &c will dee vo 
Gwifineſs. $7.50 
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** pages 656 and 657, a ee is dy out — the foregoing 
hyperbolick Series for expreſſing the value of the leſſer ſemi-ordinate y in terms 
that involve the powers of the greater ſemi- ordinate v, and the circular Series 
found before in art. 209, page 5382, for expreſſing the value of , the ſine of 
the leſſer arc a, in — — greater, 


or . arc 1. This circular Series 14 4 * + ＋ ＋ 


+ + 7 ＋ * 2 ＋ &c, heal BA e 


EY * 4 | 2 5 1 49 l 0 1210 5 — 
— — —— 1 
e ** e r e 


* 7 ＋ 1 * — nn — 
which all the terms Ei the firſt term 4 or — „ *, are marked with tHe 


Oi n * 


580 +. > or or are added to the faid firſt term An, of — * x. = And che hy hyper- 


#< 4 4 


| — | WILT E7KS . £ + 444 1 
* ILL A * . ob + hora 2 2 


2.3. a* 4:5. n ab 
| — A 1 1 — — ˙ Po 
X bom 7 K N 7e + L X 
212 2—1 * | Fe. 715 L > : ), AUO 10 
12.13.24 * 2 7 n = 14.75. 77 * r &c; in which the ſeveral terms 


following de firſt term av, or — X v, are marked alternately with. the gn. 


— and the fign +. But the 3 co-efficients of this latter Series are pre- 
ciſely the ſame with the numeral co-efficients. of the correſponding, terms of 


the former Series; and conſequently, if we ſuppoſe r, or the radius of the 
circle: 


txxii nnen 


circle in which the ſine x is taken, to be equal to 2, or the ſemi- axis of. the 
chyperbola in which the ſemi-ordinate v is taken, or the diameter of the circle to 
be equal to the whole tranſyerſe axis of the ſaid hyperbola, and the faid ſemi-ordi- 
nate v to be leſs than the ſemi - axis a, or radius 7, and to be equal to the fine x;— 
if theſe things be ſuppoſed, every term of the latter, or hyperbolick Series, which 
expreſſes the length of the leſſer ſemi · ordinate q, Which correſponds to the leſſer 
hyperbolick ſector which is the nh part of the greater ſector, will be equal to 
the correſponding term of the former, or circular, Series, which expreſſes the 
length of the leſſer fine 3, which belongs to an arch that is the zth part of the 
| greater arc to which the fine x belongs. This is a very remarkable inſtance of 
the nantes wy uin e a Circle n ae Hyperbola. 


Nn or en i vol ene | tx yin) too 
In pages 657, 658; aapd "EO is FURN r tlie vwrockgperboliclk ſectors 
that correſpond to the two ſemi-ordinates v and y, are to each other in the 
ſame proportion as the ratio of the portion of the aſymptote that correſponds 
to the greater hyperbolick arc to the ſide of the central ſquare of the hyper- 
bola, (of which the ſemi- axis of the hyperbola is the diagonal, ) is to the ratio 
of the portion of the aſymptote that correſponds to the Jeſſer hyperbolick arc 
to the ſide of the ſame central ſquare. And hence is derived a demonſtration 


(in art. 273, page 660, ) that, if the ſemi-axis à of the hyperbola be called x, 
the — r , or che h power of the exceſs of 1+ » 
above , will be equal to / 1 vv — v, or the excels of vV 1 + vv above v; 
which is an equation given by Mr. Dz MoivRE, in his Mz Yeellanes Analytica, 


page 14. 


From this equation 5 1＋ r N 1 + v — v Mr. Dæ Moiygs 
deduces a method, by which, when the greater ſcmi-ordinate v is known, and 
the greater hyperbolick ſeQor is any given multiple of the leſſer ſector, denoted - 
by u, we may find the value of the leſſer ſemi-ordinate y, by means of an ex- 
preſſion that requires only the extraction of the ſquare-root,' and that of the mth 
root of: a known þ: quantity. This expreſſion is as follows. Let s be put for 


the quantity I 1 + v1 i + vv — v, or the exceſs of Ii Tv 11 uu a above v. Then will 
1 1 


be = eee 
$— VIit+w-v, 


The inveſtigation of this expreſſion is given in art. 274, pages 660 and 661, 


In 
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In pages 661, 662, 663, the foregoing. expreſſion of Mr. Ds Molvns is 
applied to the reſolution of à certain equation of the fifth power, to wit, the 
equation gy + 20% + 10% 4, or ag L 1 N bor 2b pi 
+ * = 0.250, and the value of 3, or the root of the Gia equation, is ing 
to be = 04135313. And in art. 277, Pages 663, and 664, it is ſhewn by 
wrial, or ſubſtitution, that the kid quantity | 0. -41 3,3 I 5, is truly the root of the 
ſaid equation. 


9 1 tt 


Mr. Da Molvaz makes great uſe of the equation 1. + yy 28. = 
V 1+ vv v, and the equations thence derived, in explaining and de- 
monſtrating a famous Theorem, invented by the celebrated Mr. RoskR Cores, 
concerning the diviſion of an angle, of circular! are. This is done in the fol- 
lowing pages of the ſecond book of his aforefaid learned work, intitled A 
cellanea Anahytica,' to wit, in pages 15, 16, 1), &, to page 26 to which the 
reader that is curious concerning this ſubject is referred, and which, it is 
hoped, he will find to have been rendered ſomewhat eaſier to underſtand by 
what has been delirered relating to it in the few laſt- 3 pages of this 
Diſcourſe. en han! gate R 1 


The he theſe expreſſions and equations of Mr. Dx Morvat,.com-. 
pleats the whole of what is delivered in this Diſcourſe: concerning the ſemi- 
ordinates to the axis of an equilateral hyperbola that correſpond to two external 
ſectors of it, of which the greater is any given multiple of the leſſer. The 
number of pages employed upon this ſubject is na leſs than 72, to wit, pages 
593, 594, &c, to page 664: and the number of pages employed upon the 
former ſubject, (which is analogous to this,) namely, the Doctrine of Multiple 
Arches of a Circle, and the Relation of their Sines to each other, took up 52 
pages, to wit, pages 541, 542, Kc, to page 392 ſo that boch. together have 
taken up no leſs than 124 pages. This is owing to the great generality of the 
Serieſes invented on theſe ſubjects by Sir IsAAc Naw iou and Mr. Dr Morvzz, 
which ſuppoſe the number n to be any whole number whatſoever, inſtead of 
ſuppoſing it to be 2, or 3, or 4, or 5, or ſome other particular number. For 
this generality of the value of n occaſions the variations that we have ſeen to 
happen in the magnitudes of ſome of the terms of two of the Serieſes that 
have been inveſtigated, and. likewiſe i in the ſigns + and — chat are to be pre- 

SOC 3h K * 1 
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fixed to them, according as 1 is of a greater or a ſmaller magnitude. Yet 
Sir Is AAc NRwrox and Mr. Dx Morvae-ſeem to have conſidered the ſubject 
in a ſtill more general manuer than I have done: for Sir Is A Ac has given, I. 
believe, but one Series relating to multiple arcs, namely, the firſt of the two 
that have been inveſtigated in this Diſcourſe, or that which expreſſes the length 
of x, or the fine of the multiple are 14, of à circle whoſe, radius is 7, in, 
terms involving the powers of 4, or the fine of the ſimple arc 4; and Mr. Dx 
Moivsz has only given us the Series which expreſſes the length of the greater 
ſemi-ordinate v, which correſponds to the multiple ſector of an equilateral 
hyperbola, of which à is the ſemi-axis, in terms. involving the powers of the 
leſſer ſemi- ordinate y, which correſponds to the leſſer, or ſumple, ſector of tho 
ſame hyperbola, So that theſe two great writers ſeem to have ſuppoſed that 
the letter # might ſtand either for any whole number, or mixed number, or 
fraction, whatſoever. But I have avoided this very high degree of generality ;: 
becauſe, if I had adopted it, I ſhould net have been able to underſtand the. 
ſubje& myſelf, and eee W not ee en bg mn * 
he a ee n. | Ut 74 


Avihe ſubjects created of in the above-mentioned pages have given occaſion 
to obſerve ſome reſemblances that take place between the Equilateral Hyperbola: 
and the Circle, or (as it may juſtly be called,) tbe Equilateral ' Ellipſe, and it 
has been ſhewn in art. 224, pages 596, 597, that the quadrilatera}, mixtilinear, 
area of an Equilateral Hyperbola that is contained between the four following: 
lines, to wit, iſt, the ſemi-tranſverſe axis of it; and, 2dly, any arch of it be- 
ginning at its vertex, and, 3dly,: a tight line drawn from the other end of the 
ſaid arch parallel to the ſemi. tranſverſe axis, and continued to the ſecond axis, 
and, 4thlv, the portion of the ſecond axis that is intercepted between the ſemi- 
tranſverſe axis and the ſaid line that is parallel to it, will be equal to the In- 


5 . 3 1 13 
finite Series ay + 27 — 255 55% ls + 15 2755 _— + &c,. 
in which @ denotes the ſemi-tranſverſe axis of the hyperbola, and y the fourth 
fide, or baſis, of the ſaid mixtilinear figure, which is oppoſite to the arch of: 
the hyperbola above-mentioned, and is equal to the ſemi-ordinate to the tranſ-- 
verſe axis drawn from the extremity of the {aid arch; I proceed in page 665, 
666, and 667, to give a Series that expreſſes the area of a certain correſpond- 
ing portion of a circle that has its radius equal to the ſemi-axis of the hyper- 
bola, in terms that are exactly equal to the correſponding terms of the fore- 


going 
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going hyperbolick Series, and differ from them only in the ſigns that are pre- 
fixed to ſome of them. This circle is ſuppoſed to be drawn round the center 
of the hyperbola as its center, and with the ſemi- tranſverſe axis of the hy per- 
bola for its radius. And the portion of it here conſidered, is a quadrilateral, 
mixtilinear, figure, of which the firſt ſide is the ſemi axis of the hyperbola, or 
the. radius of che circle; and the ſecond fide is the circular arch intercepted 
between the vertex of the hyperbola and a right line drawn, from the extremity 
of the hyperbolick arch to which the ſemi-ordinate y belongs, parallel to the 
ſemi - xis of the hyperbola, or to the radius of the circle, and continued tilli it 
meets a radius of the circle drawn at right angles to the former radius, or to 
the ſemi-axis of the hyperbola; and the third ſide is ſo much of the laſt- 
mentioned. parallel line as falls within the ſaid circle; and the fourth ſide sis 
that portion of the ſecond. radius (or that drawn at right angles to the firſt ra- 
dlius, or to the ſemi-axis of the hyperbola,) which is intercepted between the 
fiſt ſide and the third ; which portion is equal to the ſemi-ordinate in the 
hy perbola. I his quadri lateral, mixtilinear, area in the ſaid circle, (which 
ſtands upon the ſame bale y as che foregoing quadtilateral, mixtilinear, area of 
the ſaid hyperbola, and of which the ſemi - axis of the hyperbola forms the firſt 
ſide, as it does alſo of the ſaid quadrilateral, mixtilinear, area of the rebel 


will be 5 to the Infinite Series oy = rr 11 ler _ 
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1 1 161 
aim dg. = de, the terms ef which, are, exafly, the ſame vb. Bale 
of the aforefaid hyperbolick | Series « a E 3 = 2 e 
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4 21 
* 1. a + be, and differ — them only in the figns prefixed-:to 


ſome of them, the fi us ＋ and — being prefixed alternately to the econ and 
other r following te terms of the hyperbolick Series, and the figh — - alone * being 
prefixed to the ſecond and all the following terms of the circular Series This 
analogy between the Serieſes which expreſs the magnitudes of theſe d areas, 

that both ſtand upon the ſame baſe and between the ſame parallel lines, but of 
which the one is .bounded, by the arch of a circle, and the other by the arch of 
an RISE, hy perb. 5) ems 5 remarkable. 


| T he andiiention of this circular, ; BY is given in art. 280, 281, - 5 bs, 
and pages 665, 666, 667 3 after, which, I proceed, in page 668, to cite a patſage 
from Sir Isaac Newrow's ſecond. letter to Mr. OIDEN BURN, dated Octo- 

k 2 ber 
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ber 24, 1676, which I conceive to allude to his aforeſaid firſt method of re- 
verting Infinite Serieſes, and Which I conſider as a proof that he was the in- 
ventor of it. And with this paſſage I conclude all that I thought it wu, to 
ſay rung the faid wit n 12 OY an Infinite ar 
ji „ 1.2% 1 1 

Tn pages $69/and $96, 1 ee * Ivo badge of Sir. laune hw $ 
ſeeond letter to Mr; OlDENBUROH dated October 24, 1676, in which lie 
deſcribes his ſecond” method of reverting an Infinite Series, and likewiſe his 
method of transferring (as he calls it,) an Tofinite Series from one indefinite 
quantity to another, and in which he gives two general Theorems for the Re- 
verſion of two Infinite Serieſes of the moſt known and uſeful forms; which. 
Theorems he had RX; oo means of the ſaid ſecond man * Revergon. 


This method of reverting an Infinite Series, and likewiſe the ſaid method of 
transferring an Infinite Series from one indefinite quantity to another, are, both 
of them, grounded on the common operations of Arithmetick, to wit, Addi-- 
tion, Subtraction, Multiplication, and Diviſion, without aſſuming any Infinite 
Series with indeterminate co-efficients to its terms for the value of the quantity 
x involved in the Series that is to be reverted, and without being under a ne- 
ceſſity of ſuppoſing that the ſaid quaotity x may be diminiſhed ad infnitum, or 
made to become equal to o, as was done in the foregoing method of reverting. 
Serieſes. It therefore is much fimpler and eaſier to underſtand than the ſaid 
foregoing method, and conſequently preferable to it in that important reſpect. 
And 1 farther think it is rather leſs laborious in the application of it than that 
former method, and conſequently: preferable to it alſo on that account. But 
chis the reader muſt judge of for himſelf from the examples here given of the 
application of it. For it will be moſt eaſily underſtood by means of an example; 
and Sir Isaac Nxwrox, in the ſaid letter to Mr. OL Dp EX BURGER, has com- 


municated it only in that way. 


The firſt exuniple given us by Sir Is AAc NRwrox, of a Series reverted by. 
. ſecond 9 ws — is 2 of the Logarithmick Series x + 


— ＋ 412 —+= — - += an Ei. + 7 + &c, which is equal to NA PIER's 


1 of the ito of 1 > 1 — * 2 which was firſt publiſhed by Dr. 
Jonx WALL1s of Oxford. The Reverſion of this Series, by this ſecond me- 
thod of Reverſion, is given in this ne 4 in a very full and explicit man- 


ner, 
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ner; and extends through eight pages of it, beginning in page "aA and end- 
ing in page 679; and then a recapitulation of the ſeveral proceſſes employed 
in this Reverſion is given in pages 679, 680, 681, 682, and 683, that, by being 
brought together into one view, they may be the better comprehended. And 
the reſult is, that, if the ſaid Series be called , the original quantity x will be 

. to an Infinite Serivs * terms TAO the OA of z, w which the firſt 


: 120 = | —.— — 70,320), , of 
"FIT 2+ 3 he %7 23 
2 + . 7. * ” 2:3-4-5-6-7 e e : 


Baa bang hy Fg gs e += + 
&c ad PO by the former 8 of . 


And, after. the 3 of — wen hte e in this me- 
thod of reverting the ſaid Series, I have added, in pages 684 and 68 5; in the 
firſt place, ſome remarks on the Series obtained by the ſaid Reverſion and on 
the law of continuation that will probably take place in its following terms, and, 
ſecondly, a compariſon between the ſaid method of reverting” Serieſes and the 
former method of doing the ſame thing by the aſſumption of a Series with un- 
determined co-etficients to its terms, in'which the principal differences between 
them are pointed out. , 


In the next pages I proceed to exhibit Sir Is AAe Newron's. example of 
transferring an Infinite Series from one indefinite quantity to another. This 
example is as follows. 


Let r be put for the radius of a circle, and'z for any arc in it not greater than 
45 degrees, or half the arch of a quadrant ; and let x be the fine of the arch 2. 
Further, let it be ſuppoſed that we have already diſcovered that, whatever be 
the magnitude of the arc z within the limit above-mentioned, . the relation 
between it and 5 fine x will always be expreſſed by the equation & = x + 


a3 345: 357 634 r 2 a 28 
— + = — Was = 55 + — + — x + &c ad infinitum, As this equation 


is © als true in all the poſſible different magnitudes of the fine x, inſtead of 
being reſtrained to ſome particular value of x, Sir Isaac Nzwron for this 


reaſon (as I conceive,) calls & an indefinite 3 And, becauſe the relation 
between 
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between this ſme and the tangent of the ſame arc 'z, which tangent he calls r, 
may always, in all the poſſible different magnitudes a the fine æ, be expreſſed = 


by a certain -equation, to wit, the equation = — (che tangent of the 
rr - XX 


8 2 # being al ways a fourth Proportional to the co-ſine of the ſame arc,” to wit, 
af 1 — Ax, its fine x, and the radius r,) he calls the 7 t another indefinite 


345 gr 
guantity, He then propoſes to transfer the Series x + 5 42 * $ 


| Hoe + —=— = + &c ad infinitum, (which exprefles the length of the arch z 
in powers of the firſt indefinite quantity x, or the ſine,) to the ſecond indefi- 


nite quantity 7, or the tangent, which has a conſtant, known, relation to the 
ſine 4, which is expreſſed by the equation 5 = ——=— 


Vrr — x 


he propoſes, from the former Series x + N 4 55 — + = — 


1127 4152 


; or, in other words, 


+ 


= + &c ad infeites, (which expreſſes the _ of the ah 2 in powers 


of the ſine x, or the firſt indefinite quantity, and in powers of the radius r,) 
to derive another Series that ſhall be equal to the former, or to the ſame arch , 
and that ſhall expreſs the length of the ſaid arch in powers of the tangent a, or 
the ſecond indefinite quantity, and in powers of the radius r. This I take to 
be what Sir Isaac NewrTon means by the expreſſion of transferring an Infinite 
Series from one indefinite quantity to another. | | 


I then proceed to transfer the ſaid Series x + = —_— = + - =, 3 ＋ = 


+ 2755 % + &c, in the manner directed by Sir — ee from the 


fine x to the tangent /; and the reſult is, that the arch 2 will be equal to an 
Infinite Series of terms involving the powers of the * tand the N r, 


; 8 Pg - 
of which the firſt fix terms will be f — — + — == += — The 


proceſſes of this transfer of the ſaid Series from 4 indefinite quantity x, or the 
fine of the arch 2, to the indefinite quantity 7, or the tangent of the ſaid arch, 


begin in page 686, and end in page 693. 


1522 


This Series — =+ == 7 7 — 775 LA &c will converge only o 


long as the tangent 7 is leſs than the radius 7, that is, only ſo long as the arch 2 
(of 


# = SES ST m5 Krit 


of which ; is the tangent,) is leſs than 45 degrees, or half the arch of a quadrant; 
and therefore it is only in ſuch caſes that the ſaid i will.extubic. truly the 


value of the arch z. | 1 ow 61 NAT Airs f 
I then proceed to conſider the two general 88 aboxe-mentioned, 


which Sir Isaac Nxwrox has given us for the Reverſion of two general In- 
finite Serieſes of the moſt known. and. uſeful forms. Tele Theofems are as 


follows. 197. SE Gee 


THEORE * 1 


mops 


If 2 neh 0 the Infinite e by + 97 . 9h, — 


infinitum, y will be equal to the Infinite Series — — —4 * 22 + 2 < x 2* 
+ _ ee «2 + &c ad. 
Munitum. | Sb 7 8.9 bay ei 


* 


eee eee enen 
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If 2 is equal to the Infinite Series @ + by! + 0. Þ+ dy" 7 5 ke 8d 
infiitum, y will be equal to the Series = — 27 X * +. = x 2* + 


bole — and — 168, 4 ei + 1009s Ben er X * + &c od 
infinitum ; or, if, inſtead of uſing this notation, (which is that of Sir Isaac 
NEwrox, ) we uſe the ſame letters in this ſecond Theorem, as in the firſt, to 
denote the co-efficients of the odd powers of y, this ſecond Theorem will be 
as follows; to wit: If z is equal to the Series ay 4 o* + 9 + 755 + if + 


* be equal to the Series — — — x 2? + * 
+ == = x x: + = 8 — bes 


ad infinitum. 


Theſe two Theorems are tated in art; 311 of this Diſcourſe, pages 693 and 
694; and in art. 312, page 694, it is obſerved, that the two firſt terms of the 
firſt 
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Hrſt of chem have been already inveſtigated in the former part of this, Diſ- 
courſe, in art. 8, 9, 10, Kc 16, pages 332, 333, 334, 1% = 339, 
by Sir Isa Ac NN rox's firſt method of reverting Infinite Sericles. But from 
Sir Is AAc's manner of expreſſing himſelf in the above-mentioned letter to 
Mr. Olbnxzgu gun, in which he has given us theſe two Theorems,. I conceive 
that he did not make uſe of that method to obtain the two Serieſes given in 
tlie two foregoing Theorems, but that he obtained them by means of the latter 
method of reverting Serieſes, which is mentioned in his ſaid letter, to Mr. 
Orosxsugck, and which requires only the common arithmetical operations of 
Multiplication, Diviſion, Agdinion, and Subtraction. And therefore I have 
inveſtigated the ſaid Theorems i in that manner, and have carried the inveſtiga- 
tions, to the ſame extent as Sir ISAAC NEWrox has done, or ſo far as to ob- 
fl the firſt five terms of each of the two Serieſes that are given us in the 


„ 1 - » -- 
＋ 4 2 We 


two Theorems. * 


* L . 145 . — * 7 0 14 


Tbe Reverſon if he general welds Series ay 4 hy + * WF 405 + 0 + 
Ke, (which i is equal to z,) by this ſecond method of Reverſion, is performed 
in pages 695, 696, &c, - < - © 700; "and the reſult is, That y will be e to an 


Infigite Series involving the powers of æ, of which the firſt five terms are — — 


th ona „ 63 — $abc+ a*d * — 214 + 6ba*bd 7 
—TX 22 + 7 * * —— X 24 + 3< a ele. 


* 2 which-agrees with that given us by Sir Isaac Nxwron in the firſt 
Choo, above-mentioned, except in the notation of che fourth term, which 
he makes to be — hee * * X', But this is equal to — 


715 


N 2, or r 8 [ng X 2.5 wbich is the fourth term found i in chis 22 
W che aforeſaid Revers. 


„ . firſt general Theorem is then applied, (in art. 32 t, page 7or,) 
to the Reverſion of a particular Series, namely, the Logarithmick Series y + 
+ + 2 TY — 4 — + Ke, which was invented by Dr. Watts. And 


the reſult. is * if 8 Enge. the fa Series be. Mete we ſhall have y = 
2+ | 2* 25 

the Series 2 — — = + * — 2 * Ll &c, or & — —— — + ** 2.30 ez 2.3-4:5 

& c. And this method of obtaining theſe five terms 5 the faid Series, that is 


equal 
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equal to y, is ſound to be much leſs laborious than the method uſed in the 
beginning of this Diſcourſe, (in art. 21, 22, 23, 24, 25, 26, Pages 3435 344» 
345, "&c - - - 350,) to find the ſame terms, or Sir Isaac Newrton's firſt 
method of reverting an Infinite Series, (whieh is grounded on the aſſumption 
of the Series az, B2*, c, ba“, t2*, Fz', oz“, hz“, &c, for the value of 
and even than the method uſed for the ſame purpoſe in art. 289, 290, 291, 
292, 293, &c, of this Diſcourſe, pages 672, 673, 674, 675, 676, &e, or the 
aforeſaid ſecond method of Reverſion applied immediately to the particular Se- 


ries y 4. 2 ＋ +2 + + &c. So that I am inclined to think that 


the application of. this . m will be the moſt convenient way of 
reverting any particular Series that comes under the foregoing general form 
ay + bx +,9* + 4* + & Kc, or, if a be = 1, (as it uſually is) % . 
by* + o* + 4* + * + &c, that can be taken, when only five terms of the 
new Series are required to be found. But, if more than five terms were wanted, 
the foregoing Theorem would not enable us to find the ſixth term, and the 
other following terms of the new Series, unleſs we were to carry the inveſtiga- 
tion given in this Diſcourſe of the terms of the general Series given by the 
ſaid Theorem to fix, or ſeven, or eight, or more terms, which could not be 
done without a great deal of very intricate and troubleſome Wr cal- 
culation. | | 


The foregoing firſt general Theorem is then applied (in art. 323, page 70 3 9 
to the Reyerſion of another particular Series, namely, the Series ꝓ ＋ 2. 4 2; 


+ 2 + 2; + &c, which has been already reverted in the former part of thi 
Diſcourſe, in art. 151, 152, &c, pages 5310, 511, &c. And the reſult. is, that, 


if 2 be put for the value of the ſaid Series y. + _ 55 + + &c 


ad infinitum, y will be equal to the Series z—==+4 uc; 
which agrees with the Series found before for 1 . page 


524, to wit, 1— = + 2 — 45 + 2 — Kc, whete I is pot for the value 


r 75 35 + to hi here Ge 


Abd bee n k md be obſerved, chat theſe firſt fire terms of rhe Serie 
Vor. III. * and gniog that 
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that is equal to y, have been obtained by the application of this general 
Theorem ich mtieh lefs trouble than by the method employed before for that 
Pürpoſe in art. 151 152, & . 162, or by Sir Isaac Newron's firſt me- 
thod of Reverſion, (which is grounded on the aſſumption of an Infinite Series 
With rndetermined co-efficients to its terms for the value of y,) and even with 
dels trouble” than would have been neceſſary to the obtaining them by Sir 
IsaaciNtwrovw's ſecond method of Reverſion . wg to the Reverſion 


of the faid particular Series y + — —— TY . Tac 22 — + &c, though that 


direct application of the ſaid EE By. i C Hark x on to the Reverſion of 
the ſaid particular Series has not been exhibited in this Diſcourſe, Tt ſcems 
therefore reaſonable to conclude from 1 eaſe and expedition with which the 


exo. particular Serieſes y + E. + 2 —+ = ++ + Ke, and f 2 + 


375 IIA + 2 + &e have been 5005 by the application of the firſt of 
the two Rh general Theorems, that this Theorem affords the eaſieſt 


and beſt means that can be taken for reverting any particular Infinite Series that 
comes. under the general form ay ＋ o“ + &c, when only 

e Hye fuſt terms of the new Series, which is equal to y; are intended to be 

obtained, It is convenient, however, to have different methods of performing 
the Reyerſions | of Serieſes, that the concluſions obtained by one method may 
be confirmed 1 thoſe obtained hy another method, and that thereby all ſuſpi- 
Lien rü be taken away of our having made ſome flip, or miſtake, in ſome 
pf the 1 many algebraick and arichmetical calculations that are neceſſary to > be 


Fes Wr TED DOI "ag. 


Wan dee two'applications of the ſaid firſt general N N of Sir nul 
Na wen t the Reverſion of we two particular Serieſes y + = 2 ob 2+ | 


* 
+ 2 + & andy +2 + 5 ＋ 2; 375 +2 + Ke, that come under the 
general form ay + h + of + h ＋ 9 + 1 and the remarks made on 
them, I conclude all I nen to fay concerning the 4 fuſt ge- 
neral 8 8 aq od 

: 

But Sir IAAc Nawron (who had a great propenſity to generalize his diſ- 
edveries, or to comprize ſeveral different propoſitions under one rule,) ſuppoſes 


chat the firſt of the two foregoing general Theorems will enable us to revert an 
Infinite 
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Infinite Series of this form, to wit, ay — byy +, 07%. ch &c, in 
which the ſecond and other following terms are marked with the ſign = and 
the ſign +- alternately, as well as to revert an Infinite. Series of the firſt form, 
to wit, ay . by + 0? +4 +:9*% + &c 4d ininitum, in which, the ſecond 
and all the following terms are uniformly marked with the ſign , or are 
added to the firſt term ay. And, upon this ſuppoſition, he applies the fare : 
going firſt Theorem to the Reverſion of the particular Series N — 


| — 2 * 2 hip or the Logaridlenttk Series invented by Mr. Nidlk ls 
3 Log he finds, that, if that Series be called z, the ſeries of ers | 
involving the powers of z, that will be equal to y, will be: 2 +. — + > 


+ =+= + xc, or 2 + = +=+ = +=; which is the 


Series that was found to be equal to y in 0 firſt part of this Diſcourſe, in 
art. 38, 39, 40, 41, 42, 43, pages 363, 364, 395, 366, & = = = - = 379, 
where we inveſtigated it by Sir Is A Ac Newron's firſt method of Reverſion, 
or by aſſuming an Infinite Series with undetermined co-efficients to its terms to 
expreſs the value of y. But, as it is by no means evident to my underſtand- 
ing (whatever i it might be to. the comprehenſive mind of Sir IAA Newtos,) 
that becauſe the foregoing Theorem will give us a Series that will be equal 
to N when 2 is equal to a Series of the firſt form, ay — by 3 x on ＋ &y* 2 
+ Kc, it will alſo give us a Series oa ſhall be equal to BE when 2 15 Jul to 
a Series of the ſecond form, ay =b* + of = &* + of — Ke, P have 
fore, i in this part of this Diſcourſe, HEE Wige gas by Six 1118 
Nxwrox's ſecond method of Reverſion, a ſecond genetal Theorem that 18 
adapted to the Re verſion of an Infinite Series of this ſecond general form, 
ay — by + of — M + &f = &c, without any reference to, or ddr lion 
of, the foregoing getieral Pheorem, which relates to the general Series 2 4 
r b + 9* + &c. The inveſtigation of this ſecond general 
Theorem, (which relates to the general Series ay — by + of - + of — 
Kc.) Rf: eans of Sir IsXac Newrow* $ ſecond” method of Reverſion, is per- 
in art. 325, 326, 325, & = 331, pages 70g, v0, 705; & 
og and the reſult i is, that, if z be put for the value of the ſaid gr Series 


ay, — - by + gf — — <* + of — &c ad infuitum, we ſhall TI == 7 — 2 15 
+ Are „ Eee . 
Nav 1 2 | o 13 TT 300} - 
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+ & $, or, 23"; a, or the co-efficient of y in the firſt term, 4), of the original 
Series ay — byy + o* = % + &* — &c, is 1, (as is moſt commonly! the 
caſe,) the notation of the Theorem obtained by the ſaid inveſtigation will be- 
come much ſhorter and fimpler than before, and the ſaid Theorem will be 
as follows ; ; tO * that, if z be equal to the Infinite Series x - T 7 —- 
* + 9 — c&c ad infinitum, the quantity) will be equal to the Infinite Somme” 


z + bzz +206 —=d x * +5 = 5k + a 


w I" 


5 = "WF 199" = e W — — 


1 
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\This'Throferm' is then pad to the Reverſion of «particular Infinite, Serics, | 
nainely, of the Loparichmick Series 5 — = *g — — 4 = — & ad 
infiuitum, which was, invented by Mr. Ta TEND MERE Kron. And it is 


found that the general Series 2 + bzz ＋ 20% — Q * 5 + 7. — 5 + 4x 4 


＋ 30 — 216%: * * ＋ 14% — XK 2 + &c becomes, in this caſe, qual 
2 . At — 2 . 
. * N eee Le TTY 


+; de, and conſequently that — is equal to the Laid Series Fs —+ 


2.3 


% 7 377 _ $ + &, which is the fame Series to which it has been 
Nan 


found to be equal in the former part of this Diſcourſe, to wit, in art. 38, 39, 
40, 41, 42, and 43, pages 363, 364, 365, & - 373, by means of Sir 
Isazc NRwTrox's firſt method of reverting Serieſes. And further, we may 
. obſerve that it is found with much more eaſe and expedition by the application 
of this? ſecond general Theorem than it was by the ſaid firſt method of Re- 
verſion, and even than it could have been by the immediate application of Sir 
IsAAe Nxwrox's fecond method of Reverſion without the intervention of 
this ſecond general Theorem. So that this ſecond general Theorem, or, (if we 
conſider it as a part of Sir Is AAC NEwrox's firſt general Theorem befote-ex- 
plained, Y this ſecond part of Sir Isa ac Nwrox's firſt general Theorem above- 
mentioned, appears to be a very uſeful and convenient method of reverting 
Serieſes of the general form ay —byy S — ch! + O — &c, or, y — by 
+ of - + &* — &c, as the firſt part of the ſaid general Theorem was 
found to be of reverting Serieſes of the general form, ay + by + 9* + 4a 
+-o* + Kc, or y + HY + of + h +: &c. But the Serieſes ob- 
tained_by theſe. two Theorem n, heb carried only to five terms, unleſs the 
general 


10 
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general Serieſes given in the Theorems themſelves ſhould, b be carried t to mere 
chan five terms, Which would require a great deal of very intficare 55 labo- 


rious n ech den. 51 yy” | 1191090 T »ft; a (10, 31 | e 
9% 1 1 191030 | 70 "Ji rey] P 1977 dl no 
Aker ks thus ;oveftigated the d ſecond genera | Theorem, | by 1 8 

Series of the general form ay — by, * * = In Ke may c LA 


verted, and having Et it by the Reverhon of the particular Series y — 
”"”_ + 48 = < 


— + Loom _— they We: - Kc, we proceed to oa! how: the ſaid Theor 
may be e with facceſs to the reſolution of cubick and biquadratick equa- 


tions, and other equations of higher powers, when the terttis of -anyſ one Tof 

the ſaid equations are all compleat, and are marked with the ſigns = and 5 
alternately, and when one of the roots is leſs than 1, and the abſolute term, X. 

known, quantity, of the equation is alſo leſs than t, and the ec. effcients 

x, *, , *, &, &c, or of the powers of the unknown quantity; — 
creaſing progreſſion of terms. The manner of making this application of zhe 


ſaid Theorem to the ſaid purpoſe of refolving theſe equations, and of, pte. 
paring theſe. equations ſo as to "TE um * of brave en in this 


and. 12; and then two ROD, are R of the reſolution of <qpatiogs in 


the, manner. | | 1 . 2-$56>-43 36 a o£s 
1 | . « 1 T | Th» * : 1 - 
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'The firſt example is that of the cabick equaion — wn + 44% . 


Win / „ % ont um MOTWAH oA Ae! 
Concerning this hn it is 33 in the firſt. place; that one of, its 
roots muſt be leſs than 1. For, if x be ſuppoſed to be equal, tot, we ſhall. 
have * 236 ＋ 44% (£1 X 1X3 36 IXIL SA 
36 ＋ 44 = 45 — 36) = 9. And, when & is r o, * — 36 & r will 
be = o. Therefore, while & inereaſes from o to 1, the trinomial quantity; . 
* — 264% ＋ 44x) will have increaſed from o 0 9, and conſequently will, at. 
ſome point of time during its ſaid inereaſe, be equal to 2.4 or, ia other words, 
ſome value of that is leſs than 1, will make the trinomial- quantity & — 3047 
＋ 44 be equal to 1, or the cubick es Are — 36 — 44X = will 
ane d Rn 1 $3 10. 10 313-2 464228 = TY ny OY 
"bo 4+ * £41 l 239 >} 1672514775? ms : 1 A 
Scconciy, Aan We terms of this equation, x? 9 + 2 =4 be di. 


vided by 44; che co effcient of x. And we ſhall have =? * . = 25 
or 


Ni +2827 „1 


ore 82 NY 455 or ws Ne 4 = — = 1 This equation will _ 


dently 0 the fame robts as the former equation * — 36 + 4 = 
from which it is derived. And it has now all the requiſite qualities to 27 i 
under i the caſe of the foregding, ſecond eden, Theorem. For x is leſs thi 


E 40 . 


in the Series x — + = juſt as. is leſs chan 1 in, the Series y- 54 + 
. and-conſequently. the powers of x, to wit, , — and , form a decreaf- 
ing progreff on; as well as the . of y; and 7 0 or the meter of 


n 118 Haid to 1 Ty 
the, equation *r * r IF TT is lefs chan I, as well as 51.2 or the abſo- 
hute term of the equation — + 0% —, 4+ — & = 2 . 
ſequentiy the powers of 5 will form a Cr me as well as the 


powers'of 23 and, Hftly, "te co-efficients 1, ==, and — Fr, of a, Xx, and * 


ts « | 
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in, ;the Series * * + = —, =, form a decking cel, as well 48 the 


co-efficients 1, 3. —5 6, 3 and 95, in the Series y = ty + 9 — I 
＋ &. And therefore the value of x may be determined by ſuppoſing 
it to be equal to y, and by ſuppoſing , or the co- efficient of V, to be equal 

o , or the co-efficient of x, and c, or the co. efficient of by „to be equal 
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to I. eee and 4 2 e, n co-efficients, of j · and 8, 
to be equal to o, Ro the hag x* and 4 40 not enter into the equa- 


{21 11000 e | ad | 
tion * . * * „ Ad and by y ſuppoſing 2 2, or r the abſolute rerm of th the. 


general” equation y — 4% + = Y f & = to 3 10 4 


_ 4 x , 7 
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or the ahſolute term of the particular, equation x — 27 * = e, and, 
after theſe ſuppoſſtions, by computing the Series given by the Wegen ſecond 
general Theorem for the value of 5, to wit, the Series 2 '+ b Le 2 
+ $F=3 +41) x = 7. DAE 07 FI =O * * ＋ &c, ot 
(becauſe 4 and e are in this caſe equal to 6, the Series z + 2 ＋ 29 27 
+ 55 — 5bc\ x 2* +,.30 = 21 + 148) x 2 + Kc. And the oe 

of this computation 4s;;thac . prthe:root. of the equation — 9 7 I= 


2. or "of the equation 44 — 36 I 4 = r, or . 30624 4 * D 


«2.5 


will 


7 8 E # A © +, IEA 
will be = (0:023,166;079, 526, of which number the fitſt — * 
ing =_ the PI of units,) to wit, s 0755018 . 31 ral 


This is a very 4 derable degree of a and * as uſefulneſs of 
this method of reſolving a cubick equation of this kind. But, as the computa- 


tion of the fourth and fifth terms, 543 — 5b * 2*and Wa — 21Þ*c + 145%) x 25, 
of this Series is rather tedious, it would have been more adviſrabls w e 


only the three firſt terms of the ſaid Series, to wit, 8 + da + Lö A 
which would have given us the value of y, or x, = 0.0231, of which all the 
figures are exact. And then, if a greater degree of exactneſs had beendefired;' 
we right have made this number 00231 the a of a r 
tion to the troe value of x in the equation x — 22 + = o /=a) 


36 ＋ 4% Pia, by Mr. Rarnson's excellent encthey of, reſolving .equa- 
tions by approximation; and we ſhould thereby bave found the more accurate 
value of x, ot the root of the propoſed equation 3˙ = 30 ＋ 4% = 1, to 
be oa 166,97 5, of which the firſt eight figures, 0.0234 166, qy, are exact. 
And this latter way of finding. the four. laſt of theſe eight | figures, to wit, the 
figures o. oo, 066, o), is much leſs laboxious, than the former method of ob- 
taining them by computing the fourth and fifth terms of the. Igfipite Series 
given for the value of y, or x, in the foregoing Theorem, and therefore, o 
conceive, ought always to be made uſe of in the like caſes for the purpoſe of pb- 

taining the value of x exact to more thaa the firſt four places of figures, But. 
for the inveſtigation, of the firſt four figures of, the ſaid — — I ſhould think 
the Series given by the Theorem would be preferable. : to Mr. Rarason' 8 me- 
thod. And this will, be.a very important uſe of this Theorem 134 becauſe, 2.10, 
Sir ISAAC Newrox' 's and Mr. RarRSOx“s methods of ror, equations by 
| ſucceſſive approximations to the true values of their roots, there is oſten a” ood 
deal of any: in abe the ; firſt near value of 6A is 10 be 6 


abich can be 4 — dee prot to remove. 041 fo: red 63 nah. al 


T his example of the application of he bid ſecond general Theoress t to "he | 
reſolution of the cubick equation x" — = 36x — 448 = I begins 3 in | page 75 * 
ang extends to Page 718. nn 1 4 

. I they 


„Ark Vill Ar un n % u 4. 


10 Then proetecd to reſoſte a Biquadratick equation that has all its terms com- 
ext; and in which the terms are marked with the fign - — d + 12 
Bes of the” foregoing hes & | 
\; 000% het; i 7,019 L001 donkey ==, 12, * 
Tue biquadratick equation I have Joken | for this mon is the equation 
14,93% 99 Ber + 802 7 * 2 5000; which is a famous equation that 
reſults from a very difficult, arithmetical Problem that -is mentioned by Dr, 
Wikis in Bis Algebra, chap. 62; and Dr. WATT is has there given us a 
N this equation. to a great degree of exactneſs, by the method taught 
At ETA in his Exegefis Numersa, And this equation has alſo been reſolved 
51 Mr. RarnoN 1 in his Analy/is Zquationum Tui verſalis, page 27 ; aud by 
Dr. Harter, i dis Tract on the Reſolution of Equations, that was püb- 
liſhed, firſt, fa. the Philoſophical Tranſactions for the year 1694, No. 210, 
E 56 be ear 1508, id; che Collection of Tracts, intitle, Xella 
"'Ci#3s/a; N ol: I page 8 5. And Dr. Hart confidered” iwas Mei Yidhebic 
"Uuition, Ir has Hob real and affrmative rodts, of which the leaſt is & Hr ih, 
ot quaptity Jeſs than z, and che greateſt, (which was that whith Dr. Hauer 
inveſtigated,) was found by Dr. Har Ex to be 2 1 2:7 6,441) 794,480, 744,02. 
hte feaſt root 3s that which T"have-inreſtigated in tts Diſcborſe"by meind of 
he ſoregoing ſecond general Theorem. bie — * rr 


ee = 518 04 "hy * Ke 
I che n it is Proper ty frove thar « one of the roots &f this 1 quation 
will be lefs tht 1. | 
'S- -- $ nonatp? och of ond νν⁰ 227 up? © 14 25d nnn = —_ 


| 02 'This wal appear by obſerving, that, f x. is ſuppoſed to be equal to 1, the 
gompound. guaarity, 34,9378 — 199 r + Bog? — x* vill be (=,149371X4! 
098,5 40 f. 15 N IS 144937 10% & Lk Bo K n: 
5.1937 7 199 4 ＋ Bo — 4 = 150% c=. 1999) = =, 137018. Therefore 
while x increaſes from o to 1, the compound quantity 14,937x — Ig08xx.+ 
80 — x4 will increaſe from © to 13,018, and conſequeatly will paſs through 
all titermediate degrees of magnitude between o and 3,018; It will therefore 
at ſome one inſtant of time during its "Paid" increaſe, or during the increaſe 
of from o to 1, be equal to 5066, which; is of an intermediate magnitude 
beinen o And 1 37519 3, ot, Ta Bther words, the leaſt root of the equation 
14,937 = 58 * 80x! = x* = Joo, Wit PETR Tal: . D, 


ue » -- 


* . 4 
" "es . 8 4 > — v5 A *® WY a 7 F g = * 2 4 2 4 A 1 
— « + : ; at , : — 
a 4 1067 


Woo dl | 


And hence it follows that the powers of this Jeaſt root. of this equation, to 
wit, x, *, W, and x, will form a decreaſing progreſſion, juſt as the powers 
of y, to wit, y. Y, Y, V., Y, &c do in the equation ay . + of — 0 + | 
4 n which is the ſubject of the foregoing Theorem. 


Secondly, let all che terms of the equation 14.937 — iger + 80 — o 
* 5000 be vided 1 14937. the co- efficient of x. And * ſhall ax the 


„ R BE F A C EB 


1998 80 * — 500d © . 
k equation. 2 Tos 2 xx + r * * — n in which equa- 


tion the abſolute term 2 (which anſwers to the abſolute term 2 in che 


equation  — by + 9 4 + + 9 — & = K, mentioned in the forego 
ing Theorem,) is leſs than 1, and but little greater than $2, or — my: 4 


| conſequently the 3 powers of 2 127% to wit , „T- . 9 


c, will form à decreaſing progreſſion, as 2, K, 2 2% and 2 — me 
che Series given for the value as nt login” as > 


aumbefs 1, ., 32, and co-efficients 

in the equations — 22 * ax + 5 es . alſo form 

a decreafing progreſion, as the co-efficients a, b, c, d, and e, & ob ids Yo 
, „, &c in the equation av + e e ee & x are ſup- 


poſed to do in the foregoing Theorem. The equation * 1407 5 144937... 


| 1 = 22 2 charefare bears the equi reſemblance to the equation — 4 


T = + of — &c'= 2, mentioned in the foregoing” Theotem, to 
make it capable of being reſolved by a compariſon with that equation, and by 
the computation of the terms of the Series given in the faid Theorem for the 
value of y, derby of wle as med Alek may byte in ern 
4 p : | 


- 1 * f Y ; 4 WW E + 


e md on 5 bs = 14,937 * 


and e is = and 4 is = ts and o & are == o. Therefore , or x, 


will be equal to the Series z + bzz + 25} — Ar * + Fu ="5bc + ax 2 
+ 3. — i Fold N- N A + &c, or (herauſe ia ,) to 
bs Blake's 4 Jon + IF c B + 5 — 9 
Vor. III. m 3e 


* 7 
{D OW "4 ** 1 rr F 


This computation 3 ts. ade. in art, 944, pages 720) and 221, ** the faid Se- 
ries is found to be S o. 350, 984. Therefore o. 3 50, 984 is the value of 9, or , 


_ 8043 at ooo 


or of che leaſt root of the equition x — 122 + at at, + 
149937 14,937 14,937 149937. 


or of the original equation 14.937 — 1 998xx. + he th —a* = 5000. 


10 OT 291 
orf ibis number, o. 350,984; found in this manner for the neue of , or the 
leaſt root of the equation 14,937 — 19y8xx + 80x%, = g $000, ee 
five\ figures, o. 350,98, are exact z the more accurate value af Gas laid root 
being 02950,987;046,7. Bait «400m 1218 Ad znopetip; 


2013 IO CIC 5101 


Uf we had Sk only the fut three terms, 2 + bx + 233 — 
of. the foregoing Series, we ſhould have had o. 3 50,867, for the valye | 

or &, or the leaft root of the equation 14,937 — 1998 + 8$0x% — x = 25 
5000. And this value, 0.350, 86), would have been exact in the three fir 
figures 0.350, and would have differed from the truth only by an unit in the 
fourth figure 8, and therefore would have been an excellent foundation for a 
further approximation to the true value of x, or the ſaid leaſt root of the 
equatiot 14,9 / 1908 + 80 — * . 5000; hy Mr. Rarnson's me- 
hod. Iothetefore conclude from tlie reſolution of this biquadratick equation 
by means of the foregoing ſecond general theorem, as well as from the reſolu- 
tion of the cubick equation & = 36πα] ＋ 44 S 1, by the ſame; method, 
thut? When wer want to reſolve an equation that comes under the general form 
oy —="bf + of "df = & e x, it vill be ſound to he moſt expe- 
dient to determine the firſt near value of the root ſougbt, to three or four 
Places of figures, by computing the three firſt terms, and no more, of the Se- 
ries given in the ſaid ſecond general Theorem, and then, if greater exactneſs 
is required, to make the ſaid three, or four, figures, ſo obtained, the baſis of 
a further approximation to the true _ of the root es n e to 


X, 5 


Mr. Rarion's method; Siena al} Gopal 
let beg cefalation of. this biquadraick.« equation 1439378 « — a + Box? — 4 
2 Aae begins in page 78, and ends in page 25. * 3 


Tye then roche to conſider equations in general, that Kh or "oy the alternate 
ficcelon of the Rye = — = and + that are N lo the terms on ane 


= a B Þ & G Þs * 


tides of them,) appear to have, more than one reg 

root, though they may not have thoſe properties which bring them undes,che 
caſe of the foregoing Theorem concerning the equation ay — &y* + of - 
＋ h = &c D 2; and I ſet forth a general method of fiadingijowall-calts a 
tolerably near 'value of the leaſt real and poſitive root of any ſuch equation 
whatſoever, (as, for example, of the equation x? — A + 4x5; mat . r 
px* + 4 = , ) if it has more than one ſuch root, or of its only 1 real and poſi- 
tive root, if it has but one ſuch root. This method 1 conceive to be new ; 

and I think it may juſtly be conſidered as a uſeful ſupplement 10 Ma. Rxbn- 
son's excellent method of reſolving all equations by approximation, as it ſeems 
fitted to remove the only difficulty J have met with in endeavouring to reſolve 
equations by that method, which is that of obtaining a, or the firſt near value 
of x, exact to one or two places of decimal figures, to be the foundation of the 
further approximations t to its true value, which we are directed to make in that 
method which further approximations, when the firſt' near value of bas been 
Found exact to two places of figures, afterwards proceed with great fuckeſs and 
expedition, and give us, at every new proceſs, of operation, as many new figures 


that, may be depended upon as exact, as were re already known befote we had en. 
tered upon the ſaid new operation. | non one & nugh ano? 


00 ) SUN ST 97 0) nomamxorgas mano? 
This method of finding the firſt dear valve ene of oxact- 
neſs, is founded upon the following principle, to wit, that, if all the terms in 
the equation that have the ſign prefixed to them, be expunged from its the 
root of the remaining equation (which equation, it is evident, can have but 
one real and affirmative root,) will be leſs than the leaſt root of the propaled 
equation. Thus, for example, if from the equation “ — A . Af n o+ 
1 = p + gx r, (which may, if the co - efficients l, m, u, p, 9, and the 
abſolute term r, ate of certain proper magnitudes, have no leſs, than ſeye 
real and poſitive: roots,) we expunge the terms #x*, mx* and px, which have 
the ſign = prefixed to them, the remaining equation x” + I + 7x? ＋ gr D r 
will have but one real and poſitive root, and this root will be leſs than the 
leaſt root of the equation & = I' + I — mx* + M px* + gu. . 
Now the root of the equation x” . + #x3 + r = r, may be moſt con- 
veniently found to a moderate degree of exactnels, by conjectures and trials 
in the manner recommended by SrEvinus, (a Mathematician of Bruges - 
Flanders, who flouriſhed in the beginning of the laſt century, and died i in the 
1633;) and Mr. Jonx Kensz x, the author of an a excellent book of Alge- 
In two ſmall yolumes folio, publiſhed i in the latter part of the halt'century, 
m 2 in 


Yar” « On en. 


in the Years 18) und 1674, chan which; I believe, there is mot! à better 
Neltiſe on thut ſubject to de met wb. Their method of -proceeding is a8, 
follows) In che iſt place they ſuppoſe the unknown quantity t to be equal 
tor, And ſubftitute 1, inſtead of it, in the tetms of the left hand fide of the 
eaten and det Ad" the dert ri, N., uu, and g, reſulting: from his ſub- 
ſtitutidn to each other; and compare their ſum with'r, or the abſolute tern 
of the equation. And, if this ſum is greater than r, they conclude that 1 i. 


greater chan the, 5 value of in the equation 7 2 * + m8 + ESL 


and, if this ſur 1 Is 5 than r, they conclude that 1 is leſs chan the true vated 
x in«yhis equation. , They then 1 ſuppoſe x to be equal to — or 5, or 2, or ſome 


1 If 
ower whole number expreſſed by a ſingle figure, or to f, or = gr Ae or, 
nk 22,043, o or ſome other, decimal fraction, c or multiple of = or 0. I, expreſſed 
by a ſingle figure; that they conjecture to be nearly equal to it, and, ſobſtiure the, 
ſaid number inſtead of x in the terms of the left-hand fide of the equation, and 
compare the ſum of the terms ariſing from this ſubſtitution with the abſolute 
term,” ; 4 and, if they find the faid' ſum to be greater than F, they” conclude, 
as before, that he number ſubſtituted inſtead of & is greater than its true 
value; nd, if che faid Turn is lefs than 7, they oon ude that the ſaid number 
is leb che true value of x. And, by three or four eaſy trials of this Kind, 
they erwine the value of *, or the root of the equation * ＋ 16 ＋ 1 . 


8, fo, ekäct to, at lealt, one place of fgurs. : nt 


2When' a value of the robt of the equation x? "x Is + 115 + * =, that 
is ſomewhat leſs than the truth, has been thus obtained, let it be rates by 
the ſmall Greek letter 2. And, ſince, by the principle above- mentioned, (of, 
which u 'fegular demonſtration": is given in this Diſcourſe, in pages 731, 74, 
and 733, this root is neceſſarily lefs than: the leaſt root of the original £qua-, 
tion bf In n ＋ 1 — h + % r, ve may now proceed to, 
make it the baſis of an approximation to the leaſt root of the ſaid equation, 
according to Mr. 'Rapnson's method, by ſuppoſing x, or the leaſt root of the 
ſai equation, to be equal to = ＋ E, and ſubſtituting 4 ＋ 2 inſtead. of x in 
the terms of the ſaid equation, with an omiſſion (according to the rules of 
Mr. Rarnson's method,) of all ſuch. terms as involve any higher power of z 
than ind ſimple power, or z.itſelf. And the refolution of the faid new equation, 
involving x inſtead of x, (which equation, will, by the omiſſion of the terms. 
involving ar, and all the higher powers, of a, be a mere Ample , ee 

e- 


1136 
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conſequently-may be reſolved by an operation of dixifion,) will gi ce us a, Rear 
value of x, from which we may derive a near value of « , or of 4 vr 
the leaſt root of the original equation & — kx® u — 1 +, mx? — pr; . 
1 r. And by repeating theſe approximations: three ar four times, „0. 
oftener,' according to the directions of Mr. Rarusox's method, we may ob- 
tain the value of æ, or this leaſt root of the ſaid Wen . 
hn ' Oi 50 oH a1 0 


— * \ 


, Apd.. if we ſuſpett, « or find, upon a trial of i it, chat a 4, or the near value of 
in the equation 27 + I + , + gx = 7, (which we know to be leſs that 
the leaſt root of the original equation & k + If n + p 
gx =r,) is à great deal lefsthan the leaſt root of the original equation x 
by — mat + a — px” + ge = 7, ſo as to be too ſmall to be a con- 
venient "baſis. for a proceſs of approximation by Mr. Rayitsox's method? we 
may obtain a nearer value of the faid leaſt root, which n 4b 
its true value, 'by proceeding” in the r tofu dun big 

Nl * 

Let nee value of he ſaid leaſt root. . Then will 84 4 a = 
- - + ga be r; and conſequently * +146 + 8 
9& will be S THAT mA* DA. Now, since « is leſs, t an A. A, 1 il. 
lows: that r. ＋ 4e + ne, +. pat vill; be Jes than r . AA, wat + . 
Therefore the root of the equation x e + nx? r =,7 + hab 1 * 


"903 | 181. 
+ pa will be leſs than the root of the. equation 4 o+ 105 + 15 SI 12 N 


7 + KA + ma* + pa”, that is, than a, or the leaſt root of the original Fol? 
tion * — tl; ＋ If — mt + nxt p 4 gx r. Therefore: if, when. 
we have found the value of à in the manner already mentioned, we compute 
the quantities ku, mu, and pa, and add them to r, and then reſplyg the 
equation V 4/1 Þ ] ＋ gu i 7 ＋ e + J p in the manner ber. 
fore deſcribed, or by the method of Srevincs and KEAsEN, and denete the 
root thereby obtained by the ſmall Greek letter , we may conclude. that 8, 
wilt be leſs than A, or the leaſt root of the original equation . — A +; dab, 
— n ＋ ne p + r S , though greater than a, and/copſequently that. 

it will be nearer to the true value of à than 4 was. We may now therefore, 
with a better ptoſpect of ſucceſs than before, begin 3 Mr. Rar RSON's 
method of kpproximigtion to the inveſtigation of the leaſt root of che original 
equation 2 = B& + u e + gui = #, by ſuppoſing che 
{aid leaſt root to be equal to 8 + 2, and ſobſtituting e . 2 inſtead;of x in 


a tetcus of the ſaid equation, with an omiſſion of the terms involving 22 
2111 22 a a and 


xciv ä 1 REF A CE; 


And an is higher Poweis, and feldiringithe np quation r refulting from ſuch 
ſübitſtution. 1e 14 u DSOCN3ASM 40115 d E i197] Qt Id 21 id, * MS 
e nn anus. £221 B35 lA o line bone cok 


And, if we thought that e, eb nearer to the true wle f a; or the leaſt 
root of the original equation, than a, was not ſufficiently near to it to be a con- 
veniblit Balis fof a procef; of approximation by Mr. Raruson's method, we 
—— obtain a nearer value of 4, which would ſtill be lefs than its true value; 

by' computing the bantities ke, ne, and pc, and adding them to r, and then 

adit. the'equa ion K + Ii + nx WT, g* = => 1 Ke 4 me* ＋ pc by the 

meltidd of SrxVivvs and KERSE V. For, as the abſolute term of 'this equa- 
tion is greater than r + K* + ma* + pa, but leſs than r + ka® ＋ mn + 
7 it Will follow'thar the root of this equation, (which we will denote by the 
all Geek" letter 70 will be greater than e, or the root of the equation * + 
n +'p = + te + mat + pa", bur Teſs than the root of the'equa- 
tion” 4, T la +14 4 %% = 7 e + mat + p, or than a. There: 
fbre y will approach heater to the value of a than s did, and conſequently will 
be fitter to be made the baſis of a further approximation to the true value of a, 
or to the true value of the leafl root of the original equation & — K ＋ I. 
. „ i MO — pr + er = , by Mr. Raeason's method, than e was, 
And therefore we may now proceed to make ſuch further approximation to the 
tree value of the ſaid leaſt root with a good proſpect of ſucceſs; by ſuppoſing 
to be 2 Y + z, and ſubſtituting y + 2 inſtead of x in the original equa- 
tion * — 1 + I ＋ net — _ a * 7. ene to 1 direc- 


tions of Mr. eaten thachbd?7 | 5 1. 
1881 = (Ker | | 5 


The deſcription and anon of this ws ito 8 of ee 
the firſt near value of the leaſt root of an equation of high dimenſions, (ſuch 
as the equation „* — k + ' — M + ue — px + gy = „,) exact to 
about two places of decimal figures, in order to be a ground, or baſis, of a 
further approximation to the true value of ſuch leaſt root to any propoſed greater 
degree of exactneſs by Mr. Rarusox's method of approximation, is given in 
Nan 7255726727» & = - 734. | SAI PN; 
1 1 then proceed to illuſtrare this. method, by applying it to three differegt 


equations, to wit, iſt, the cubick equation & — 39 + 47 = 1881, and, 
2dly, the We on * — 78) r 208) — 155. = 10,000, and, * 


: 


. 
— "oo 


the ſtill higher, equation, #448? ne S S 108! > 105 
= 5, which is the higheſt numeral equation mentioned in Sir ls AA New: 
Town's learned Treatiſe of Algebra, intitled, Aritbmetica Univer/alis, Theſe 


wind are ,refolyed, e eee ri gu0cir ow; e b 
103 £90 „Hinson TG 6 i (NOINTA(FNS 4 FH > 917 io 10M - - 
To. and a 8 of the leaf, root of the cubick. equation & 39 + 
479 S 1881, ve reſolve the equation »* ＋ 479 = 1881 by the method of 
STEvinus and KEASE V. This is done by 1ſt ſuppoſing, y to be g , which 
makes y*,+,4797 become ( + 479:X 1 1, +.479),.,.489, , AY 
much leſs than the abſolute term 188 1. We therefore conclude that 1 is much 
leſs than che true value of , and therefore, 2dly, ſuppoſe y to be = 10. This 
ſuppoſition, makes 3*, +, 4797 be (=, 1000 + 4790) =, 5799, which | is much 
greater than 1884. ; We therefore. conclude that 10 is much greater than the 
true value of 2, and therefore, 2dly, ſuppoſe. 3.10 be = 5. I dis. ſuppobtion 
makes * + 47% be g 2520, which is alſo greater * 1881. We therefore 
conclude. that 5g is greatet than y, and therefore, 4thly, fuppoſe Y to be S 4. 
This ſuppoſition makes y* ＋ 47 be = 1980, which is ſtill ſomewhat greater 
than, 1881, but not a, great deal, We therefore conclude that 4 is. ſome chat 
greater than y; but not a great deal; and we conſequently, ſuppoſe, in the 5th 
place, that q is 3.8. This ſuppotition makes y*, +4793 be, 1875.03 
which is a little leſs than 188 . We therefore conclude that 3,8 is a little leſs 
than the true value of y in the equation * + 479 S 1881, and conſequently 
is leſs than the leaſt value of * in the original equation_x* — 394 + 479x,= 
1881, or in the equation & + 479 = = 1881 39. We then dengte 3.8 
by the ſmall Greek letter a, and reſolve the equation »* + 479y = 1881 + 
30 K 4, or * ＋ 47% ( 1881 ＋ 39 X13}, 1881 ＋ 39 K 14.44 
1881 ＋ 663.16,) = 2444.16, and we find that its root will be nearly, =. 5, 
We then take 5 for the baſis of an approximation to the value of the leaſt root 
of the original equation & — 39x*, + 479 = 1881 by Mr. Ravnon's, me- 
thod, and ſubſtitute 3 ＋ ö inſtead, of x in the ſaid equation, which i Is thereby 


transformed. into the equation 1545 + 1642 = 1881; whence we. have 1642 


(= 1881 — 1545) = 336, and z = 3 = = 2.0 &c; and conſequently æ, or 


$.+,2, 5,20 = 7- Therefore 7 is the next near value of the leaſt root 
of the equation * = 39 * + 470% = 1881. We then repeat Mr. RAln- 
zon's proceſs by ſubſtituting 7 + v inſtead of x in the equation x* — - 398% + 
ys = 1881, and thence find v to be = 1.2, and ee 7+ to 

be 
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be ( 1 + 1) 8.2. Therefore 84 is a further approach Ro. the true 
value. of the leaſt root of the equation & — 39 + 479x = 1881. We then 
put * 8.2 +: w, and repeat Mr. Ravnon's proceſs, and thereby find w 
to be r 0.588, and conſequently 8.2 ＋ 9 to be (= 8.2 ＋ 0.588) = 8.788. 
Therefore 8.788 is another approach to the true value of the leaſt root of the 
RArnson's proceſs a fourth time, by ſubſtituting 8.8 + 9. inſtead of æ in the 
ſaid equation 22 ＋ 47% = 1881, and thence obtain the equation 
1876. 512 + 24.93 X 1881, and conſequently the equation 24:92, * 


(21861 — 1876.512) = 4.488 whence p is (= = ES) = = o. 18, and x, or 


8.8 ＋ , is (= 8:8 + 0.18) = 8.98, This approaches ſo near to 8.99999 
c, or 9, that it induces a conjecture that the true value of this leaſt root of 
the equation » 39 + 479 = 1881 may be the whole number 9. And 
ſoy upon trial, it is found to be: for, if x is = 9, we ſhall have * — 39 
+4794 2 729 39 * 81 + 479 x 9 (= 729 — 3159 + 4311 1 
— $1 90 = ae 1. ne dat two other rope” which are r1 _ iy” 
* 
ern example is the nen — 1 + 4p, nlp = 00. 
| . eee wie oh thei eee 
ä — Srzvixvs and KerstY. This is done by ſuppoſing, 
in the aſt place, that y is 1; which makes 5 ＋ 20% be (1 + 20) = 
© 243 which is very much leſs than the abſolute term 10,000. Therefore 1 is 
much leſs than 9. In dhe next place, we ſuppoſe x to be = 10, This ſuppoſi- 
tion- makes = +: 20% be (= 100,000 '+ 20, ooo) =. 120, 0; which is 
much greater than the abſolute term 10,000. Therefore 10 is much greater 
than . We therefore, in the 3d place, ſuppoſe y to be 5. This ſuppoſi- 
tion makes 1 + 200 be (= 3125 + 2500) = 5625; Which is leſs than the 
abſolute term 10, ooo. Therefore 5j is leſs than 1. We therefore, in the 4th 
place, ſuppoſe 3 to be = 6. This ſuppoſition makes y* + 209% (= 7776 + 
4320) = 12,096 ; which is greater than the abſolute term 10,000; Therefore 
6 is greater than y. We therefore, in the gth place, ſuppoſe y to be = 5.8. 
This ſuppoſition makes y* + 2000 (=. 6563-56768 + 3902-240) = 10,465. 
$0768, which is ſomewhat greater than the abſolute term 10, 000. But the 
difference is but ſmall, and therefore we. may conſider 5.8. as the true root of 
the ſajd equation y* + 20 to, oo, and conlequenily. as a firſt near valye 


of 
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of the leut root of the equation ** — 7 + 20x* — 155xx = 10,000, or 
„ + 20% = 16,000 + 7x* + 155xr. But, as it may not be near enough to 
the true valve of the ſaid leaſt root to be a convenient baſis of a further ap- 
proximation to the ſaid Jeaft root by Mr. Raynson's method, I firſt make an- 
other approach to the true value of the ſaid leaſt root, by putting « for 5.8, 
and computing the values of 7a“ and 15 5, and adding them to 16,000, and 
then finding a near value of the root of the equation y* + 200 = 16,009 + 


5 + 155%, or y* + 209* (= 10,000 + 7 x 5.8 + 155 x 5.8} = 10,000 
+ 7 „ 1131-6496 + 155 x 33-64 = 10,000 + 7921.5472 + 1850.20) 
=-19;771-7472- This root is found to be nearly = 6.7 ; which therefore 
might be made uſe of as the baſis of a further approximation to the value of the 
leaſt root of the propoſed equation x* — 7 + 20x% — 155xx-= 10,000, by 
Mr. Rarason's method. But, as it may till be more diſtant. from the ſaid 
root than might be convenient, I thought fit firſt to ſubſlitute it inſiead of x 
in the compound quantity & — 9x* + 20% — 155xx, which forms the. left- 
hand fide of the ſaid equation, in order to diſcover how near the value of the 
faid compound quantity reſulting from that ſubſtitution would approach to the 
abſolute term 10, 00. And I found upon this trial, that the ſum of the two 
terms x* and 20 , inſtead of being greater than the ſum of the two terms 7x* 
and 15 5 by a difference equal to 10, O00, (as it is in the propoſed equation 
* a= gx* + 20 — 155xx = 10,000) would, upon this ſuppoſition that wx 
was equal to 6.7, be leſs than the ſaid latter ſum ; the former ſum, or * + 
20x*, being equal to only 19, 516.5110), and the latter fum, or * +4 55xx, 
being equal to 21, 063.734). And hence it followed that the value of. v muſt 
be-confiderably greater than 6.7, in order to make the compound quantity 
ah ＋ 20 not only be greater than the compound quantity 7x* + 15gxx, but 
to make it exceed the ſaid compound quantity in ſuch a degree that their dif- 
ference ſhall be equal to 10, ooo, as it is in the equation x* — 7x* + 20 
155xx'= 10,000. I therefore, in the next place, ſuppoſed the leaſt root of that 
equation to be equal to 8, and fubſtituted 8 inſtead of x in the compound quan- 
tity & — 7x* + 20x" = 155%, in order to diſcover how nearly it would, upon 
that ſuppoſition, approach to the value of the ſaid compound quantity in the ſaid 
equation, or to, its equal, the abſolute term 10,000 : and TI found that, upon that 
ſuppoſition, the compound quantity * — 7 + 20 = 155xx would be equal 
to 4416 ; which is lefs than the abſolute term 10,009 ; whence it follows that 8 
muſt be leſs than the true value of x in the equation.x* — 7x* + 20 — ANY 
10,000. And, as 4416, or the value of the compound quantity x — 7x* + 208% 
Vor. III. * 1 5 Fx, 
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155xx, when x is equal to 8, is conſiderably leſs than the abſolute tenn 10,000, 
or the value of the ſaid compound quantity in the propoſed equation, 1 conjec- 
tured that 8.5 will be leſs than the value of x in that equation; and I therefore 
ſubltrured 8.5 inſtead of x in the ſaid compound quantity & — 7x4 + 208% — 
I55xx, in order to diſcover whether the reſult will be greater or leſs than the 
abſolute term, and conſequently whether 8.5 will be greater or leſs than the 
root of the ſaid equation. And this reſult I found to be 8913.84375, which 
is leſs than the abſolute term 10,000, though not in a great degree; and there- 
fore I concluded that 8.5 will be ſomewhat, but not a great deal, less than the 
true value of x in the propoſed equation x* — 7x* + 20x* — 155xx = 10,000, 
I therefore then reſorted to Mr. Raynson's method of approximation to find 
a more exact value of x, by ſuppoſing x to be equal to 8.5 + z, and fubſti- 
tuting 8.5 +2 inſtead of z in the equation & — 7x* + 20x* — 155xx, =. 10,000, 
(with au omiſſion. of all the terms involving any higher powers of than its ſim- 
ple power, or 2 itſelf,) and reſolving the equation thence ariſing, to wit, the ſim- 
ple equation 8,9 13.84375 + 10,604.8125 * 2 10, ooo. And hence we have 
10, 604.8125 x 2 (= 10,000 — 8, 913.843 75) = 1086.1 5625, and 2 (= 


86.186 i 
76er 85 = = 0.10, Therefore x, or 8.5 + 2, will be (S2 8.5 ＋ o. 10) 8.6. 


This value of x approaches very nearly to its true value, but is a little greater 
than the ſaid true value. For, if we ſuppoſe x to be = 8.6, we ſhall have 
„* 7x* + 20x — I55xx = 10, oo9. 450, 56, which is a very little. greater 
than the abſolute term 10,000; and conſequently 8.6 will be a very little greater 
than the root of the equation x* — 74 + 20 — I55xx = 10,000. 


We then ſuppoſed x to be = 8.6 — v, and repeated Mr. Raynson's A 
ceſs again. And the reſult was, that v is = 0.000,767,5, and conſequently 
that x, or 8.6 — v, is (= 8.600,000,0 — 0.000,767,5) = 8.599, 232, 5 of 
which number, either all the eight figures, or, at leaſt, all but the laſt figure 5, 
will be exact. And thus, at laſt, we obtained the value of x, or the leaſt 
root of the propoſed equation x* — 7x* + 20x* — 155xx = 10,000, to a 
great degree of exaQneſs. ; 


I then demonſtrate in art. 390, pages 748, 749, that this equation has but 
this one root. This is done by ſuppoſing that it has another root denoted by 
the letter 5, that is greater than this root, and then ſhewing that this ſuppoſi- 
tion will lead us to an impoſſible equation, to wit, the equation 672.7 X 5 
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= - 808.056 x $$ 93.96 x 5 + 60.2 x + 7 — 8.6 x Þ — . 
1162. 7, in which the quantity 3*, together with the three quantities Bog. 0355 
* 6, and 93.96 x bb, and 8.6 x #, (which are greater than the three quati- 
tities 672.72 & b, and 60.2 x 34, and 757, reſpeQively,) are ſuppoſed” to be 
ſubtracted from the ſaid three leſſer quantities; which ſubtraction, it is evident, 
Is impoſſible. Therefore the ſuppoſition from which this impoſſible equation 
2 derived, that is, the ſuppoſition that the propoſed equation & — 7x0 + 

or? — 1 SS = 10,000, had a ſecond real and affirmative root, 6, that Was 
—.— than 8.6, could not be a true ſuppoſition : and conſequently we may 
conclude that 8.6, or 8.599,232,5 is the only real and affirmative root of hf 


ſaid equation. 


The laſt example of this general method of finding the firſt near value of ih 
leaſt, or the only, root of a high equation, to a moderate degree of exactneſs, in 
order to be the baſis of a further approximation to the true value of the ſaid root 
by the rules of Mr. Raynson's method, is the equation &“ + 45% —x* — 1085 
+ 5x* — 5x*.— Ioxx — IOx = 5, or * + 4x7 + 5* = 5 + * +104, + 
5x3 +-10xx ＋ fox. 22 


To reſolve this equation I begin by reſolving the eaſier equation x* + 4 
+ 5 = 5, by the method of SrEvixvs and KERSET. And here, by ſup- 
poſing x to be, iſt, equal to 1, and, 2dly, equal to o. 7, and, 3dly, equal to 
o 9, I find that the value of x in this latter equation will be nearly equat to, 
but ſomewhat leſs than, o. 9; whence it follows that the leaſt root of the pro- 
poſed equation will be greater than 0.9, and conſequently that o.9 might be 
taken for the firſt near value of the ſaid leaſt root, and might be made the baſis 
of a further approximation to it according to Mr. Rarason's method. Bur, 
as 0.9 may, perhaps, not be ſufficiently near to the tue value of the ſaid leaſt 
root to make the ſaid approximation by Mr. Raynson's method proceed with 
ſufficient expedition, I make ſome further approaches to the true value of the 
ſaid leaſt root in the manner that has been already mentioned, before I have 
recourſe to Mr. Raynsox's method of approximation. Theſe approaches are 
as follows. 1 


bs the iſt place, I put « = 0,9, and compute the quantities «*, 10a?, 5a , 
10%, and 10a, and add their ſum to the abſalute term 5; which produces the 
number 32.181,341. I then reſolve the equation «„ + 4x7 + 5x* = 5 + 4 
+ lo + 52* + 10a + 10s, or * + 4 + 5x* = 32.181,341, or (ne- 

n 2 | glecting 
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| glecting the fraction o. ig 4441) 3242 ＋ g = 32. And: I md chat the 
roęt of this equation is ſomewhat; greatet than 2.2. Therefore the leaſt root of 
cha original equation . 4 — 3% — 10 +: 53% — 6 — iloxx lor S 85 
oe e et S ch 4 RR prota nee will alſq be 
greater than 1.2. K 4 O. t 910 has ,s. + 0,7 1 185 do lot ul WON 


M13 1 


In tie next place 1 put e: = 1.2, and compute the quantities ©, 108, zei, 
1685, and rot, and add their ſum to 5; which produces the ARISE 
or, nearly, 68. I then reſolve the equation * ＋ 4 + 5x* = 50++89 ones 
+ 56? + 108* + 10, or K + 4 + Fg“ = 68; and I find that the root of 
this:equation'is ſome what greater than 1.3, but leſs than 1.4, and pretty nearly 
equal to the latter. Therefore 1.4 will be leſs than the leaſt root of the'origis 
nal, equation * + 4x7 — * — 1085 +: gut — 5 — as e vr 
ven reap idhan tbe two foregoing numbers "1 by e 93819 Fs! 212 
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Pet. as there ſeems, to be reaſon to apprehend that even 14 is ido far diſ- 
tant from the true value of the ſaid leaſt root, to be uſed as the baſis of a fur- 
ther approximation to the ſaid true value by Mr. Rarnsox's method, I think 
it worth while to make trial of the degree of nearneſs in which it approaches to 
the; true value of the ſaid leaſt root, by ſubſtituting it inſtead of & in the com- 
pound quantity x? ＋ 4x7 — — 1085+ 53% — 5 — ror" — roxy which 
forms the left-hand fide of the ſaid equation. And I find that it is fo much 
ſmaller than the true value of æ in that equation that it makes the ſum of the 
tlifee tefins W, Au, and zx, (which ought to be greater than the ſum of the five 
rertiis ; 107, 30, 10% and lor, by a difference, or exceſs, equal to the 
nulnber 65) be leſs than tlie ſum of the ſaid five terms *, 105, 5, Tos", and 

16x; the ſum of the ſaid" three terms being only =" 76.137, 202600 the 
ſum of ihe ſaid five terms being 108 631,936. 1 thereupon conjecture that the 
true value of the faid leaſt root cannot be leſs than 1.6 ; and, to try the'truth 6f 
this conjecture, I ſubſtitute 1.6 inſtead of x in the compound quantity * ＋ 44 
„ to ＋ „ — 5x 10% — tor, and I find that, eben after this 
increaſe of the magnitude of x, the three terms x* + 4 ＋ 5 will” till be 
leſs than the five terms & + 1043 ＋ 5 + 10x* + 10x, the former terms be- 
ing equal to 183.091, 85 5, 36, and the latter terms being equal to 18 3: 714,816. 
And henee it follows that 1.6 muſt be leſs than the true value of x in the pro- 
poſed equntion * ＋ 4 — * — 10“ ＋ Fx 9 = Tor? — 10 5. But, 
as theſe numbers 183. 0917,83 5,36 and 183.714, 8 16 are ſo nearly equal to each 
other, it is evident that a very ſmall addition to the nutnber 1.6 would make it 

* | | equal 
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equal to the true value of æ in the ſaid equation. We have therefore nom u 
tained a near value of x ĩn the propoſed equation * ＋ 4 2 20 ＋1 
ie rer ⁊ 3, chat will be very fit to be made the bus of 
further approximation to its true value by Mr. Rarasox's method, I therẽſote 
now ſuppoſe x to be equal to 1.6 + 2, and ſubſtitute 1.6 + 2 inſtead ef nh 
exons of the propoſed equation. and thereby obtain the equation 295; 435.8 $4.8 


. =05-628,960.4 3, which gives/us vs 2 (= RELA) . 19 and con: 
ſequently a, ot 1.6 + _ (= 60 + eg = 1.619. : „ö Nn 0 
to 1001 901 38112 bait | 0,901 ++ 301 + 95 + 
vi This value of & is a little Sa MG Fon 1 we ſubſtitute it inſtead; of & in 
che compound quantity * + 4x" — 4 — Log? og) — 5x) — lo o> [Lows . 
it will make that quantity be equal to 5. 317,96 1, inſtead of 3. I chereſpre, in 
the laſt place, ſuppoſe x to be equal to 1.619 v, and ſubſtitute 1.619 - 
inſtead of it in the terms of the 65. cru equation ; ; which is 72 ar f = 


into the "equation 330. 395) 639 * v So. 317.9613 13 whence we have 


-6:419,96t © l 01111 5013 mon ng! 
Pty — — 3) = 0. .000,962, 3. and double x, or 1. 619- — v, (5,1:64,9,000,9 


— ee 1.6 18.037.) which gives the value of x, or the leaſt root,. 
of the propoſed equation & + A - — 10x* ＋ gti Iro — 10% — 10 
D g, exact to at leaſt ſeven places of _ to HORN {even figures 2061 8,047 
if not to all the. . e 1618.0 to bil bard-nel adi 2mot 
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I then po h in art. 403. pages 756, 755, 786, and 759. that this 
eqvation has, but this one root. This is done by ſuppoſing that ite bas another 
root which we will. cal 2, that is greater than this root, and by ſhewing that this 
ſuppoſition will lead us to an impoſſible, equation, to wit, the equgtion 67.91.36 
* 8s, 5 X 4 +.39441 55041 ,X #*. 46.593, 09 & 8.796, 280 
x . 18.797, 9 24 K M 11.618, ᷣ Xx % —14:797,497, Koche 
i og. oo X, 45, god, a 5.618, o00 x 45 “ = g. ogo, which: 
contains an aſſertion that the five terms 67.301,536 x 6: +, 304415941. & 45 
+ 18.797,94 K 5 + 11.618,000 x.4* . l. oo, oo xv &“ are greater than 
the ſeven terms 75,387,650 * 1 + 46.593, 109 X % + 287964730 & 4% 4 
14. 207,9 x % ＋ 9.089, 924 K % + 5.618, oo x #* , +, #7, and that the. 
difference is equal to 3. 90; whereas) it is evident that the ſaid: five terms are 
leſs than the fifſt five terms of the. ſaid: ſeven terms, and conſequently, à fare, 
tipri, leſs than the ſaid ſeven terms, and therefore that the ſaid equation is: 


impgſüuble. Iherefore the ſuppoſition from which the ſaid impoſſible qua- 
tion 
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tion is derived, to wit, the ſoppoſition' that the propoſed equation π] .,. 4 
A N — lox ＋ 5 * — 5 — 10 10x S 5 has a ſecond real and affirm- 
ative rot , that is greater than 1,618, muſt be a falſe ſoppoſitiod. And con-; 

nently we may conclude that 1.618, or 1. 618,037, i is 2 N real and 
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ThE SHE of theſe three equations, * 394% + 459% = 1887 1 
* Þ 20 L2'T'G ftv = 16,000, and & + 4 = 10 ＋ 5 — 5 
10% io =" 5, together with 4 Scholiom containing ſome rematks upon 
them extend through 27 pages, to wit, through pages 735, 736, & . 7613 
after which I return from this long, but, I hope, not uſeleſs, digreſſion, con- 
cerning the Reſolution of high Equations, to the Doctrine of the REY erſion of 


11 74 { 


[Infinite Serieſes, which! 15 the proper ſubject of this Diſcourſe. * 


*19118 +. 233 N 
The ſecond general [Theorem given by Sir ane . for the Reverſion 
of Iufinite Serieſes, (which was mentioned before in page 670, ) related to Infi-- 
nite Serieſes that involved only the odd powers of the quantity y, and was as 
follows; to wit, that, if the Series ay ＋ 0 + . + dy) + 0 + &c ad infi- 
nitum is equal to z, the former quantity y will be equal to the Infinite Series 


Y 
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= $59 - 7 — „ 2* &c; or, if we uſe the letters FA % , 


and i, &e, inſtead of the letters 5, c, d, e, c, reſpectively, for the co- eſſicients 
of 5, 3% i, and , & c, this Theorem will then be as follows, to wit, that if the 
Series ay. T9 g 5“ + &c ad infiniium is x, the former quan- 


rity 5 will be equal ons. e FL * 2? + —— * 8 4” 


act = 4 aag * dae ger} Ioaacy + F ae — at; , 
3 * = _ * 2 — or to the 


Infinite as * * EZ x — — = 2 EZ , * ins 
ew Ly Erna VF IG — rn — 4 which lat notation of tba Serien I 


take to be the molt convenient. 


<= Ot this Series 1 have given an Inyeſtigation in pages 763, 764, &c - < 770, 
by reverting the Infinite Series ay + 9” + 9* + gy) + 5 ＋ &c in a very 
full and explicit manner by Sir Isaac Ntwrox's ſecond method of Reverſion. 


Aud \7 Wi after a few remarks on this Theorem, in page 771, I have applied 
it 


P x 2 F A C , ci 


it io the Reverſion of the Cireular Series y L cg + Lat Fab a ib: 
Kc, Which" expreffes'the length 2 of a circular arch, of which the ſine ib 5 in 


a circle of 1 the radius is called r. And the reſult is, that 5, or the fine 
| ee 2 RL 20 &T 191) 21 
of” the "ach 2, will be equal to the Series 2 _ I; T2010 e 
23 xs 27 25 
en ee, E 7 253. 11 + Pr” or 2 r en 
which agrees with the five firſt. terms of the Series found for the value of che 
ſine y in the former part of this Diſcourſe by Sir Isa A Nzwrox's firſt method. 


of Reverſion. This application of Sir Is AAc NxWTrox's ad ſecond, general 


Thoorem 170 8 65 in Pages 77a, 770, and 774. 12115 
* 15 Og 8 775 = & 783, revert the Iafinite Series « FR LS 


29" + 9% — &c, in which the terms are marked with the ſigns — and + alter- 
nately, by Sir Isa ac NN os ſecond method of Reverſion, in the ſame-fulliand 
explicit manner as I before reverted the Infinite Series ay, + T +19? 
E&c by the ſame method]; and I find that, if the ſaid Series be called 2, the firſt 


quantity 7 Will be equal to the Infinite Series — + = of 2 ＋ ELD 
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which may be called the ſecond part of Sir Isa Ac NEwrToN's ſecond general. 
Theorem,” mentioned before in page 670, which relates to the Reverſion of the 
Series ay ＋ c +695 +297 + 19% + &c, in which all the terms are added to- 
gether, or connected by the fign +, And, having thus, inveſtigated; the ſaid 
Theorem by Sir Is Ae Newron's ſecond method of reverting Serieſes, I pro- 
ceed to illuſtrate the utility 4 it by applying it to the Reverſion of the well- 


X 414 
2 ＋ 75 — | 2 * + 2, — Kc, . is equal « tO. 


known Circular Series JY — 


de 
the length of a circular 5 = which y is the tangent, in a circle of whitch r is. 


the radius, upon a ſuppoſition that the ſaid arch (which we will call z, is leſs. 
than 45 degrees, or half the arch of a quadrant, or that the tangent y is leſs 
than the radius 1. And the reſult of this application of the ſaid feorear i ing 


that y, or the tangent of the arch 2, will be equal to the Series x * = 


- Thx? - 3628" ( 
+ — . + 253575 + & c; which five terms agree with the five a e of 


the Serics found for the value of the tangent of a given arch of a circle, in the 
firſt part of this Diſcourſe, art. 82, 83, 84, 8, 86, 87, 88, 89, Pages 418, 
8 


= 


* 


can . "+ > *®. 4 6 Þ 


419, 420, &. - 430, where x is put for the tangent, and y for the arch, 


and 1 for the radius of the circle, and the firſt fix terms of the Series expreſſing 
the value cf the tangent x are found to be y + 2 + = 17 + = + 2655 + 


— Aod it is remarkable that the Grſ iy terms « the ſaid Series ex- 


155925 i 
preſſing the value of the tangent of a circular arch in terms involving the powers 


of the arch, are obtained with much greater eaſe by the application of this laſt 
general Theorem y = = + r K 2 + EDO x 2 + EDI xv 
+ nad — — Aer BE 5 al + &c, than by reverting the Se- 


a*3 
ries x — + =—= + > — — + &c, (which is equal to the arch) in 


3 
the manner exhibited i in . alt part of this Diſcourſe, or by means of Sir Isaac 


Newron's firſt method of reverting Infinite Serieſes, which has been explained 
in the firſt part of this Diſcourſe. And with this application of the faid laft 


1 4 R 
general Theorem to the Reverſion of the Series 9 + =—& + . 


— &c, I conclude this long Diſcourſe and the Third Volume of Mathematical 
—— —_— n een ENS | 
7 

1 have now ſet before my readers a very fall we exatt count of the ſeveral 
Tracts contained in this copious Volume, by which they will be enabled to 
judge before hand what entertainment they will find in each of them, and which 
of them are moſt deſerving of theit attention and beſt fitted to gratify their 
curioſity. Great pains have been taken to explain and facilitate the abſtruſe 
matters contained in many of theſe Diſcourſes, and particularly in the laſt, re- 
lating to the Reverſion of Infinite Serieſes ; which, I hope, will be both con- 
venient and acceptable to many of the cultivators of theſe Sciences, to whoſe 
candour I now recommend them. 


mu Temple, © ter of FRANCIS MASERES. 
April 23, 1796. ELF 
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Tranſlation, and ſome additional Obſervations on the Figurate Numbers, or 
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vor. III. 0 page 
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ov e om T EZM 5$% 
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FF 0 £42.16 7 I; $1.0 wud In pages 142, 143, 144 and 145. 
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DOCTRINAM Da PERMUTATIONIBUS 
& COMBINATIONIBUS. 


PROOEMIUM. 


mortalium elucet, quaeque præcipuam hujus Univerſi pulchritudinem con- 
tuit, non aliunde quam ex diverſimoda compoſitione, mixturi & tranſpoſi- 
tione partium ejus inter ſe originem ducere palam eſt. Sed, quia multitudo 
rerum ad effectum aliquem producendum concurrentium ſæpenumerò tanta eſt 
tamque varia, ut difficillimum fit recenſere vias omnes, quibus earundem com- 
poſitio, vel mixtura, fieri, vel non fieri, poteſt, hinc fit ut nullum fit vitium, in 
quod homines etiam maximè prudentes & circumſpecti frequentids incidant 
illo, quod Logici communiter appellant inſufficientem enumerationem partium; 
aded quidem ut non verear dicere, hanc unicam ferè ſcaturiginem eſſe infini- 
torum, eorũmque graviſſimorum, errorum, quos in ratiociniis noſtris circa res 
tim cognoſcendas tim agendas quotidiè committimus. Quarè merito ſuo uti- 
lifima cenſenda eſt ars, combinatoria difta, quæ huic mentis noſtræ defectui me- 
detur, docetque fic enumerare modos omnes poſſibiles, ſecundam quos res plures 
permiſceri, tranſponi, vel conjungi, invicem poſſunt, ut certi ſimus, nos nullum 
eorum prætermiſiſſe, qui inſtituto noſtro conducere valent. Quanquam enim 
hoc negotii eatenùs fit conſiderationis Mathematicæ, quatends in — 
calculo terminatur ; fi tamen uſum & neceſſitatem ſpectes, univerſale prorſds eſt 
& ita comparatum, ut ſine illo nec ſapientia Philoſophi, nec Hiſtorici exacti- 
tudo, nec Medici dexteritas, aut Politici prudentia, conſiſtere queat. Argu- 
mento ſit hoc unicum, quòd omnis Rm labor in conjeftando, & omnis conjec- 
2 tura 


| FEE varietatem, quz cum in nature operibus, tùm in actionibus 
1 
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tura in trutinandis cauſarum complexionibus aut combinationibus verſatur. 
Unde quoque nonnulli eximii viri, ac nominatim Schootenius, Leibnitius; 
Walliſius, Preſtetus, materiam hanc ſibi tractandam ſumpſere, ne quis exiſti- 
met nova eſſe hic omnia quæ laturi ſumus; tametſi quædam non contem- 
nenda de noſtro adjecimus, inprimis demonſtrationem generalem & facilem pro- 
prietatis numerorum figuratorum, cui cætera pleraque innituntur, & quam ne- 
mo, quod ſciam, ante nos dedit eruitye. Cùm itaque nondum plenum Artis 
ſyſtema habeamus, tum vero, ne illa que habemus aliunde petere fit opus, 
viſum eſt totam Doctrinam ab ovo ordiri ac, ne quid indemonftratum relinqua- 
tur, ex primis fundamentis eruere; quod tamen breviter fiet & ſuccinctè, nec 
nifi in quantum inſtituti noſtri ratio exigere videtur. Totam Tractationem ad 
duo ſumma capita referimus, quorum unum Permutationum, alterum Combi 
nationum doctrinam perſequitur; cui accedit tertium, quod utraſque mixtim 
contemplatur. 


A Ur © 
DE PEBPRMUTATION IBUS. 


ERMUTATIONES rerum voco variationes, juxtà quas, ſervatà eadenr 
rerum multitudine, ordo ſitũſque inter ipſas diverſimodè permutatur. 
Itaque fi quæratur, quoties nonnullæ res tranſponi vel permiſceri invicem 
poſſint, fic ut ſemper accipiantur omnes ſolo ordine ſitüve mutato, dicentur 
quæri omnes permutationes rerum illarum. 
Res autem permutandæ vel omnes poſſunt eſſe diverſæ, vel aliquot earum 
eædem; quæ quidem per totidem Alphabeti literas, ſive diverſas ſive eaſdem, 
commode deſignabuntur. 


1. Si res omnes permutande ſunt diverſæ: 
UM numerus permutationum in rebus pluribus iniri nequeat, niſi idem 


prids in omnibus aliis numero paucioribus compertus habeatur, liquet in 
hac inquiſitione utendum via ſynthetica, h. e. ordiendum nobis eſſe ab hypo- 
theſibus omnium primis & ſimpliciſſimis: 

Unius rei, vel literæ, a, una tantùm ſumptio vel poſitio eſt. 

Duarum rerum, aut literarum, à & &, vel à præcedit & 6 ſequitur, vel præke- 
dente & ſequitur a; unde duo ipſarum fiunt ordines 420 & a. 

Tres, porrd, literæ a, 6, c, ita collocari poſſunt, ut primus locus vel ipſi à vel 
b vel c concedatur: fi a primum tenet locum, reliquæ duæ duobus, ut diximus, 
modis diſponi queunt : fi & in primum locum transferatur, reliquarum duarum 
duplex itidem poterit eſſe poſitio; quod & intelligendum, ubi tertia c primam 
ſedem occupaverit. Unde trium literarum in univerſum ter duæ, ſeu 6, exiſtunt 
permutationes abc, ac bac, bea: cab, cha. 

Similitèr 


_— 
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Similitèr, fi 4 extent literæ a, 6, c, 14 primum obtinere lo- 
cum poteſt, intereà dum tres reliquæ, ut nunc oſtenſum, ter bis, ſeu ſexies, ordi- 
nem variabunt: quare cùm earum, quæ primo loco poni poſſunt, ſint quatuor, 
ſequitur omnes quatuor quater ter bis, ſeu quater ſexies, oc eſt, vicies quater 
ſitum inter ſe permutare poſle? 5 

Ob eandem rationem accedente 5ta litera e inſtitui poſſunt quinquies tot vari- 
ationes, quot in caſu præcedenti, hoc eſt, quinquies 24, ſeu 120. Et generali- 
ter, datis quotcunque literis, numerus permutationum, quas ſubire wy On om- 
nes, toties excedit numerum permutationum, quas recipiunt liter una pauciores, 
quot ſunt unitates in dato literarum numero. Unde ſponte manat ſequens 


Regula pro inveniendis omnibus permutationitbus rerum quotcunque datarum. 


MNES numeri ab unitate ſe conſequentes naturali ordine, ad datum 
uſque rerum numerum incluſive, ducantur in ſe invicem ; productum 
manifeſtabit quæſitum. 


Puta, ſi datus rerum numerus fit a, numerus permutationum erit 1. 2. 3. 4. 5. 
&c. uſque ad n; vel etiam (quia unitas non-multiplicat) 2. 3. 4. 33. . . 
Nota, punctula numeris interjecta hic et ubique in ſimili materia continuum 
numerorum in ſe ductum ſignificant. Ex. gr. Ke rerum permutationes ſunt 


2. 3. 4+ 5+ 6. 7. 5040. Ratio patet ex dictis, operatio ex adjunctà Tabellä: 


Numer us 


6 EX JACOBI BERNOULLIITI LIBRO 
2. Si rerum permutandarum nomulle ſunt exdem : 


Quod fi literæ una plureſve recurrant ſæpiùs, hoc 
eſt, & in dato rerum numero aliquæ res ſimiles fint five 
eædem; ut, fi datæ ſint a 4a Bc d, ubi litera a ter repe- 
titur; numerus permutationum multo minor evadit: 
ad quem inveniendum cogitandum eſt, quod, fi om- 
nes eſſent diverſe, puta, f loco a 4 a ſcriberetur aaa, 
flent he tres literæ etiam nulla cæterarum loco mota 
inter ſe ſexiès tranſponi, per præcedentem Regulam; un- 
de totidem diverſæ naſcerentur permutationes; at nunc 
cùm ſunt eædem, ſex iſtæ permutationes literarum 
a a a nullam univerſarum diſpoſitioni variationem indi- 
cunt, ac proinde pro un eãdemque habendæ ſunt : 
quod cum de quãcunque diſpoſitione literarum pariter 
fit intelligendum, indicium prebet, numerum permu- 
I tationum rerum datarum ſexiès, h. e. toties minorem 
eſſe numero permutationum, quas ſubire poſſent ſi 
3 omnes eſſent diverſæ, quotiès inter ſe permutari queunt 
5040 res ſimiles: ſed fi omnes 6 literæ diverſæ exiſterent, 
8 permutari poſſent, juxta præcedentem tabellam, 720. 
„ en vicibus. Ergò nunc ubi tres ipſarum conveniunt, per- 
40320 
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mutari duntaxat poterunt vicibus 120. 

Iterùm fi date fint 6 liter aa, ubi preter lite- 
ram à que ter recurrit, etiam litera & bis repetitur ; 
9 - $362,880 m———_ eſt, numerum permutationum adhuc bis 
io | minorem evadere, quam in præcedenti caſu fuerat, 
adeõque ſolùm ad 60 ſe extendere: quandoquidem binæ 


10 - 3,628,800 | quælibet permutationes, que ex ſola tranſpoſitione du- 
3,028,800 plici literarum 55, fi diverſe effent, naſcerentur, nunc 
coincidunt. Eodem pacto colligendum, fi plures li- 

11 - 39,916,800 | ter repeterentur ſzpius, pro fingulis earum numerum 
79833 boo] permutationum minui toties, quoties ſeorsim inter ſe 


rmutari poſſunt exdem literæ. Unde ratio habetur 
12 479,001,600] equentis Regulæ. 


Regula pro inveniendis rerum r e cum carum nonnulle ſunt 
ecœdem. 


NuUMERUS permutationum, quas admitterent datæ res ſi omnes dif- 
ferentes eſſent, dividatur per numerum permutationum, quas ſubire 
poteſt res ſimilis ſecundum multitudinem ſuam, ſi una fit quæ ſæpiùs re- 
petatur: aut per productum ex numeris permutationum, quas ſeorsim re- 
cipere poſſunt ſingulæ res ſimiles ſecundum multitudinem ſuam, ſi plures 
ſint quæ ſæpiùs recurrant; & quotiens exhibebit quæſitum. 5 

us 
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Uſus doctrinæ Permutationum inen eſt in definiendo numero Anagram- 
matum alicujus vocis : Ex. gr. Tranſpoſitiones omnes poſlibiles literarum in voce 
Roma ſunt 1. 2. 3. 4+ = 24, ob 4 differentes literas, per 1 Regulam : et in voce 


Leopoldus — = 90720: et in voce Studioſus — =$0240: ob g utrobique 


literas, interque illas ibi geminum / et geminum o, hic geminum & triplex s; 

per 2 Regulam. ie 8 | "of 
Hac pertinent yerſus nonnulli ob variationum multitudinem Pratei dicti, 

quos inter celebrantur Lanſi, Scaligeri, Bauhuſii. Thomæ Lanſi hoc diſtichon 


debemus : | 


Lex, Rex, Grex, Res, Spes, Jus, Thus, Sal, Sol, (bona) Lux, Laus: 
Mars, Mens, Sors, Lis, Vis, Styx, Pus, Nox, Fæx, (mala) Crux, Fraus. 


cujus finguli verſus per Regulam primam, ob 11 monoſyllaba (diſſyllabis voci- 
bus bona & mala 5tz ſemper regioni affixis) falva metri lege variari poſſunt 
39,916,800 vicibus. Et quanquam alias contingat, ut pleræque variationes in 
metri leges arietent, nec non ut plerique Anagrammatiſmi ſint non-ſignificantes 
& barbari; levi tamen plerumque induſtria opus eft ad ſecernendum utiles ab 
inutilibus, illorümque numerum ſeorsim ineundum, fi aliquem in iis inquirendis 
ordinem obſeryes. Quemadmodam cernere eſt in hexametro a Bernhardo Bau- 
huſio, Jeſuità Lovanienſi, in laudem Virginis Deiparæ conſtructo: 


Tot tibi ſunt dotes, Virgo, quot fidera clo; 


quem dignum peculiari operà duxerunt plures viri celebres. Erycius Puteanus 
in libello, quem Thaumata Pietatis inſcripfit, variationes ejus utiles integris 48 
paginis enumerat, eaſque numero ſtellarum, quarum vulgo 1022 recenſentur, 
accommodat, omiſſis ſcrupuloſids illis, que dicere videntur, tot ſidera cœlo eſſe, 
quot Marie dotes; nam Mariz dotes eſſe multo plures. Eundem numerum 
1022 ex Puteano repetit Gerhardus Voſſius cap. 7. de Scientiis Mathematicis; 
Preſtetus, Gallus, in prima editione Elementorum Mathematicorum, pagina 
348, Proteo huic 2196 variationes attribuit; ſed, factà reviſione in altera editione, 
. tomo primo, pagina 133, numerum earum dimidio fere auctum ad 32 76 exten- 

dit. fnduftri Actorum Lipſienſium Collectores menſe Junii 1686, in recen- 
ſione Tractatùs Walliſiani de Algebra, numerum in quæſtione (quem Auctor 
ipſe definire non fuit auſus) ad 2580 determinant. Et ipſe poſtmodùm Wal- 
lifius in editione Latina operis ſui, Oxoniz anno 1693 impreffa, pagina 494, 
eundem ad gog6 profert. Sed omnes adhuc a vero ſunt deficientes, adeò ut de- 
luſam tot virorum, poſt adhibitas quoque ſecundas curas, in re levi perſpicaciam 
meritò mireris. Facto enim examine deprehendo, fœtum hunc Bauhuſianum, 
excluſis etiam ſpondaicis, admiſſis vero us qui cæſurã deſtituti ſunt, ſalvã metri 
lege omninò ter millies, tercenties, ac duodecies variabilem eſſe. At prolixiùs 
de his agere tanti non intereſt, nec inſtitutum noſtrum patitur. 
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TYPUS VARIATIONUM VERSUS BAUHUSIANI: 


CY 
Tot tibi ſunt dotes, Virgo, quot fidera calo. 


— — — — —  — — —  —  — — 


Quintam Regionem Hexametri occupat 
vel 


Sidera, quam vocem excipit aut vox 
| Difpllaba una, nempe vel 
| Czlo, ac tum vox Tibi inter ſex reliquas occupat locum vel 
| | Secundum, præcedente voce nunc 
| Moneſyllabd, eaque vel 


| — cui caſui reſpondent Variationes 24 


rr 
| . 
Di abs Virgo, 
| Tertium, precuntibus 
| Und monoſyllabd & und difſyilaba, primas tenente vel 
Mb Tot, quam excipit alterutra 
' Dotes: 6 
4 | Virgo. 6 ; 
F 15 Sunt, . 
uot, a : 


| | . Dates, quam ſequitur 
| Tot: 6 


| 
1 
[ : 
| Sunt: 6 . 
| | uot: 6 
| Vir, « 
|  Duabus diſſyilabis, nempe, Dotes Virgo, 
Quartum, præcedentibus 
| Tribus monoſyllabis, 
| Duabus monoſyllabis cum diſſhlabd Vi 20s 
| Und monoſyllabd & duabus diſſyllabis 
Quintum, præmiſſis 
| Tribus monoſyllabis cum und diſſyllaba, 
| Duabus monoſyllabis cum * di plat 1 quarum poſterior 
Fes . 


24 
24 


24 
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| Dotes, unde totidem variationes, quot in Cælo, nem ; 420 
\ Pirgo, unde rursds totidem, quot in Cælo, exceptis ſoldm illis * Va- 
| riationibus, ubi poſtrema ſyllaba in Virgo correpta eſt ; quibus 
1 roin —— ex 420, remanent 98 360 
ono eũeque 
Ju! ſunt, vel Sunt quot ; voce Tibi occupante locum vel 
'n , om relicto voci 
' Moneſyllabe, Tot: . . . Os 7 12 
: Diſyllabe, Virgo : « * . . I2 
E ertium, præcedentibus 


a Mong d cum Diſſyllaba, . . . * 24 
8 


Diſyllabis, quarum poſt Virgo, . 
OE præeuntibus 
„ Monofllabd cum duabus Diſſyllabis, Þ. . + 6 
' Tribus Difſyllabis, 8 N Virgo, . 4 
Quantum, . . + 48 
[ 144 «+144 
1 Tot ſunt, vel, Sunt tot, totidem * . A . 144 
Tot quot, aut, quot tot, totidem —« 1 , . * 144 
am vocem ſequitur vox 1632 
15 . una, eaque vel ? 
Cle, voce Sidera occupante locum aut 
. . . * 120 
] Secundum, . . . . 48 
| Tertium, præmiſſis vel 
Duabus Monoſyllabis, . . : . 36 
7 Duabus Diſyllabis, . "mn 
Quartum, præeuntibus Duabus Monoſ. & und Diffyll. 72 
„ pr=c. duabus Monoſ. totidemque Diſſyll. 72 
360. 360 
Dore, totidem quot in Calo þ. , : L 360 
Virgo, totidem y . ; . . 360 
Monoſyllabæ duæ, eũeque 
] 2 ſun, vel Sunt e voce Sidera tenente locum 48 
Pri > . © Mi 
] — NO" Difllabam vo vocem, . 5 36 
[ Ter. trum, Ly duas 2 . . K 24 
| Quartum, poſt tres Di ** . . » 132 
1 | [ x 120. 120 
— 


Vor. III. C | | Tot 
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| Tot ſunt, vel, Sunt tot, totidem - z -4 pe 120 
| Tot quot, vel quot tot, toticem . . y 120 
Monoſyllabã und (quo caſu ante Tihi ſemper habetur Virgõ), nempe vel 
unt, voce Sidera locum poſſidente aut | 


| P rimum . . . . — 0 1 0 24 
Secundum : - . ; . 0 12 
| Tertium, præced. duabus Monofyllabis, Go - 4 
. . Auabus Diſſyllabis * . . 4 
| Duar tum, . * o * ) I2 
Duintum, . +. » 0 , 24 
80 .. . 80 
Tot, totidem quot in Sunt, . . . . 80 
Duet, totidem 8 . 2 * * . 80 
1 


F A ih 


: 
CY 


WET 7 . * 
DE COMBINATIONIBUS, IISQUE PRIMO CONSIDERATIS STMPLICITER. 


OMBINATIONES rerum ſunt conjunctiones, juxtà quas ex data rerum 
multitudine nonnullæ eximuntur, interque ſe conjunguntur nullo ordinis 
firuſve ipſarum reſpectu habito. 

Idcircd cam quæritur, quoties ex dato rerum numero vel bine, vel ternæ, 
vel quaternæ, &c. accipi poſſint, fic ut nunquam omnes exdem res ſumantur 
ſæpiùs quam ſemel, dicentur quæri omnes combinationes diverſe rerum da- 
tarum. 

Numerus, ſecundùm quem res datæ conjunguntur, dicitur Exponens Combi- 
nationis; ita fi res binæ ſumuntur, Exponens erit 2; ſi ternæ, 3; fi quater- 
næ, 4. Res vero ſecundùm hos exponentes junctæ dicuntur Binarii, Ternarii, 

ernarii, &c. vel Biniones, Terniones, Quaterniones, &c. & confonanter etiam 
8 — vel Unitates, quando res ſumuntur ſingulæ, & Nullimes cam nulla plane 
umitur. | 

Conjunctiones ipſas nonnulli vocant Combinationes, Conternationes, Conquater= 
nationes, &c. quas omnes vulgò 'una voce Combinatiomm complecti ſolent, ta- 
metſi hæc vox ſtrictiori ſignificatu propriè non niſi illas conjunctiones indigitare 
videatur, quibus res binæ invicem junguntur. Quamobrem alii generaliori 
voce Complicationum vel Complexionum uti malunt : alii magis appoſitè Electiones 
vocant, ut & illæ ſubintelligi poſſint rerum acceptiones, quibus res ſingulæ ſeor- 
sim ſumuntur, aut quibus etiàm nulla planè ſumitur. | 


Res autem que inter ſe combinandæ ſunt, vel omnes poſſunt eſſe diverſe, vel 


aliquot ipſarum eædem; eũeque vel ita combinari debent, ut in nulla combinati- 
one 
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one res eadem ſæpiùs contineatur, quam ipſa reperitur in toto rerum numero: vel 
ſic, ut in eadem combinatione res eadem etiam ſæpiùs recurrere, hoc eſt, ut ſe- 
cum ipſã quoque combinari poſſit. Iteramque quæri poteſt numerus combinatio- 
num vel ſecundum omnes exponentes conjunctim, vel ſecundùm ſingulos ſeorsim, 
Atque inſuper circa unumquemque horum combinandi modorum plures formari 
poſſunt quæſtiones & problemata, è quibus illa tantùm delibabimus, quæ in 
ſequentibus alicui uſui fore judicamus. 


1. Si res omnes combinande ſunt diverſe, ingue nulld combinatione eadem res bis occur- 
rere debet, invenire omnes Combinationes ſimpliciteèr ue ſecundum omnes exponentes 
conjunctim. | 


Sonn combinandæ modis omnibus literæ a, J, e, d, e, &c. Fiant tot ſeries 
quot literæ, hoe modo: In prima ſerie ponatur ſola litera 2. 

In ſecundà ponatur 4, nunc ſeorsim, nunc junctim cum 4, ut habeatur ab vel 
ba. Eadem enim conjunctio eſt, quæ & cum a, & @ cum & jungit, cam ordo 
non attendi ſupponatur. ; | 

In tertia collocetur c, eũque primo ſola, dein junta, partim cum à & , ut 
fant biniones ac, Ic; partim cum ipſo binione ab, ut fiat ternio abc. 

a. | 


J. ad. 
C. ac. be. abc. | 
d. ad. b4. cd AA bed. bed” abide 


e. ae. be. ce. de. abe. ace. bee. ade. bde. cde. abce. abde. acde. heile. abcde. 
In quart ponatur 4, primò ſola, deinde juncta cum fingulis precedentium 
literarum a, , c, finguliſque earum tum binariis ab, ac, bc, tum ternario abc; ut 

fiant novi biniones ad, bd, cd, terniones abd, acd, bcd, & quaternio abcd. t. 
Similitèr quintæ ſeriei agmen ducat litera e, quam primò ingrediatur ſola, dein 
juncta cum omnibus precedentium ſerierum electionibus. Eademque methodo 
procedendum, ſi plures eſſent datz literæ. Qua ratione ſatis manifeſtum eſt, 
datas literas in iſtis ſeriebus omnifariàm inter ſe junctas eſſe, nullamque earum 
fieri poſſe electionem, que non in uni harum ſerierum reperiatur, ſed & nullam 
eſſe que alicubi bis occurrat ; adeõque omnes una ſeries ſuppeditaturas omnes 

electiones poſſibiles, que circà datas literas inſtitui queunt. N 
Harum igitur numerus initur facile, fi attendatur quod in qualibet ſemper 
ſerie una amplids inveniri debeat electio, quam in antecedentibus omnibus ſerie- 
bus fimul; quoniam litera, quæ illius ſerie} caput eſt, ibidem ſemel ponitur ſola, 
& prætereà una aſſumit ſecum omnes electiones præcedentium ſerierum. Hinc 
enim ſequitur, quia in primi ferie eſt electio unica, fore in ſecunda electiones 
duas, in tertia 4, in quart& 8, & fic deinceps in progreſſione geometricã duplà: 
quandoquidem progreſſionis duplæ ab "ons hanc quoque naturam efle — 

3 


12 EX JACOBI BERNOULLITI LIBRG 


ſtat ®, ut ſumma terminorum quotlibet unitate aucta ſequentem terminum exhi- 
beat. Quocircà ſumma electionum in ſeriebus omnibus æqvalis eſt ſummæ termi- 
norum totidem progreſſionis duplæ ab unitate, hoc eſt, per modò memoratam 
proprietatem, ipſi termino ſubſequenti eſuſdem progreſſionis unitate multato; 
qui quidem terminus ſubſequens idem eſt cum producto binarii toties, five tot 
vicibus, poſiti & in fe ducti, quot ipſum in progreſſione termini præcedunt, hoc 
eſt, quot ſunt ſeries, quarum electiones quæruntur. Unde talis exurgit 


Regula pro inveniendis onmibus eleBionibus rerum datarum ſecundim omnes 
exponentes : 


A Producto binarii toties, ſive tot vicibus, poſiti & multiplicati in ſe, quot 
* ſunt date res, auferatur unitas: reliquum indicabit quæſitum. 


Hoc eſt, poſito rerum datarum numero u, numerus omnium electionum ſim- 


pliciter, putà, omnium unionum, binionum, ternionum, &c. erit 2 1. Hinc 
fi nullionem ſen electionem, qui ex rebus datis nulla ſumitur, quæque in qua- 
vis rerum multitudine una ſemper eſt & unica, ſimùl comprehendas, fiet nume- 


rus ille 2: fin cum nullione ipſos quoque uniones reſeces, quorum numerus 
ipſi rerum numero perpetuò æquatur, erit numerus binionum, ternionum, cæ- 


terarumque complexionum 2 — n — 1. e 6 gratia, Septem planetarum 
conjunctiones vel complicationes omnes diverſe ſunt 27 = 1 2. 2. 2. 2. 2. 2. 2—1 
= 128 — 1 = 127; unde fi demas electiones 7, quibus ſinguli planetæ ſeorsim 
accipiuntur, quaeque propriè non conjunctiones, fed disjunctiones — ac 
ſunt, relinquetur numerus omnium conjunctionum ſtrictè dictarum, quibus plane- 
tz vel bini, vel terni, vel quaterni, vel quini, vel ſeni, vel denique ſepteni jun- 
guntur, 2-7 — 1 = 120. Sic etiam duodecim, uti vocant, Regiſtra, ſeu fiſ- 

* Hoe autem ita demouſtrari poteſt. 

- Pxorosrrio. Res 

Sit ſeries terminorum im geometricũ ratione unitatis ad numerum binarium eontinuò ereſcentium,. 
ſeilicet, 1, 2, 4, 16, 32, 64, 128, 256, &c, uſque ad # terminos. Horum terminorum ſumma voce- 
tur 8. Manifeſtum eſt ultimum, five maximum, hujus ſeriei terminum fore æqualem . Au- 
geatur jam hec ſeries uno adjecto termino, ſcilicet, 2 x *, ſeu 2. Erit novus terminus 2]® 
equalis 8 + 1, ſive ſummæ 8 omnium priorum terminorum una cum unitate. 


— 88 


DruoxsrxArio. | 
Duplicando terminos ſeriei 8, five 1 + 2 + 4 + 8 + 16 + 32 + 64 + & T2 orietur ſeries 
2+4+8+216+ 32 + 64 + 128 + & + 27, cujus termini omnes, excepto ultimo 2", ſunt 
reſpecti d zquales terminis omnibus prioris ſeriei, excepto primo 14 hoc eſt, 2S erit = $ — 1 + . 


Erg 28 T r erit =8 +2)", et AT erit 28418, ſeu 8 1 1. d. K. 5. 
| U 
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tularum ordines, in organo pneumatico, quibus ſonus, mox ſibilans, mox treme- 
bundus, efficitur, aut aliter modificatur, variari poſſunt 2* — 1 = 4095 vicibus, 

Nota: Si quis examinet ſeries combinationum ſupra in typo expoſitas, obſer- 
vabit in qualibet ſerie (ſola prima excepta, que unicum unionem à complecti- 
tur) numerum electionum ſecundùm exponentes pares æquari numero electio- 
num ſecundùm impares: faltem, cùm id in aliquot ab initio ſeriebus verum 
deprehenderit, idem quoque in ſerie proximè — locum habere con- 
cludet. Nam litera, que illius ſeriei caput eſt, juncta præcedentium ſerie- 
rum electionibus us, que impares exponentes habent, parium; & is viciſsim 
que pares habent juncta, imparium; exponentium complexiones efficit ; ad- 
ſciſcens verd prime ſeriei unionem a, paris; & ipla per ſe ſola accepta, imparis ; 
exponentis electionem conſtituit : unde & in hac ſerie numerum harum numero 
illarum æquari conſtat. In omnibus igitur ſeriebus ſimal ſumtis numerus electio- 
num ſecundùm impares exponentes numerum electionum ſecundùm pares uni- 
tate ſuperabit; aut fi his inſuper nullionem accenſeas, æquabit. Quocirca cam 


numerus omnium electionum ſimplicitèr, incluſo nullione, oſtenſus fit 2", erit ejus 
ſemiſſis, five poteſtas binarii proximè minor, 29, numerus electionum ſecunddm 


ſolos impares; &, demto rursũm nullione, 2 — 1 numerus electionum fe- 
cundùm ſolos pares exponentes. Idem quoque demonſtrabitur infra in co- 
roll. 6. cap. 4. 


— —— — 
G A I. 
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DE COMBINATIONIBUS SECUNDUM SINGULOS EXPONENTES SEORSIM; UBI 
| | a C's 
DE NUMERIS FIGURATIS, EORUMQUE PROPRIETATIBUS Aro. 


juſliber ſeriei caput eſt, adjunAam unionibus ſerierum præcedentium efficere 
ſeriei biniones, adjunctam binionibus efficere terniones, ternionibus quaterni- 
ones, & fic porrò: adeõque numerum binionum in quivis ſerie æquari ſummæ 
unionum in omnibus ſeriebus antecedentibus, numerum ternionum ſumme bi- 
nionum, numerum quaternionum ſumme ternionum, & generaliter numerum 
combinationum ſecundùm datum quemcunque exponentem in ſerie quicunque 
æquari ſummæ combinationum omnium præcedentium ſerierum ſecundùm ex- 
ponentem unitate minorem dato. Sequitur hinc, quod | 

Uniones, quia in ſingulis ſeriebus reperiuntur ſinguli, omnes inter ſe conſti- 
tuunt ſeriem 1. 1. 1. 1. 1. &c. ſeu ſeriem unitatum, — 

Biniones in prima ſerie nulli ſunt, in ſecundà 1, in tertia 1 + 1 = 2, in 4tã 
1+1+1=3,ingir+1+1+1= 4 &c. proinde omnes biniones inter 
ſe conſtituunt ſeriem o. 1. 2. 3. 4. 5. &c, hoc eſt, ſeriem numerorum arithmetic 
progreſſionalium, ſive Lateralium. | ee 
Terniones in prima & ſecunda ſerie nulli ſunt, in gti 1, in 4td 1 +2 2 3, 

in 5ta 1 +2 + 3 6, in Gta 1 12 43 14 10. &c. Omnes itaque ordine 

| 5 accepti 


E typo combinationum præcedentis capitis manifeſtum fit, literam quæ cu- 
uz 
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accepti ſeriem conficiunt o. o. 1. 3. 6. 10. 15. Kc. bos aft, en aumemrum, ut 
vocant, Trigonalinm. 

; Quaterniones i in tribus primis ſvriebus nulli ſunt, in ark 1, ingti1+3=4, 
in ta 1 3 7 6 D 10, in 2mà 1 ＋ 3 +6 + 10 = 20. &c. qui omnes ordine 
aſſumti ſeriem efficiunt o. o. o. 1. 4. 10. 20. &c. ſeriem, videlicet, Pyramidalium. 

Pari ratione Quiniones omnes ſeriem conſtituunt Trianguli-pyramidalium 
0. o. o. o. 1. 5.15.35. &c. Semiones ſeriem Pyramido-pyramidalium O. O. o. o. o. 

. 6. 21. &c, aliãeque combinationes ſecunddm altiores ex ponentes efficiunt ales 
atque alias ſeries numerorum figuratorum altioris generis in infinitum. 

Et fie occaſione doctrinæ Combinationum in ſpeculationem inſperatam uu- 
merorum figuratorum incidimus; qui appellatione vulgò inſigniuntur numeri, 
ui ex continu arithmeticè proportionalium, indẽ que ortorum numerorum, 11 
litione, vel collectione, generantur. 

Ut verò he figuratorum numerorum ſeries ſub unum e caderent, e6- 
que facilids comprehenderentur quæ de illis dicenda ſuperſunt, ſequentem ap- 
poſui tabellam, quam quis nullo negotio quouſque voluerit tum deorſum tum 
dextrorſum continuabit. Numeri barbari, ſeu Arabici, in ſiniſtro tabule mar- 
gine adſcripti numerant Coſucnnas LIEIIVELIAS, & find rerum combinanda- 


V ; * 
+31 


TABULA COMBINATIONUM, SEU NUMERORUM ProCk Aron. 


. EXPONENTES COMBINATIONUM. 


III. III. III EV. | v. VI. VII. VII. IX. X. XI. | XII. 
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rum multitudinem : numeri verd' Romani in ſupremo margine nigen nume- 
rant columnas verticales & una exponentes combinationum innuunt. Columna- 
rum verticalium prima eft ſeries monadum ſeu unitatum, fecunda ſeries nume- 
rorum naturalium, ſeu lateralium, ab una cyphr& incipiens, tertia ſeries trigona- 
lium i incipiens à cyphris duabus, 4ta'pyramidaltium incipiens à tribus cyphris, 
Ita PROM — incipiens à 4 eyphris; & ſic deinceps. 

4 Habet 
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- Habet hæc tabula proprietates plane eximias & admirandas ; preterquam 
enim quod Combinationum myſterium in illà latere — oſtendimus, notum eſt 
interioris geometriæ peritis, præcipua etiàm totius reliquæ matheſeos arcana in- 
ibi deliteſcere. Nos proprietatum aliquas hie delibabimus, & quidem deliba- 
bimus tantùm, nullius niſi primariæ illius, quæ propoſito noſtro inſervit, demon- 
ftrationem accuratiorem allaturi, chm cæteræ vel ex hàc oſtendi poſſint, vel ex 


ipſa tabellæ conſtructione & numerorum figuratorum geneſi ſatis pateſcant. 


Mirifice Proprietates Tabulæ Combinationum : 


1. Columnarum verticalium ſecunda incipit ab und cyphra, tertia A cyphris 
duabus, 4ta à tribus ; & generalitèr columna c à cyphris c = 1. 

2. Columnarum verticalium termini primi ſignificativi à ſiniſtrà dextrorſdm 
oblique deſcendendo ordine ſumti reddunt ipſos terminos prime columnæ ver- 
ticalis, ſecundi ſecundæ, tertii tertiæ, & ita deinceps: puta, primi conſtituunt 
ſeriem monadum, ſecundi literalium, tertii trigonalium, &c. 3 4h 

3. Secundus ab unitate terminus columnæ verticalis cujuſlibet æquatur ipſius 
columne numero. DN 1 

4. Terminus quivis tabellæ zquatur ſummæ omnium ſuperiorum præce- 
dentis columnæ verticalis. | 1 0 13 | 

5. Quiliber terminus æquatur duobus aliis immediate ſupra ſe poſitis, quorum 
unus eſt in eãdem verticali colꝰmna, alter in precedente. 

6. Columnæ cujuſvis tranſverſæ termini ab unitate aliquouſque creſcunt, de- 
inde per eoſdem gradus rurſim decreſcunt. Idem intellige de ſummis colum- 
narum verticalium æque· altarum, ceu terminis ſequentis columnæ tranfverſæ, 
per 4 proprietatem. Gy Is TI Ra Le cod”; | „ 

7. Columnarum verticalium æque · altarum baſes, five termini column tranſ- 
verſe cujuſlibet, primus quidem & ultimus ſignificativus perpetuò inter fe 
æquantur, ut & ſecundus & penultimus, tertius & antepenultimus, atque ita 
porrò, ſi columna pluribus terminis ſignificativis conſtet. 

8. Quin & ſumtis ab initio columnis verticalibus quorcunque cum totidem 
tranſverſis, collectiſque in unam ſummam qui in eadem verticali fibi reſpondent 
terminis, erit ſumma prima æqualis Bir ſecunda antepenultimæ, tertia 
proantepenultimæ, & fic deinceps. Exhibent enim hex ſummæ ipfos column 
tranſverſe ſequentis terminos, primo excepto, Confer proprietates 4 & 7. Ex- 
empli gratia, Quinque prime columnæ tum verticales tum tranſyerſe ſunt: 
1. o. 0. ©, o. | 1 noni iba 4 *> 1120 

I. 1. o. o. Os | 


1 4 1 14 94 * 11774 


J C | » I 
. * , 


; | 1 Oo 
1. 2. Il © Re 931 + -4 5 i 
1. 3» Z| 1. D. N | > 7 , . G 
1. 4. 6. 4 1. ) 5 * R 


* 


— rn rn 1 8 Nh = „ 
5. 10. 10, 5... 1, Termini ſextz columnæ tranſverſe, primo excepto. 


* 1 


9. Columna 


* 
_ 
— 
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9. Column tranſverſæ ordine exhibent coefficientes omnium poteſtatum X 
radice aliqua binomia genitarum ; nempe ſecunda coefficientes radicis 1. 1. 
tertia quadrati 1. 2. 1. quarta cubi 1. 3. 3. 1. quinta biquadrati 1. 4. 6. 4. 1. & 
lic porro. 

10. Summæ ſerierum tranſverſarum progrediuntur in continua ratione dupla : 
ſummarum vero ſummæ ab initio collectæ terminos conſtituunt progreſſionis 
duplæ unitate multatos ; puta 


I = 1 I == 221 
31471 = 2 I +2 = 3= 4—1 
114211 = 4 14244 = 72 8—1| 

i+3+3+1 = 8 I+$2+4+8 S215 2 16— 1 
1+4+6+4+1=16| 1721478716 31 = 32—1 


Fluit 1 quæ in præcedente capite de Combinationibus fimplicier ſpectatis 
dicta ſunt. . h , 

11. Termini ſeriei verticalis cujuſlibet ordine divifi per terminos collaterales 
ſeriei præcedentis (initio vel ab unitate vel à ſuis reſpectivè cypbris facto) exhi- 
bent quotos arithmeticè proportionales, quorum communis differentia eſt frac- 
tio, cujus numerator eſt unitas, & denominator ipſe numerus, five ſecundus ab 
unitate terminus ſeriei dividentis. Exempli gratia, 


Divi. )divid.(quot. | diviſ.)divid.(quot. || diviſ.)divid.(quot. | diviſ.)divid.(quot. 
- 3-14. (432 I) © (o £3. $0833 1) O (0:3 
2) 3 (3:2 2) 1 (1: 3) 2 (4:3 34 
3) 6 (4:2] 3) 2 (2: 6) 10 (5: 3 6) 4 (2:3 
4) 10 (5:2 4) 6 (3:2]] 10) 20 (6:3] 10) 10 (3:3 
5) 15.(6:2 5) 10 (422 15) 35 (7:31 15) 20 (4:3] 


» wv 0 


8 


12. Summa terminorum quotcunque ſeriei verticalis cujuſlibet à ſuis reſpec- 
tive cyphris incipienus ad ſummam terminorum totidem ultimo æqualium eam 
habet rationem, quam habet unitas ad illius ſeriei numerum; hoc eſt, aggrega- 
tum numerorum quotcunque lateralium ab una cyphri ſeriem auſpicantium eſt ad 
aggregatum numerorum totidem maximo eorum, ceu ultimo, æqualium, ut 1 ad 
2, 8 a cyphris duabus, ut 1 ad 3, pyramidalium à tribus, ut 1 ad 4, 
&c. Idem quoque valet de ratione, quam habet ſumma terminorum ſeriei cu- 
juſlibet ab unitate incipientis ad ſummam totidem maximum ſequenti termino 
æqualium. Exempli gratia. oh 


o 6 | | 
oO 3 ENS. --8 o 6 | 1 15 
x 3 | 2 5 $136: 414] 9508 
2 3 2 8 3 6 6 I5 
3 3 4 5 6 6 10 I5 
8.1 E 10. 20:: 1. 2 10. 30:: 1. 3 20. 60: : 1. 3 


0 10 
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o 10 

o 10 * 9 

© 10 4 56 

1 10 3e ©. - 

4 10 20 56 * 
10 10 35 56 
15. 60:: 1.470. 280:: 1. 4 


Cdm inter affectiones numerorum figuratorum hec præcipua fit, eadẽmque ſco- 
po noſtro primario inſerviat, viſum hie eſt exponere methodum, qua talem pro- 
prietatis e&roJuZw exhibeo, que ſimùl & ſcientifica fit, & propoſitum univer- 
ſaliter concludat. Quem in finem ſequentia præſtruo lemmata : 


LEMMA PRIMUM. 
Summa terminorum quotlibet prime ſeriei ad ſummam totidem terminorum 
altimo æqualium rationem habet zqualitatis, five ut 1 ad 1. 


DEMoNSTRATIO. 


Cam enim ſeries meris conſtet unitatibus, erit ſumma terminorum quotlibet, 


ſumma tot unitatum, hoc eſt, tot terminorum ultimo æqualium, quot ſunt termini. 
d. E. D. 


LEMMA SECUNDUM. | = 

In quilibet ſerie à ſuis reſpectivè cyphris incipiente, fi quota eſt ipſa inter ſe- 
ries, tot ab initio ſumantur. termini, erit ſumma terminorum omnium ad ſum- 
mam totidem ultimo æqualium, ut 1 ad ſeriei numerum. 


* 


— 


— 


I 
DzEMoONSTRATIO. 


Numerus enim cyphrarum quamcunque ſeriem auſpicantium unitate minor 
eſt ſeriei numero, per proprietatem primam. His igitùr fi accedat ſequens ter- 
minus, numerus terminorum ſeriei numero æquabitur. Sed terminus, qui prox- 
ime cyphras ſequitur, eſt unitas, per proprietatem ſecundam. Unde termino- 
rum aggregatum æquatur unitati, & aggregatum totidem ultimo æqualium æqua- 
tur ĩpſi ſeriei numero. Quarè conſtat Propoſitio. 


LEMMA TERTIUM. 


In quacunque numerorum ferie, fi ſumma terminorum ab imitio ſumptorum 
ad ſummam totidem ultimo æqualium perpetuò eandem habeat rationem, quot- 
cunque accipiantur termini, puta ut 1 ad R, ita ut ſumma terminorum æque- 
tur ſummæ totidem ultimo æqualium diviſæ per R; erit numerus terminorum 
aſſumptorum ablato R ad eundem numerum unitate mulctatum, ut ſumptorum 


penultimus ad ultimum. 
Vor. III. D DEMoxsrT RATIO. 
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| DzMoONSTRATIO. 
Sumpti ſint ab initio termini quotlibet A. B. C. D. quorum numerus fit N, 
penultimus C, & ultimus D. Eſt utique AT BTC S ATBTCT D- D, 
hoc eſt, (per hypotheſin) . eſt = 2== 


R 
licando, C in N - 1 erit = D in N- D in RS D in N- R, ade6que 
N R: N- I:: C: D. Quod erat demonſtrandum. 


— D, & proinde, æque- multi- 


LEMMA QUARTOM. 


In tabula numerorum figuratorum fi duz ſint columnæ verticales contiguæ, in 
quarum priore quotlibet ab initio termini ad totidem ultimo eorum æquales ha- 
beant conſtantem rationem, ut 1 ad 7; habeant ver in poſteriore termini aliquot 
ab initio ſumpti ad totidem ſumptorum ultimo æquales rationem ut 1 ad 7 + 13 
habebit quoque, addito ſequenti termino, ſumma omnium terminorum uni cum 
adjecto ad tot terminos adjecto æquales, quot ſunt cum adjecto termini, rationem 
ut 1adr + 1. 


— Em 
DxzMoNnSTRATIO. 


Sumpti ſint in poſteriore columnà termini E. F. G. H, quos proxime ſequa- 
tur I; atque ſumantur in columns immediate præcedente termini totidem 
A. B. C. D; ſumptorum vero utrinque numerus fit x. Erit + H = (ex nu- 
merorum figuratorum geneſi per 7 quartam) rin ATB ＋T C 
(per hypotheſin) » — 1 in C= (per lemma tertium) x 1 in D; quaren—r 
: H::r:D :: (per hypotheſin) : A+B+C+D :: (ex numeratorum 
figuratorum geneſi per proprietatem quartam) ». I, Unde - in IH 
= (per hypotheſin) r +1inE+F+G+H); adecquen—r:r+1::E 
+F +G TH: I, &, componendo, » Ti: 7 ＋ I:: ETF TG＋T H 
I: I, hoc eſt, ET FTGT HTI: ＋ I in I:: 1:1 11. . E. 5. 


H xe demonſtratio præ nimiũ brevitate mihi videtur eſſe obſcura, Poteſt verò explicari et, ut 
opinor, ſatis perſpicua reddi, modo ſequente. i af 

Sumpti ſint in poſteriore columnd termini E. F. G. H; quos proxime ſequatur I: atque ſumantur 
in column immediate precedente termini totidem A. B. C. D: ſumptorum verò utrinque numerus 
fit n. Dico quod ſumma omnium terminorum E. F. G. H. I erit ad n + 1 terminos ipſi I zquales, hoe 


eſt, ad 1 T Il x I, ut 1 ad 1 1. 


— 


DzMoONnSTRATIO. 


Ex numerorum figuratorum geneſi, per proprictatem uartam ſuprꝭ memoratam, erit r x H zqualis 
rx TJ T, ide6que (per Hypotheſin) æqualis = — 1] x C, atque idcirco (per Lemma ter- 
tium) zqualis ñ = 1 D. Erit igitirn —r ad H ut ad D. Sed (per Hypotheſin) A + B + C 
+Deſtadn x Dutriadr; et proinde (permutando) AT BT CY D erit ad tut a * Dad x, 
et (invertendo) 1 erit ad ATB TCT Dut rad D. Eſt autem u x 1, ſeu a, ad 1, ut a x r 
eſt ad r. Erg0, ex quo, n x 1, ſeu a, erit ad AT BIT CIT Duts rad D, hoc eſt, ut 7 
ad D. Erit igitùr en - r ad H ut ad AT BTC ITD. | 

Sed (ex numerorum figuratorum geneſi, per proprictatem quartam ſupra memoratam) terminus 1 
eſt quali A+B+C+D. | 

Erit igitùr = 7 ad H ut u ad I, ct proinde n = 1] x Ierit =n x H. Co 

| m 


— 


DE ARTE CONJECTANDI, +» 19 


Cum olim horum Fratri * copiam fecifſem, animadvertit ille poſſe demonſtra- 
tionem eleganter abbreviari, —— tribus lemmatibus in unum conflatis, hoc 
modo: Url 
—O . — ͤ —FPF U— — 
LEMMA. 

In tabula numerorum figuratorum fi ſumma terminorum ab initio ſeriei ver- 
ticalis cujuſvis ad ſummam totidem maximo æqualium ubique rationem habeat 
ut 1 ad r, habebit ſumma terminorum ſeriei proxime ſequentis ad ſummam toti- 


dem maximo æqualium rationem ut 1 ad r + 1. 


__ 


DEMONSTRATIO. | 
Sint ſeries ſequentes a. 5. c. d. &c. & o. g. b. i. &c. numerus terminorum 
420) prioris fit , poſterioris » + 1, Eſt primo q +p +1 +# 
+ h + g + S (ex bypotheſi & geneſi numerorum figu- 


un—1.e n—2.4 


ratorum per proprietatem quartam) 4 * th 


1142 1 "+ I. 


GY 4 . 1 75 74.5 * Ie TA 
71 Z 7 Fours © Fame) 
| ( 7. — = (ex geneſi numerorum figuratorum 
Te. Erg ry K r. F NN TN 


— 2; factaque tranſlatione convenienti,,751-Xp +1+#+h+g = ng — rg. 
Dividatur utrinq; per 7 + 1, erit þ+ +4 +4 + þ + g ==; 3 
habebitur g K f A = ===, hoc eſt, g +b 
+i+/+p+gqeriadn+1 xgqutiadyr+7. 65 4 E. D. 
Sequitur nunc Propofitio principalis, que talis eſt. HN 


PROPOSITIO PRINCIPALIS. 


In tabula numerorum figuratorum ſumma terminorum quotlibet A ſuis re- 
POP: cyphris incipientium ad fummam totidem ultimo æqualium: Item 
umma terminorum quotvis incipientium ab unitate ad ſummam totidem ulti- 
mum ſequenti æqualium: in ſerie prima, ſeu monadum, eſt ut 1 ad 1; in ſerie 


Sed, per hypotheſin, E+F+G+Heſtadsn x H ut 1ad r + 1; atque ided EXF+G+H) | 
* 7+ 1 eſt zqualisn x H x 1, ſeu n x H. 

Erit ; n=7Jx I=SEFF+G+H)x r +1; atque ided erit a r ad r +1 ut E 
+F + G + H ad I, et proinde (componendo) erit a - r +r +1, ſun +1,adr Ti ut ETF 
+G+H+T ad], et permutando) a +1 ad E+F+G+H+Lutr+1 ad I, et (inver- 
tendo) E+F+G+H+Iadn+1utTadr-+ 1, et (multiplicando conſequentes per I) E + F 


c . Qs B. 5. 


D 2 ſecunda, 
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ſecunda, ſeu lateralium, ut 1 ad 2; in tertia, ſeu trigonalium, ut 1 ad 3; in 
quarta, ſeu pyramidalium, ut 1 ad 4, & generaliter in ſerie quãcunque ut 1 ad 
illius ſeriei numerum. 


—  — — 
DEMonSTRAT10 PRIMAz PARTIS HUJuUSCE PROPOSITIONIS, 


De primi ſerie conſtat ex primo lemmate : de ſecunda, tertia, quarts, &c. & 
reliquis. Nam, quia ſumma terminorum quotlibet ad ſummam totidem ulti- 
mo æqualium in prima ferie eſt ut 1 ad 1, erit, vi horum lemmatum, in ſecunda 
utiad1+1=2; &, quia in ſecundũ eſt ut 1 ad 2, erit in tertia ut 1 ad 2 
+1 = 3; & propterea etiam in quarta ut 1 ad 3 + 1=4; in quinta ut 1 ad 
4 + 1= 5; & generaliter in ſerie c ut 1 ad c. Q, . 5. 


—_ 


DemonsTRATIO SECUDE PARTIS RUJUSCE PROPOSITIONIS. 
% 


Quia rationem 1 ad rf + 1 memoratam in ultimo lemmate hic interpreta- 
mur per rationem 1 ad c, erit T — 1 = (per proprietatem primam 1) nu- 
mero cyphrarum, à quibus columna c incipit. Quare, cum in dicto lemmate re- 
pertum ſit g N + i++ p === = == ſequitur qudd g ＋ + i + / 
+ p (ſumma terminorum quorum numerus eſt x) ſe habet ad g in # , (nume- 
rum terminorum minis numero cyphrarum) ſicut 1 ad ; hoc eſt, ſumma ter- 
minorum quotlibet ab unitate incipientium ad totidem terminos ſequenti ulti- 
mum æquales, ut 1 ad *. | 5. 


ConSECTARIUM. 


Ex hac oſtensa proprietate facile nunc eſt invenire tum terminum optatum, 
tum ſummam terminorum ſeriei cyjuſlibet : Sumpti intelligantur termini æque- 
multi ex pluribus continuè columnis, & ſit numerus ſumptorum ab initio cujuſ- 
que columnæ x, ade6que numerus terminorum ab unitate (excluſis cyphris initial- 
ibus) in ſecundi columna » — 1, in tertia - 2, in quarta n — 3, atque ita dein- 
ceps, per primam proprietatem: quo poſito, quæſitum ita colligo. Summa termi- 
norum n prime columnæ, nempe, 1 unitates, ſeu =, æquatur termino # + imo, 
hoc eſt, termino ſequenti ultimum, ſecundæ columnæ, per quartam proprietatem, 
ex tabulæ geneſi. Quarè termini hujus in 2 — 1 (numerum terminorum ab uni- 


tate ſecundæ columnæ) ducti ſubduplum, ſeu , per duodecimam proprieta- 


2 


tem æquale eſt a ato terminorum ſecundæ columnæ, & fimnl (per quartam 
proprietatem) ipſi termino ſequenti ultimum tertiæ columnz. Unde fimiliter 
hujus termini in » — 2 (numerum terminorum ab unitate tertiæ columnæ) 


dui ſubtriplum, nempe , æquatur (per duodecimam proprietatem) 


* Vide ſuper hic materi\ opera ipſius Johannis Bernoullii, edita Lauſannæ anno Domini, 1742, 
Tomum tertium, paginam 521, in 47ma LeRione de Calculo Integralium. «of 
2 pi 
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ipſi termino ſequenti ultimum quartz, Quocirca & hujus termini in = 3 (nu- 
merum terminorum ab unitate quartz columnæ) ducti ſubquadruplum, 


1. 1 — 1. — 2. 2—3 wet ſ - | RENE 
77 exhibet ſummam terminorum quartz columnæ, unique terminum 
qui ſequitur ultimum m quintæ & rurſũs iſtius termini in a- 4 ducti ſubquintuplum 


nempe, Z=, producit ſummam terminorum columnæ quintæ, 


— — 


nene | | 
& ſimꝭl terminum qui excipit ultimum ſextæ; atque ita conſequentèr. E qui- 


bus igitùr infertur, quod ſumma terminorum primæ columnæ fit = ſecundæ 


— 


14 —1.42—2.4—3.42—4 


1. — I . — 1. 42 —2 1. 1 — 1. — 3. —3 F 
£5) ths NED, eee ee 


generaliter columnæ c, OT —— — — 3 quia quælibet harum 
quantitatum etiàm exprimit terminum # + 1 ſequentis columnæ, ſequitur quod 
ipſe illius terminus optatus, ſeu ultimus, habeatur mutato ſolummodò ubique 


1 in 1 — 1; adeõque quod terminus optatus, ſecundæ columnæ fit =, tertiæ 


1 —1.—2 21. —2. 2 —3 . #7 182m let 28 _—_ 
ama Wh nnd, HA IPG rs — CR _— , generalicer, colum- 
a-—l1., —2. and 7), Ld „ „ r — 1 1 | P \ 
na c, Earn 12s na 2 e. Ly 
, , I *2 + Jo. 4+ooeaC=—1 , 
SCHOLIUM. 


Multi, ut hoc in tranſitu notemus, numerorum figuratorum contemplati - 
onibus vacirunt (quos inter Faulhaberus & Remmelim Ulmenſes, Walliſius, 
Mercator in Logarithmotechnia, Preſtetus, aliique); ſed qui proprietatis hujus 
demonſtrationem univerſalem dederit & ſcientificam, novi neminem. Wal- 
liſius in Arithmetica Infinitorum fundamentum ſuæ methodi jacturus, rationes 
quas habent ſeries quadratorum, cuborum, aliaramque poteſtatum, numerorum 
naturalium ad ſeriem totidem maximo æqualium, inductione inveſtigat; indeque 
in propoſitione 176, ad contemplationem numerorum trigonalium, pyramidali- 
um, rehiquorũmque figuratorum tranſit. Sed ſatius fuiſſet forteque nature rei 
convenientius, fi vice verſa tractationem numerorum figuratorum, eãmque uni- 
verſali & accurata demonſtratione munitam, præmiſiſſet, ac tum demùm ad 
poteſtatum ſummas inveſtigandas perrexiſſet. Præterquam enim quòd modus 
demonſtrandi per inductionem parùm ſcientificus eſt, infuperque pro qualibet 
ſerie peculiarem operam depoſcit ; illa utique omnium judicio præcedere de- 
bent, que c#teris naturi ſunt priora & ſimpliciora, quales videntur eſſe numeri 
figurati pre poteſtatibus, tum quod illi additione, he multiplicatione generan- 
tur, tim, & præcipuè, quod ſeries figuratorum à ſuis reſpectivè cyphris inci- 
pientes ad ſeries æqualium rationem habent exactè ſubmultiplicem, qualem 
non habere poſſunt ſeries poteſtatum (ſaltem in terminis numero finitis) abſque 
aliquo exceſſu vel defectu, quicunque cyphrarum numerus ipfis præfigatur. De 
cætero namque ex cognitis figuratorum ſummis nihilo difficilids inveſtigari 
poterunt poteſtatum ſummæ, atque ex his priores collegit auctor; quod quo- 


modo fiat, paucis oſtendam. | A. 
Proponatur 
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Proponatur ſeries numerorum naturalium ab unitate 1. 2. 3. 4. 5. &c. uſque ad 
n, & quærantur omnium ipſorum, item omnium quadratorum, cuborum, et ſe- 
quentium poteſtatum ex ipſis, ſummæ. Quoniam in tabula combinationum ter- 
minus ſecundæ columnæ indefinite eſt y — 1, & ſumma omnium terminorum, 


hoc eft, ſumma omnium # — 1, ſeu / — 1, per conſectarium præcedens inventa, 
eſt == ===, erit ſn = 1 five /i = =, & ſn = + /1; ſed 
Jr (ſumma omnium unitatum) eſt »; quare ſumma omnium u, ſeu fn, erit 


Porro, cum terminus tertiæ columnæ indefinite acceptus per idem conſecta- 


. 1. 2—2 12 . £1 
rium fit . == , & ſumma omnium terminorum (hoc eft), om- 


2 


nium — —). 7 : erit. / ſive r mn — [in ＋ t 


2 — & Nm = —— ＋ J — ſt; ſedſ4n=+ſn = (per 


modò oſtenſa) + m + 4 n, & /1 = n: unde his ſubſtitutis fit Tr m = 
E- = i + 4m , cjalque duplum /m (fumma 


quadratorum ex omnibus 1) 2 of + 4m + . 
oo 1. —2.2—-3 1-622 ＋11—6 


Rurſds,. quia terminus 1 quartz columnæ eſt — — = - M 


. 2 . 3 
. I. 2 — 2. - 3 _ #*—bn*+11nn—bn 


& ſumma omnium terminorum = — 
122.324 24 


7 — hoc eſt, I= ſm E F Ii , inde- 
* que /+ r= — — + ſm - i. Et quoniam per modo in- 
venta ſm = 4#* + 4 mm + 4n; nec non fn five % = Amn + +3n, & 


nz hinc, factà horum ſubſtitutione, emerget /: * = — — +4 


Tim TI - En- HITS + ri r m, clſque proin 
ſextuplum / (ſumma cuborum) i + 4#n. Atque ſic porrò ad 
altiores gradatim poteſtates pergere, levique negotio ſequentem adornare later- 
culum licet: | | 


, crit utique 


| Summa Poteſtatum, 
Jn = am. + n. 
Im = ww +m + u. 
ff = tf +31 + 3m 
. = +3 + „* X — . 
ff = of T i T. X — m. 
, = if + + nf X — 3 Xx + pt 
fo = of + T MN X— n Xx + rot 
fo = 3 +3 + + xX—4 Xx + zu X — n. 
fo S D + + 4 X—v X + 1 X — mn. 
= A. +a + z Xx — 1% X TI X — if X + ot 


Quin 
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Quin imò qui legem progreſſions inibi attentids inſpexerit, eundem etiàm con- 
tinuare poterit abſque his ratiociniorum ambagibus. Sumptà enim c pro poteſtatis 


cujuſlibet exponente, fit ſumma omnium 2, ſeu fi, = — hn + 1 + = 


41 c. c- 1. 6c— 4 9 4. - 1.6 2.6c—-3. 6c—4 —5 c. c 1. c 2.6 3. 6-4 
An ” 22324 P 2.3+4+5.0 + 250 


= Dr”7... & ita deinceps, exponentem poteſtatis ipſius x continu? 
minuendo binario, quouſque perveniatur ad x vel m. Literæ capitales A, B, C, 


D, &c. ordine denotant coefficientes ultimorum terminorum pro un, fa*, ſuò, 
ſr, &c. nempe A= 5, B= — , C= D = — . Sunt autem hi cocth- 
cientes ita comparati, ut ſinguli cum cæteris ſui ordinis coefficientibus complere 
debeant unitatem ; fic D valere diximus — Fs, quia 4 +4 +42 - + +2 
(TD) = 54 = 1. Hujus laterculi beneficio intra ſemi-quadrantem hore re- 
peri, quod poteſtates decimæ, five quadrato-ſurſolide, mille primorum nume- 
rorum ab unitate in ſummam collecta efficiunt 
91409924241424243424241924242 500. 


E quibus apparet, quam inutilis cenſenda fit opera Iſmaelis Bullialdi, quam con- 
ſcribendo tam ſpiſſo volamini Arithmetice ſuæ Infinitorum impendit, ubi nihil 
præſtitit aliud, quam ut primarum tantum ſex poteſtatum ſummas (partem ejus 
quod unici nos conſecuti ſumus pagina) immenſo labore demonſtratas exhiberet. 

Antequam caput hoc finiamus, paucis adhuc indicare lubet quomodo, ſuppo- 
ſitis 1is quæ de ſeriebus figuratis oftenſa ſunt, poſſint quævis etiam aliæ ſeries 
figuratarum analogæ (quæ, ſcilicet, differentias ſuas primas, ſecundas, tertias, &c. 
æquales habent, adeõque ex contihua additione terminorum alicujus ſeriei æqua- 
lium generantur) ad homologas figuratas reduci, ac proinde ſummari, vel poſ- 
tremi ipſarum termini inveniri. Sit ſeries quævis æqualium D, ex cujus addi- 
tione naſcatur ſeries C, & ex hujus additione ſeries B, & ex hujus tandem col- 
lectione ſeries A, ſumptis ad arbitrium primis ſerierum terminis d, e, ö, a. Vo- 
cabitur ſeries A figuratarum analoga, cujus differentiæ prime conſtituunt ſeriem 

| B, ſecundz ſeriem C, tertiæ ſe- 


EE. B A. | riem D, &c. Et quoniàm a 
44e b a paret, ſeriem A componi ex ſe- 
d [ c+ 4d] b+ c a+ 6 riebus unitatum 1, 1, 1, 1, &c, 

4 c+2d4|b+2c+ d| a+2b+ «© lateralium 1, 2, 3, 4, &c. trigo- 
d c+34| b+3c+ 34] a+394+ 3+ 4 nalium 1, 3, 6, 10, &c. pyra- 
d| c+44] bþ4c+ 6d] a+4b+ 6c+ 44| midalium 1, 4, 10, 20. &c. in 
d|c+5d| b+5c+10d4] a+5b+10c+10d | primos differentiarum terminos 


a, ö, c, d, ſeorsim ductis, qua- 
rũümque omnium poſtremi termini & ſummæ per ante dicta habentur, ipſius quo- 
que hinc ſeriei A poſtremum terminum & ſummam terminorum obtineri poſſe 
canſtat; nimirùm, fi numerus terminorum vocetur , erit ultimus terminus ſeriei 


AST 1.4 4 = 4; & ſumma omnium termi- 
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TEE PROCEMIUM, OR PREFACE, TO THE SECOND PART OF THE SAID TREATISE 
DE ARTE CONFECTANDI. 


T is eaſy to perceive that the prodigious variety which appears both in the 
works of nature and in the actions of men, and which conſtitutes the great- 
part of the beauty of the univerſe, is owing to the different ways in which its 
ſeveral parts are mixed with, or placed near, each other. But, becauſe the num- 
ber of cauſes that concur in producing a given event, or effect, is oftentimes ſo 
immenſely great, and the cauſes themſelves are ſo different one from the other, 
that it 1s extremely difficult to reckon up all the different ways in which they 
may be arranged, or combined together, it often happens that men even of the 
belt underſtandings and greateſt circumſpection are guilty of that fault in reaſon- 
ing which the writers on logick call the inſufficient, or imperfet# enumeration of parts, 
or caſes : inſomuch that I will venture to aſſert that this is the chief, and almoſt 
the only, ſource of the vaſt number of erroneous opinions, and thoſe too very 
often in matters of great importance, which we are apt to form on all the ſub- 
jects we reflect upon, whether they relate to the knowledge of nature, or the 
merits and motives of human actions. It muſt therefore be acknowledged that 
that art which affords a cure to this weakneſs, or defect, of our underſtandings, 
Vor. III. E ang 


26 I Tranflation of the foregoing Extras 


and teaches us ſo to enumerate all the poſſible ways in which a given number of 
things may be mixed and combined together, that we may be certain that we 
have not omitted any one arrangement of them that can lead to the object of 
our inquiry, deſerves to be conſidered as moſt eminently uſeful and worthy of 
our higheſt eſteem and attention. And this is the buſineſs of the art, or doctrine 
of combinations. Th; 

Nor is this art or doctrine to be conſidered merely as a branch of the ma- 
thematical ſciences. For it has a relation to almoſt every ſpecies of uſeful 
knowledge that the mind of man can be employed upon. It proceeds indeed 
upon mathematical principles in calculating the number of the combinations of 
the things propoſed : but by the concluſions that are obtained by it, the ſagacity of 
the natural philoſopher, the exactneſs of the hiſtorian, the {kill and judgment of 
the phyſician, and the prudence and foreſight of the politician, may be aſſiſted ; 
becauſe the buſineſs of all theſe important profeſſions is but to form reaſonable 
conjectures concerning the ſeveral objects which engage their attention, and all 
wiſe conjectures are the reſults of a juſt and careful examination of the ſeveral 
different effects that may poſſibly ariſe from the cauſes that are capable of pro- 
ducing them. And, I preſume, it was from a ſenſe of the great and general 
utility of this doctrine that ſeveral very eminent mathemaricians have undertaken 
to treat of it in their publick writings; and particularly Mr. Van Schooten (the 
learned commentator of Des Cartes's geometry) Mr. Leibnitz, Dr. Wallis, 
and Monſieur Preſtet: ſo that the reader is not to conſider every thing he will 
meet with in this treatiſe as entirely new and of my invention. I have, however, 
made ſome improvements on the ſubject, and thoſe too of conſiderable import- 
ance, which I may juſtly call my own; and particularly I have diſcovered a ge- 
neral and eaſy demonſtration of the principal and moſt remarkable property of 
the figurate numbers, to wit, © that of the proportion between the ſum of any 
number of terms of a ſeries of figurate numbers of any order whatſoever to the 
ſum of the ſame number of terms all equal to the laſt term of the feries,” upon 
which property many of the following propoſitions in this book are founded : 
— of this property I believe no other writer has ever before given a demon- 

tion. 

Indeed none of the tracts hitherto publiſhed on this ſubject can be ſaid to 
contain a full and ſatisfactory account of it. And therefore I have thought it 
would be ble to my readers to ſee it here treated in a regular manner, 
from the firſt and moſt ſimple principles on which it is founded, to the higher 
and more extenſive propoſitions which have been built upon them, without be- 
ing under the neceſſity of referring to other books upon the ſubject. But, though, 
for theſe reaſons, I have laid down the very firſt elements of the doctrine, and 
have endeavoured to demonſtrate every thing as I went on, to the end that the 
Chain of reaſoning might be uniform and compleat, I have done it in as conciſe 
a manner as I could, and only as far as was neceſſary to prepare the way to the 
ſubſequent and more important parts of the book. The greater part of the 
treatiſe conſiſts of two principal heads, of which the firſt contains the doctrine 
of permutations, and the ſecond contains the doctrine of combinations ; which is 
followed by a third branch, which ſprings out of the two former, and treats of 
permutations and combinations joined together. * erna 
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CHAPTER I. 


CONCERNING PERMUTATIONS. 


Y the permutations of a number of things I mean the ſeveral 

variations that may be made in their relative ſituations, or po- 
fitions, or in the order in which they may be made to follow each other, while 
their number continues the ſame. So that, when it is propoſed to find in how 
many different ways a given number of things may be ranged, or diſpoſed, 
without omitting any of them, this is ſaid to be requiring the number of their per- 
mutations. 


2. Ehe things of which we are required to diſcover the number of permuta- 
tions, may be either all diſtinguiſhed from each other by ſome plain mark, ſuch 
as a difference of ſhape or colour, as cubes from ſpheres, or black balls from 
white balls; or they may be exactly like each other, ſo as to be liable to be 
miſtaken one for another, as two ſpherical black balls of exactly the ſame ſize 
and weight. In the former caſe it will be proper to denote the ſeveral things by 
as many different letters of the alphabet; and in the latter caſe it will be conve- 
nient to denote ſo many of the things as are exactly like each other, by the 
ſame letter of the alphabet, repeated as often as any of the ſaid things which are 
like each other ſhall occur, as will be ſeen in the courſe of the following pages. 
We will firſt conſider the former of theſe caſes, or that in which all the things are 
diſtinguiſhed from each other. | | 


———p çö.—-̃ . ..,. 
The firſt Caſe of Permutations, in which all the things 
whoſe permutations are required to be aſſigned, are 
diſtinguiſhed from each other. 
+ ———<c—<c———C—_—— — —. 
3. As it is obvious that the number of changes of poſition that may happen in 
a great number of things cannot be determined without firſt knowing the num- 
ber of the like changes of poſition that may happen in all leſſer numbers of 
them, it is manifeſtly neceſſary, in treating of this ſubject, to proceed in the 
ſynthetick method, and begin our reaſonings from the firſt and moſt fimple 
caſes: which may be done as follows. | 


4. If there is only one thing to be arranged, which is denoted by the letter a, 
it can be taken, or ranged, only in one manner. 


& If there are two things clearly diſtinguiſhed from each other, which are 
denoted by the letters a and 5, it is evident that we may either place @ before 5, 
or & before a; ſo that there will be two different ways of arranging them, to wit, 
45 and 3a; or, in other words, there will be two permutations of them. &, E. 1. 


6. If there be three things diſtinguiſhed from each other, and denoted by the 


three different letters ag & and c, it rs 1 that either of the three letters we 
2 


ARTICLE 1. 
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be placed before the other two. Now, if a is placed firſt, the other two letters 
z and e may undergo two permutations, by what has been ſeen in the laſt article, 
and the three letters may be placed in theſe two poſitions, a4 c, and ac; and 
in like manner, if þ is placed firſt, the other two letters @ and c may undergo two 
permutations, and the three letters may be placed in the two following pofitions, 
bacand be a; and, laſtly, if c is placed firſt, the other two letters @ and h may 
undergo two permutations, and the three letters may be placed in the two follow- 
ing poſitions, ca and 4. Therefore the whole number of permutations 
which the order, or poſition, of the three letters, a, &, and c may undergo is 
three times 2, or 6, to wit, abc, ach, bac, bca, cab, and cha. d. E. 1. 


7. In like manner, if there are four different things, clearly diſtinguiſhed from 
each other, and denoted by the four different letters a, b, e, and d, it is evident, 
that either of the four may be placed before the other three, and that, while each 
of them is placed firſt, the other three may undergo 6 permutations, by what has 
been juſt now ſhewn in art. 6. Therefore the whole number of permutations 
which thefe four things or letters, may undergo will be four times 6, or 24. 

Q. E. 1. 


8. And for the ſame reaſon, if there were ſive things denoted by the frve dif- 
ferent letters a, l, c, d and e, the number of their permutations would be 5 
times as great as in the laſt caſe; or would be 5j times 24, or 120. And in ge- 
neral, whatever be the number of things or letters, the number of permutations, 
or changes of poſition, which they may be made to undergo, will be equal to 
the product that ariſes by multiplying the number of permutations of the next 
ſmaller number of things by the given number of them. So that, if the whole 
number of things, or letters, be u, and the number of permutations in 1 — 1 
things, or letters, be N, the number of permutations in all the u letters, will 
be equal » x N. And hence ariſes the following 


Rate for diſcovering the whole number of permutations, or 
ro tne greed of poſition, which any given number 
n, of things, may be made to undergo. 

, ä K — 

9. Let all the numbers I, 2, 3, 4, 5, 6, Ts &c, in their natural order, begin- 
ning from unity, up to the given number u, of things, or letters, whoſe permuta- 
tions are to be inveſtigated, be multiplied one into the other; and the product 
IX2X3X4X5X6X7 XxX &c... X # will be the number of permu- 
tations that is required. - "ih Bo bh 


10. It will be convenient ſometimes to uſe a full point [. ] inſtead of the 
common mark of multiplication x ; and then 1 xXxX2X3X4X5X6XxX7 
X &c X * will be 2 1.2.3. 4.5. 6. 1. &C. , or (becauſe 1 has no effect 
in multiplication) 2. 3. 4.5. 6. . &c. ; which will therefore be equal 
to the whole number of permutations, or changes of poſition, which x things 


may be made to undergo, | 
F | 11. According 
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11. According to this rule the number of permutations, or changes of poſi - 
tion, which 7 different things may be made to undergo, is 2. 3. 4.5. 6. 7, or 
5040. Thus, for example, the different changes that may be rung upon ſeven 
different bells is 5040. The multiplications ot theſe numbers into each other 
will appear in the following table: 


The Number of Things. The Number of Permutations, 
F or 2 9 
1 —  _— — 
8 | — — — 4 
7 3 
4 
| 5 
| — — — — 120 
5 3 
6 — — — 720 
7 
— — — — $040 
f 8 
8 — 2 — — 40,320 
9 
9 — — — 362,880 
Io 
_—— „ 
II 
3628 800 
36 288 00 
11 — _ 39,916,800 
12 
79 833 609 
| 399 168 00 


12. We 


30 | A Tranſlation of the foregoing Extra 


12. We may ſee by this table how very faſt the number of permutations in- 
creaſes, as the number of things to be arranged becomes greater -and greater. 
The four letters that compoſe the word Roma may be arranged in 24 different 
ways; but the fix letters that compoſe the word Romani may be arranged in 720 
different ways; and the ſeven letters that compoſe the word Romanis may be ar- 
ranged in no leſs than 5040 different ways. We are now to conſider the ſecond 
caſe of permutations, in which ſome of the things to be arranged are exactly 
like others of them, fo as not to be diſtinguiſhed from them. 


The Second Caſe of Permutations, in which ſome of -the 
things, the permutations of which are required to be 
aſfigned, are like others of them, ſo as not to be diſtin» 
guiſbed from them. | 


— — 


13. If ſome of the things of which we are required to find the permutations, 
are exactly like others of them, ſo as not to be diſtinguiſhed from them, the 
number of permutations, or changes of poſition, which they may be made to 
undergo, will be much ſmaller than in the former caſe. Thus, for example, if 
there are ſix different things, whereof we are required to aſſign the permutations, 
but three of them are exactly like each other, ſo that it is impoſſible to diſtin- 
yo either of them from the other WO; as is the caſe with the fix letters a a 4 

cd, in which the letter @ occurs three times; the number of permutations 
which theſe fix things, or letters, can undergo, will be much leſs than the num- 
ber of permutations they could undergo, if they were all diſtinguiſhable from 
each other, as they were ſuppoſed to be in the former caſe. And the way of 
finding out how much leſs the number of permutations will be in this caſe than 
in the former caſe, will be to conſider how many permutations, or changes of 
poſition, the three things which are exactly alike, and are denoted by the ſame 
letter a, might undergo, if they were unlike each other, and diſtinguiſhable one 
from the other, and then to ſubſtitute an unit, or one ſingle poſition, in lieu of 
all thoſe ſeveral permutations. Thus, for example, if, inſtead of the three 
things exactly alike which are denoted by the ſame letter a, we were to take 
three things that were unlike each other, and denote them by the three letters a, 
&, and a, that is, by an Italick a, a Greek æ, and a Roman a, it is evident from 
what has been ſhewn in art. 6, that, without making any change in the poſition 
of the other letters 5, c, d, theſe three letters a, a, and a, might be placed in ſix 
different poſitions, inſtead of the one poſition 4244 in which alone the three 
things perfectly alike, that were denoted by the ſame letter a, could be ar- 
ranged. The number of permutations therefore in the fix things denoted by 
the letters a, u, a, i, c, d will be fix times as great as that of the ſix things de- 
noted by the letters a, a, a, , c, d, in which three of the things are alike, and 
denoted by the ſame letter a. And therefore, to find the number of permuta- 
tions of the ſix things denoted by che letters a, a, a, h, c, d, we muſt firſt * 

e 


— 
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the whole number of utations which they might undergo: if they were 
all unlike each other, and denoted by the letters a, a, a, 5, c, d, and then 
we muſt divide the ſaid number by 6, or the number of permutations which the 
three things denoted by the ſame letter a might- undergo if they were unlike 
each other, and denoted by the three different letters a, a, and a. Now the 
whole number of permutations of ſix different things unlike each other, that are 
denoted by the letters a, a, a, ö, c, d, has been ſhewn to be 720. Therefore 
the number of permutations of fix different things, whereof three are perfectly 
ke each other, and denoted by the ſame letter a, or of ſix different things de- 


noted by the letters a, a, a, b, e, d, will be =”, or 120®. 


14. Again, if the fix letters whereof. we were required to find the permuta- 
tions, were a a ac, in which, beſides the letter a, which is repeated three 
times, the letter & is alſo repeated twice, it is evident that the number of the 
permutations which the ſaid letters could undergo would be but half the number 
of the permutations of the fix letters a@abc4;, becauſe every two permuta- 
tions of theſe letters which would be diſtinguiſhable from each other when the 
two different letters þ and d are made uſe of, will coincide, or become undiſtin- 


b 


„The truth of this article may be made viſible to the eye in the following manner. 

Let us (to avoid a great number of ntations, which would take up a great deal of room, and 
tend to confound the ſubject) ſuppoſe the three different letters a, a, and a, to be connected only with 
ne more letter, to wit, 3. Then, by art. 7, the whole number of permutations of theſe letters will 

24, to wit, 


a, a, a, b | a, a, 3, a, | 2, 3, a, & J, a, a, a, 
a, o 4, , a, a, 6, a, 2, 6, a, a, b, a, a, ay 
a, a, , b, a, a, 5, 5, 32, 6, a, % 6, a, a, 4, 
4, &% ab, 4, , 3, a, 2, , % a, | 6, 4, a, a, 
, a, a, 5, as, a, 5, a, &%, b, a, a, , a, a, a, 
a, a, à, 3, e @, 3, a, | a, J, a, a, b, a, a, a. 


Nov, let the italick letter a, and the Greek letter « be converted into Roman as. And the fore-- 
going permutations will thereby be converted into the following ones, to wit, 


a 2 4 3, a a 3 a, e | 3a a a, 
a a ä 3, a a a, a J a a, S a2 a a, 
a a a 6, a a 6 a, 32 2, ba a a, 
a à a 3, a a 3 a, a 3 a a, 3 a.a a, 
2 2 à 3, a a 6 a, a ba a, 3a a 2, 
a a à 3, rs a a a, 3222 
of which tlie firſt fix are all exactly alike, to wit, a aa q, and therefore muſt be reckoned as only one 


tion, or permutation; and, in like manner, the next fix are alſo all alike, to wit, a a ba, and there- 

muſt be reckoned as only one poſition, or permutation; and the third ſix are alſo all alike, to 
wit, a ba a, and therefore muſt be reckoned as only one poſition, or permutation; and laſtly, the 
fourth fix are alſo all alike, to wit, Ja a a, and therefore muſt be reckoned as only one poſition, or 
permutation. 80 that, by the coincidence of fix permutations into one in each of the four ſets of fix 
permutations, the ſaid twenty-four different permutations will be reduced to only four, or , diffe- 
rent utations, to wit, a aa h, aa ba, abaa, Jaaa. 


And it is eaſy to ſee that the like reduction muſt take in the whole number of utations that 


— happen amongſt any other — number of things that are all different and diſtinguiſfiable from 
each other, when any and number of the ſaid things are rendered like to, and undiftinguiſhe- 


8 N guiſhable 


X. ' . 
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guiſhable from each other, when 6 is inſerted inſtead of d. And therefore the 
number of the permutations of the ſix letters a@ ab bc will be only =, or 60. 


15. And in the ſame manner it may be ſhewn that, when ſeveral of the letters, 
of which we are required to aſſign the number of permutations, are repeated, or 
taken more than once, we muſt, for every ſuch repetition of the ſame letter, di- 
vide the number of permutations of the whole number of letters by the number 
of the permutations of ſo many different letters as there are repetitions of the 
ſame letter. And hence ariſes the following 


SDS r P P 
Rule for diſcovering the number of permutations, or rela- | 
tive changes of poſition diſtinguiſhable from each other, | 4 
which any given number n, of things, whereof ſome | 
are exactiy like others, and cannot be diſtinguiſhed from 
' them, may be made to undergo. 


— — 


11 


16. Let the whole number of permutations, or changes of poſition, which the 
ſaid things might be made to undergo, if they were all unlike each other, and 
could be clearly diſtinguiſhed: one from the other, be divided by the number of 

rmutations, or changes of poſition, which the two, or more, things which are 

ike each other, and are denoted by the fame letter, might be made to undergo, 

if they were unlike to each other, and clearly. diſtinguiſhed from each other. 
And the quotient will be the number of permutations that is required. This is 
upon a ſuppoſition that, amongſt the things that are given, and of which we are 
required to find the number of permutations, there is only one ſet of things that 
are exactly like each other, and therefore denoted by the ſame letter. 

But, if, amongſt the things of which we are required to find the number of 
permutations, there ſhould be two, or more, ſets of things that are exactly like 
each other, and therefore denoted by the repetition of the ſame letters, we muſt 
multiply the number of all the permutations which the firſt ſet of like things, 
denoted by the firſt letter that occurs more than once in the notation, might be 
made to undergo if they were all unlike each other, into the number of all the 
permutations which the ſecond ſet of like things, denoted by the ſecond letter 
that occurs more than once in the notation, might be made to undergo if they 
were all unlike each other, and further into the number of all the permutations 
which the third ſet of like things, denoted by the third letter that occurs more 
than once in the notation, might be made to undergo, if they were all unlike 
each other, and into the numbers of all the permutations which the fourth ſet, 
and the fifth ſer, and all the following ſets, of like things, denoted by the repe- 
tition of the ſame letters, might be made to undergo, if the things in each ſet 
were unlike each other : and the whole number of permutations, which all the 
# things that are given (and whereof we are required to find the number of per- 
mutations diſtinguiſhable from each other) might be made to undergo, if they - 

- were 
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were all unlike each other, muſt be divided by the product of the ſaid multipli- 
cation. The quotient will be the number of permutations diſtinguiſhable from 
each other, of the given number # of things, which was required to be found. 


17. This doctrine of permutations is of great uſe in determining the number 
of anagrams that may be made of any propoſed word, or the number of diffe- 
rent ways in which the letters that compoſe it may be arranged. Thus, for ex- 
ample, the letters that form the word Roma may be arranged in 2. 3. 4, or 24, 
different ways; and thoſe of the word Romani (which are fix in number) may 
be arranged in 2. 3. 4. 5.6, or 720, different ways; and thoſe of the word 
Romanis (which are ſeven in number) may be arranged in 2. 3. 4. 5. 6. 7, or 
5040, different ways; as we have ſeen in art. 12. In like manner the letters of 
the word Trganum (which are eight in number) may be arranged in 2.3.4.5. 
6 . 7 . 8, or 40,320, different ways; and thoſe of the word Do#rinam (which are 
nine in number) may be arranged in 2. 3. 4.5. 6. 7. 8. 9, or 362,880 diffe- 
rent ways. But the letters of the word Leæopoldus, though they are alſo nine in 
number, cannot be arranged in ſo many different ways, becauſe of the repetition 


of the letters / and o, each of which occurs twice. The number of different ways 
80 362,880 


in which the letters of this word can be arranged is = DES or „or 


90,720 ; becauſe the two Js, if they were different letters, would admit of two 
permutations, and the two os, if they were different letters, would likewiſe ad- 
mit of two permutgtions, and conſequently theſe numbers of permutations, to 
wit, 2 and 2, muſt (according to the foregoing rule) be multiplied into each 
other, ſo as to make the product 4, and then the number 362,880 (which is the 
whole number of permutations which nine different letters may be made to un- 
dergo) muſt be divided by it, which gives the quotient 90,720. And the letters 
of the word Studigſus, though likewiſe nine in number, will admit of only 30, 240 
permutations, becauſe of the repetition of the letter « twice, and the letter three 
times. For the permutations which the two as might be made to undergo, if 
they were different letters, are 2, and the permutations which the three es might 
be made to undergo, if they were different letters, is 6 ; and the product that 
ariſes by multiplying 2 into 6 is 12. We muſt therefore divide 362,880, 
(which 1s the whole number of permutations of nine different letters) by 12 ; 
and the quotient 30,240 will be the number of all the permutations of the nine 
letters of the word Studigſus that will be different, or diſtinguiſhable from each 


other . ; | 


18. It is only by the aſſiſtance of this doctrine of permutations that all thoſe 
queſtions can be determined which ſome learned and ingenious men have pro- 
poſed concerning the number of the variations, or tranſpoſitions of the words 
contained in certain verſes, which, on account of the great number of ſuch tranſ- 
poſitions which may be made in them, have been called Proteus verſes, in allu- 
ſion to the Egyptian ſea-ged of that name mentioned in Homer's Odyſſey, who 
was ſo famous for aſſuming many different ſhapes. The moſt celebrated of theſe 
verſes are thoſe which have been given us by Thomas Lanſius, and the learned 

Vox. III. F Joſeph 
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Joſeph Scaliger, and Bernard Bauhuſius, a Jeſuit of the college at Louvain in 
the Auſtrian Netherlands. The following two verſes we have from Thomas 
Lanſius. | 120 
Lex, Rex, Grex, Res, Spes, Jus, Thus, Sal, Sol (bona) Lux, Laus: 
Mars, Mors, Sers, Lis, Vis, Styx, Pas, Nox, Fæx (mala) Crux, Frans. 


In each of theſe verſes there are eleven words of one ſyllable, and one word 
of two ſyllables, to wit, bone in the firſt, and mala in the ſecond. Thele two 
words of two ſyllables muſt always remain in the ſame place, or within two 
words of the end of the lines, in order to preſerve the meaſure of the verſes, 
which requires that the fifth foot in each verſe ſhould be a dactyl. But the 
other eleven words in each verſe may be placed in any order, with refpe& to 
each other, that we pleaſe, without altering the meaſure of the verſes. Now the 
number of permutations, or changes of poſition, that eleven different things can 
undergo is 39,916,800, as appears from the table in art. 11. It follows there- 
fore that the words of each of the two foregoing verſes may be tranſpoſed in 
39,916,800 different ways without ſpoiling the meaſure of them. 


19. In ſome other inſtances of theſe Proteus verſes that have been given by 
ingenious writers on this ſubjeft, it happens that many of the tranſpoſitions of 
the words contained in them are incompatible with the meaſure of the verſes, 
and ſome of them, from the irregular and ungrammatical order in which the 
words follow each other, ſeem to convey no ſenſe, or meaning, whatſoever, or, 
erhaps, in ſome caſes, a different ſenſe from that which the author intended. 
But in all theſe caſes a little attention and care will enable us to diſtinguich the 
uſeful tranſpoſitions from the abſurd ones, and to determine the numbers of 
tranſpoſitions of each fort ſeparately, if we proceed by regular ſteps according to 
ſome order, or plan of admiſſion or excluſion, in making the enquiry, An in- 
ſtance of this kind occurs in the following Hexameter Latin verſe, which was 
made by the above-mentioned Bernard Bauhuſius, the Jeſuit of Louvain, in 
honour of the bleſſed Virgin Mary, the mother of our Saviour Jeſus Chrift ; 
to wit, 
Tot tibi ſunt dotes, Virgo, quot fidera cælo. 

On this celebrated verſe ſeveral men of great learning and reputation have 
beſtowed a great deal of attention. For, in the firſt place, Ericius Puteanus, in 
a little book which he publiſhed under the title of Thaumata Pietatis, has em- 
ployed no leſs than 48 pages in reckoning up the ſeveral uſeful, or rational, 
tranſpoſitions that may be made of the words contained in it, and makes them 
amount to as many at leaſt as there are ſtars in the heavens, the number of which 
is uſually ſaid to be 1022 ; leaving out (through a religious reverence for the 
character of the Virgin Mary) all thoſe tranſpoſitions which ſeem to affirm that 
there are as many ſtars in the heavens as there are virtues in the Virgin's charac- 
ter, becauſe he thinks the number of the latter to be much greater than that of 
the former. And, 2dly, Gerard Voſſius, in the 7th chapter of his treatiſe in- 


titled, De Scientiis Mathematicis, has affirmed the number of the tranſpofitions 
4 which 
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which may be made in the words of this verſe without ſpoiling the ſenſe or the 
meaſure, to be 1022, as Puteanus had made it before him.. And, 3dly, Monfieur 
Preſtet, a French mathematician, in the firſt edition of a book called “? The Ele. 
ments of the Mathematicks,” page 348, has examined this Proteus verſe, and de- 
clared it to admit of 2196 tranſpofitions of its words without ſpoiling the ſenſe 
or the meaſure : and afterwards in the ſecond edition of his iq work, vol. 1, 
page 133, having re-conſidered the ſubject, has increaſed the number of theſe 
tranſpoſitions to almoſt half as many more, or 3276. And, 4thly, the induſ- 
trious compilers of the Leipſic Ma Eruditorum, in the month of June, 1686, 
in giving an account of Dr. Wallis's Treatiſe of Algebra, have fixed the number 
of theſe tranſpoſitions (which Dr. Wallis himſelf had not in that treatiſe ven- 
tured to aſſign) at 2580. And, laſtly, Dr. Wallis himſelf, in a Latin edition of 
his works which he publiſhed afterwards in the year 1693, page 494, has car- 

ried the number of theſe tranſpoſitions to 3096. But all theſe writers have been 
- miſtaken in their calculations, and have ai ned wron numbers for the ſolution 
of this queſtion ; which cannot but ſeem rather ſurpriſing, as ſome of them had 
examined the ſubje& twice over, and corrected their firſt concluſions. The true 
number of tranſpoſitions of its words which this famous hexameter verſe will ad- 
mit of without Coiling either the ſenſe or the meaſure of it, that is, without ad- 
mitting a ſpondee in the fifth place, but admitting ſuch tranſpoſitions as only 
deſtroy the cgſura of the verſe, I have found, upon a careful examination, to be 


3312» ; 


20. I here conclude the chapter on the doctrine of permutations, of which 
I hope the fundamental principles have been ſufficiently explained; and I pro- 
ceed to conſider the doctrine of combinations, which is of no leſs uſe and im: 


portance than the former. 


3 * 
CHAPTER II. 


CONCERNING COMBINATIONS, 


D&F1NITION 1. 


21, Y the combinations of things I mean the ſeveral different ways in which 

any given number of things may be joined, or connected with each 
other, without any regard to their relative poſitions, or the order in which they 
follow one another. So that, when a certain number u of things is given, and 
we are required to find in how many different ways theſe x things may be taken, 
by taking, firſt, two of them at a time, then three of them at a time, then four of 
them at a time, and ſo on in all other poſſible conjunctions, ſo that no one heap, 
or parcel, of them ſhall be taken more than once, we are {aid to be required to 


find all the poſſible combinations of the ſaid given number of things. 10 
F 2 DEFINITION 
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DEeFINITION 2. 


22, The number of the things given which is dire&ed to be joined together 
in one heap, or parcel, is called the exponent of the combination: ſo that if we 
are directed to combine them by pairs, or in parcels containing two a- piece, the 
exponent of the combination will be 2; if we are directed to combine them 
by triplets, or in parcels containing three a-piece, the exponent of the combina- 
tion will be 3; and if we are directed to combine them by quadruplets, or in 
parcels containing four a-piece, the exponent of the combination will be 4 ; 
and, in general, if we are directed to combine them in parcels containing n 
a-piece, the exponent of the combination will be the number m. | 


12 


DEFINITION 3. 


23. And the ſeveral things combined in theſe different manners are called 
pairs, or couplets, and triplets, and quadruplets, &c, or binaries, ternaries, and 
quaternaries, &c, or binions, ternions, and quaternions, &c ; that is, all the different 
conjunctions, or combinations, of any given number of things in parcels conſiſt- 
ing of two things each, are called all the pairs, or couplets, or binaries, or binions, 
in the ſaid number of things; and all the different conjunctions or combinations 
of them in parcels conſiſting of three things each, are called all the zriplets, or 
ternaries, or ternions, in them; and all the different conjunctions or combinations 
of them in parcels conſiſting of four things each, are called all the — — or 
quaternaries, or quaternions, in them. And fimilar names may be found for theſe 


combinations, when the number of things contained in a ſingle parcel is greater 
than 4. 


24. And when the things are taken ſingly, or-ſeparately, or one by one, it 
will be convenient to denominate them unaries, or unities, or to give them ſome 
name that bears a reſemblance to the names by which we diſtinguiſh the ſeveral 
combinations of them with each other in parcels of two, or of three, or of four, 
or more together: becauſe, though, when they are taken ſingly, they cannot, in 
a ſtrict ſenſe, be ſaid to be combined, or the taking them ſingly cannot, in ſtrict- 
neſs, be called a combination of them, yet in this doctrine C< combinations it is 
often neceſſary to take into conſideration the number of them when taken ſingly, 
in order to determine all the variations that can be made upon them ; and there- 
fore, in a looſer and more extenſive ſenſe of the word combinations, the things, 
when taken ſeparately, are confidered as undergoing one ſpecies of combination, 
or forming one claſs of the ſeveral claſſes of combinations which they may be 
made to undergo. This is a ſmall inaccuracy of language, fimilar to that by 
which a unit is often called a number, though in ſtrictneſs a number means two or 
more units, or ſingle quantities, joined together, But when due notice is given of 

what is meant by ſuch inaccurate expreſſions (which are often convenient for the 
oy ſe of avoiding a multiplicity of words) no miſtakes can ariſe from the uſe 
em. ; : | I 


25. And 
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25. And for a like reaſon it will be convenient to 1 * a name to the act of 
omitting to take them at all, either ſingly, or combined with each other, or to 
conſider ſuch omiſſion as one ſpecies of their combinations. Such an oiniſſion of 
them may be called a nullienation (from the word nullies, which means no-times) ; 
and the nothings, or cyphers, ſet down, inſtead of the things themſelves, on theſe 
occaſions may be called nullenaries (like binaries, ternaries, and quaternaries) or 
nullions. The uſe of this ſort of odd language will appear in the courſe of the 


following pages. 


26. Some writers have confined the word combination to the ſtrict original 
ſenſe of © taking things by binaries, or pairs, or couplets, only, or parcels conſiſt- 
ing of two things ;” and have called the taking them by zernaries, or parcels con- 
ſiſting of three things, conternation; and the taking them by guaternaries, or parcels 
conſiſting of four things, conguaternation; and have denominated the parcels con- 
ſiſting of two _ each, that may be formed out of a given number of things, 
the combinations of the ſaid given things; and the parcels conſiſting of three 
things each, which may be formed out of the ſame given number of things, the 
conternations of the ſaid given things; and the parcels conſiſting of four things 
each, which may be formed out of the ſame given number of things, the congua- 
ternations of the ſaid given things. But this degree of accuracy in our expreſ- 
ſions would evidently lead to the compoſition of an immenſe number of new 
words, in order to expreſs the variety of conjunctions that may be made of the 
things given in parcels of different ſorts, ſuch as parcels conſiſting of two things, 
parcels conſiſting of three things, parcels conſiſting of four things, parcels con- 
ſiſting of five things, parcels conſiſting of fix things, and the like ; the uſe of 
which multitude of new words might be found inconvenient. And therefore 
other perſons, who were apprehenſive of this inconvenience, and yet were de- 
ſirous of avoiding the inaccuracy of employing the word combinations for par- 
cels conſiſting of more than two things, have propoſed to make uſe of the more 
general words complications or complexions (derived from the Latin verb compli- 
care, which ſignifies 70 fold up together) for parcels confiſting of three things, or 
four things, or five, or more, things, each, made out of a given number of things 
ſucceſſively ſo united together: and ſome authors, with great ſagacity and judg- 
ment, have recommended the word elections to be uſed on this occaſion, in order 
to comprehend thoſe methods of reckoning and claſſing the things under conſi- 
deration by which the things when taken ſeparately, or one by one, are admit- 
ted as one ſpecies of combinations of them; and even, when nothings, or cyphers, 
are taken in their ſtead, thoſe nothings, or cyphers, are admitted as another ſpe- 
cies of their combinations. But the generality of writers who have treated of 
this ſubje&, make uſe of the word combinations to denote all the different parcels 
of things, whether mi" of two things, or of three things, or of four things, 
or of any greater number of things, which can be formed out of a given parcel 
of things; and even to denote the given things, when taken ſingly or ſeparately ; 
and alſo the nothings, or cyphers, which are 2 down inſtead of them, when they 
are not taken at all: nor does there ſeem to be any neceſſity for inventing new 
words on the occalion.  - | 

Theſe 
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Theſe definitions of the words that will occur moſt frequently in this doc- 
—_ of combinations being premiſed, I now proceed to conſider the doctrine 
itſelf, | | 


27. Now when we are enquiring into the number of combinations of a given 
number of things, the ſaid things may either be all unlike and clearly diſtin- 
guiſhable from each other, or ſome of them may be exactly like others of them, 
ſo as not to be diſtinguiſhable from them. And the ſaid things may either be 
ſo combined together that no one thing ſhall be contained oftener in any of the 
propoſed combinations than it occurs in the original number of things which are 
propoſed to be combined together ; or they may be combined together without 
this reſtriction, or ſo that in ſome of the propoſed combinations the ſame thing 
may occur oftener than it does in the original number of things which are pro- 
poſed to be combined together, to wit, by being combined with itſelt'. And 
different ſuppoſitions may be made, and different queſtions conſequently may be 
propoſed, concerning the manner in which the quantities are combined toge- 
ther, For it may either be required to find the number of all the poſſible com- 
binations of a given number of things, by taking them firſt ſingly, then in cou- 
plets or parcels of two, and then in triplets or parcels of three, and then in qua- 


*I am not quite certain that this laſt ſentence is a faithful tranſlation of the original, which I ſhall 
therefore here ſubjoin for the reader's attentive conſideration. Eaeque vel ita combinari debent, ut in 
nulla combinatione res eadem ſæpiùs contineatur quam ipſa reperitur in toto rerum numero; vel fic, ut in 
eddem combinatione res eadem etidm ſapiùs recurrere, hoc eft, ut ſecum ipſd quoque combinari, The 
meaning — this obſcure ſentence (as far as I can underſtand it) may be illuſtrated by the two follow- 
ing examples, 

In the firſt place, let us ſuppoſe that the things that are to be combined together are fix in number, 
all clearly diſtinguiſhable from each other, and denoted by the fix letters a, 6, c, d, e, . And let us 
ſuppoſe- that theſe fix letters are to be combined together in quaternions, or quadruplets, or parcels 
conſiſting of four letters each. Then, ſays the author, theſe quadruplets may be either reſtrained to 
thoſe only which conſiſt of four different letters, or in which the ſame letter does not occur oftener 
than once, or than it occurs in the original enumeration of the ſix things, a, 6, c, d, e, „, out of which 
theſe quadruplets are to be formed, ſuch as the quadruplets ab cd, acde, ade, &c; or theſe qua- 
druplets may be formed without this reſtriction, ſo as to admit the ſame letter to be contained in them 
more than once, or to be, as it were, combined with itſelf, as happens in the quadruplets aa bc, aac 4&, 
aade, aa , aabd, aabe, aabf, aace, aaab, aaac, aaad, &c. 

In the ſecond place, let us ſuppoſe that the things that are to be combined together are, as before, 
fix in number, but that two of them are exactly like each other, and are therefore denoted by the 
ſame letter a, and that three of them are alſo exactly like each other, and therefore denoted by the 
ſame letter 6, and the ſixth is different both from thoſe of the firſt ſet, and from thoſe of the ſecond 
ſet, and is therefore denoted by the letter c; ſo that the fix things that are to be combined together, 
are denoted by the letters a, a, 6, , ö, c. And let it be required to combine theſe fix things, or let- 
ters, together in quaternions, or quadruplets, or parcels confiſting of four letters each. Then, ſays the 
author, theſe quadruplets may be either ſo reſtrained that they ſhall not contain either of the three let- 
ters a, 6, and c oftener than it is contained in the original enumeration of them, to wit, «, a, l, l, 6, c, 
that is, that no quadruplet ſhall contain the letter @ oftener than twice, or the letter $ oftener than 
three times, or the letter e oftener than once; as is the caſe with the quadruplets 36 ůc, a abc, aabd, 
abbb, Ic; or the ſaid quadruplets may be formed without this reſtriction, ſo as to admit the letter 
a to be repeated more than twice, and the letter h to be repeated more than three times, and the letter 
c to 8 more than once; as is the caſe in the quadruplets à 4 4b, 444% 444 a4, bbbb, a ace, 
acc, &c. | 

This is the only meaning that I can find for the foregoing paſſage ; but I cannot help entertaining 
ſome doubt whether it is the true one. J[deo guære. a 

druplets 
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druplets or parcels of four, and ſo on according to all the exponents they will 
admit of; or it may be required only to find the number of all the combinations 
that may be made of the ſame given number of things according to one, or more, 
of their exponents, ſeparately; as, for inſtance, by diſpoſing them in parcels of 
two things, or in parcels of three things, or in parcels of four things, each. In 
each of theſe ways of combining the things under conſideration, a great variety 
of queſtions and problems may be propoſed concerning them, the full diſcuſſion 
of which would lead us into a very ample field of ſpeculation. But of theſe we 
ſhall only ſelect a few of the moſt curious and important, which we conceive to 
be neceffary to the ſolution of the queſtions concerning the doctrine of chances, 
or the art of forming reaſonable conjectures concerning future events depending 
on chance, which will be conſidered in the ſubſequent part of this treatiſe. 


28, Let it then be required, in the firſt place, to find the number of all the 
poſſible combinations that can be formed of a given number of things according 
to all the exponents they will admit of, upon a ſuppoſition that all the things 
that are to be combined together, are unlike to, and clearly diſtinguiſhable from, 
each other, and conſequently are denoted by different letters. 

Let the things that are to be thus combined be denoted by the ſeveral ſmall. 
letters a, 6, c, d, e, &c Let theſe letters be ſet down in ſeparate lines, or rows, 
one under another, in the manner following. | 

In the firſt line we muſt place the firſt lerter a, by itſelf. 

In the ſecond line we muſt place the letter 5; firſt, by itſelf; and then in con- 
junction with a, fo as to form the combination, or couplet, a4, or 34. For ab 
and ba are, in this doctrine of combinations, to be conſidered as only one com- 
bination, becauſe in this doctrine no regard is to be had to the order in which the 
letters are placed, as there was in the doctrine of permutations. | 

In the third line we muſt place the third letter ; firſt, by itſelf; and then in 
conjunction with the preceeding letters à and 5, ſo as to form the binions, or 
couplets, ac, bc; and, laſtly, with the preceeding couplet 46, ſo as to form the 
triplet abc, 


b, ab. 


a — 


c, ac, bc, abc. 
4, ad, bd, ad, abd, acd, bed, abcd. 
e, ae, be, ce, de, abe, ace, bce, ade, bde, cde, abce, abde, acde, bcde, abede. 


In the 4th line we muſt place the fourth letter 4; firſt, by itſelf; and, 2dly, 
in conjunction with each of the three preceeding letters a, &, and c, fo as to form 
the three pairs or couplets of letters, ad, 5d, and cd; and, 3dly, in conjunction 
with each of the three foregoing couplets, 4 b, ac, bc, ſo as to form the three 
triplets a 5 d, acd, and h cd; and, fourthly, in conjunction with the foregoing 
triplet, @ bc, ſo as to form the quadruplet, 46 cd. ; 
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And in like manner the fifth letter e muſt be placed in the beginning of the 
fifth line; firſt, by itſelf; and, 2dly, in conjunction with each of the four pre- 
ceeding letters a, l, c, d, ſo as to form the four pairs, or couplets, ae, be, ce, 
and de; and 3dly, in conjunction with each of the fix foregoing couplets, a6, 
ac, bc, ad, bd, cd, ſo as to form the ſix triplets abe, ace, bce, ade, bde, and 
ede; and, 4thly, in conjunction with each of the foregoing triplets, abc, abd, 
a cd, bcd, ſo as to form the four quadruplets abce, abde, acde, and bede; 
and, sthly, in conjunction with the foregoing quadruplet a4 cd, ſo as to form the 
quintuplet, abc de. | | 

And in the ſame manner muſt every following letter, f, g, h, &c, be combined 
with each of the preceeding letters, and with every. preceeding combination of 
them, if the number of things, or letters, to be combined together, was more 
than five. 


29. And from this manger of combining any given number of things, or let- 
ters, together, it is plain that we ſhall thereby obtain all the poſſible combinations 
of them, ſo that no combination of them whatſoever can be formed, or con- 
| ceived, that will not be contained in one or other of the ſucceſſive lines, or 
rows, of quantities ſo generated from each other : and likewiſe it is plain that 
each of the combinations ſo obtained will be different from every other, or that 
no combination will occur in the ſaid lines more than once. And conſequently 
the ſum total of all the combinations ſet down in the lines, or rows, of quantities 
ſo formed out of any given number of quantities, will be the number of all the 
poſſible combinations which the ſaid given number of quantities will admit of. 
We muſt therefore endeavour to find the number of all the combinations of a 
given number of quantities that will be contained in an equal number of lines, 


or rows, of quantities formed, or generated, from each other in the manner above 
deſcribed. 


30. Now, in order to diſcover the number of the combinations contained in a 
given number of the foregoing lines, or rows, of quantities, it will be proper to 
obſerve that every new line, or row, muſt contain as many combinations as all 
the preceeding lines, or rows, added together, and one combination over ;” and 
for this reaſon, to wit, becauſe the letter which is at the beginning of every new 
line, is placed there, firſt, by itſelf, and afterwards in conjunction with all the 
letters and their ſeveral combinations in all the preceeding lines. Thus, for 
example, the letter e is placed in the beginning of the fifth line, firſt by itſelf, 
and afterwards in conjunction with each of the foregoing letters a, &, c, d, and 
with every combination of them in couplets, triplers, and quadruplets, contained 
in all the four foregoing lines; and conſequently the number of combinations 
contained in this fifth line (reckoning the letter.e by itſelf for one of them) will 
be equal to the number of all the combinations contained in all the four pre- 
ceeding lines, beginning with the letters a, 4, c, and d, and one combination 
over. For from this obſervation we may deduce the whole number of combi- 
nations contained in any given number of theſe lines, or which may be made 
with any given number of letters, by reaſoning in the manner following. 

| | A LEMMA, 
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| | A LEMuNMA. 

31. If in the increaſing geometrical progreſſion 1 + 2 + 4 + 8 + 16 ＋ 32 
＋ 64 + 128 + &c, of which the firſt term is 1, and the common ratio is that 
of 1 to 2, we take any number of terms whatever, as, for example, # terms, and 
call the ſum of the ſaid # terms 8, and afterwards add another term to the ſaid 
ſeries, the ſaid new term will be equal to 8 + 1, or to the ſum of all the former 
n terms together with an unit. | | 


— 


DEMONSTRATION. 


Since the terms in the ſeries 1 + 2 +4 +8 + 16 + 32 + 64 + 128 + 
&c, increaſe continually in the proportion of 1 to 2, it 1s evident that all the 
terms of it after the firſt term 1 will be the ſeveral powers of 2 in their natural 


order, to wit, 2}, 2}; 21% 21%, Z, ZP, 21', &c, and conſequently that the nth, or 
laſt, term of it will be 27 ©. If therefore to theſe ꝝ terms we add another term, 
the faid new term will be = 2 x , or Y. We are therefore to ſhew that 
Dis 28 ＋ 1. 

Nou, ſince 8 is 2 12 14 18 T 16 ＋ 32 ＋ 64 T 128 + & ＋ 2, 
2 8 will be 2 214 448 T 16 + 32 + 64 + 128 + 256 + &c + 21"; which 
ſeries conſiſts of # terms as well as the ſeries 1 +2 + 4 +8 + 16 + 32 + 


64 + 128 + &c + .” ane or 8. Therefore (adding 1 to both ſides) 2S + 1 
will be equal to the ſeries 1 2 + 4 +8 + 16 + 32 + 64 + 128 + 256 


+ &c + T, that is, to the ſeries 1 + 2 +4 +8 + 16 + 32 + 64 + 128 
+ 256 + & + together with the new term 21", or to 8 + F. | There- 


fore (ſubtracting the ſeries S from both ſides) the new term 2]* will be equal to 
S + 1, or to the ſum of all the » terms of the ſeries 14 2 +4 + 8 + 16 


+ 32 + 64 + 128 + &c 6 together with 1. 
4 A. E. o. 


CoroLL. 1. It follows therefore that the ſecond and third and other follow ing 
terms of the increaſing geometrical progreſſion 1 + 2 + 4 + 8 + 16 + 32 
+ 64 + 128 + &c, may be generated, or derived, from the firſt term 1, not 
only by doubling it continually, but by the application of the property that has 
Juſt now been ſhewn to belong to the terms of ſuch a ſeries, to wit, by adding 
together all the 5 terms, and increaſing their ſum by an unit. Thus, 
1 + 1 will be = 2, which is the ſecond term; and 1 + 2 +1, will be (= 3 
+ 1) = 4, which is the third term; and i +2 +4 + 1, will be(=3 +4 
+ 1 = 7. + 1) = 8, which is the fourth term; and i +2 + 4 +8 + 1 will 
be(=7+8+1= 15 + 1) = 16, which is the fifth term; and 1 + 2 + 4 
+8 +16 +1 will be (S15 +16 ＋ 12 31 +1) = 32, which is the 
fixth term; and 1 +2 +4 +8+416 + 32 + 1 ill be ( 31 ＋ 32 +1 

Vol. III. G = 63 
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= 63 + 1) = 64, which is the ſeventh term; and 1 +2 +4 +8 + 16 
+ 32 + 64 ＋ 1 will be (= 63 + 64+ 1 127 ＋ 1) = 128, which is the 
eighth term. And in the ſame manner may all the following terms of this pro- 
greſſion, however numerous, be generated from thoſe that preceed them by 
means of the aforeſaid property. ' 


CoroLL. 2. And hence it follows, 2 converſo, that, if there be a ſeries of 
terms beginning from 1, the terms of which are generated one from the other by 
means of the foregoing property, or by adding together all the preceeding terms, 
and increaſing their ſum by an unit, the ſaid ſeries will be the geometrical pro- 
greſſion 1 +2 +4 +8 +16 + 32 + 64 + 128-+ &c, —_ 


32. Now it has been ſhewn above in art. 28, that the numbers of quantities, 
or combinations, contained in the above-mentioned lines, or rows, beginning 
with the letters &, ö, c, a, e, &c, are generated from the firſt quantity a, 1 
from each other in the manner juſt now deſcribed, or that the number of quan- 
tities in every new line is equal to the ſum of the numbers of all the quantities in 
all the preceeding lines, together with an unit. It follows therefore, 55 coroll. 
2 of the foregoing lemma, that the numbers of quantities contained in the ſaid 
ſeveral lines muſt conſtitute the geometrical progreſſion 1 + 2 + 4 + 8 + 16 


+ 32 +64 +128 + &c, or 1 + A., + A, + 2, + A, + A., + 2] 
+2}, ＋ &c + 21", ſappoſing the number of lines to be x. Therefore the 
ſum of the numbers of quantities contained in all the ꝝ lines beginning with the 
letters a, ö, c, d, e, &c, will be equal to the ſum of the firſt ꝝ terms of the in- 
creaſing geometrical progreſſion 1 + 2 + 4 + 8 + 16 + 32 + 64 + 128 
++ &c, or to the ſeries 1 + 2 +4 +8 + 16 + 32 + 64 + 128 + &c 
T, or1 +2}, T, +3, +3, +2, +26, +2", + & 
+ A" *. But, by the foregoing lemma, this ſeries together with an unit is 
equal to N. Therefore this feries alone is equal to 2]* — 1. And conſequently 
the number of all the quantities contained in all the faid u lines, or the number 
of all the poſſible combinations of the n letters a, 6, c, d, e, &c, (reckoning the 
ſaid letters, when taken ſingly, among the ſaid combinations) will be = A — 1. 
And hence ariſes the following 
. ———j—ç——— 
KNule for finding the number of all the poſſible different com- 
binations of a given number of things according to all their 
different exponents. 


$3. Raiſe the number 2 to the power of which 2 or the given number of 
things, that are to be combined together, is the index; and ſubtract 1 from the 
faid power. The remainder 2} — 1 will be the number of combinations that 


was required, 
3 34. CoROLL., 


» 
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34. ConeLt. 1. From this rule it follows in the firſt place, that, if we con- 
ſider the total omiſſion of all the n letters as one way of combining them, the 
number of all the poſſible combinations will be greater than it was before by an 


unit, and therefore will be = 2; and it follows, in the ſecond plice, that, if 
we exclude this caſe of the omiſſion of all the letters (which may be called the 
nullion, or the combination of them by nones), and likewiſe exclude the ſeveral 
letters when taken ſingly, or ſepatately (which are not in ſtrictneſs combinations 
of them) the number of the remaining combinations of # different things, or 
letters, in binions and. ternions and quaternions, - or in couplets, and triplets, 


and quadruplets, and in parcels of more than four letters in each, wall be 21* 


— I =, or T- I, | 

Thus, for example, the number of all the different conjunctions, or combi- 
nations, that may be-made of the ſeven planets (taking the word combinations in 
the extent given to it in the foregoing rule) will be 2 — 1 (=2X 2X2 
X2X2X2X2=—1=128=—1)=127; from which if we ſubtract 7, 
which is the number of the planets: taken fingly, or ſeparately (in which calls 
there are not properly any conjunctions of them) the remaining number 2 — 1 
— 7, or 127 — 7, or 120, vill be the number of all the poſſible conjunctions, 
or combinations, of them by conjoining two together, or three together, or 
four together, or five together, or ſix together, or all the ſeven together; or, it 
will be the number of all the poſſible conjunctions of them properly ſo called. 
And the twelve regiſters, as they are called, or rows of pipes in a muſical or- 
gan, by means of which the ſound of it is made to change fo remarkably from 
a ſoft and gentle found to a very loud and ſolemn one, may be made to undergo 


* I, or 4096 — 1, or 4095 combinations, or variations. 


35. CoROLL. 2. If we examine the number of combinations of the letters 
a, b, c, d, and e, in the ſeveral lines, or rows of quantities, ſet down above in 
art. 28, we ſhall find that the number of combinations that have even numbers 
for their exponents contained in each of the ſaid lines after the firſt line (which 
contains only the ſingle quantity a) is equal to the number of combinations that 
have odd numbers for their exponents contained in the ſame line. Thus, in the 
ſecond line, which begins with the letter 5, there is one quantity, namely &, with 
an odd number, to wit, 1, for its exponent, and one quantity, namely, 4%, with 
an even number, to wit, 2, for its exponent. And in the third line beginning 
with the letter c, there are two quantities, namely, c and ac, with odd numbers, 
to wit, 1 and 3, for their exponents, and two quantities, namely, ac and & c, 
with an even number, to wit, 2, for their exponent. And in the fourth line be- 
ginning with the letter 4, there are four quantities, namely, d, a#d, ac d, and 
bcd, which have the odd numbers 1 and 3 fer their exponents, and there are 
four other quantities, namely, ad, & d, cd, and ab cd, which have the even num- 
bers 2 and 4 for their exponents. And in the fifth line beginning with the let- 
ter e, there are eight quantities, namely, e, ab e, ace, bce, ade, b de, ede, and 
a be de, which have the odd numbers 3 3, and 5 for their exponents, and er 

2 
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other quantities, namely, ae, be, ce, de, and abce, abde, acde, bede, which 
have the even numbers 2 and 4 for their exponents. And the ſame thing muſt 
happen in the ſixth line of quantities beginning with the letter f, and in every 
following line, becauſe every new line is —. by ſetting down the new letter 
firſt by itſelf, and then combining it with the firſt letter a, and afterwards with 
all the quantities contained in the ſecond, third, and other following lines that 
preceed the new line. Now the combination of the new letter with each of the 
quantities in the ſecond, third, and other following lines, will turn all the quan- 
tities chat have odd numbers for their exponents into quantities that have even 
numbers for their exponents, and all the quantities that have even numbers for 
their exponents into quantities that have odd numbers for their exponents. And 
therefore, as the number of quantities with odd numbers for their exponents in 
each of the ſaid ſecond, third, and other following lines, was equal to the num- 
ber of quantities with even numbers for their exponents, it follows that of the. 
new quantities in the new line ariſing from the combination of the new letter 
with all the quantities contained in the ſecond, third, and other following lines, 
there will be as many that have odd numbers for their exponents as there will 
he that have even numbers for their exponents. And, if we add to theſe quan- 
tities the new letter itſelf, which is to be placed in the beginning of the new 
line, and of which the exponent is 1, and the combination of the new letter 
with the firſt letter a, of which combination the exponent is the even number 
2, whereby we ſhall obtain all the quantities ſet down in the new line, it is evi- 
dent that the addition of theſe two quantities (of which the firſt has the odd 
number 1, and the fecond has the even number 2, for its exponent) will not 
alter the equality of the numbers of combinations, or quantities, of each kind, 
but that the number of quantities in the new line that have odd numbers for 
their exponents will ſtill be equal to the number of quantities in the ſame line 
that have even numbers for their exponents. 


36. CoroLL. 3. If therefore we add all the quantities contained in all the 
hnes except the firſt line (which contains only the ſingle quantity a) together, 
it is evident that the number of quantities in ſuch ſum that will have odd num- 
bers for their exponents will be equal to the number of quantities that will have 
even numbers for their exponents. | 


37. CoROLL. 4. And, if we add together all the quantities contained in all 
the lines, including the firſt line, which contains the ſingle quantity @ (the 
exponent of which is the odd number 1), the number of quantities in ſuch ſuns 
that will have odd numbers for their exponents will exceed by an unit the. num- 
ber of quantities that will have even numbers for their exponents. 


39. CoroBL. 5. And, if to all the quantities contained in all the lines toge- 
ther we add, as another combination, the caſe denoted by a cypher o, or the 
caſe of the omiſſion of all the letters, which we have above in art. 34, called the 
combination by nenes, or the nullion, and conſider o, or the exponent of this 
combination as an even number, the number of quantities in the ſaid ſum that 

| will. 
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will have odd numbers for their exponents will be exactly equal to the number 
of quantities that will have even numbers for their exponents. 

39. CoROLL. 6. It has been ſhewn in Coroll. 1 that the number of all the 
quantities in all the # lines taken together, and the caſe of the nullion, is equal 


to 2“. It follows therefore from Coroll. 5 that the number of quantities in this 
fum that will have odd numbers for their exponents will be equal to half of 


21", or to 23s or T ©}, and the number of quantities in the ſame ſum that will 
have even numbers for their exponents, including the nullion, will likewiſe” be 


2 =*; and conſequently the number of quantities in the ſaid ſum that will 
have even numbers for their exponents, without including the nullion, will be 


. The ſame thing will be demonſtrated in another manner here be-- 
low in the 6th Corollary of Chapter 4. | 


— œ“—B»ͤ — 
CHAPTER III. 


Of the numbers of combinations tbat may be made of a 
given number of things in parcels conſiſting of two 
things, or of three things, or of four things, or of any 
other particular number of things, each; and of the 
numbers known by the name of the figurate numbers, 
and their properties, with which the inveſtigation of 
the ſaid combinations is connected. 


ms 


40. ROM an attentive conſideration of the five lines, or rows, of quantities 
in art. 28 of the foregoing chapter, beginning with the letters a, 6, c, 
d, and e, and which exhibit all the different combinations that can be formed 
out of thoſe five letters, it will be evident, that the b'inions, or couplets, or parcels 
conſiſting of two letters, in every new line of quantities, are formed by combin- 
ing the ſingle letter which is placed in the beginning of fuch-new line, with each 
of the ſingle letters contained in all the foregoing lines of quantities; and that 
the ternions or triplets, or parcels conſiſting of three letters, in ſuch new line, are 
formed by combining the ſingle letter which is placed in the beginning of. ſuch. - 

new line, with each of the 4intons or couplets, contained in all the jon lines; 
and the quaternions, or quadruplets, or parcels conſiſting of four letters, in ſuch. 
new line, are formed by combining the ſingle letter which is placed in the be- 
ginning of ſuch new line, with each of the fermions, or triplets, contained in all the 
oregoing lines; and, in like manner, in all higher combinations than quaternions,, - 
the combinations denoted by any exponent m in ſuch new line are formed by 
combining the. ſaid. ſingle letter which is placed in the beginning of ſuch new- 
line, with -all the combinations denoted by the next lower exponent m — 1 
contained in all the foregoing lines. It follows therefore that the number of 
kinions, or. couplets, of letters in every new line will be equal to the number of all; 
the. 


— 
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the ſingle letters in all the foregoing lines taken together; and that the number 
of ternions, or triplets, of letters in fuch new line, will be equal to the number of 
all the binions, or couplets, of letters in all the foregoing lines taken together; 
and the number of quaternions, or quadruplets, of letters in ſuch new line, will 
be equal to the number of all the ternions, or triplets, of letters in all the forego- 
ing lines taken together; and in like manner, that the number of combinations 
of any higher order than quaternions, denoted by the exponent n, in ſuch new 
line, will be equal to the number of combinations of the next lower order, which 


is denoted by the exponent mz — 1, in all the foregoing lines taken together. 


From theſe obſervations we may derive the following concluſions”: 


41. Firſt Concluſion. As there is only one ſingle letter in each of the ſaid lines, 
or rows, of quantities, to wit, the letter in the beginning of the line, the ſingle 
letters in all the lines ſucceſſively will exhibit a ſet of units, to wit, 1, 1, 1, 1, 
1, 1, 1, 1, &c, which are the figurate numbers of the firſt order. 


42. Second Concluſion. As there is no binion, or couplet, of letters in the firſt 
line (which contains only the letter a), and there is only one binion in the ſe- 
cond line, to wit, a+; and two binions in the third line, to wit, ac, bc; and 
three binions in the fourth line, to wit, ad, bd, cd; and, in general, as the 
number of binions in every new line is equal to the number of the ſingle letters 
in all the preceeding lines taken together; it follows that the numbers of binions, 
or couplets, of letters in the firſt, ſecond, third, and fourth, and other follow- 
ing lines, will be o, 1, 1+1,1+1+1,1+1+1+11+1+1+1 
+ 1, &c, or o, 1, 2, 3, 4, 5, &c, or the ſeries of numbers 1, 2, 3, 4, 5, &c, in 
their natural order, with a cypher, o, prefixed to them. 

Theſe numbers form an arithmetical progreſſion, in which the common dif- 
ference of the terms is 1; and they are often called tbe natural numbers, or a ſeries 
of lateral numbers, or the figurate numbers of the ſecond order. 


43. Third Concluſion. As there are no ternions, or triplets, of letters in the two 
firſt lines; and there is one ternion, or triplet, to wit, @&c, in the third line; and 
1 + 2, or 3 ternions, to wit, a b d, ac d, and cd, in the fourth line; and 1 + 2 
+ 3, or 6 ternions, to wit, abe, ace, b ce, ade, Ide, cde, in the fifth line; and, 
in general, there are as many ternions in every new line as there are binions in 
all the foregoing lines together; it follows that the numbers of ternions, or tri- 
plets, of letters in the firſt, ſecond, third, fourth, fifth, and other following 
lines, or rows, of quantities will be o, o, 1, 3, 6, 10, 15, 21, 28, &c, which are 
formed by the continual addition of the numbers of the binions contained in the 
ſaid lines, or of the terms of the ſeries o, 1, 2, 3, 4, 5, 6, 7, &c, with a new cy- 
pher, o, prefixed to them. | | 

Theſe numbers o, o, 1, 3,6, 10, 15, 21, 28, &c, are often called the trigonal, 
or triangular, numbers, or the figurate numbers of the third order. 


44. Fourth Conclufion. As there are no quaternions, or quadruplets, in the 
three firſt lines; and there is one quaternion, or quadruplet, to wit, 45 cd, in 
| the 
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the fourth line; and 1 + 3, or 4, quaternions, to wit, abce, abde, acde, and 
$cde, in the fiſth line; and as, in general, there are as many quaternions in 
every new line as there are ternions in- all the foregoing lines together ; it fol- 
lows that the number of quaternions or-quadruplets, of letters in the firſt, ſecond, 
third, fourth, fifth, and other following lines, or rows, of quantities, will be 
o, o, o, I, 4, 10, 20, 35, 56, 84, &c, reſpectively; which numbers are formed 
by the continual addition of the ternions, or triplets, contained in the ſaid lines, 
or of the terms of the laſt preceeding ſeries o, o, 1, 3, 6, 10, 15, 21, 28, &c, 
with a new cypher, o, prefixed to them. | 
Pyra- 


Theſe numbers o, o, o, 1, 4, 10, 20, 35, 56, 84, &c, are often called the 
midal numbers, or the figurate numbers of the fourth order. | 


45. Fifth Concluſion. In like manner the numbers of the quinions, - or quintu- 
plets, of letters contained in the ſeveral ſucceſſive lines, or rows, of quantities be- 
ginning with the letters a, 5, c, d, e, &c, will be o, o, o, o, 1, 5, 15, 35, 70, 126, 
210, &c, reſpectively; which are formed by the continual addition of the qua- 
ternions, or quadruplets, contamed in the ſaid lines, or of the terms of the laſt 
preceeding ſeries o, o, o, 1, 4, 10, 20, 35, 56, 84, &c, with a new eypher, o, 
prefixed to them. N 

Theſe numbers o, o, o, o, 1, 5, 15, 35, 70, 126, 210, &c, are often called the 
triangulo-pyramidal, or trigono-pyramidal, numbers, or the figurate numbers 
of the fifth order. 1 3 


46. Sixth Concluſion. And, in like manner, the numbers of the /enions, or ſex- 
tuplets, of letters contained in the ſaid ſeveral ſucceſſive lines, or rows, of quan- 
tities beginning with the letters a, 6, c, d, e, /, g, b, &c, will be o, o, o, o, o, 1, 
6, 21, 56, 126, 252, 462, &c, reſpectively; which are formed by the eontinual 
addition of the quinions, or quintuplets, contained in the ſaid lines, or of the 
terms of the af preceeding ſeries o, o, o, o, 1, 5, 15, 35, 70, 126, 210, &Cc, 
with a new cypher, o, prefixed to them. | | 

Theſe numbers o, o, o, o, o, 1, 6, 21, 56, 126, 252, 462, &c, are often 
called the pyramido-pyramidal numbers, or the figurate numbers of the fixth 
order, | | | 


47. And in the ſame manner the numbers of the ſeptenaries, or /eptuplets, and 
efonaries, or ofuplets, and other higher combinations of the letters a, &, c, d, e, 
f, g, b, &c, contained in the faid ſeveral ſucceſſive lines, or rows, of quantities 
beginning with the ſaid letters reſpectively, will form the ſeventh and eighth and 


other following higher orders of the figurate numbers reſpectively. 


48. And thus we have unexpectedly been led by the conſideration of the 
nature of combinations to the contemplation of the fgurate numbers, or of the 
numbers that are formed from a ſeries of equal numbers, or units, to wit, 1, 1, 
1,1, 1, 1, 1, 1, 1, 1, &c, by the continual addition of all the terms, and by the 
like addition of all the terms of every following ſeries ſo obtained. For theſe 
are the numbers to which arithmeticians have given the name of the figurate 
aumbers. 2 
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49. In order to repreſent the ſeveral orders, or ſerieſes, of theſe figurate 
numbers in one view, and thereby to render what I have further to obſerve con- 
cerning them more eaſy to be apprehended, I have ſubjoined the following 
table of them, containing the firſt twelve terms of the firſt 12 orders, or ſerieſes, 
of the ſaid numbers; which the reader, if he chooſes it, may eaſily continue to a 
greater extent, both downwards, or towards the bottom of the page, and fide- 
ways towards the right hand. In this table the Indian, or Arabian, figures 1, 2, 
3, 4, 5, 6, 7» 8, 9, 10, 11, 12 (that are placed on the left fide of the table in a 
direction parallel to the fide of the page, and ſeparated from the table hy a dou- 
ble black line) expreſs the places, or numbers, of the ſeveral horizontal rows of 
numbers to which they are adjacent reſpectively, and alſo the numbers of letters, 
or things that are to be combined together. And the capital Roman figures I, 
II, III, III, IV, V, VI, VII, VIII, IX, X, XI, and XII (that are placed di- 
rectly over the table, parallel to the top of the page) expreſs the places, or 
numbers, of the ſeveral vertical columns, and are likewiſe the exponents of the 
combinations of the letters a, 6, c, d, e, f, g, b, &c, which are repreſented by 
the ſaid vertical columns reſpectively. And the ſaid vertical columns them- 
ſelves are the ſeveral orders, or ſerieſes, of figurate numbers, or of the ſeveral 
combinations of the firſt, ſecond, third, and other following orders, as far as the 
twelfth order, of which the Roman numerals I, II, III, IV, V, VI, VII, VIII, 
IX, X, XI, and XII, at the top of the table, are the exponents, with the proper 
number of cy phers, o, prefixed to them. Thus, the firſt vertical column on the 
left hand ſide of the table, under the Roman numeral J, is a ſeries of units, to 
wit, I, 1, I, 1, I, 1, 1, 1, I, 1, 1, 1, or the firſt order of figurate numbers, 
which Dr. Wallis calls Monadicks, and repreſents the numbers of the letters a, &, 
c, d, e, ,, g, b, i, k, J, and m, that occur ſingly, or without being joined with 
any other letter, in the ſeveral lines, or rows, of quantities that are ſet down in 
chap. 2, art. 28, and which are ſuppoſed to be continued to the twelfth line; 
and the ſecond vertical column on the left-hand fide of the table, under the 
Roman numeral II, is the ſeries o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, or the ſe- 
cond order of figurate numbers called the natural, or lateral, numbers *, with a 
cypher, o, prefixed to them, and repreſents the numbers of binions, or couplets, 
of the letters a, 6, c, d, e, f, g, b, i, k, l, and m, or combinations of them by two 
in a parcel, that occur in the ſaid twelve ſucceſſive lines, or rows, of quantities; 
and the third vertical column, under the Roman numeral III, is the — o, o, 
I, 3, 6, 10, 13, 21, 28, 36, 45, 55, or the third order of figurate numbers, 
called the trigonal, or triangular, numbers, with two cyphers prefixed to them, 
and repreſents the numbers of ternions, or triplets, of the letters a, 6, c, d, e, f, 
g, b, i, k, l, and m, or combinations of them by three in a parcel, that occur in 
the ſaid twelve ſucceſſive lines: and the fourth vertical column, under the Ro- 
man numeral IV, is the ſeries o, o, o, 1, 4, 10, 20, 35, 56, 84, 120, 163, or the 
fourth order of figurate numbers (called the pyramidal numbers) with three cy- 
phers prefixed to them, and repreſents the numbers of quaternions, or quadru- 
plets, of the letters a, b, c, d, e, f, g, b, i, k, , and m, or combinations of them 
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See Dr. John Wallis's Diſcourſe of Combinations, Alternations, and Aliguot Parts, bound up 
with his Algebra, page 109. 
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by four in a parcel, that occur in the ſaid twelve ſucceſſive lines: and the fiſth 
vertical column, under the Roman numeral V, is the ſeries o, o, o, o, 1, 5, 15, 
35, 70, 126, 252, 462, or the fifth order of figurate numbers (called the fri- 
angulo-pyramidal, or trigono-pyramidal, numbers) with four cyphers prefixed to 
them, and repreſents the numbers of quintuplets, or quinions, of the letters a, 
5, c, d, e, f, g, b, i, ł, I, and n, or combinations of them by five in a par- 
cel, that occur in the ſaid twelve ſucceſſive lines: and the ſixth vertical co- 
lumn, under the Roman numeral VI, is the ſeries o, o, o, o, o, 1, 6, 21, 56, 
126, 252, 462, or the ſixth order of figurate numbers (called the ramido- 
pyramidal numbers) with five cyphers prefixed to them, and repreſents the 
numbers of ſextuplets, or ſenions, of the letters a, ö, c, d, e, f, g, b, i, , I, and 
m, or combinations of them by fix in a parcel, that occur in the ſaid twelve 
ſucceſſive lines. And, in like manner, the ſix following vertical columns, un- 
der the Roman numerals VII, VIII, IX, X, XI, and XII, contain the ſeventh, 
eighth, ninth, tenth, eleventh, and twelfth orders of figurate numbers, with fix, 
ſeven, eight, nine, ten, and eleven, cyphers prefixed to them reſpectively, and 
repreſent the numbers of ſeptuplets, octuplets, noncuplets, decuplets, undecu- 
plets, and duodecuplets, or of ſeptenions, octonions, novenions, denions, unde- 
nions, and duodenions, of the letters a, 6, c, d, e, f, g, b, i, k, I, and m, reſpec- 
tively, or combinations of them by ſeven in a parcel, and by eight in a parcel, 
and by nine in a parcel, and by ten in a parcel, and by eleven in a parcel, and 
by twelve in a parcel, that occur in the ſaid twelve ſucceſſive lines. 
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3} A Table of the firſt twelve orders, or ſericſes, of figurate 
numbers, or of all the different combinations that may 
be made of twelve different letters a, b, c, d, e, f, g, 
h, i, k, Il, aud m, by taking them, firſt, fingly, and 
then combining them with each other in parcels confiſt- 
ing of two letters, of three letters, of four letters, of 
five letters, of fix letters, of ſeven letters, of eight let- 
ters, of nine letters, of ten letters, of eleven letters, and 
of twelve letters. 


The exponents of the combinations of the letters a, b, c, d, e, f, g, h, 1, k, 1, m, 
exhibited by the ſeveral vertical columns. . 
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together. a 
The ſecond column contains the numbers of letters that are to be combin 
together. 


50. The properties of the numbers exhibited in the foregoing table are truly 
curious and ſurpriſing. For it not only contains in it (as we have ſeen in the 
foregoing pages) the clue to the myſterious doctrine of combinations, but it is 
alſo the ground, or foundation, of moſt of the important and abſtruſe diſcoveries 
that have been made in the other branches of the mathematicks, as is well 
known to thoſe perſons who are ſkilled in the higher parts of geometry. We 
ſhall here give a flight ſketch, and but a flight one, of ſome of the ſaid proper- 
ties, without a formal demonſtration of any of them except the twelfth and laſt, 
which is that which is moſt immediately connected with the ſubject of combina- 
tions which we are here inquiring into; the other eleven properties being either 
eaſy conſequences of the ſaid 12th property, or being ſufficiently evident from 
the manner in which the foregoing table was conſtructed, or the ſeveral orders 
of figurate numbers generated from each other. 


Some 
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51. The firſt property. The ſecond of the vertical columns of numbers in 
the ſaid table begins with one cypher; the third column begins with two cy- 
phers ; the fourth column with three cyphers ; and, in general, every column 
with as many cyphers, wanting one, as there are units in the exponent of the 
combinations repreſented by it, ſo that, if the exponent of the column 1s c, the 
number of cyphers in the beginning of the column will be c — 1. 

This property is too evident to need, or, perhaps, to admit of, any proof. 


52. The ſecond property. The firſt ſignificant terms of the ſeveral vertical 
columns, taken in their order in a ſlanting line downwards from the top of the 
table on the left hand to the bottom of it on the right hand, are the ſame with the 
ſignificant terms of the firſt vertical column; and the ſecond ſignificant terms of 
the ſeveral vertical columns, taken in the ſame manner, are the ſame with the 
ſignificant terms of the ſecond vertical column; and the third fignificant terms of 
the ſeveral vertical columns, taken in the ſame manner, are the ſame with the 

nificant terms of the third vertical column ; and, in like manner, the fourth, 
fifth, fixth, and other following, ſignificant terms of the ſeveral vertical columns 
are the ſame with the ſignificant terms of the fourth, fifth, fixth, and other fol- 
lowing, vertical columns, reſpectively : ſo that the firſt of thoſe oblique lines of 
terms conſtitutes a ſeries of units, or 1, 1, 1, 1, 1, I, 1, 1, 1, 1, 1, 1, or the 
firſt order of figurate numbers; and the ſecond of thoſe oblique lines of terms 
conſtitutes a ſeries of the natural, or lateral, numbers, or 1, 2, 3, 4, 5» 6, 7, 
8, 9, 10, 11, or the ſecond order of figurate numbers; and the third of thoſe 
oblique lines of terms conſtitutes a ſeries of the trigonal or triangular numbers, 
to wit, I, 3, 6, 10, 15, 21, 28, 36, 45, 55, or the third order of figurate num- 
bers; and, in like manner, the fourth, fifth, ſixth, and other following oblique 
lines of terms, conſtitute the fourth, fifth, ſixth, and other following orders of 
figurate numbers reſpectively. 


53. The third property. The ſecond term in every vertical column, begin- 
ning from 1, is the ſame number as the exponent of the combinations exhibited 
by the ſaid column, or as the number denoted by a Roman numeral at the top 
of the column, which denotes its place or order in the table, Thus, the ſecond 
term of the fourth vertical column 1, 4, 10, 20, 35, 56, 84, 120, 165, reckon- 
ing from 1, is 4; and the ſecond term of the fifth vertical column is 5, and the 
ſecond term of the ſixth vertical column is 6; and the ſame thing may be ob- 
ſerved in all the following columns. 

This property is too evident to need a proof. 


54. The fourth property. Every term in the foregoing table is equal to the 
ſum of all the terms that ſtand above it in the next preceeding vertical column. 
Thus, for example, 56 (which is the ſixth fignificant term in the fourth vertical 
column) is equal to the ſum of 1, 3, 6, 10, 15, and 21, which are the firſt fix 

_— ſignificant 
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ſignificant terms of the next preceeding, .or third, vertical column, and which all 
land above the ſaid term 56, or above the term 28 in the third vertical column, 
which ſtands even with the ſaid term 56 in the fourth column. 

This property is manifeſt from art. 40, 41, 42, &c — — 48. 


55. The fifth property. Every term in the table, after the firſt term 1 in 
each horizontal row of terms, is equal to the ſum of the two terms that ſtand im- 
mediately above it in the ſame vertical column and in the next preceeding ver- 
tical column. Thus, for example, 56 (which is the gth term in the fourth ver- 
tical column, including the cyphers, or the ſixth term excluſive of the cyphers) 
is equal to the ſum of 35, which is the term next above 56 in the ſame vertical 
column, and 21, which is the term next above 56 in the next preceeding or 3d 
vertical column. And, from the manner in which the table 1s formed, the ſame 
thing is evident of every other term in the table. 


56. The ſixth property. The terms of every tranſverſe, or horizontal, co- 
lamn increaſe gradually from 1 to a certain magnitude, and then decreaſe again - 
by the ſame degrees to 1, fo as to make the terms that are equidiſtant from the 
beginning and the end of the column be equal to each other. Thus, for ex- 
ample, the terms of the 7th tranſverſe, or horizontal, column are 1, 6, 15, 20, 
15, 6, 1, in which the firſt and the laſt term are both of them equal to 1, the 
ſecond term and the laſt term but one, are, both of them, 6, the third term and 
the laſt term but two are, both of them, 1 5, and the middle term is 20, which is 
greater than any of the others. And the ſame thing may be obſerved in all the 
other tranſverſe or horizontal columns. 


57. This property may be ſhewn to be general or to extend to all the tranſ- 
verſe, or horizontal columns, how numerous ſoever, to which we may ſuppoſe 
the table to be continued, as well as to the twelve columns ſet down in the 
going table, by proving that, if it is true in any one horizontal column (as we 
have ſeen that it is in all the horizontal columns ſet down in the foregoing table), 
it will alſo be true in the next following horizontal column. Now this may be 
proved in the manner following. 2 | 

It appears from the fifth property already mentioned, that the ſecond and other 
following terms of every new tranſverſe, or horizontal, column are equal to the 
ſums of the two terms that ſtand immediately above them in the ſame vertical 
column and in the next preceeding vertical column, reſpectively, or to the ſuc- 
ceſſive ſums of the terms of the next preceeding horizontal column, taken two 
by two. Thus, for example, the ſecond, third, and other following terms of the 
8th horizontal column are 7, 21, 35, 35, 21, 7, and 1 ; of which 7 is = 1 + 6, 
or the ſum of the firſt and ſecond term of the next preceeding, or yth horizontal 
column 1, 6, 15, 20, 15,6, 1; and 21 is = 6 + 15, or the ſum of the ſecond 
and third terms of the ſaid ſeventh horizontal column; and 35 is = 15 + 20, or 
the ſum of the third and fourth terms of the ſaid ſeventh horizontal column ; 
and the ſecond 35 is = 20 + 15, or the ſum of the fourth and fifth terms of the 
faid ſeventh horizontal column ; and the ſecond 21 is = 15 + 6, or the ſum of 

| the 


from James Bernoulli's Treatiſe De Arte Conjectandi. 53 


the fifth and ſixth terms of the ſaid ſeventh horizontal column; and the ſecond 
7is=6 + 1, or the ſum of the ſixth and ſeventh terms of the (aid ſeventh ho- 
rizontal column; and the ſecond 1 is = 1 + o, or the ſum of the ſeventh and 
eighth terms of the ſaid 7th horizontal column. So that the terms of the ſaid 
8th horizontal column, 1, 7, 21, 35, 35, 21, 7, 1, may be derived from the 
terms of the next preceeding, or 7th, horizontal column, 1, 6, 15, 20, 15, 6, 1, 
by ſetting down the latter terms twice following in two parallel horizontal rows, 
with the terms 1n the lower row adyanced one ſtep to the right hand beyond thoſe 
in the upper row, fo that the firſt term of the ſecond row ſhall be immediately 
under the ſecond term of the firſt row, and the ſecond term of the ſecond row 
under the third term of the firſt row, and the third term of the ſecond row under 
the fourth term of the firſt row, and every following term of the ſecond row un- 
der the next higher term of the firſt row, and then adding the correſpondent 
terms, or the terms which ſtand in the ſame vertical lines, together, in the man- 
ner following. 

1, 6, 15, 20, 16, 6, 1 

1, 6, 1, 20, 13, 6, I 

I, 7, 21, 35, 35, 21, 7, 1 
Now from this manner of deriving the terms of the 8th horizontal row of num- 
bers from the th horizontal row of numbers, it is manifeſt that, ſince the terms 
of the ſeventh row that are equidiſtant from the two extreme terms 1 and 1, are 
equal to each other, the terms of the 8th row which are equidiſtant from the two 
extreme terms 1 and 1, muſt likewiſe be equal to each other, being the ſums of 
equal numbers that are added together in an oppoſite order, to wit, 6 + 1 and 
1 + 6, 15 + 6 and 6 + 15, and 20 + 15 and 15 + 20. And this method of 
reaſoning will prove in like manner that, ſince the terms of the 8th horizontal 
row of numbers that are equidiſtant from the two extreme terms 1 and 1 are 
equal to each other, the terms of the gth horizontal row of numbers that are 
equidiſtant from the two extreme terms 1 and 1 will alſo be equal to each other; 
and conſequently that, to whatever extent the table be ſuppoſed to be continued, 
the terms of every following horizontal row of numbers. that are equidiſtant 
from the two extreme terms 1 and 1 will be equal to each other. Q. E. D. 


58. The ſeventh property. If we take a certain number of vertical columns 
of numbers in the foregoing table, and continue the terms in each column till 
they are as many as there are columns, and then add up the ſeveral numbers in 
each column, and place the ſums thereby obtained in a new horizontal line, or 
row, at the bottom of the ſaid columns, the firſt of theſe ſums will be equal to 
the laſt but one, the ſecond of them to the laſt but two, the third of them to the 
laſt but three, and in general, the mth term to the laſt but . Thus, for ex- 
ample, if we take the firſt eight vertical columns, and continue them to eight 
terms each (including the cyphers in the beginning of all but the firſt column), 
and then add the numbers in each ſeparate column into one ſum, the ſums there- 
by obtained will be 8, 28, 56, 70, 56, 28, 8, and 1; of which the firſt ſum 8 is 
equal to the laſt but one, the ſecond ſum 28 is equal to the laſt but two, and the 
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- third ſum 56 is equal to the laſt but three, and the fourth term 70 is itſelf the 
laſt term but four. | 
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. 59. This property follows from the fourth property, which is mentioned 
above in art. 54. For, by that property, each of the ſaid ſums 1s equal to the 
next following term of the next horizontal row of numbers, that is, in the ex- 
ample here given, of the ninth horizontal row of numbers -in the foregoing 
table, which is 1, 8, 28, 50, 70, 56, 28, 8, and 1; to wit, the ſum of the units 
in the firſt vertical column is equal to the ſecond term 8 of the ſaid ninth hori- 
zontal row of numbers, and the ſum of the numbers 1, 2, 3, 4, 5, 6, 7, in the 
ſecond vertical column is equal to the third term 28 of the ſaid ninth horizontal 
row of numbers; and the ſum of the numbers 1, 3, 6, 10, 15, 21, in the third 
vertical column is equal to the fourth term 56 of the ſaid ninth horizontal row 
of numbers; and in like manner, the ſums of the numbers 1, 4, 10, 20, 35, in 
the fourth vertical column, and 1, 5, 15, 35, in the fifth vertical column, and 
of the numbers in the ſixth, ſeventh, and eighth vertical columns, are reſpec 
tively equal to the numbers 70, 56, 28, 8, and 1, or the fifth, ſixth, ſeventh, 
eighth, and ninth terms of the ſaid ninth horizontal row of numbers. But, by 
the ſixth property (which has been mentioned above in art. 56, and demon- 
ſtrated in art. 57) the terms of the ſaid ninth horizontal row of numbers, 1, 
8, 28, 56, 70, 56, 28, 8, and t, that are equidiſtant from the two extreme 
terms 1 and 1, are equal to each other, and muſt be ſo from the manner in which 
they are generated. Therefore the ſaid ſums of the numbers contained in the 
ſaid eight vertical columns, being equal to the ſecond, third, fourth, and other 
following terms of the ſaid ninth horizontal row of numbers, muſt be ſuch that, 
if an unit be prefixed tq them 2 their number will be increaſed to nine 
terms), the terms that are equidiſtant from the two extreme terms 1 and 1 will 
be equal to each other. And conſequently, if an unit be not prefixed to them, 
the firſt of thoſe ſums will be equal to the laſt of them but one, and the ſecond of 
them will be equal to the laſt but two, and the third of them will be equal to 
the laſt but three, and the mth of them will be equal to the laſt but W. And 
this, 1t is evident, will be true, if inſtead of eight vertical columns continued to 
eight terms each, we were to take any other number of vertical columns, how 
great ſoever, and continue them till the number of the terms in each column 
(including the cyphers) was equal to the number of the columns. And there- 
fore it is true univerſally. | E KE. D. 
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60. The eighth property. The horizontal rows of numbers in the foregoing 
table of combinations exhibit the co- efficients of the terms of the ſeveral ſuc- 
ceſſive powers of a binomial quantity, as a + 3. The numbers in the ſecond 
horizontal row, to wit, 1, and 1, are the co-efficients of the two members @ and 
3 of the ſaid binomial quantity itſelf. The numbers in the ſecond horizontal row, 
to wit, 1, 2, and 1, are the co-ethcients of the ſeveral terms of the quantity 
aa + 24 + bb, which is the ſquare of the ſaid binomial quantity. The num- 
bers in the third horizontal row, to wit, 1, 3, 3, and 1, are the co-efficients of 
the ſeveral terms of the quantity a? + 3 4˙ + 3 a#&* + , which is the cube of 
the ſaid binomial quantity. The numbers 1n the fifth horizontal row, to wit, 
I, 4, 6, 4, and 1, are the co-efficients of the ſeveral terms of the quantity 4 
+ 44% + 646 + 44% + , which is the 4th power of the ſaid binomial 
quantity. And, in like manner, the numbers in the ſixth, ſeventh, eighth, 
ninth, and every following horizontal row, are the co-efficients of the terms of 
the fifth, ſixth, ſeventh, and other following, powers of the ſaid binomial quan- 
tity. | : 


61. This property will appear from the manner in which the powers of the 
binomial quantity @ + & are generated from each other by multiplication, 
which is as follows. 


— 


4273 
4243 
aa + ab 
+ && + bb 
aa + 2b +bb = 4 + 6\* 


4 + 2a*b + abb 
+ a*b + 2abb + 63 


a* + 34*b + 3a +4 S4 +8 
a + | 


a* + 345 + 34˙˙ + ab? 
+ 4a*b + 34a*b* + 3ab* + b* 


2 + 4% + 625. + 4 TU = Y- 
Or, if, for brevity's ſake, we ſubſtitute 1 + 1 inſtead of a + 5, the multiplica- 


tion will be as follows. 


* 
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1+4+6+4+1=1+17. 


Here we ſee that every new. power of the binomial quantity 1 + 1 is formed 
by adding _—_ the terms of the next preceeding power of it by two at a 
time, or in ſetting down the terms of the preceeding power twice following in 
two parallel horizontal rows, with the terms in the lower row advanced one itep 
to the right hand beyond thoſe in the upper row ; which 1s the manner in which 
the ſeveral horizontal rows of numbers in the foregoing table of combinations 
are, or may be derived from each other, as appears from the 5th and 6th proper- 
ties above-mentioned in art. 55, 56, and 57. Therefore, fince theſe co-efficients 
of the terms of the powers of the binomial quantiry 1 + 1 are generated from 
1 + 1 in the ſame manner as the zd, 4th, 5th, and other following rows of 
numbers in the foregoing table of combinations are generated from the ſame 
numbers 1 and 1 in the ſecond horizontal row, it follows that the numbers con- 
tained in the 3d, 4th, 5th, and other ſubſequent horizontal rows muſt coincide 
with, or be the ſame with, the co-efficients of the terms of the ſquare, cube, 
fourth power, and other following correſpondent powers of the faid binomial 
quantity. . k. D. 


62. The ninth property. The ſums of the numbers contained in the ſeveral 
ſucceſſive horizontal rows in the foregoing table of combinations increaſe conti- 
nually in the proportion of 1 to 23 or the ſum of the numbers in every new ho- 
rizontal row is double of the ſum of the numbers in the next preceeding hori- 
zontal row. Theſe ſums are as follows. 

In the iſt horizontal row 1 + O + o &c are 1. - 

In the 2d horizontal row 1 +1 + o + © &c are = 2. 

In the 3d row 1 +2+1+0+0& are = 4. 

In the 4th row 1 OE + o + o &care = 8. 

In the throw 1 +4 +6 +4+1+0+0&care= 16. 


% 
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In the 6th row 1 +5 + 10 + 10+ 5 +1 &c are = 32. 

In the 7th row 1 +6 + 15 +20 +15 +6 +1 are = 64. 

In the 8th row 1 +7 ＋ 21 + 35 +35 +21 +7 +1 are = 128. 

Each of theſe ſums is double of the ſum immediately preceeding it. And 
the ſame thing is true of the ſums of the terms of the four following horizontal 
rows in the foregoing table, and of the ſums of the terms of all the following 
horizontal rows that would belong to it, if it were continued to any greater 
number of vertical columns and horizontal rows whatſoever. 


63. This property follows from what has been ſhewn above in art. 57, to 
wit, that every new horizontal row of numbers in the ſaid table may be derived 
from the next preceeding horizontal row of numbers by ſetting down the num- 
bers of the ſaid preceeding row twice following in two parallel horizontal rows, 
with the terms in the lower row advanced one fe further to the right hand than 
the terms in the upper row, and then adding = terms of the two rows that 
ſtand in the ſame vertical lines together. For the ſum of the numbers con- 
tained in the new horizontal line ariſing from the addition of the ſaid two lines 
together, muſt evidently be double of the ſum of the numbers in only one of 
the lines ſo added. Thus, if we ſet down the numbers of the 7th horizontal 
row of numbers, to wit, 1, 6, 15, 20, 15, 6, 1, twice following in two parallel 
rows one under the other, as follows, ; 

1, 6, 15, 20, 15, 6, 1 
3 655 20, 1, 6, I, 
and then add the two rows together, ſo as to make a new line of numbers, to wit, 
I, 7, 21, 35, 35, 21, 7, 1, | | 
it is evident that the ſum of the numbers contained in this new line muſt be 
double of the ſum of the numbers contained in either of the two former lines. 


d. E. b. 


64. This property may alſo be derived from the laſt or 8th property, ſet forth 
and proved in art. 60 and 61. For, ſince every new power of the binomial 
quantity 1 ＋ 1 muſt be greater than the next preceeding power of it in the pro- 
portion of 1 + 1, or 2, to 1; and it has been ſhewn in art. 61, that the ſeveral 
horizontal rows of numbers in the foregoing table exhibit the members of the 
ſeveral ſucceſſive powers of the binomial quantity 1 + 1; it follows that the 
ſaid horizontal rows of numbers muſt be greater, one than the other, in the ſame 
proportion of 1 + 1, or 2, to 1. a. E. . 

65. The tenth property. If the ſums of the numbers contained in the ſeveral 
horizontal rows of the foregoing table of combinations be continually added to 
each other, the new ſums thence ariſing, or the ſums of the former ſums, will 
form a ſeries of numbers, which will be equal to the ſeveral powers of 2; with 
an unit ſubtracted from them, or to 2 — 1, J — 1,2} —1,2'—1,2* 1, 
2 — 1, A1, &c, or to 2 — 1, 4 1, 8 — 1, 16 — 1, 32 — 1, 64 1, 
128 — 1, &c, or 1, 3, 7, 15, 31, 63, 127, &c. | 


Thus, for example, the ſums of the cight firſt horizontal rows of numbers are 
Vol. III I | v5 
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I, 2, 4, 8, 16, 32, 64, and 128, reſpectively, as we have ſeen in art, 62, Now, 
if theſe ſums are added together, we ſhall have | 

1828 128 BT 

114223 21 —1 2 J 1, 

1 ＋ 2 142 7 28-1 21, 

112714182 15 2 16 — 1 = 2 — 1, 

17 21478 4 16 2 31 2 32 —- 1 2] — , 

142 14441473 T7 16 ＋ 32 3 63 = 64 — 1 = 20 — 1, 
17127478 7 16 ＋ 32 + 64 127 =128=1=2 1, | 
and 1 +2 +4 +8 4 16 ＋ 32 1 64 TT 128 255 256 — 1 A1. 
And univerſally, if the number of the horizontal rows be x, the ſum of the ſums 
of all the numbers contained in them will be 2Þ — 1. 


66. This is evident from art. 33. For the ſum of all theſe ſums is the num- 
ber of all the poſſible combinations of # letters; which is ſhewn in art. 33 to be 


= 2]" — 1. Therefore the ſucceſſive ſums of the ſums of all the numbers con- 
tained in the ſaid horizontal rows will form the ſeries 1, 2 — 1, . — 1, J. — x, 


2 —1,2' —1,2*—1,2'—1,2'—1,&c....2 . Q. E. D. 


67. The eleventh property. If we divide the terms of the ſecond, or any 
other of the vertical columns of the foregoing table of combinations by the cor- 
reſponding terms (or terms ſituated in the ſame horizontal line) of the next 
preceeding vertical column, the ſeveral quotients thence ariſing will be equal to 
the terms of an arithmetical progreſſion conſiſting of fractions, of which the com- 
mon difference is a fraction of which an unit is the numerator, and the number 
which is the exponent of the firſt of the ſaid vertical columns (by the terms of 
which the terms of the other vertical column are divided) is the denominator. 

Thus, for cxample, if we divide each of the terms of the ſecond vertical co- 
lumn o, 1, 25 3, 4, 5, 6, 7, 8, 3 10, 11 (omitting the firſt term, which is a 
cypher, or o), by the correſponding term of the firſt vertical _—_— 8 

| n ee 2 


. . T 2 9 
I, I, I, I, I, 1, 1, 1, the quotients will be , T. =, 177 >, 77 17. 75 2. 


— ; =, which differ from each other by the common difference = 

And, if we divide each of the terms of the third vertical column o, o, 1, 2, 
6, 10, 15, 21, 28, 36, 45, 55 (omitting the two cyphers) by the correſpond- 
ing term of the ſecond vertical column, o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, the 


8 . I 6 10 16 21 28 36 95 a 


tively equal to = = 2, 2 — A 2, = 2, and _ which differ from each 
by the fraction —, of which 1 is the numerator, and 2, or the exponent of the 


ſecond 
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ſecond vertical column o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 (by the terms of 
which the terms of the third vertical column are divided) i is the denominator. 

If we divide the terms of the fourth vertical column (omitting the cyphers at 
the beginning) by the correſponding terms of the chird column, the quotients 
will be as follows; to wit, 


II 


If 


I 


S Ss zHEAIs SIS ee 
[| 
þo w» | ow [ww | ow [aw [a wfwlnw|, 


45 
and - 2, which differ from each other by 


the fraction , of which 1 is the numerator, and 3, or the exponent of the third 


vertical column (by the terms of which the terms of the fourth vertical column 


are divided) is the denominator. 
In like manner the quotients that ariſe by dividing the terms of the fifth ver- 
tical column by _ correſponding terms of the fourth vertical column are the 


following, to wit, 22 T, 2, — D —, an and 285 which are reſpectively 
equal to 5, 5, 4, 4, 4 4. 4. md 

And the quotients that ariſe by dividing the terms of the ſixth reel 72 
lumn by the correſponding terms of the fifth vertical column are =, . — 


E 


9 7 
Sin 3 4 2. 
75 Th —=» and 335 which are 2 equal to 55 - 5 


and L 


The quotients that ariſe by dividing the terms of er ſeventh vertical column 
7 the correſponding terms of the ſixth column are 85 — > =. = 


4, which are reſpe&ively equal to g „, 2, £, £, and 2. 


The quotients that ariſe by dividing the terms of he 8h edi column by 
the correſpondent terms of the ſeventh column are — - B 2, >. „and 222 
7 28 84 210? 462? 


which are reſpectively equal to =, =, 2, 4, and T. 
l 7 | 
b I 2 The 
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The quotients that ariſe by dividing the terms of the ninth vertical column 


by the correſponding terms of the eighth column are mY 2 =, and 255 , 
which are reſpectively equal to 75 mY 75 and 5 


The quotients that ariſe by dividing the terms of the tenth vertical column 


by the correſpondent terms of the ninth column are 8 => TT which are 


reſpectively equal to =, =, and 2. 
And the quotients that ariſe by dividing the terms of the eleventh vertical 


column by the correſpondent terms of the tenth column are 75 and 5 which 


are reſpectively equal to = and 75 


68. This property of theſe numbers might, if it were neceſſary to the main 
object of this treatiſe, be derived from the following, or 12th, property of the 
ſaid numbers, which we will now proceed to ſet forth and to demonſtrate. 


69. The twelfth property. The ſum of all the numbers contained in any 
one of the vertical columns of the foregoing table of combinations, is to the ſum 
of the like number of terms that ſhould be all equal to the laſt term of the co- 
lumn, in the ſame proportion as 1 to the exponent of the column, or the num - 
ber which denotes the place of the column, and which is marked by a Roman 
numeral figure at the top of it. % 

Thus, in column 1ſt, which conſiſts entirely of units, the ſum of all the 
twelve terms is 12, which is to the ſum of twelve terms all equal to the laſt term 
as 1 to 1, or the exponent of the firſt column. This propoſition is ſelf-evident. 

In the ſecond column the twelve terms are o, r, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
and 11; the ſum of which is 66. And the ſum of twelve terms equal to the laſt, 
or greateſt, term 11, is 132. Now 66 is to 132 as 1 is to 2, or the exponent 
of this ſecond column. 

In the 3d column the twelve terms are o, o, 1, 3, 6, 10,15, 21, 28, 36, 45, 
and 55; the ſum of which is 220. And the ſum of twelve terms equal to the 
laſt, or greateſt, term 55, is 660, Now 220 is to 660 as 1 is to 3, or the expo- 
nent of the third column. . | 

In the 4th column the twelve terms are o, o, o, 1, 4, 10, 20, 35, 56, 84, 
120, and 165; the ſum of which is 495. And the ſum of twelve terms equal to 
the laſt, or greateſt, term 165, is 1980. Now 495 is to 1980 as 1 is to 4, or the 
exponent of the 4th column. 

fa the 5th column the twelve terms are o, o, o, o, I, 5: 15, 35, 70, 126, 
210, and 330; the ſum of which is 792. And the ſum of twelve terms equal 
to the laſt, or greateſt, term 330 is 3960. Now 792 is to 3960 as 1 is to 5, or 
the exponent of the fifth column. 

In the 6th column the twelve terms are o, o, o, o, o, 1, 6, 21, 56, 126, 
252, and 462 ; the ſum of which is 924. And the ſum of twelve terms equal to 

the 
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the laſt, or greateſt, term 462 is 5544. Now 924 is to 5544 as 1 is to 6, or 
the exponent of the ſixth column. | 

In the ſeventh column the twelve terms are o, o, o, o, o, o, 1, 7, 28, 84, 
210, and 462; the ſum of which is 792. And the ſum of twelve terms equal 
to the laſt, or greateſt, term 462 is 5544. Now 792 is to 5544 as 1 to 7, or 
the exponent of the ſeventh column. 

In the 8th column the twelve terms are o, o, o, o, o, o, o, 1, 8, 36, 120, 
and 330; the ſum of which is 495. And the ſum of twelve terms equal to the 
laſt, or greateſt, term 330 is 3960. Now 495 is to 3960 as 1 to 8, or the ex- 
ponent of the eighth-column.. a N 

In the th column the twelve terms are o, o, o, o, o, o, o, o, 1, 9, 45, and 
165; the ſum of which is 220. And the ſum of twelve terms equal to the laſt, 
or greateſt, term 165 is 1980. Now 220 is to 1980 as 1 is to 9, or the exponent 
of the ſaid ninth column. 

In the 1oth column the twelve terms are o, o, o, o, o, o, o, o, o, I, 10, and 
55; the ſum of which is 66. And the ſum of twelve terms all equal to the laſt, 
or greateſt, term 55 is 660. Now 66 is to 660 as 1 is to 10, or the exponent of 
the ſaid tenth column. | | 

In the 11th column the twelve terms are o, o, o, o, o, o, o, o, o, o, I, and 
11; the ſum of which is 12. And the ſum of twelve terms all equal to the laſt, 
or greateſt, term 11, is 132. Now 12 is to 132 as 1 is to 11, or the exponent 
of the ſaid eleventh column. | 
In the 12th column the twelve terms are o, o, o, o, o, o, o, o, o, o, o, and 
1; the ſum of which is 1. And the ſum of twelve terms all equal to the laſt, 
or greateſt, term 1 is 12. Now 1 is to 12 as 1 is to the exponent of the ſaid. 
twelfth column, that exponent being 12. | 
And the ſame thing will be found to be true, if, inſtead of taking twelve 
terms in each of the ſaid vertical columns, we were to take any leſſer number, 
as five, or ſix, or ſeven, terms, or any greater number of terms whatſoever, as 
fifteen, or twenty, or a hundred terms, continuing the table both downwards 
and ſideways for that purpoſe, namely, that, if the exponent of any one of the 
vertical columns be called c, the ſum of all the terms in the ſaid column, conti- 
nued to any number of terms whatſoever, will be to the ſum of as many terms all 
equal to the laſt, or greateſt, term of the ſaid column, as 1 is to c. 


70. This is the moſt important property belonging to the figurate numbers, 
and that which will be of moſt uſe to us in treating of the doctrine of chances, 
or the art of forming probable conjectures concerning events that depend on 
chance, which is the ſubject of this treatiſe. I ſhall therefore now endeavour to 
demonſtrate this property of the ſaid numbers in a ſcientific and ſatisfactory 
manner, and ſo as to convince my readers that it muſt be true in all caſes what- 
ſoever (however great the number of vertical columns, and that of the terms in 
each vertical column, may be ſuppoſed to be taken) as well as in the ſmall num- 
ber of caſes exhibited in the foregoing table of combinations. And in order to 
this I ſhall proceed to lay down the four following preliminary propoſitions, or 
lemmas, as the ground-work of the following demonſtration, | 

| 71. The 
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LEMMa I. 
71. The ſum of any number of terms whatſoever in the firſt vertical column 
in the foregoing table of combinations is equal to the ſum of an equal number of 
terms that are all equal to the laſt term. 


DxMONSTRATION. 
This is evident, becauſe all the terms in the firſt column are units, or equal 
to the laſt term. Therefore the ſum of all the ſaid terms is the ſum of the ſame 
number of terms equal to the laſt term. | . k. D. 


2 


| Lemma II. 

72. If in any one of the vertical columns of numbers in the foregoing table 
of combinations, after the firſt column, we take as many terms (including the 
cyphers in the beginning of the column) as there are units in the exponent of the 
column, the ſum of all the ſaid terms will be to the ſum of the ſame number of 
terms that are all equal to the laſt of them in the ſame proportion as 1 is to the 
exponent of the ſaid column. 


DEMONSTRATION. | 

By the firſt property of theſe figurate numbers, ſet forth in art. 31, the num- 
ber of cyphers at the beginning of each of the ſaid vertical columns is leſs by an 
unit than the exponent of the ſaid column. And, by the ſecond property of 
theſe numbers, ſet forth in art. 52, the firſt term in every column after the cy- 
phers is an unit. Therefore the ſum of all the terms of the vertical column that 
are ſuppoſed in this lemma to be taken (which are only as many as there are units 
in the exponent of the column) will be the ſum of ſome cyphers and an unit, and 
conſequently will be equal only to an unit. And the ſum of the ſame number 
of terms all equal to the laſt will be equal to the ſum of the ſame number of 
terms all equal to unit, or will be equal to the exponent of the column. There- 
fore the ſum of all the terms in the faid vertical column will be to the fum of as 
many terms all equal to the laſt term (which is an unit) in the fame proportion 
as 1 is to the exponent of the column. | Q. E. D. 


Thus, for example, in the 4th vertical column, if we take only the four firſt 
terms o, ©, o, 1, the ſum of theſe terms will be = 1, and the ſum of four terms 
all equal to the laſt term, which is 1, will be{(=1 +1+1+1)=4 And 
therefore the former ſum is to the latter as 1 is to 4, which is the exponent of 
the faid column. And, in general, if the exponent of the column be c, and we 
take c terms in it, the c — 1 terms will be all cyphers, and the cth term will be 
1. Therefore the ſum of the ſaid c terms will be 1. And-the ſum of c terms all 
equal to the laſt term (which is 1) will be c. Therefore the former ſum will be 
to the latter ſum as 1 is to c. 

This lemma is the ſame with the general propoſition hereafter to be proved, 
or the 12th property of the figurate numbers, in the caſe of taking only the firſt 
ſignificant term in each of the vertical columns, which firſt term is always an 
unit. | 

7 | | LEMMA 
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Lemma III. | 

73. If the above-deſcribed 12th property of the —_— numbers (which we 
are preparing to demonſtrate the truth of) ſhould be found to be true im any one 
of the vertical columns of numbers contained in the foregoing table of combina- 
tions, or the ſum of any number of terms taken in the ſaid column ſhould be to 
the ſum of the ſame number of terms all equal to the laſt, or greateſt, term, al- 
ways in the ſame conſtant proportion, whatever be the number of terms ſo 
taken; and this proportion be that of 1 to a certain number denoted by r, fo 
that the ſum of the terms fo taken ſhall always be equal to the quotient that 
ariſes by dividing the latter ſum (or the ſum of the ſame number of terms all 
equal to the laſt term) by the number 7; the exceſs of the number of the terms 
fo taken above the number v will be to the exceſs of the number of terms fo 
taken above 1 in the ſame proportion as the laſt term but one of the terms ſo 


taken to the laſt term of all. 


DEMONSTRATION, 

Let the terms ſuppoſed to be taken in the ſaid vertical column be A, B, C, 
D, &c. . . . K, L, of which L is the laſt, and K the laſt but one. And let the 
number of the terms fo taken be y. We are then to prove that.» — r will be to 
1 — as K is to L. 

Now, ſince the ſum of all the » terms A, B, C, D, &... . K, L is ſuppoſed 
to be to the ſum of terms all equal to the laſt term L, or to a x L, in the 
proportion of 1 to r; and the ſum of all the terms A, B, C, D, &c... . X, L, ex- 
cept the laſt term L, or the ſum of all the » — x terms A, B, C, D, &c. . . K, 
is alſo ſuppoſed to be to the ſum of # 1 terms all equal to the laſt term K, or 


to 1 1] x K, in the ſame proportion of x to 7; it follows that the ſum of all 
the n terms A, B, C, D, & c.. . . K, L will be = — and the ſum of all the 


1 terms A, B, C, D, &c, K, will be = -=. But this latter ſam, or 


ABT C TDT & c K, is leſs than the former ſum, or A +B+C 
+D + &c K + L, by L. Therefore — = == L222 
— =, and conſequently # i] x K is g = x L. Therefore 1 — r 
is to a — l as K is to L. Q, E. D. 


LzMMA IV. 

74. If in the foregoing table of combinations, or figurate numbers, we take 
two contiguous vertical columns; and the numbers in the firſt of the two co- 
lumns are found to have the twelfth property above-deſcribed, or the ſum of 
any number of terms of it is to the ſum of as many terms all equal to the laſt, 
or greateſt, term, in the ſame proportion as the fum of any other number of irs 
terms is to the ſum of as many terms all equal to the laſt, or greateſt, of this latter 


number of terms; and the ſaid proportion is that of 1 to the number r; and — 
e 
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the ſecond of the ſaid two contiguous vertical columns it be found that for a 
certain number of terms the numbers in the ſaid column are likewiſe poſſeſſed 
of the ſame 12th property, and that the ſum of the ſaid number of terms is to 
the ſum of as many terms all equal to the laſt, or greateſt, term in the propor- 
tion of 1 to 7 ++ 1, and that the ſum of any leſſer number of its terms is to the 
ſum of as many terms all equal to the laſt, or greateſt, of the ſaid leſſer num- 
ber of terms, in the ſame proportion of 1 tor + 1; I ſay, then, that, if we 
take another term in the ſaid ſecond vertical column above the number before 
taken, and in which the faid 12th property has been found to take place, the 
ſaid 12th property will take place likewiſe with reſpe& to the numbers in the 
ſaid ſecond column, when increaſed by the ſaid new term, and the ſum of all 
the terms in the ſaid column, including the ſaid new term, will be to the ſum 
of as many terms all equal to the ſaid new term, in the ſame proportion of 1 to 
#+ L | 


DEMONSTRATION. 

Tiet n be the number of terms that are taken in the ſecond of the two verti- 
cal columns; and let the ſame number of terms be taken in the firſt of them. 
Let the terms in the ſaid firſt column be A, B, C, D, &c.. . . K, L, and thoſe 
in the ſecond column be a, &, c, d, Sc.. . . 4. J. Then, by the ſuppoſition, 
the ſum of the x terms A, B, C, D, &.. . . K, L, will be to the ſum of terms, 
all equal to the laſt term L, or to » x L, in the proportion of 1 tor; and the 
ſum of all the » terms a, 6, c, d, Sc.. 4, I, will be to the ſum of x terms all 
equal to /, or to x Xx /, in the proportion of 1 tor + 1, Now let another term 
mn be added to the former terms a, b, c, d. &c . . . . , I, of the ſecond of the ſaid 
two vertical columns. We are then to prove that the ſum of all the terms a, 6, 
c,d, Sc.. . . , I, and m (the number of which is x + 1) will be to the ſum of 
as many terms all equal to the laſt term n, or to » + 1 X n, in the ſame propor- 
tion of 1 tor + 1. p 

Now, by the 4th property of the figurate numbers above ſet forth in art. 54, 
it is manifeſt that /, or the ach term of the ſecond of the two vertical columns, 
will be equal to the ſum of all the terms in the preceeding vertical column ex- 
cept the laſt term L, or to the ſum of the x — 1 terms A, B, C, D, &c. . . . K. 
But, by the ſuppoſition, the ſum of theſe terms is Jeſs than the ſum of as many 
terms equal to the laſt term K in the proportion of 1 to r, or is equal to 


DES Therefore / is = ,. 
> 7 


But, becauſe the above-deſcribed 12th property is ſuppoſed to belong to the 
numbers of the firſt of the ſaid two vertical columns, to wit, A, B, C, D, &c .. 
K, L, and the ſum of any number of terms in the ſaid column is ſuppoſed to be 
to the ſum of as many terms all equal to its laſt term in the conſtant proportion 
of 1 tor, it follows from Lemma zd, art. 73, that 1 — r will be ton—1 as K 


is to L. Therefore » — 1] x K will be = 1 Ax L; and conſequently 


AXA—11XxXK . a—JXL 


Therefore 
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. . — : 

Therefore! (which has been ſhewn to be '= — will be = —; and 
conſequently 1 — will be to / as 7 is to L. . 

But, by the ſuppoſition, the ſum of the terms A, B, C, D, &c .. . K, L is to 
the ſum of the ſame number of terms all equal to the laſt term L, or to# x L, in 
the proportion of 1 to r. Therefore * A+B+C+D+& +K+F is 
SM x L; and conſequently r is to L as is to A ＋TBTC TDT & K 
+ L. | 
Therefore 1 r will be to as 2 is to AT BTC TDT & TK TL. 

But, by the 4th property of the figurate numbers above ſet forth in art. 54, 
m (which is the # + 1th term of the ſecond vertical column) is equal to the 
ſum of A, B, C, D, &c, K, L, or the n firſt terms of the preceeding column. 


INE n — # will be to J as u is tom; and conſequently # -H x will be 
= n » 

Bur, by the ſuppoſition concerning the numbers in the ſecond vertical co- 
lumn, the ſum of the firſt terms of it, to wit, 6 +6 +c +4 + & +k+1, 
is to the ſum of as many terms all equal to the laſt term i, or to n x 4, in the 
proportion of 1 tor + 1. Therefore 7 + 1] X 8 + 6 #6 +d + &c+kt +7 
is = 2 X /; and conſequently » — 7 X m (which is equal to » X ) will be 
=r+1ixXxa+b+i+td+&+k+1]. Thereforen—r:ir+1::e 
TS TS TAT & +k +1: m. Therefore, componendo, we ſhall have 
(„ -r +r +1,o!1) n+1:'ft+i:taa+b+c+d+& +kt+/+m 
: m; and permutando, » +1:a+b6+c+d+ &+k+4{+m:i:r+1 
: m; and, invertends, a L Te +d + & +kt+/+mn:in+1;;n 
tr + 1 But » +1 is to 5 Ti] Xmiir+1!r+a]l x . Therefore, 
ex a+b+c+d& +k+/1+m:n *:: n: 7 i) X # 
82 N pgs X i the . of Fj firſt 1 + * — of the . > 4 Kar 


column will be to » + 1 times the laſt, or » + Ih, term of the ſaid column in 
the ſame proportibn of 1 to 7 + 1 in which the ſum of the firſt » terms of it 
was to z times the laſt, or ath, term. . E. D. 


Coko LL. It follows from this lemma, that, if the number of terms in the ſe- 
cond of the two vertical columns be increaſed from # tertus to any other num- 
ber of terms whatſoever denoted by x + p, it will be true with reſpect to the 
column, when ſo increaſed, that the ſum of all its terms will be to 1 + p times 
the laſt, or greateſt, term of it in the ſame proportion of 1 tor + 1. For the 
lemina may be ſucceſſively extended from a column conſiſting of # + r terms 
to a column conſiſting of » + 2 terms, and to a column confiſting of x + 3 
terms, and to a column conſiſting of x + 4 terms, and ſo on till we come to the 
column of » + p terms; the reaſonings being exactly the ſame in this extenſion 
of it to theſe ſeveral columns of 1 + 2 terms, # + 3 terms, » + 4 terms, &c 
as in the lemma itſelf, in which, upon a ſuppoſition that the ſam of 2 terms of 
the column is to » times the laſt, or greateſt, or th, term of it in the proportion 
of 1 tor + 1, it is ſhewn that the ſum of x ＋ 1 terms of it will betox+ x 

Vor. III. K times 
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times the laſt, or greateſt, or » + 1]th, term of it in the ſame proportion of 1 to 
1 + 1. DN ig 


The principal Propoſition, or the 12th property above- 
deſcribed of the figurate numbers, or numbers contained 
m the foregoing table of combinations, is as follows. 


— 


75. The ſum of any number of terms in any of the vertical columns con- 
tained in the foregoing table of combinations is to the ſum of the ſame number 
of terms all equal to the laſt term of them, in the proportion of 1 to the expo- 
nent of the ſaid column, or to the number which denotes, or expreſſes, its place 
in the ſaid table. | 

Thus, in the firſt column, of which the exponent is 1, the ſum of any number 
of terms of it denoted by n will be to times the laſt term of it in the proportion 
of 1 to 1, or a proportion of equality. In the ſecond column, of which the ex- 
ponent is 2, the ſum of terms of it will be to the ſum of terms all equal to 
the laſt or greateſt term, in the proportion of 1 to 2. In the third column, of 
which the exponent is 3, the ſum of # terms of it will be to the ſum of x terms 
all equal to the laſt, or greateſt, term, in the proportion of 1 to 3. In the fourth 
column, of which the exponent is 4, the ſum of u terms of it will be to the ſum 
of # terms all _ to the laſt, or greateſt, term, in the proportion of 1 to 4. And, 
in general, in the cth column, or that of which the exponent is c, the ſum of 
terms of it will be to the ſum of x terms all equal to the laſt, or greateſt, or ath, 
term, in the proportion of 1 to c. 


DEMONSTRATION. 

76. The truth of this propoſition with reſpect to the iſt vertical column (which 
conſiſts wholly of units) is ſhewn above in Iemma 1, art. 71, and indeed is al- 
moſt ſelf-evident. And with reſpec to the terms of the ſecond vertical column, 
to wit, o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, and 11, &c, it may be proved by means 
of the ſecond and fourth of the foregoing lemmas in the manner following. 
Since in the firſt vertical column the ſum of any number of terms 1, 1, 1, 1, 1, 
&c denoted by n, is to the ſum of as many terms, all equal to the laſt term 1, 
as 1 is to 1; and in the ſecond vertical column the ſum of the two firſt terms o 
and 1 is to the ſum of two terms, both equal to the laſt term 1, as 1 is to 1 + 1, 
as is ſhewn in lemma 2, art. 72; it follows from lemma 4, art. 74, that in the 
ſame ſecond vertical column the ſum of the three firſt terms, o, 1, and 2, will 
be to the ſum of three terms all equal to the laſt term 2 in the ſame proportion 
of 1 to 1 + 1, or 2, and conſequently that the ſum of the four firſt terms o, 1, 
2, and 3 will be to the ſum of four terms all equal to the laſt term 3, and the 
ſum of the five firſt terms o, 1, 2, 3, and 4 will be to the ſum of five terms all 
equal to the laſt term 4, and, in general, the ſum of any number of its terms = 

n 
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noted by u will be to the ſum of » terms all equal to the laſt of them, in the 
ſame proportion of 1 to 1 + 1, or 2. fr. p. 


77. This may likewiſe be proved of the numbers contained in the ſaid ſe- 
cond vertical column, independently of the foregoing lemmas, in the manner 
following. * 

The . contained in the ſaid ſecond vertical column are o, 1, 2, 3, 4, 
5, 6, 7, 8, 9, 10, 11, &c. Now, if we ſet down theſe numbers twice over in 
two horizontal lines, one under the other, but in contrary orders, ſo that in the 
ſecond line the laſt term of the firſt line ſhall be placed firſt, and the laſt term 
but one of the firſt line ſhall be placed ſecond, and fo on, as in theſe two lines, 


o, 1, 2, 3, 4, 35 0s 75 8, 9, 10, 11, 
11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, o, 


it is evident that the ſum of every two numbers ſtanding in the ſame vertical 
line, will be equal to 11, or, in general, to the laſt, or greateſt, term of the ſe- 
ries, or (if the ſeries conſiſt of n terms, and conſequently the laſt term be x — 1) 
to n 1. Therefore the ſum of both ſerieſes will be equal to a ſeries conſiſting 
of the ſame number of terms, or » terms, all equal to the greateſt term » — 1 ; 
and conſequently the upper ſeries o +1 +2 T1 3 +4 +5 +F6+7+8 
+9 +10+11+&c..,n=— 1 alone will be equal to only half of the ſeries. 
of 1 terms all equal to x — 1, or will be to it in the proportion of 1 to 2. 

Q E. D. 


78. To demonſtrate the ſaid 12th property with reſpect to the numbers con- 
tained in the third and fourth and other following vertical columns of the fore- 
going table of combinations, we muſt have recourſe to the ſecond and fourth 
lemmas, as in the firſt demonſtration above given of the ſaid property with re- 
ſpect to the numbers in the ſecond vertical column. This may be done in the 
manner following. 

By lemma 2d it appears that this property takes place in all the vertical co- 
lumns, if we continue the terms of each column only till their number is equal 
to the exponent of the column, or ſo as to take in only the firſt ſignificant term 
of the column, which is always an unit. Therefore in the third vertical column, 
continued only to the three terms o, o, 1, the ſum of the ſaid three terms is to 
the ſum of three terms all equal to the laſt term 1, in the proportion of 1 to 3, 
or 1 to 2 + 1. But it has been ſhewn that in the ſecond vertical column o, 1, 
2, 3, 4, 5, 6, 7, &c it is true univerſally that, whatever be the number we take 
of its terms, the ſum of the ſaid terms will be to the ſum of as many terms all 
equal to the laſt term in the proportion of 1 to 2. Here therefore we have the 
caſe of lemma 4, to wit, that of two contiguous vertical columns, the ſecond and 
the third, in the former of which the ſum of any number of terms denoted by u 
is to the ſum of the ſame number of terms all equal to the laſt term in the 

rtion of t to a certain number, which we there denoted by r, and which here 
is 2, and in the latter of which the ſum of the three firſt terms o, o, 1 is to the 
ſum of three terms all equal to the _ 1 as 1 is tor + 1, or2 ＋ 1. It fol- 

2 lows 
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lows therefore from lemma 4th, that, if we take the next term 3 of the ſaid latter 
vertical column, or continue the ſaid column to four terms, the ſum of the ſaid 
four terms o, o, 1, 3 will alſo be to the ſum of four terms all equal to the laſt 
term Ain the ſame proportion of 1 to 2 + 1. And, for the ſame reaſon, the 
ſum of the five firſt terms of the {aid third vertical column will be to the ſum of 
five terms all equal to the fifth term of it, and the ſum of the fix firſt terms of it 
will be to the ſum of fix terms all equal to the ſixth term of it, and, in general, 


the ſum of apy gn number of its terms, denoted by x, will be to the ſum of 
n terms all equal to the ach term of it, in the ſame proportion of 1 to 2 5-1, or 
1 0 Z- F 24008 | | | 57 Q K. .. 


Im like manner we may prove that in the 4th vertical column the ſum of any 
number » of its terms is to the ſum of » terms all equal to its #th term in the 
roportion of 1 to 3 ＋ 1, or 1 to 4. For, fince we have proved that the pro- 
ion of theſe tuo ſums in the third column is that of 1 to 3; and by lemma 2 

it appears that, if we take only the four firſt terms of the 4th column, to wit, o, o, 
o, 1, the proportion of theſe ſums will be that of 1 to 3 + 2, or 4; it follows 
from lemma àth and its corollary, that, if we take five terms of this fourth co- 
lumn, or ſix terms of it, or ſeden tertns of it, or, in general, » terms of it, the pro- 
portion of the ſum of the terms ſo taken to the ſum of the ſame number of terms 
all equal to the laſt term will always be the ſame proportion of 1 to 3 + 1, or of 


And by proceeding to apply lemma 2 and lemma, 4 in the, ſame manner to 
the fifth, and fixth, and ſeventh, and other following vertical columns, it may be 
ſhewn that the proportion of the ſum of any number of terms denoted by » to the 
ſum of # terms all equal to the laſt, or greateſt term, will be in the fifth column 
that of 1 to 4 + 1, or 5, and in the fixth column that of 1 to 5 + 1, or 6, and, 
in the ſeventh column that of 1 to 6 + 1, or 7, and, in general, in the «th co- 
lumn that of 1 to c. 1 . 8 Q, E. D. 


79. COROLL, 1. In each of the aforeſaid vertical columns of numbers the 
ſum of any number of the terms beginning with 1, or the firſt ſignificant term 
of the column, and not reckoning the cyphers that preceed it, as we have hi- 
therto done, will be to the ſum - the ſame number of terms all equal to the 
next term in the ſaid column after the terms ſo ſummed, in the proportion of 
i to c, or the exponent of the column. | | | . 

Let the terms in the propoſed vertical column, whereof we are to ſum up the 
ſignificant terms be a, 3, c, d, &c, k, and /, including the cyphers, ſo that ſome 
the firſt letters a, &, c, &c, ſhall ſtand for cyphers, agreeably to the notation 
in lemma 4; and let the whole number of theſe terms, including the cyphers, 
be n, agreeably to the ſame notation. And let m be the term that comes imme- 
diately after / the laſt term of the ſet whoſe ſum we are to examine; or, in other 


words, let m be the n + 11th. term of the propoſed vertical column, including the 
cyphers. Alſo let c be the exponent | nr eee 
| 2 | | en 
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Then by the firſt property of the figurate numbers ſet forth above in art. 51, 7 
will be the number of cyphers in the beginning of the ſaid vertical column, and 
confequently a — r will be the number of ſignificant terms in the faid column, 
without the cyphers. We are therefore to prove that the ſum of all the x — 1 
fignificant terms of the ſaid column a, J, c, d, &c, & and ! is to the ſum of n — r 
terms all equal to the next term & in the proportion of 1 to c or of 1 tor + 1. 
Now the ſum of all the n — r ſignificant terms of the ſaid vertical column is 
equal to the ſum of all the ». terms of the ſaid column, including the cyphers, 
becauſe the cyphers are all equal to nothing. And it is ſhewn in the latter part 
of the demonſtration of lemma 4, that the ſum of the terms a, b, e, d, &e, K 
d lis to the next term m in the ſame proportion as # — "is tor 41. There- 
fore the ſum of all the » — r ſignificant terms of the ſajd column will be to the 


next term m in the ſame proportion of 1 —r tor + 1. But mis tg a- X w 
in the fame proportion as r + 1 is to = X r + 1. Therefore, er quo, the 
ſum of all the n — r ſignificant terms of the ſaid column will be to 1— X n, 
or to the ſum of 1 — terms all equal to the next term m, as 1 — 1 is to 
1 AN FTI, and conſequently as Lis tor A 1, or as 1 if to c. K. . 


* 


oe re 2777 Bs . 1 . : = b | Hh 
80. CoROLL. 2. By the help of the foregoing corollary we may find the ſum 
of any given number of terms in any of the vertical columns of the foregoing 
table of combinations, without actually adding the terms together, by proceed- 
ing in the following manner. | | 
Let the number of terms to which the ſeveral vertical columns are continued, 
be n. Then, as there is one cypher prefixed to the ſigniſicant terms in the ſecond a 
column, and two cyphers in the third column, and. three cyphers in the fourth 
column, and, in general, c — 1 cyphers in the cth column; it is evident that the 
number of terms in the ſecond column, without the cyphers, will be » — x ; and 
that of the terms in the third column, without the cyphers, will be n - 2 ; and 
that of the terms in the fourth column, without the cyphers, will be a— 3 ; and, 
in general, that of the terms in the cth column, without the cyphers, will be 


n—[c—1,orn—c + 1. The ſums of the terms in theſe ſeveral columns 


may therefore be thus determined, F 
In the firſt place, the ſum of the » fignificant terms in the firſt column, which 


are all units, will be n x 1, or ». | 

2dly, The ſum of the » — 1 ſignificant terms in the ſecond column will, by 
the foregoing corollary, be to n — 1 times the next following, or 1 + Ilch, 
term of the ſecond column as 1 is to 2. But, by the 4th property of the figurate 
numbers above ſet forth in art. 54, the 7 + 1]th term of the ſecond column is 
equal to the ſum of the firſt x terms of the firſt column, that is, to 1. Therefore 
the ſum of the n — 1 fignificant terms of the ſecond column will be to a - 
times , or to n X #—1, as 1 is to 2, and conſequently will be equal to 
u X 2 — 1 | Q. E. I. 


3dly, 


2 
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zaly, The ſum of the #— 2 ſignificant terms in the third column will, by 


the foregoing corollary, be to # — 2 times the next following, or # Ich, term 
of the ſame third column as 1 is to 3. But, by the 4th property of the figurate 


numbers above ſet forth, the 1 + Ich term of the third column is equal to the 
ſum of the firſt » terms of the ſecond column, including the cyphers, or (which: 
comes to the ſame thing) to the ſum of the firſt n — 1 ſignificant terms of the ſaid 


ſecond column ; which has juſt now been ſhewn to be equal to — There - 
fore the ſum of the n — 2 ſignificant terms in the 3d column will be to » — 2 


# Xa—T Xa—TXtX 2 


or to -, as f is to 3, and conſequently will be equal 


times 
SX IX — 2 


W . a. E. 1 


Athly, The ſum of the 1 - 3 ſignificant figures in the fourth column will, by 


the foregoing corollary, be to n — 3 times the next following, or u + 11th, term 
of the ſame fourth column as 1 1s to 4. But, by the fourth property of the figu- 


rate numbers, the » + 1]th term of the fourth column is equal to the ſum of the 
firſt » terms of the third column, including the cyphers, or of the firſt » — 2 
ſignificant terms of the ſaid third column; which has juſt now been ſhewn 


to be equal to —=Z—====, Therefore the ſum of the » — 3 ſignifi- 


2 X 3 
cant terms in the 4th column will be to » — 3 times = * W 
to =, as 1 is to 4, and conſequently will be 
2 X 3 
— — a a 
XII XZ-2 XK 2—3 
l r Q. E. I, 


zthly, In like manner the ſum of the a — 4 ſignificant terms in the fifth co- 
lumn will, by the foregoing corollary, be to n — 4 times the next following, or 
1 + th, term of the ſame column as 1 is to 5. But, by the 4th property of the 
figurate numbers above ſet forth, the » + 11th term of the fifth column is equal 
to the ſum of the firſt ꝝ terms of the fourth column, including the cyphers, or to 
the firſt » — 3 ſignificant terms of it; which has juſt now- been ſhewn to be 


—_ — 22 . Therefore the ſum of the # — 4 ſignificant terms 
2X3X4 | | 


— — — — — 


1 K iz „z 


in the fifth column will be to #» 4 times ET „or to 
— —— as 1 is to 5, and conſequently will be 
„c I XZS-2 X 2-3 Xx 2—4 | 


2 N 3K 4ͤ 5 Q. E. 1. 


And 
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And in like manner it is evident that the ſum of the » firſt terms of the eth 
column, including the c —1 cyphers in the beginning of it, or the ſum of the 


1 ſc — 1, or n—c + 1, firſt ſignificant terms of the ſaid cth column, will be 
nXn—1 — . «˙* n —— . 


equal to the fraction I BART in the nu- 
merator of which the laſt factor isn - c - 1, or 1 4 1, and in the denomi- 
nator of which the laſt factor is c. CET - 


81. Conor. 3. Since, by the 4th property of the figurate numbers above ſet 


forth in art. 54, the 7 + :]h terms of the ſecond, third, fourth, and other fol- 
lowing vertical columns of numbers in the foregoin table of combinations, 
are reſpectively equal to the ſums of the # firſt terms of the firſt, ſecond, third, 
and other following vertical columns, which ſums have been ſhewn to be, re- 


ſpectively, equal to , 2 22 2 . „ &c, it follows that the 
1 + ilch terms of the ſecond, third, fourth, fifeh, eth, and other following ver- 


4 „ 1 n K 1 I „ 2 1 * 1 „ 2 3 

e e ee 2X 3 : 2 * 3 * 4 , 

242 t, &c; and conſequently, as every term in 
17 3 


the firſt vertical column is = 1, the » + ilch terms of the firſt, ſecond, third, 


tical columns will be x, 


fourth, fifth, ſixth, and other following vertical columns will be 1, », Sond - — 
1 „ 7 I „ 72 n X IXI —-—2 X 1 — 3 „ „ i „ „„ 7 
SR 3 2 * 3 * 4 4 2X3X4X5 , 


&c; and, in general, the 2 + ilch term of the «h column will be 
22... ͤ LI WELL. bold dhe 
2XZ3X4X5X& Xx 7=1_ 


82. CoroLL. 4. Since the # + iſth terms of the firſt, ſecond, third, fourth, 
fifth, ſixth, and . following vertical columns of the foregoing table of com- 


#Xa—l zXn-—11I XxX z-—2 2 XS—I XG Sims 


binations are 1, 2, > 1 , ANT , 
1 * — —— &c, nXn—1 Xu—2Xn—3JXnu—4X& Xn—c>+2 
2 Xx 3 * 4 * 5 2XZX4X5X&@Xc=r : 


it follows that the »th terms of the ſaid vertical columns will be ſuch as ariſe by 
ſubſtituting #. — 1 inſtead of u in the foregoing values of the x" Ich terms, and 


conſequently will be as follows, to wit, 1, 1 — 1, — —.— 2 


IXS S-ASXK 2 3X 224 S—IXS—22X3S3-—JX3—<4xX23=—-50 & 
2X 3 X 4 , rr 
n—l1Xn—2Xn=—-3JXn—-4Xn-—;;X&Xn—-c+1 
» — — . 
2X3X4X5X&xXc=1 


Aa 
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An Example of the truth of Coroll. 4. 


— . —— 


83. As an example of the truth of this corollary we will derive in this manner 
the numbers that form the loweſt horizontal row of terms in the foregoing table 
of combinations, or the twelfth terms of the ſeveral vertical columns of ihe ſaid 
table. | 

Now in this caſe u, or the number of terms in the ſeveral vertical columns, is 
= 12, Therefore 1 1, 2, 1 3, 14, 1 5, 1 6, 12 7, 128, 
1-9, 1 10, and» — 11 are reſpectively equal to 11, 10, 9, 8, 7, 6, 5, 4, 
3, 2, and 1. Therefore » — 1, or the twelfth term of the ſecond vertical co- 


1 —IX 2 2 


„or the 12th term of the third vertical 


column, will be (= 1 — 1 * — = 1X — = 11 * =) = II X 5 


lumn will be = 11; and 


n—IXnA—2X 23 
2 X 3 5 


n — IX — 2 1 — | 


lumn, will be (= * i ss x2=55 x3) 


= 553 and or the 12th term of the fourth vertical co- 


m — IXI —2 Xx 2 —-3 & 2 — 
2 X 3X 4 


= 1653 and + or the 12th term of the 5th vertical 


column, will be (= — — X 165 X==S = i6s x < 


3 : n—IXn—2Xa—3Xn=4Xn—5; | 
= 165 X 2) = 330; — 2237 475 » Or the i ath term 


6b — 


of che ſixth vertical column, will be ( — n => e — 


= 330 X 2 = 330 X 7 = 66 X 7) = 462; and, in like manner, the 


12th term of the ſeventh vertical column will be (= 462 x = = = 462 * 8 


= 462 X 1) = 462; and the 12th term of the eighth vertical column will be 
(= 462 X —— = 462 x > = 66 X 5) = 330; and the 12th term of the 
ninth vertical column will be (= 330 Xx = = 330 X = 2 330 X 5 
= 165; and the 12th term of the tenth vertical column will be (= 165 
x 2 = 165 x 2 = 165 * ===) = $55; and the 12th term of the 


# — 10 
10 


T 


$ 


eleventh vertical column will be (= 55 X = $55 X = = 55. 


— = = 11; and the 12th term of the twelfth, or laſt, vertical column will be 


(= 11 K —= = 11 Xx =} = 1. Therefore the 12th terms of the faid 


twelve 
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twelve vertical columns will be as follows, to wit, 1, 11, 55, 165, 330, 462, 
462, 330, 165, 55, 11, and 1; which are the numbers ſet down in the forego- 


ing table. 


84. CoROLL. 5. It has been ſhewn above in art. 60 and 61, that the horizon- 
tal rows of numbers in the foregoing table of combinations exhibit the co- effi- 
cients of the terms of the ſeveral ſucceſſive powers of a binomial quantity, ſuch 
as 4 + b. It follows therefore that, if the binomial quantity a + & be raiſed to 
the power of which any whole number denoted by # is the index, the co-effi- 


cients of the terms of the ſaid power will be 1, 1, 1 x =, 2:.X —— WOT 


1 * — *** *.* * 2 * kx, and conſe- 
quently that a + A-, or the ſaid mth power of a + b, will be equal to the ſeries 


r SIXT XEXE Wes 


n—1 1 — 2 —3 n—4 n—1 1 — 2 12 —3 n—4 
* <— of i * - X 4 * XK —— * 8 * * 


4 , + &c®. 


A demonſtration of the 2d, zd, and 4th foregoing lem- 
mas, contained in art. 72, 73, and 74, by Mr. Jobn 
Bernoulli, the author”s brother. 


85. Many years ago, when I communicated. the foregoing propoſitions con- 
cerning the figurate numbers to my brother, Mr. John Bernoulli, he obſerved 
to me that the demonſtrations of them might be made ſhorter and more elegant 
by uniting the three laſt of the four preceeding lemmas into one, in the manner 
following. 


— —.— — U— 


A LEMNA. : 

If in a table of the figurate numbers (ſuch as the foregoing table of combina- 
tions in page 50, art. 49) it be the property of the terms of any one of the verti- 
cal columns that, if we take, 1ſt, any number of ſucceſſive terms in it, and, 
2dly, the ſame number of terms, all equal to the laſt, or greateſt, of the ſaid 
ſucceſſive terms, the ſum of the ſaid ſucceſſive terms ſhall be to the ſum of the 
ſame number of terms all equal to their laſt, or greateſt, term in the conſtant pro- 
portion of 1 to a certain number denoted by the letter r; then it will follow that, 
if in the next higher vertical column of the ſaid table of figurate numbers we take 
a number of ſucceſſive terms greater by an unit than the number of ſucceſſive 


This is the famous binomial theorem invented by Sir Iſaae Newton, but of which he has no 
where given a demonſtration. And the demonſtration here given of it by Mr. James Bernoulli is 
that to which I alluded in the firſt wehume of this cellefiicn of trafls, page 349, art. 4, and in the 
ſecond volume of this collection, page 157, art. 9. 
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terms taken in the former vertical column, the ſam of theſe ſucceſſive terms in 
this ſecond column will be to the ſum of the fame number of terms all equal to 
the laſt, or greateſt, of the ſaid ſucceſſive terms in the proportion of 1 tor + 1. 


| DEMONSTRATION. | 

Let the terms of the former of the two vertical columns be a, 5, c, d, e, and f, 
of which the number is 6, or in general, x; and let the terms of the next higher 
vertical column be o, g, b, i, I, p, q, of which the number is » + 1. 

The upper term of this ſecond column is a cypher, o, becauſe every new ver- 
tical column of terms muſt have one more cypher preceeding its fignificant terms 
than the column immediately preceeding it. 

Theſe two vertical columns of terms will be as follows : 


nu + I. 


Y — 
— A. 28 
— 


5 
7 
If theſe columns are the iſt and 2d columns of the table, the terms a, 5, c, 
d, e, and F will, each of them, be equal to 1, and g, B, i, I, p, q, will be 1, 2, 
3, 4, 5, 6. If theſe columns are the 2d and 3d columns, @ will be o, and 5, c, 
d, e, f will be 1, 2, 3, 4, 5, and g, 5, i, I, p, q will be o, 1, 3, 6, 10, 15. If 
theſe columns are the 3d and 4th columns, a will be o, and & will alſo be o, and 
c, d, e, F will be 1, 3, 6, 10, and g, b, i, k, p, q will be o, o, 1, 4, 10, 20. And 
in like manner more of the upper terms of both theſe vertical columns will be 
cyphers, or o, the farther the columns are taken to the right hand in the table in 
ge 50. But, wherever the columns are taken, the number of terms in them muſt 
be ſo great as to reach below the cyphers, and take in ſome of the ſignificant 
terms. Theſe things being premiſed, the demonſtration of this lemma will be 
as follows. 
By the 4th property of the figurate numbers ſet forth above in art 54, we ſhall 
haveg=a+4+c+d+e+f, 
and p =a +b6+c +4 +e, 
and I =a +b +c + 4, 
and i =a +6 +c 
and h = @a + , 
and g = 4. | 8 : 
And, by the ſuppoſition, the ſum of the x terms a, J, c, d, e, F will be to n times 
the laſt, or greateſt, term f, as 1 is tor; and the ſum of the # — 1 terms a, 6, c, 
d, e will be to a — 1 times the laſt, or greateſt, term e, in the ſame proportion of 
1 to ; and the ſum of the n — 2 terms a, &, c, d will be to n — 2 times the laſt, 
or greateſt, term d, in the ſame proportion of 1 to r; and, in like manner, a + 6 
+ c will be to n — 3 times c as 1 tor; and a + b will be to a - 4 times & as 1 
tor; and à will be to n — 5 times à as 1 tor, 


Therefore a + b + c +4 +e + f will be = L, anda +b+c+4+e 
| will 
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will be = = Xe and 3 5 4 4 4 will be = 1 


„ and a TS + c 
will be = - , and s + b vill be = Nd wee . 
renne kein bega e b e NN 10nd = E, and 


x ? 


5 (which is equal to a + þ + c + d + ) will be = =, and 1 (which is 

equal to # + b + © + d) will be = 21-2 ; and i (which is equal to @ + 3 

+ c) will be = — — and þ (which is equal to @ + 5) will be = — — , 
PP. * 4 

and g (which is equal to 4) will be = — —. 


D = 


r 
— 2 1 — 2 NN L nd — 24 mc — 3c 
„ + = + — . 
nb — 4b _ na — a _ Dr 54 
LES SET any 7 7 
_nxf+e+d+c+5+a — = 1 —e—2d—3c— = - 5 
N r r 7 
3 — —e—d—-c—b-@a — d—-c—b—a e — 3 — a 4 — 2 21 
. 5 r 1 
— 1 cot = — . . od i 
2 — 7 


Therefore (if we ng both fdex by r) we ſhall have rx7FF ITE P 
= g- —lI—i—hb—g,orrg +rxXp+!+i+b+g=n—p—l— 
—b—g. And conſequently (adding p +/ +: + þ +g to both ſides) we 
ſhall have 11 +r Xp +/+i+b4b+g+2+1+i+h>+g=14orrq 
F and (ſubtracting rg from both ſides) 
r+ixXp+1I+i +hb +g 3 

Therefore (dividing both Laddes yr + 1) we ſhall have p +1 +i+b+ Z 
= =; and (adding q to both ſides) q+p +/+i+b+g = i= +9 

+1 +1 
A 2=2X 3, REP XEL — . 


—— —f＋ꝛ2— 


111 . DS 8 „ r +1 And conſe- 
quently q +p +/ +i +4 +gorg +b +1+/+p +$4g,oro+g+b+i+! 
+p + 9, vill be ton + 7 * as is tor + 1, or the ſum of the » + 1 ſuc- 
ceſſive terms o, g, b, i, I, p, q of the ſecond vertical column of terms will be to 
the ſum of » + 1 times the laſt term , or the ſame number of terms, all equal to 
the laſt, or greateſt, term 4, in the proportion of 1 tor + 1. . E. . 


* See upon this ſubject the works of Mr. John Bernoulli himſelf, publiſhed at Lauſanne, in Swit- 


xerland, in the year 1742, in four volumes, quarto, vol. iii. page 521, in the 47th lecture on the doc- 
trine of the i integration of infinitely ſmall 2 or the inverſe method of differences. 


L 2 A SCHOLIUM, 
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86. We may here take occaſion to obſerve, that, though many writers on ma- 
thematical ſubjects (as for example, Faulhaber and Remmelin of the city of Ulm 
in Germany, and Dr. John Wallis of Oxford, Mr. Nicholas Mercator in his Lo- 
garithmotechnia *, and Monſieur Preſtet, a learned French mathematician) have 
made the properties of the figurate numbers the ſubject of their conſideration, yet 
no one has hitherto given the publick a general and ſcientifick demonſtration of 

the foregoing important 12th property of them. At leaſt I may ſay, that noſuch 
demonſtration has ever come to my knowledge. Dr. Wallis, indeed, in that 
part of his learned treatiſe on the arithmetick of infinites, in which he eſta- 
bliſhes the foundations of his method, has inveſtigated by arguments of induc- 
tion the proportions which a ſeries of the ſquares of a given number of the na- 
tural numbers, 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, and a ſeries of their cubes, and a 
ſeries of their fourth powers, and ſerieſes of their following higher powers, would 
bear to a ſeries conſiſting of the ſame number of terms all equal to the laſt, or 
greateſt, term of the former ſeries; and, after performing theſe inveſtigations, 
has, in his 176th propoſition, made a tranſition to the contemplation of the tri- 
gonal, or triangular, and the pyramidal, and trigono-pyramidal, or triangulo- 
pyramidal, numbers, and other following orders of the figurate numbers. But 
I apprehend he would have acted more judiciouſly and more agreeably to the 
nature of the ſubje& he was conſidering, if he had taken the contrary courſe, 
and begun with the inveſtigation of the properties of the figurate numbers, and 
then, after having diſcovered thoſe properties, and given a juſt and general de- 
monſtration of them, had proceeded to inveſtigate the ſums of the powers of 
the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c. For, beſides the objections 
that may be juſtly made to his method of making theſe inveſtigations by induc- 
tions from particular examples, as being by no means ſcientifick or ſatisfactory 
to a mind accuſtomed to more accurate modes of reaſoning, and likewiſe as be- 
ng more prolix and tedious than need be, on account of the neceſlity of having 
a ſeparate inveſtigation for every new ſeries of powers ;—1 ſay, beſides theſe ob- 
jections to his method of treating this ſubject, it may be conſidered as inelegant 
and unnatural on another account, namely, becauſe it treats of the more abſtruſe 
parts of the ſubject, to wit, the inveſtigation of the ſums of powers, before the 
more ſimple and eaſy parts of it, or the doctrine of the figurate numbers. For 
theſe numbers may be juſtly eſteemed to be more ſimple and eaſy to be under- 
ſtood than the powers of the natural numbers, partly, becauſe the ſeveral orders 
of them are generated one from another by the eaſy operation of addition ; 
whereas, the powers of numbers are produced by the more complicated opera- 

tion of multiplication, and partly and eſpecially, becauſe the ſums of the ſeveral 
orders of figurate numbers (reckoning from the beginning of the foregoing table 
of them, or including the ſeveral cyphers prefixed to the ſignificant terms of the 


* See Vol. i. of the preſent collection of tracts, pages 192, 193. 


ſeveral 
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ſeveral vertical columns of the ſaid table) are (as we have ſeen) exact aliquot 
rts of the ſerieſes that conſiſt of the ſame numbers of terms all equal to their 
laſt, or greateſt, terms, reſpectively; whereas the ſums of the powers of the na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, never are exact aliquot parts of the 
fums of equal numbers of terms equal to the laſt, or greateſt, of them, reſpec- 
tively, but always exceed, or fall ſhort of, ſuch aliquot parts by ſome ſmall finite 
quantity, how great ſoever the number of the terms of ſuch ſerieſes may be ſu 
poſed to be, and what number of cyphers ſoever we may prefix to the ſaid ſe- 
rieſes conſiſting of the powers of the natural numbers. Nor can it be alle ged, 
that it was neceſſary for Dr. Wallis to begin by inveſtigating the ſums of the 
wers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, on account of the 
difliculty of deducing the values of thoſe ſens from the doctrine of the ſums of 
the figurate numbers. For, it is full as eaſy to deduce the ſums of the ſaid 
wers from the ſums of the ſeveral orders of figurate numbers as to deduce the 
atter from the ſums of the powers of numbers in the manner adopted by Dr. 
Wallis: as I ſhall now proceed to ſhew by deducing the ſums of the ſaid powers 
from the ſums of the ſeveral orders of figurate numbers, which we have already 


inveſtigated. 


An inveſtigation of the ſum of the natural numbers 1, 2, 

3, 4» 5» 6, 7, 8, 9, 10, 11, Ce, continued to any 

given number of terms, and of the ſums of their- 

ſquares and of their cubes, and of their fourth powers, 

and other higher powers, continued to the ſame number 

of terms. 
— —— —ꝛ——œ—— 

87. If the letter x be made to denote the ſeveral ſucceſſive terms of the ſeries 
I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, continued to the ath term, which, it is evi- 
dent, will be », the ſucceſſive values of the reſidual quantities x — 1, x — 1, 
* — 1, „ — 1, x — 1, „ — 1, „- 1, «„ — 1, «„ — 1, „- 1, «„ — 1, &c, con- 
tinued to x terms, will bet — 1, 2 — 1, 3 — 1, 4 — 1, 5 — , 6 — 1,7 — 1, 
8 — 1, 9 — 1, 10 — 1, 11 — 1, &c, continued to # terms, or o, 1, 2, 3, 4, 5, 
6, 7, 8, 9, 10, &c, continued to # terms. But, by Coroll. 2 of the foregoing 
propoſition, art. 80, the ſeries o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, &c (which are 
the terms contained in the ſecond vertical column of the foregoing table of com- 


binations) continued to » terms, is = — = — - — 2. Therefore 


the ſum of all the » ſucceſſive values of x 1 will be equal to 2 — =; and 


conſequently, if we denote the ſaid ſum by S. x — 1, we ſhall have S. x— 1 


= __ = = But the ſum of the » ſucceſſive values of x i is equal to the ex- 


ceſs of the » ſucceſſive values of x above the x ſucceſſive values of 1, or (making 
uſe of the ſame kind of notation) to'S.x — S.1. Therefore S.x — S. 1 will be 


== — =, and conſequently (adding S.1 to both ſides) S.x will be = = 


»]z » 
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5 = ++ S.r. But the ſam of the u ſucceſſive values of 1 is evidently the num- 


ber a. Therefore S. will be = = = = + » = = +=, or the ſum of all 
the x ſucceſſive values of x, to wit, 1 +2 +3 +4+5+6+7+8+9 
. = 0p * 

+10 +11 & r will be = — + —. G k. D. 
Thus, for example, if à is = 12, the ſum of the twelve terms of the ſeries 

i+2+3+F4+5+6+7+8+9g9+1+1O + 12 will be = =— 

+—=12x6+6=7:+6= 78. And ſo we ſhall find it to be by actu- 

ally adding up the terms, | 


bd Wd 
OGG 


Of the ſum of the ſquares of the natural numbers, 10 2, 3, 
4, 5, c, continued to any given number n. 
— — — 


88. Let it now be required to find the ſquares of the natural numbers x, 2, 3, 
4, 5» 6, 7, &c, continued to n, or the ſum of the numbers 1, 4, 9, 16, 25, 36, 
49, &c, continued to the xth term, which will be n. This may be done in the 
manner following. | Et. 

Let x be put, as before, for the ſeveral ſucceſſive terms of the ſeries 1, 2, 3, 4, 

„6, 7, 8, 9, 10, 11, &c, 1. Then, ſince by Coroll. 4 of the foregoing propo- 
— art. 82, the mth term of the third vertical column of the foregoing table of 


combinations is - — = — , it follows that every æth term of 


the ſame vertical column will be = — —, or that, if x be made ſucceſ- 


fively equal to 1, 2, 3, 4, 5, 6, &c, the ſucceſſive values of the fraction — —.— 


will produce the firſt, ſecond, third, fourth, fiſth, ſixth, and other following 


terms of the ſame vertical column, which are o, o, 1, 3, 6, 10, &c. Thus, for 
example, 


— 


from James Bernowllis Treatiſe De Arte Conjectandi. 79 


example, if x is = 1, we ſhall have 2 = ——— =—= 0; and, if 


x is = 2, we ſhall have © = 2212 =2 =0; and, if x is = 3, 


xx — 3x +2. 
2 


we ſhall have 12972 = —=1; and, if x is = 4, we ſhall have 


— — — — == = z; and, if x is = 5, we ſhall have — 
= —E=6; and, if x is = 6, we ſhall have = = —— 
= — = 10; which numbers o, o, 1, 3, 6, and 10 are the firſt fix terms of the 


ſaid third vertical column; And the ſame thing will be found to be true in any 
greater number of its terms. But, by the ſecond corollary of the foregoing pro- 
poſition, art. 80, the ſum of all the » — 2 ſignificant terms, or, including the two 
cyphers at the beginning of it, the ſum of all the » terms, of the ſaid third ver- 
nXn—IlXn—2_ * N n — 33 T 2 2 - 3 an + 2n 

IT = 2 = 5 - There- 
fore the ſum of all the » ſucceſſive values of the fraction — will be 


mn . =, But the ſum of all the » ſucceſſive values of. EZ is evi- 


tical column is = 


dently equal to the ſum of all the » ſucceſſive values of — together with the ſum 


of all the # ſucceſſive values of =, or 1, diminiſhed by the ſum of all the » ſuc- 


xx — 3x 1 2 . 
4 18 


ceſſive values of , or (according to our former notation) S. 


2 xx 2 0 Xxx 2 xx x 
= S.— + Dy = S.— + 8.1—8.— — S. T -S. L. 


Therefore S. = + n — 8. K will be = r 8. —is evidently 


| 6 

= I „S. 4. Therefore S.= +#— 2 „ 8. will be 2 8. 42 
2 2 2 2 

— 8. 2, and conſequently will be — . But it has been ſhewn in 


art. 87, that S. æ is == ＋ Therefore = X S. x will be = 4 x (= + 2 
= — + 2 Therefore S. + # — — — = will be . e 


6 
$8.2 — © +2 will be = ZEA! =. =, £ as 
5. Er vill be = ——,orS.>— = + = vil be => 


— = + =, Therefore (adding == to both ſides) we ſhall have 8 — + = 


— = + — 4 =; and (ſubtracting 25 from both ſides) we ſhall have 8.— 


= 127227 1272 and conſequently S. æ&* (= 2 X S.=) 


= 5 + — + =3 that is, the ſum of all the » ſquares 1, 4, 9, 16, 25, 36, 49, 
4 &c 
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&c of the » firſt natural numbers I, 2, 3 5, 6, 7, &.. . . 1 will be == 


+ = + 5 or one third of the cube of the greateſt number u, together with 


half the ſquare of the ſaid number, and a ſixth part of the ſaid number itſelf. 
Q. E. I. 


Thus, for example, if u is 12, we ſhall have n = 144, and * = 1728, and 

nn 1 , 1728 144 , 12 | 
the ſum of the following twelve numbers, to wit, 1, 4, 9, 16, 25, 36, 49, 64, 
81, 100, 121, and 144 (which are the ſquares of the twelve natural numbers 
I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12) will be equal to 650. And ſo, upon 
adding them up together, we ſhall find them to be 


Of the ſum of the cubes of the natural numbers 1, 2, 3, 
4, 5, Cc, continued io any given number n. 


89. Let x be put, as before, for the ſeveral ſucceſſive terms of the ſeries 1 » 25 
3» 4, 5+ 6, 7, 8, 9, 10, 11, &c,.n. Then, ſince by coroll. 4 of the foregoing 
propoſition, art. 82, the nth term of the fourth vertical column of the forego- 


n—1\Xn—2Xn—-3 _ m=—3jn+2 == DES 


ing table of combinations is = 


2 X 3 2 3 
— = , it follows that every xth term of the ſame fourth column will 


be = © _ — — or that, if x be made ſucceſſively equal to 1, 2, 3, 4, 5, 


6, &c, the ſucceſſive values of the fraction 2 produce the 


6 
firſt, ſecond, turd, fourth, fifth, ſixth, and other following terms of the ſame 
Vertical column, which are o, o, o, 1, 4, 10, 20, 35, &c. But, by the 2d co- 
rollary of the foregoing propoſition, art. 80, the ſum of all the terms of 2 ſaid 
urth 
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fourth vertical column (the number of wi which, including the three cyphers at 
the beginning of it, is n) is = = I „ X — t=. 


2X 3X 4 24 
: — bx © 
Therefore Ty ſum of the „ ſucceſſive values of the fraction = - — — 


. — 6#? — 6 
will be = — Do , or according to our former notation, 


— — 4 — O13 awd — 
8.— bxx + 11x = 6 She Pu Gn? + 1191 — — bu But 8. bx + 11x —6 
| 6 24 
6xx 11x 


. 52s. T + 8. 8.5 3 8. T — 8. „ F x 8.x 


— 8.1 = (by the two foregoing articles 87 and 88) S. = — - = _ — - 
11 un n 8 x3 #3 nn 1 11A 11% IS 
TAX TAE, ET 
* Lid Gun 22 11 11 122 x? Ld gun 3” 
Tg nr Wo iſ ec rs 

2 x3 3 un n #3 gun 8 

N Therefore 8. =" >. 

— = wy —— and conſequently _ + = to both ſides) S. 
So 1 — 623 + . — bn Ll e 4 11s 6 825 

+ > will be = 2 + = + 2 + 54 
bs wo 200 + 1198, 

* * yy and ds oY 2 from both ſides) — > 

* + 288 + t In 2 + tim 10nn , 2 

= — 77 — 2 = 27 — = E Therefore 

S. * will be = 6 x — — — == þ = +=, or the ſum 


of the n ſucceſſive values of *, or of the ſeveral cube Rn, I, 8, 27, 04,125," 
216, 343, 512, 729, 1000, 1331, &c, continued to , will be = _ += 
un | 1 2 
TS Q Br. 
Thus, for example, if u is = 12, 2 ſhall have n 144, and _ => Py 
and . = 20,736, and conſequently = (= — = = 5184, and = ES 2 


= 864, and — (=) = 36, ang £ += +=(=$184 + wh 36) 


= 6084. Therefore "i ſum of the _ i 1, 8, 27, 64, 125, 216, 
343, 512, 729, 1000, 1331, mw gow” (which are the cubes of the firl twelye 


natural numbers 1, 2, 3, 4, 5, 6, 7, 8 "ts 10, 11, and 12) will be = 6084. 
And ſo we ſhall find the ſaid ſum to be, if we actually add up WIT the ſaid 
twelye cube numbers. 


Vor. III. M 


1 
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27 
64 
125 
. 216 
343 
512 
729. 
1000 
1331 
1728 
6084 
O—u__—_CE— A F—CA———— — 
Of the ſum of the fourth powers of the- natural numbers 
I, 2, 3, 4, 5, Cc, continued to any given number n. 


— —  __ 


90. Let x be put, as before, for the ſeveral ſucceſſive terms of the ſeries Ci 
3, 4, 5, 6, 7» 8, 9, 10, 11, Kc, n. 

Then, ſince by coroll. 4 of the foregoing propoſition, art. 82, the "th 
term of the fifth vertical column of the foregoing table of combinations is 
71 2 Xa—3Xa—4 __ — 10 — bun + 11 — 6 * — = — — — 
2X 3 * 4 


it follows that every xth term of the fame fifth columns will be 
= — —— . or that, if x be made fucceſſively equal to 
I, 2, 3, 4, 5 6, 7, 8, 9, 10, 11, &c, the ſucceſſive values of the fraction 
— ———— vin produce the firſt, ſecond, third, fourth, fifth, 


ſtxth, and other following terms of the ſame-vertical column, which are o, o, 
o, o, 1, 5, 15, 35, 70, &c. Rut, by the ſecond 2 of the foregoing pro- 
poſition, art. 80, the ſum of all the terms of the ſaid fifth vertical column (the 
number of which, including the four cyphers at the beginning of it, is 2) is 


— 


. X —IX2—- 2 NM 2-3 X 2 42 2 — 1 — 250 — corn + 24% Therefore 


2 3 * 4 N 5 — 120 
the ſum of all the u ſucceſſive values of the fraction. 2 RL 
will be = SZ 5 de c to our former notation, 
8 Fer . . But 
8 ER = 8. - 2 8.— + s. 2 — 8.85 
＋ 8. 4 2 2 x eee 


28. 


J 


J 
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10 * 15 un 5 77 un « o fan 
mh K f T ABS S247 SuSE 


„F EE woke + 2. Thane $8 © 
- 72 key wn - will w = Sr go = $1, = 2 
quently (adding on + g io boch ſides) we ſhall have 8 5 + =_ + 155 
r A 7. 
+ 7 , and (ſubtradting 22 + 32 from both ſides) S. 2 (= = 11 


7 " 40n³ 808  #S n* 42 144 40n3 145% 


n—_ any — — — — — — ay — — — 


720 120 © 48 72 720 


| ns | u* #3 1 e 14 "3 
be ( 24 X 28 + 24 X 5; 24 N= 24 * 775 = DN 


— = or the ſum of the » ſucceſſive values of x*, or of the ſeveral fourth powers 
of the natural numbers 1, 2, 3, 4, 5» 6, 7, 8, 9, 10, 11, &c continued to u, will 


n5 n* 13 n | 
WEST TY DR e KE. 1. 


Thus, for example, if » is = 12, we ſhall have * = 1728, and * 2 20,736, 
248,832 


1 
22) 576, and = (= =) = =, and 


£42 42.4 (= B82 — 2 = 24d 
+ = + : — —_ 10,368 + 576 72 ＋ 10, 358 


+ 576 = 49,766 + 10, 368 + 576) = 60,10. Therefore the ſum of the 
twelve numbers 1, 16, 81, 256, 625, 1296, 2401, 4096, 6561, 10000," 14641, 
and 20,736 (which are the fourth powers of the firſt twelve natural numbers 1, 
2, 3, 4, 5» 6, 7, 8, 9, 10, 11, and 12) will be = 60, 710. And fo we ſhall find 
the ſaid ſum to be, if we actually add up together the ſaid twelve numbers, or 
fourth powers of the firſt twelve natural numbers ; which may be done as fol- 


lows. | 
| M 2 | I 


and i ( XN = 20,736 Xx 12) = 248,832, and conſequently - = 


n* 736 15 
and _ (= —.— = 10,368, and ® (= 
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91. The foregoing examples are, I preſume, ſufficient to ſhew how the ſums 
of the ſeveral powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, to, 11, 
&c, continued to any number , may be deduced from the ſums of the ſeveral 
correſponding orders of figurate numbers contained in the foregoing table of 
combinations. - I ſhall not therefore add the inveſtigations of the ſums of any 
higher powers of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &, than the 
foregoing ones, but ſhall * ſet down the reſults of the like inveſtigations which 
I have made for my own fatisfaftion with reſpe& to the ſums of the fix next 
higher powers of thoſe numbers, to wit, the fifth powers, the ſixth powers, the 
ſeventh powers, the eighth powers, the ninth powers, and the tenth powers of 
them. Theſe reſults are as follows. UN 
The ſum of all the fifth powers of the natural numbers 1, a, 3, 4, 5, 6, 7, 8, 


9, 10, 11, &c, continued to , is = 


The ſum of all the ſixth powers of the fame numbers is = 
a7 „ 15 - 83 * 
p to AT 


9H 42 
The ſum of all the ſeventh powers of the ſame numbers is = 


2 17 7us 72⁰ nn | 
N Wh. 
The ſum of all the eighth powers of the fame numbers is = 
* 7 us 
„r 


N 3 is 5 25 
The ſum of all the ninth powers of the ſame numbers is = 
| And 
N. B. In computing the laſt term of this expreſſion (which is equal to the ſum of all the ninth 
powers of the natural numbers 1, 2, 3, 4. 5, Oy 7 8, 9, &c, continued to a) the author has fallen into a 
miſtake, having made the ſaid laſt term to be ——, inſtead of =. I have therefore ſet down Sg in- 
5 ſtead 


* — 
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And the ſum of all the tenth powers. of the ſame numbers is = 


** hd u? 13 1 a 
* en ee 


11 2 


— Ls | . : — * | 
Examples of the ſummation of the fifth, fixth, ſeventh, 


eighth, ninth, and tenth powers of the natural numbers 
1, 2, 3, 45 5 6, 7» 8, 9, 10, 11, &c, continued to 
u, by means of the foregoing expreſſes. 


8 1 DM th 


— 


| Laxte=ad7 | 4 | WT I | 1188 

Then for the ſum of the fifth powers of the firſt twelve natural numbers 1, 2, 

3, 4, 5» 6, 7, 8, 9, 10, 11, and 12 (which are 1; 32; 243; 1,024; 3,125; 

7,776; 16,807 ; 32,768; 1 * 1095! 22 248,832) we _ 
6 10 12ʃʃ 5 2 $ 

have > + — + == or T = (= = * 


12 6 2 
+5 XIV —1=2xX1 ++; x 1728 — 12 = 2 X 248,832 


+ — + 8640 — 12 = 497,664 + 124,416 + 8628) = 640,708. And 


ſo we ſhall find the ſaid ſum to be, if we add up together the ſaid twelve num- - 


bers, or fifth powers of the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8 
10, 1 1, and 12. This addition will be as follows. 27 3 4% 5% 0% 77% 85 95 


1 
32 
243 5 
3215 
7-776 
16,807 
32,768. 
6999049 0 
10%, 
161561 
248,832 
630,708. 


lead of == in this tranſlation. 1 had not diſcovered this miſtake when che ſheet containing it in the 


original text of the author, page 22, was printing; or I ſhould have ſet it right before. 3 n 
| : n 
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And for the ſum of the ſixth powers of the 
firſt twelve natural numbers, 1, 2, 3, 4, 5, 6, 75 8, 9, 10, 11 and 12 (which 
powers are 1; 64; 729 4,096; 15,625; 46,656; 117,649; 262,144; 531, 

7 
441 ; 1,000,000 ; 1,771,561; and 2,985,984) we ſhall have 7 + < + = 
13 x 127 1216 1.) 1:1 3 19% x 12 , 2 , T1 
OO og adorn r 
12Þ , 2 __ 2,985,984 x12 , 2,985,984 248,832 1728 2 _ 35,831,808 
and Fore OY n Rr 
+ 1,492,992 + 124,416 — 288 + — + 1,492,992 + 124,416 
— 288 = 5,118,830 + 1,492,992 + 124,416 — 288 = 5,118,830 + 1,492, 
992 + 124,128) = 6, 1355950. And ſo we ſhall find the ſaid ſum to be, if 
we add up together the ſaid twelve numbers, or ſixth powers of the firſt twelve 
natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12. This addition will 
be as follows. | 
3 I 

j | 64 

A 729 

8 4,096 

15,62 5 

46,656 

117,649 

262,144. 

531,441 
1,000,000 _ 

1,771,561 

2,985,984 


6,735,950. 


— 


| And for the ſum of the ſeventh powers of 
the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12 (which 
powers are 1; 128; 2,187; 16,384; 78,125; 279,936; 823,543; 2,097, 
152; 4,782,969 ; 10,000,000; 19,487,171; and 35,831,808) we ſhall have 


2 17 1 LM nn 12 1217 X 1216 7 X 1204 121 
Ce DEE E+SoT+ + EEE +2 
(= 


2xXIF \ 4 xn — L222 + 12 = L227 4 3X + 7 X 12] 


8 2 3 2 


_ 2x12 + 12 = 3.X 356031008 4 + 7 K* 248,832 — * 


2 
+ 12 = 3 X 17,913,904 / 17,915,904 + 1, 741,824 — 7 x 864 + 12 
= 4 X 17,915,904 + 1,741,824 — 6048 + 12 = 71,663,616 + 157 41,924 
s 2 4 | 114 491 x 4 ; k a | , | 0 4 1 04 


— 35,831,810 
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— 6048 + 12 = 73,405,452 — 6048) = 73, 399, 404. And ſo we ſhall find 
the ſaid ſum to be, if we add up together the ſaid twelve numbers, or ſeventh 
powers of the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 
12. This addition will be as follows. 


5 
128 
2,187 
16,384 
78,125 
279,936 
823,543 
2,097,152 
4,782,969 
© T0,000,000 
19,487,171 
35,831,808 
73,399.404. 
— — — - 
And for the ſum of the eighth powers of 
the firſt twelve natural numbers 1, 2, 3, 4, 5 6, 7, 8, 9, 10, 11 and 12 (which 
powers are 1; 256; 6,561; 65,536; 390, 625; 1,679,616; 5,764,801; 16, 
277,216; 43,040,721; loo, ooo, ooo; 214,3 58,881; and 429,981,696) we 


ſhall Z ZS oa he Rs 
have 5 * 1 n 1 5 We 9 As — + | _— 
7 * 1208 2 12 122 a... 130 Is 1 2 * 121” 7 x 1205 


5 
2 * L G 4 * »2Þ * + 2 * 12}? AX 7 „ 12] + 2 X 1728 


by 9 r 3 15 9 

2 8 De + — + 2x 5 — ; LM —.— 4+ = 
— > = 299% + 114,990,848 + e — 22S + 384 — > 
=. 573,308,928 + 214,990,848 + 23,887,872 — — — + 384 — = 


_ = 812,188,032 — WE = 812,188,032 — 116,122) = 812,071,910. And 


fo we ſhall find the faid ſum to be, if we add up together the ſaid twelve num- 
bers, or eighth powers of the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 7» 8, 
9, 10, 11 and 12. This addition will be as follows. 


88 abar? emen . 
1 
5,636 
390, 625 
1,679,616 
8,764, 801 
16,777,216 
43,040,721 
100,000,000 
2 14,358,881 
429,981,696 
872,071,910. 
— —— —— 
And for the ſum of the ninth powers of 
the firſt twelve natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12 (which 


powers are 1; $123 19,683 ; 262,144; 7,933, 1253 10,977,696 3 40,353,607 3 
134,217,728 3 387,420,489 ; 1,009,009,000 3. 24357947 +0 913 5,159,78 O, 


L 


e e +E— — = — S, or 72 2 

A e e — + 1 1 

* . 12 * ae + 2 + 2 42919814696 2 * 5085s 
15 4 

+ ns a . eee + 2,579,890, 76 + deer 
ee Fa6;ges —L<2 — ring: 82 x 2.579:8961176 + 322, 


486,272 1 e 889 . 0,368 — 888 — 6199174 64,224 200902200 « + 25579) 


899,176 + 32256862 + 10,368 = nts + n 


189,646,212 + 2,902, 386,816) 9,092,033, 28. And ſo: we {hall find the 
ſaid ſum to be, if we add up together the ſaid twelve numbers, or ninth powers 
of the firſt twelve natural numbers 1, 2.3, 4» 5» 6, 75 8, 9, 10, 11 and 12. This 
addition will be * 
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1 

512 

19,683 
262,144 
1,953,125 
10,077,096 
40,3 $3,007 

134,217,72 

387,420, 489 

1 ,000,000,000 
2, 357947091 
$,159,780,352 
9,092,033, oz8. 


W 


And for the ſum of the tenth powers of the 
firſt twelve natural numbers, 1, 2, 3, 4» 5, 6, 1 8, 9, 10, 11 and 12 (which 
powers are I ; 1,024 3 59,049 5 1,048,576; 9,765,625 ; 60,466,176; 282,475, 
249 1,073,741, 824; 3, 486,78 42401 3 : pitt e 25,937 4 bor: and 


61,917, 364, 224) we - have _ + + Su n + * — — + =, or 


255 =, 24.4. * (XP Tg bn . + 4 (= . 2. 


+ 14. T2\ + 1 12 = + = = 12x 619176692 + esse 
+ Dee — 35, 341,808 + «tt 832 — 25 + = 2 = T42:29%, LL 


+ $0,958 8 + 5 Xx 859,963,392 — 35,831,808 + 248,832 — 864 


+ * 5832 — 864 = add * 30, 958,682,112 + 4.610 ah 
— 35,831,808 + 248,832 — 864 = 102,804, ry re = 35-632, 672) 
= 102,769,130,750. And ſo we ſhall find the ſaid ſum to be, if we add up to- 
gether the ſaid twelve e or tenth powers of the firſt twelve natural num 
bers, 1, 2, 3» 4, 5. 6, 7,8 » 9y 10, 11 and 12. This addition will be as follows, 
I 
1,024 
59,049 
1,048,576 
9,705,025 
60,466,176 
282,475,249 
1,073,741, 824 
3,486, 784, 401 
lo, ooo, ooo, ooo 
67.9772 997 


61,917 +30 4,224 
102,7 9,130, 750. 


Vot. III. 92 If 
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— . — ——— — 


92. If the foregoing expreſſions of the values of the ſums of theſe ſeveral ſets 
of powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, continued 


= be ſer down one under the other in a regular table, the ſaid table will be as 
ollows. | | 


A Table of the values of the ſums of the natural numbers 
I, 2, 3» 4, 5, 6, 7, 8, 9, 10, Il, Sc, continued to 
n terms, and of the ſquares, and the cubes, and the 


fourth powers, and other following powers of the ſaid 
numbers, as far as the tenth powers, incluſively. 


— — — — 
The ſum of the firſt » terms of the {aid ſeries. of natural numbers is equal to 
p nn n 
+2, 
2 2 
The ſum of the ſquares of the, „ „ 
aid » terms is = + — + T: 
1 rr 5 
id n terms is =— + — + — 
| 4 2 4 
The ſum of the fourth powers , „ „ 
of the ſaid x terms is 5 87 288 
The ſum of the fifth powers of , 1 A bs 
the ſaid » terms is _— +=» 8 
The ſum of the ſixth powers | 
of the ſaid n terms is STA 72 
The ſum of the ſeventh powers 
of the ſaid terms is = — += 1E + =. 
The ſum of the eighth powers 
of the ſaid » terms is => += 72 + Zo = 
The fum of the ninth powers _ * 3 
ä . 
10 2 4 10 2 20 


And the ſum of the tenth powers 85 
of the ſaid terms is TTT. „ 4 


The law of the generation, or derivation, of the terms of 
the ſeveral expreſſions ſet down in the foregoing table, 
one from the other. 
— — 
92. By an attentive conſideration of the foregoing table we may diſcover the 
law by which the terms of the ſeveral expreſſions of which it conſiſts, may be 
| deriv 
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derived one from the other; after which we ſhall be able to continue the ſaid 
table to the ſums of the eleventh and twelfth and other higher powers of the num- 
bers 1, 2, 3, 4, 5, 6, &c, without entering into the long trains of reaſoning and 
making the laborious ſubſtitutions of the ſums already known in the expreſſion of 
the value of the new ſum, which have been uſed in obtaining the foregoing ſums, 


This law will be found to be as follows. | 
Let the natural numbers 1, 2, g, 4, 5, 6, 7, 8, 9, 10, 11, &c, be ſuppoſed to 
be continued to any number ; and let it be required to find the ſum of the eth 


powers of the ſaid terms, or the value of the ſeries F ＋ 2+ Dy cial 


+3F+X+F+F+5f + 10 Ff + &c, continued to F. Let 
tue capital letters A, B, C, D, &c, be put for the co-efficients of the laſt terms of 


the ſums of the ſquares, and the fourth powers, and the fixth powers, and the 
eighth powers, and the other following even powers of the numbers 1, 2, 3, 4, 5z 
6, 7, 8, 9, 10, 11, &c, already computed, with the ſame ſigns + or — prefixed 
to them, as are prefixed to the ſaid laſt terms, of which they are the co-efficients. 
Thus, becauſe the laſt term of the ſum of the ſquares of the numbers 1, 2, 3, 4, 


5, 6, 7, &c, is + +, or + - X n, A will be = ＋ and, becauſe the laſt 
term of the ſum of the fourth powers of the ſaid numbers is — = or — _ X 1, 
B will be = — — and, becauſe the laſt term of the ſum of the ſixth powers of 
the ſaid numbers is + =, or + z K #, C will be = + =; and, becauſe the 
laſt term of the ſum of the eighth powers of the ſaid numbers is — — or — 7 
* n, D vill be = = =T and, becauſe the laſt term of the ſum of the tenth 


powers of the ſaid numbers is + 2, or + 55 * n, E will be = + — Theſe 
being the ſeveral values of the capital letters A, B, C, D, E, &c, the ſeries 
F TF TH TAT ITF TN TFF TN iT F + Kc, 


+ If will be equal to the ſeries — x „ + = x „ 4 2 
x: CofE oo. EREED F — , Dat”? 
———— ͤ mM , pts 


+ &c; in which the indexes of the powers of x, after the third term = 
x A decreaſe continually by 2, till we come at laſt to x or nun, and the co- 


efficients of An „ B 3, Cx 5, PY, Ew , &c, are formed by che 


continual multiplication of 1 into the fractions S — * — — X . 
* b=y 
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, Xx —, — X 
27 8 9 10 11 12 


&c, till we come to nw or 
c — et C 2e 1 c — 


1 0 . . - 
* rr n XP» which will be = o. 


And thus we ſhall determine the powers of x in all the terms of the ſaid 
ſeries, and alſo the co efficients of the faid powers of x in all the terms of 
the ſaid ſeries, except the laſt term. And this laſt co- efficient may be de- 
rived from the co-efficients of the preceeding terms by an eaſy addition or 
ſubtraction, being always the quantity which is neceſſary to be added to, or 
ſubtracted from, the reſult of all the preceeding co-efficients in order to 
make ſuch reſult become equal to 1. Thus, in the firſt ſum in the foregoing 


table, to wit, — + = the co-efficient of the laſt term 2 is — which is the 
quantity which muſt be added to = the co-efficient of the firſt term —, in or. 
der to make it equal to 1; and, in the ſecond ſum, - + = + =, the co- effi⸗ 
cient of the laſt term = is =, which is the quantity that muſt be added to — 


+ = or the ſum of the co-efficients of the firſt and ſecond terms, = + =, in 
order to make it equal to 1; and in the third ſum, - = — + FR the co - effi- 
cient of the laſt term is - » Which is the quantity that muſt be added to 7 + =, 
or the ſum of the co-efficients of the firft and ſecond terms, = + =, in order to 
make it equal to 1; and in the fourth ſum, = + = + = — — the co- effi- 
cient of the laſt term is =, which is the quantity which muſt be ſubtracted from 


271271 7 05 the ſum of the co-efficients of the three firſt terms — += 


+ = in order to make it equal to 1. And the ſame thing is true with reſpect 


ia the co-efficients of the laſt terms of all the following ſums *; and conſequently 
the ſaid co-efficients, and the ſigns + or , to be prefixed to them, may always 
be determined, by means of the co-efficients of the preceeding terms of the ſums 


* And hence it will appear that the co-efficient of the Iaſt term of the expreſſion that is to 
the ſum of the ninth powers of the natural numbers 1, 2, 3, 4, 5 6, 7, 8, 9, 10, 11, &c, continued to a, 


'wuſt be — >, and not — — For, as the ſeveral terms of that expreſſion preceding the laſt term are 


— 18 3322 * 2 . 2 4 1 1 
FFC U 
T4 

20 20 20 20 70 o 20 f 25 er 3 or 48 ＋ 20% or 1 4 2 (Bm 


which it is neceſſary to ſubtract the fraction = in order to make it become equal to 1), it follows, 


according to the rule here laid down by the author, that the co-efficient of the laſt term of the ſaid 
expreſſion muſt- be — =, and conſequently that the laſt term of the ſaid expreſſion muſt be = ==, 


. Z. D. 
to 
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to which they belong. And thus all the terms of the ſeries = x 1 4 = 


c ce c—1! c 8 — 1 4 — 2 —3 c — 4 c — 2 
X# * An T 2 
x 3 x + x Cn *+ ＋ K x — x —— x * x 

— 6 —7 c c—1 — 2 How c— 4 2 0 6 
* r X D TF 


* 1 oy — x En”? + &c may be determined, and conſequently the 
value of the ſeries I]“ + + FTT FTT FT 
+ iq + ri + &c + A (to which the ſaid ſeries is equal) may be afligned, 
without the help of the long reaſonings and laborious ſubſtitutions that were em- 
ployed for this purpoſe in the foregoing articles, The method of doing this 
will appear more clearly from the following example. 


An example of the computation of the expreſſion that is equal 
to the ſum of certain powers of the natural numbers 1, 
2, 3, 4, 5, 6, 7, Ec, continued to n, by means of the 


foregoing ſeries. | 


* — 


93+ As an example to the foregoing ſeries, ler it be required to find the va 
hue of the feries ] +2] +3} +4 +9 +AQ +7 +A +A" 
+10] + 1] + & +1 or the ſum of the roth powers of the ſeveral na- 
tural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, continued to terms; which 


ſum, as ſet down in the foregoing table, is = = += += +# 


a 

2 66 | 
In this caſe the index c is = 10, and conſequently c + 1 is = 11, ande- x 
is = 9, and - 2, 3, 4 4, 5, 6, — 7, - 8, - 9, and 


c — 10 are, reſpectively, equal to 8, 7, 6, 5, 4, 3, 2, 1, and o. We ſhall there- 


fore have 


and —— rn 

c — cw, 7 _ 
nr 
c 
and — — (= — Xx) = © 
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co 2 £3 'c | C 2 4 8 — 4 85 4 
„ * N EX Cu + 5 

— 2 En 4 — 6 es 2 — 1 
* : Ya X - Me” TEX 7 * N 8 . 
428 46 — 8 —4 c — c — 2 822 — . 
cx x 4 x = xt x K x En? will be 
==X#" ZN +5XAG+5X6xB#+5X6XxX=XCnu 

, Lee 7 5 I a £2 
+5 Au +30 Bn" + 42 Ci +42 * A X D + 42 * A ** En 


== += + 5 As + 30 B11 + 420 * + 15 Dr + En==— + = 

I I I | | wad: 
+ 5 X rern of -— w ＋ 15 * — 
x * — En=— + — + = —# + # — = + En; of which expreſſion 
all the terms, except the laſt term E n, are known quantities. And this laſt term 


En may be found in the following manner. The co-efficients of all the pre- 


ceeding terms are — ＋ 2 + _ ä = which are equal to 71 + > 


= = + = 77; to which it is neceſſary to add &,, in order to make the re- 
ſult equal to 1. Therefore E, or the co- efficient of the laſt term Ex, will be 
2 2 z and conſequently the compleat value of the foregoing ſeries in this caſe 
of the roth powers of 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, continued to » terms, 
will be = + => += —# +# —= + £; which is the value ſet down 
for the ſum of the ſaid roth powers in the foregoing table. 


A numerical example of the computation of the ſum of the 
tenth powers of the natural numbers 1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, Se, continued to 1000, by means of 
the foregoing expreſſion. 18 

— —— 2 

94. If » is = 1000, we ſhall have = 5 

W (= bd) = ioo, ooo, ooo, 

and 1 (= 100c}Þ) = looo, ooo, ooo, ooo, ooo, 

and * (= Tooo|') = iooo, ooo, ooo, ooo, ooo, ooo, ooo, 

and n* (= 1000P) = 1000,000,000,000,000,000,000,000,000, 

and * (= ooo?) = 1000,000,000,000,000,000,000,000,000,000, 

and * (= 1000") looo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 

and conſequently | 

1000,000,000, 000,000, 000,000,000,000,000,000 


(== 11 ) = 


90, go, ogo, 9og, ogo, 90g, ogo, 9og, ogo, gog, ogo, 
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ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 0% 
2 ) = 
500, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 


10 
and _ (= = X 1000,000,000,000,000,000,000,000,000, 
— 5000,000,000,000,000,000,000,000,000\ __ 


and = (= => 


6 
„ $33:333-333:333:333:333:333+333-333-3331333s ke. 
and 7 (= == — = 500,000,000 ; 


and © (= = = ©=) = 757675. ke; 
0 #9 1 1 5 
and == + — + = —# + 9—— 5 
go, gog, ogo, gog, ogo, gog, ogo, gog, ogo, 9og, ogo. 90g, ogo, &c 
+ Foo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo. ooo, ooo, 
+ 833,333,333, 333,333,333,333,333,333˙333,333, Kc 
— 1, ooo, ooo, ooo, ooo, ooo, ooo, ooo. ooo, ooo, 
＋ 1, ooo, ooo, ooo, ooo, ooo. ooo, ooo, 
— Foo, ooo, ooo. ooo, ooo, 
+ 75.757, 757, &c 
= 91,409, 924, 242, 424, 243,424, 242, 424, 242, 498.999, 998, &Cc 
— I, ooo, ooo, ooo, ooo, 500, ooo, ooo. ooo, ooo, 
= 91, 409, 924, 241, 424,243, 424, 241, 924, 242, 498.999, 998, 
ox 91, 409, 924, 241, 424, 243, 424, 241,924, 242,499 
Therefore the ſum of all the tenth powers the firſt thouſand natural numbers 
I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c. . . . . 1000, is 91,409, 924,241,424, 243, 
e159. or more than 91 quintillions, or 91 times the fifth power 
O a ION, 


95. I cannot but obſerve on this occaſion that the learned mae! Bullialdus, or 
Bouillaud, has been rather unfortunate in his manner of treating this ſubject in his 
treatiſe on the arithmetick of infinitesꝰ; ſince the whole of the folio volume which 
he has written upon it does nothing more than enable us to find the ſums of the 
firſt fix powers of the natural numbers 1, 2, 3, 4, 5, 6, 7, &c, continued to any 
given number u; which is only a part of what we have here accompliſhed in the 
compaſs of a dozen pages. | 

— ——— —— — 
Of certain ſorigſes conſiſting of numbers analogous to the figurate numbers. 


96. Before we conclude this chapter, it will not be amiis to ſhew how certain 
other ſerieſes, which bear a great reſemblance to the ſerieſes formed by the figur- 
ate numbers, may be reduced to, or compared with, the correſponding ſerieſes of 


* See an account of this book of Monſieur Bouillaud in Dr. Wallis's Algebra, chapter xxx. 
pages 310, $11. 2 
5 a Ole 
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| thoſe numbers, and how their values, or the ſums of their terms, and likewiſe the 
values of their laſt terms, may be thereby determined. The ſerieſes I here ſpeak 
of, and which I call analogous to the figurate numbers, are ſuch as have the diffe- 
rences of their terms, or the differences of thoſe differences, or the differences of 
thoſe ſecond differences, or the differences of the differences of ſome remoter or- 
der, equal to each other, and which therefore are generated by the continual 
addition of a ſet of equal quantities. Let d, d, d, d, d, d, &c, be a ſet of equal 
quantities, by the continual addition of which to another quantity c we obtain 
the quantities c, c + 4, c + 2d, c + 34, c ＋ 44, © + 5d, &c. And let the terms 
of this ſecond ſeries c, c + d, c + 2d, c 3d, © + 44, &c, be continually added 
to each other, and to a third quantity 3, whereby we ſhall obtain a third ſeries 
of terms, which will be 3, 5 ＋ , þ + 26 ＋ 4, 6 + 36 + 3d, 6 + 46 + 6d, 
b + 5c + 10d, &c; and let the terms of this third ſeries be continually added 
to each other, and to a fourth quantity a, whereby we ſhall obtain a fourth ſe- 
ries of terms, which will be a, a +4, a ＋ 26 Tc, 4 ＋ 36 ＋ 30 ＋ 4, 4 + 46 
+ 6c + 44, 4 + 56 + loc + 10d, &c. And let the firſt ſeries 4, d, d, d, d, 
d, &c, be called D; the ſecond ſeries c, c +d, 6 + 24, c + 3d, c + 44, c + 5d, 
&c, be called C; the third ſeries b, 5 ＋ c, 5 ＋ 20 ＋ 4, b + 3c + 3d, b + 4c 
+ 64, þ + 5c + 10d, &c, be called B; and the fourth, or laſt, ſeries a, @ + 5, 
4 ＋ 2 ＋ , 4 ＋ 30 ＋ 3e +4, a + 4b + bc + 44, and a + 5b + 1oc + 10d, 
be called A. This laſt ſeries A (the firſt differences of the terms of which con- 
ſtitute the terms of the third ſeries B, and the ſecond differences of the terms of 
which conſtitute the terms of the ſecond ſeries C, and the third differences of the 
terms of which conſtitute the terms of the firſt ſeries D, which conſiſts of the 
equal quantities d, d, d, d, d, d, &c) may, I think, with propriety be called a 
ſeries analogous to the figurate numbers. The generation of the terms of this ſeries 
will, perhaps, appear more clearly from the following table. 


3 A 


3 rt th * —_ 2 r 


a 
c+ d4| b+ c a+ 5 
a+2b+ c 
| +34 | b+3e+ 34| a+34+ 36+ 4 
c+44d | bp 4ac+ 64] a+44+ 6c+ 4d 
_4|c+5d4| b+5c+104| a+5b+10c+10d4] 


N. NN. N N. NQ 
LS 
+ 
ÞD 
. 
— 
+ 
| 
FA 
+ 
N. 


97. Now in the laſt ſeries A it is obvious that the co-efficients of the letters a, 
which are the firſt members of the ſeveral terms a, a +5, 8 + 2b + , a + 3b 
+ 3c +4, @ + 46 + 6c + 44, and a ＋ 5 T 106 + 104, are a ſet of units, or 
the firſt order of the figurate numbers ; and that the co-efficients of the ſeveral 
letters & in the ſecond members of the ſaid rerms are the lateral, or natural, num- 
bers 1, 2, 3, 4, 5, &c, or the ſecond order of the figurate numbers; and that the 
co-efficients of the ſeveral letters c in the third members of the ſaid terms are 
the trigonal, or triangular, numbers 1, 3, 6, 10, &c, or the third order of the 
figurate numbers; and that the co-efficients of the ſeveral letters 4 in the fourth 

5 members 
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members of the ſaid terms are the pyramidal numbers 1, 4, 10, &c, or the 
fourth order of the figurate numbers. And therefore, as we have above ſhewn 
how the ſums of the figurate numbers of the ſeveral ſucceſſive orders, and hke- 
wiſe the values of the laſt terms in them, may be determined, when the number 
of terms contained in them is known; it will be eaſy to find both the fam of all 
the terms of the ſeries A by multiplying the ſums of the ſucceſſive columns of 
figurate numbers, into the letters a, , c, and à reſpectively, and adding the pro- 
ducts ſo obtained into one ſum, and likewiſe to find the value of the laſt term 
of the ſaid ſeries, by multiplying the laſt terms of the ſeveral columns of co- effi 
cients, or figurate numbers, into the letters a, +, c, and d reſpectively, and adding 
the ſaid products into one ſum. For, if the number of terms in the ſeries A be 
denoted by the letter », it follows from coroll. 2, art. 80, that the ſum of the co- 
efñcients of the letter 4 will be n; and the ſum of the co-efficients of the letter 


3 will be X N; and the ſum of the co-efficients of c will be ; 


» 
Y —— 
— 


1 
tequently the ſum of all the » terms of the ſaid ſeries A will be = Xx 4 
u XA — 1 n — 1 5 — 2 m X —I XZ — 2 & 2-3 
+ X Xx — * 6 X c + 2332 X d. 
And it follows from coroll. 4, art. 82, that the co-efficients of the letters , 6, c, 
and d in the laſt, or ath term of the ſeries A will be 1, n— 1, 


2 — IX 2 
—— —_ — — 


— _ : — reſ) pectively; and conſequently that the ſaid laſt, or nth, term 


will be =a +2 —1]x 3 + — — * + 2 
' a . 


, and 


* See upon this ſubje&t Mr. Thomas Simpſon's Eſays on ſeveral curious and uſeful: ſubjefts in ſpecula- 
tive and mixed mathematics, publiſhed in the year 1740, pages 98, 99, 100, 101, 102, 103, 104, 105, 
2 likewiſe his Algebra, 6th edition, publi in the year 1790, ſections xiv and xv, pages 201, 
a, &.. 238. 


N. B. The following note ought to have been inſerted above at the bottom of page 61, with a re- 
ference by an aſteriſk * to the end of art. 69. 

The attentive reader may perhaps have obſerved, in reading the foregoing tranſlation of the twelve 
ſurpriſing properties of the numbers contained in the table of combinations exhibited in page 50 
(which properties are ſet forth in pages 51, 52, 53» 54» 55» 56, 57, 53, 59, 60, and 61) that the 7th 
property (which is ſet forth in art. 58, ge 53) is not the ſame with the th property in the author's 
original (which is contained in page 1 u t anſwers to the 8th property ſet Parth in the ſaid original, 
and that there is no property in the tranſlation that exactly anſwers to the ſaid ſeventh property in the 
original, The reaſon of this omiſſion is, that the ſeventh property ſet forth in the author's original 
ſeemed to me to be the ſame with the next preceeding, or 6th, property, and therefore to be an un- 
neceſſary repetition. But, whether it is ſo, or not, muſt be referred to the reader's judgement. And 
therefore I will here ſet down both the 6th and the 7th property, as they are expreſſed in the original. 

The ſixth property is expreſſed in theſe words. Columne cujuſvis tranſverſe termini ab unitate ali- 
guonſque creſcunt, deinde per eoſdem gradus rursum drereſcunt. Idem int-llige de ſummis columnarum verti- 
caltum eque-altarum, ceu terminis ſequentis columne tranſverſe, per quartam proprietatem. 

And the ſeventh property is expreſſed in theſe words. Columnarum verticalium equ?-altarum baſes, 
ve termini columne tranſverſe cujuſlibet, primus quidem et ultimus ſignificativus perpetuò inter ſe equantur, ut 
et ſecundus et penultimus, terthus ct antepenultimus, atque ita porro, ft columnd pluribus terminis fugnificativis 


* 
Vor. III. 0 Now 
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- Now this 9th ſeems to me to be a mere ition of the 6th property, and parti- 
cularly of the firſt ſentence of it, to wit, Columna cujuſvis tranſverſe termini ab unitate aliquouſque creſcunt, 
deinde per eoſdem gradus rurum decreſcunt. "Theſe words © ab unitate creſcunt, deinde = eo/dem — 
rurvim decreſcunt”* ſeem only to be paraphraſed, or more fully explained, by the of th 
perty, to wit, primus quidem et ultimus inter ſe equantur, uf et ſecundus et penultimus, tertius et 
ant mus, atque ita porrd. Therefore, as I could find no new meaning to the words of the 7th 
property, whereby it could be diſtinguiſhed from the 6th property, I thought it better to omit it. 
et we ma e there are twelve properties of the figurate numbers, or numbers contained in the 
foregoing table of combinations, ſet down in the tranſlation as well as in the author's original. This 
is owing to my having divided the 10th property of theſe numbers mentioned in the author's original 
(which conſiſts of two branches) into two ſeparate properties, calling the firſt branch of the ſaid oth 
property in the original (which is expreſſed in theſe words, 4 Summe ſerierum tranſverſarum ediun- 
tur in contiuud ratione dupli4”) the gth property in the tranflation, and the ſecond branch of it (which 
is expreſſed in theſe words, Summarum wero ſummæ, ab initia colledæ, terminos conſtituunt progreſſionis 
unitate multatos*”) the 10th property in the tranſlation, | | | 
The differences therefore between the properties of theſe numbers, as expreſſed in the tranſlation 
and as expreſſed in the driginab, are as follows. The fix firſt properties of theſe numbers in the tranſla- 
tion anſwer to the fix firft 99 of them in the original reſpectively: the ſeventh property in the 
tranſlation anſwers to the 8th property in the — — e $th property in the tranſlation anſwers to 
the gth property in the original: the gth and 10th properties in the tranſlation anſwer to the firſt and 
ſecond branches of the 10t * in the 2 and the 11th and 12th properties in the tranſla-. 
tion anſwer to the 11th and 12th properties in the original, reſpectively. g | 


- 


End of Chapter III. of the Second Baok of Mr. James: Bernoulli Treatiſe 
4 25 De Arte Conjectandi. | 
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Note which ſhould have been inſerted above at the bottom 
of page 49, with a reference to it by an aſteriſk * placed at 
the end of the words /uccefive lines” in the 13th line of the ſame page. 

* Dr. Jobn Wallis in his Diſcourſe of Combinations, Alternations, and Aliquot 
Parts, bound up with his Algebra, page 109, and Mr. Nicholas Mercator in 
his Logarithmotechnia publiſhed in the firſt volume of this collection of tracts 
called Scriptores Logarithmici, page 178, call the 5th order of figurate numbers, 
to wit, o, o, o, o, I, 5, 15, 35, 70; 126, 210, 330, &c, the triangulo-triangular, 
or trigono-trigonal, numbers, and the 6th order of figurate numbers, to wit, 
o, o, o, o, o, I, 6, 21, 56, 126, 252, 462, &c, the triangulo pyramidal, or tri- 
gono-pyramidal, numbers, inſtead of calling the former the triangulo-pyramidal, or 
trigono-pyramidal, numbers, and the latter the pyramido-pyramidal numbers, as our 
author calls them. So that there appears to be a variation amongſt different 
writers on this fubje& with refpe& to the names to be given to the figurate num- 
bers of the 5th and 6th, and other higher orders. And therefore, to avoid am- 
biguity, it ſeems to be moſt convenient to denote the figurate numbers of the 
5th and 6th, and all higher, orders, only by the numbers or exponents, of their 
orders, calling them the figurate numbers of the fifth, and the 6th, and the 7th, 
and the 8th, and other following higher orders. | | 


ARTICLE I. 


a 2 2. The Goth article in page 55 may be better expreſſed in the manner 

en | | IAR AKM C | 

The eighth property. The horizontal rows of numbers in the foregoing 
table of combinations, beginning with the ſecond row, exhibit the co-efficients 

of the ſeveral ſucceſſive powers of a binomial quantity, as 3 + 5. Thus, the 

numbers in the ſecond horizontal row, to wit, 1 and 1, are the co-efficients of 


the 
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the two members 4 and ò of the ſaid binomial quantity @ + s itſelf, or (as it is 
ſometimes called) of the firſt, or ſimple, power of the ſaid binomial quantity, 
The numbers in the third horizontal row, to wit, 1, 2, and 1, are the co. effi- 
cients of the ſeveral terms as, zab, and bb, of the compound quantity 44 + 24 
+ 33, which is the ſquare, or ſecond power, of the ſaid binomial quantity. The 
numbers in the 4th horizontal row, to wit, 1, 3, 3, and 1, are the co-efficients 
of the ſeveral terms of the compound quantity 4 + 34˙ + 3a + , which is 
the cube, or third power, of the ſaid binomial quantity. The numbers in the 
5th horizontal row, to wit, 1, 4, 6, 4, and 1, are the co-efficients of the ſeyeral 
terms of the compound quantity . + 44% + 64% + 44 + , which is the 
ath power of the ſaid binomial quantity. And, in like manner, the numbers in 
the 6th, 7th; 8th, gth, and every following horizontal row to the #th row (u be- 
ing any whole number whatſoever) will be the co-efficients of the terms of the 
5th, 6th, 5th, 8th, and every following power of the ſaid binomial quantity 
a + b, to the 2 — 1]th power, reſpeQively ; and the numbers in the 1 + 11th 
horizontal row of terms in the ſaid table will be the co-efficients of the terms of 
the th power of the ſaid binomial quantity... ,,-- . 


In page 73, art. 84, the fifth corollary may be better expreſſed in the man- 
ner following. 
Art. 3, Coroll. 5. It has been ſhewn above in art. 60 and 61, that the hori- 
zontal rows of numbers in the foregoing table of combinations, 1 with the 
ſecond row, exhibit the co-efficients of the terms of the ſeveral ſucceſſive powers 
of a binomial quantity, ſuch as @ + 5, every mth horizontal row gf numbers being 


the co-efficients of the terms of the u — 1]ch power of the ſaid binomial quantity; 
whence it follows that the numbers contained in every x + 1]h horizontal row of 
numbers in the ſaid table will be the co-efficients of the terms of the th power of 
the ſaid binomial quantity. But it is evident that the numbers contained in every 


# + 11th horizontal row of terms in the ſaid table are the » + 1 |ch terms of the 
firſt, ſecond, third, fourth, fifth, ſixth, and other following vertical columns of 
terms in the ſaid table, reckoning the terms from the top of 'the ſaid table, and 
including the cyphers at the tops of all the ſeveral vertical columns, except the 


firſt. Therefore the # ＋ iſth terms of the firſt, ſecond, third, fourth, fifth, 
ſixth, and other following vertical columns of terms in the ſaid table will be the 
co-efficients of the terms of the nth power of the ſaid binomial quantity. But it 


has been ſhewn above in art. 8 1, coroll. 3, that the » + 1]th terms of the firſt, 
ſecond, third, fourth, fifth, and ſixth, and other following vertical columns of 


terms in the ſaid table are 1, 2, 1 X .* — Xx, x 2 — 
*. and » X _ * — * 2 * —4 &c. Therefore the co- effi- 


3 
cients of the terms of the nth power of the ſaid binomial quantity @ + & will alſo 


— 1 2 — 1 13223 21 1 — 2 — 
be 1, 1, 0 X , * y * D. XR r * e * , and n 


x — * —— * — X — &c; and conſequently the quantity 2 F FÞ, 


DER or 


1 — foregoing Tranſlation 


or the ſaid th power itſelf of the faid binomial quantity a + &, will be equal to 


the ſeries 4 + na 3 + 2 X — . + 2 Xx 1 2 ** 


44 1 — 2 1 — 1—4 9221 1 — 2 oy 2214 1 —5 
„ Hef fg le 
+ &c, or (if we put A for 1, and B for » and C for a , and P for 


, and E for à * —— KR and F for » x — 


aac: p 
3 | | | 
X , end G, H, I, K, L, &c, for the numeral co» 


, 


3 4 
efficients of the ſeventh, eighth; ninth, tenth, eleventh, and other following 
a—] 3-1 


terms of the ſeries reſpectively) to the ſeries + A 5 + — 
B * + 2 eee 2 EA“. + == 


F 4+ = 62 + — Ha 3 1 _ 14 9 + 2 


K bee * &c; which ſeries will continue till the nume- 


rator of the generating fraction becomes 2 — #, or o, and conſequently the ſaid 
fraction itſelf becomes equal to o likewiſe, and therefore the term in which the 
ſaid fraction enters as a factor, will alſo be equal to o, as will alfo all the follow- 
ing terms of the ſeries, which would be derived from the ſaid term by continual 
multiplications. The ſeries therefore will break off, or end with the term next 
preceeding the {aid term which is equal to os. | 

We will now Proceed to illuſtrate and confirm the truth of this corollary, by 
applying the foregoing ſeries to the computation of the terms of ſome of the 
loweſt powers of the binomial quantity 2 + 5, ſo as to produce by means of it 


all the numbers contained in the foregoing table of combinations in page 50. 
— —_—__—_——_—_—_—————— 
Examples of the application of the foregoing ſeries to the 
computation of the terms of the powers of the binomial 
quantity a + b. 
4. In the firſt place let us ſuppoſe n to be = x. Then we ſhall have the ſeries 
4 + . Aa" 3 + — B44 + 2 C 3 + &c (= © + — X 1 
„ 4 3. Xx Ca" + & =# +0 x b+2 


* 3. + — x C Xx 2 2 + & = A + X S TOTO &c) 
= 8+; or the ſaid ſeries is in this cafe equal to the binomial quantity à + 3 
itſelf ; as it ought to be. 

* This is the famous binomial theorem invented by Sir Ifaac Newton, but of which he has no 
where given a demonſtration. And the demonſtration here given of it by Mr. James Bernoulli is 
that to which I alluded in the firſt volume of this collection of tracts, page 349, art. 4, and in the 
ſecond volume of this collection, page 157, art. 9. 

4 — 5. Now, 
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5. Now let u be = 2. 8 
Then we ſhall have the ſeries 1 7 A 1 Sfp + = 
ba Pu OS ns REI += B 8. + == 
COW +&=& + 2 +—X 2 x 6 ＋ Sx Co” 3 + &c = & 


+ 24 +—X1XP +0+%) = * + 235 + *; or the aid ſeries will 


in this caſe be equal to the trinomial quantity * + 246 + #* ; as it ought to be, 
becauſe that Furey is the W of the binomial quantity @ + 3. 


6. If nis = 3, we ſhall have the ſeries 4 + = A T1 ax 
c p. c AA x Sh En 
KA 1 ec D- * n > gb 
2 2 * C n +2D x& "*s + & = + 34 
+ 3a + —X 3X1 * +0 + &)=@ + 30h + 3af +8, There- 


fore @ + bY, or 2 + IP, or the cube of the binomial quantity @ + 3, will be 
equal to the quadrinomial quantity a + 360 + 3% + #; as it will be found 


to be upon tnal. 
Redd on» 
+= Co" + 3D OO 4 2ZS BOW tic * 1 
X a*"'þ + i= Boa * 2 Cat” * D + £54 
hyp ip + he =o +46 +2X4 X&Þ +2 x * e + 'D 
KO XU +2Dx"Þ + te = a + 40h + 609 + 2 * x ab 


+7Dx1 © + ee We 


+ 0 + &c) = ＋ 49% + 64˙⁰ + 4 + . Therefore @ + 
4 + M, or the fourth power of the binomial quantity @ ＋ 5, will be — 4 


the quinquinomial quantity a ＋ 44% ＋ .66%* + 446 + "bs; as it will be 
found to be upon trial. 


7. If A is = 4, we ſhall have the ſeries a” + = * Ad 


8. If u is = 5, we ſhall have © + = A 8b + —B fp 4 
COW + EDGY RE. -5p + Fo — 

+=X1 x 43” Þ . + £22 ce + AD 

+ == 
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+ 124 Bt” ip + £25 pot” bs Kc = & + 3% + 23% +2 
Cop + 2 = Do's EA. +2 x FS" c 4 gat} 


a B + Cop + 2 8 + —E X IXI +o+&) 2 + 54% 
+ 104%* + 104% + gab + 65, Therefore a + , or 2 + A', or the 
fifth power of the binomial quantity a + 5, will be 3 to the ſextinomial 
quantity 4 + 5 + 10 ⁰ + 10435 + gab* + b*; as, upon trial, it will 
be found to be. 


9. If is = 6, a + = A „ BN 

ce. p. os 1 = SF Wr BE . 

+= 6 4 37 + &c (= as FA — & 1 N. 4 SI; + = B bez. 

+ = c 99 + 27 p-. + . E55. + . Fa eg. 
3 

+ = G G + * = 4* + 646 * L B4˙ + 75 2 + 2 

Dl. +2 Eels. + + Fe. +2 G 15 + &) = 4. + 3275 

＋.152˙0•˙ + 20425 + 150*h+ + 6ab* Þ+ 3s, Therefore 4 + I, or a+ " 

— the 6th, power of the binomial quantity @ + 3, will be — to the ſeptino- 

5 a* + 6490 + 1523 + 20433 + "HW" + bab + * 

0d d upon trial, it will be found to be. F 

: 20: Ee i 2 7, we ſhall have the ſeries “ 4 EAST . 

+= Cur D + 54 EA F 
3 5 

+ == Gat” 757 n= 73d l + N 1 * +4 

B42 + £ Toth? + 2 D 44+ + > Ea ++ F + 6 +2 


Ha 2 p * &c = 4 = 18%) + A + 354*63 + on + We 
+ 7a +1x4' +0+&)= 4 + 14% + 215 + 354 ＋ 3543. 
+ 21˙9 + 7ab* + 37. Therefore @ + 8", or @ + N', or the ſeventh power 
of the binomial quantity a + 4, will be equal to the octinomial quantit 

+ 74*b + 214*6* + 352 ＋ 35 + 214*6* ＋ nab* + 57. And fo, 
upon trial, it will be found to be. 


11. If a is = 8, we ſhall have the ſeries 4 05. = A C4 + B 43. 
+ = Co 31 + = 9. . + 2 + Bu % Fe-. 

7 q 
+2264 + 277 He + = 1% D. + Ke (= 4 + 4 
X 1 


An Appendix to the foregoing Tranſlation. 10 


„ 32. += C9'b? D + + Eat" F 
+ 2 Ga' + Ha" + 2 1% %» + &c = 4% + 8 + 28% 
N 8 9 | 

+ 56 + 704*b* + 56 + 284*b* + 84” +1 x 4 0 + &c) 
= 4 + 84'b + 284*%b* + 564*b* + Joa“ + 564*%b* + 284*b* + 84d! 
＋ *. Therefore 4 + A, or a + , or the eighth power of the binomial 
quantity @ + 6, will be equal to the compound quantity @* + 847 + 284%* 
+ 56454? + Joa + 564% + 284*5* + 846! + 8*. And fo, upon 
trial, it will be found to be. | F 


12. If n is = 9, we ſhall have the ſeries * + = A + == Ba" 3. 

+ = Ca'% + 2 Dat %hs + 254 Bott 5hs + 25 Fa e; 
4 
+ — God's + HN = n K 
9 

+ &c (= 2 + - X I Xx a*b + - B47 ++ C + 2D. ++ 
E 4. + N Fa + 2 Ga'l! + + Ho'b) 4 + — K 41 
+ &c = 4 + 92˙ + 364'b* + 844% + 12645 + 1264*4* + 84555 
＋ 364*b7 +9ab* + 1X89 +0 + &c) = 4 + 93˙ + 3647b* + 844%* 
+ 126454+ + 1264*%6* + 844*6* + 364*57 + gab* + 3%. Therefore 
a + M, or a JI, or the ninth power of the binomial quantity + 5, will be 
equal to the compound quantity 4% + 941 + 364'b* + 844%? + 66. 


+ 1264*5* + 844 + 364*b' + gab* + 357. And fo, upon trial, it will 
be found to be. | | 


13. If u is = 10, we ſhall have the ſeries a” + AY + — 
+ 15 Ca'"» + = D + "F E. 5 + F 
+= Go + H + = 19 e e. 
+ => La" 3 ＋ & (= 8** + * X 1 X 23 + 2 Bg'4? += 


c + L Dat + - Ea + + Fab. + £ Gas + 4 H 
1 = K % + - LA Y + & = 8'* + 104% 


＋ 455 + 1204 + 2104%* + 252235 + 2104*%6* + 120437 
+ 454*b* + 10a + 1X b*2 + O + &c) = 8** + 104% + 45a*þ* 
+ 1200 + 21035 + 2524565 + 2104*%6%* + 1203235 + 454*b" 
+ 10ab9 + þ**, Therefore a + |", or 4 + H, or the tenth power of the bi- 
nomial quantity a + 5, will be equal to the compound quantity a + 104% 
+ 454*%5* + 1204'b* + 2104*b* + 2524%65 + 2104%;* ＋ 1204*%7 
+ 454*5* + 10a + 5˙ %. And fo, upon trial, it will be found to be. 

| 14. Laſtly, 
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14. Laſtly, let # be = 17. Then will the ſeries & + © 2 4 = 
B. % + 352 Caf 3s + EE p. ＋ 24 E 55 + 255 
Fa 3 + = Ga" + LL Hd + = 19% + = 
Ke . Lad" 5 + = Md" ht + &c be (= a? 
＋ X1X 40% B C + - Db. + © Eh! +> 
Fa + > G a+b? + 4 Ha'b + - 14˙ 5 + = K + = Lab": 


+ = Mo” + Kc = 47 + 114% % + 554%* + 16543 + 3304" b+ 
+ 4624565 + 4624%* + 3304*5' + 163350 + 5¼’ t + 11356 + 1 
Xx bþ** + © + &c = 2 + 114*% + 554%* + 1654%5* + 3304'b+ 
+ 462465 + 4624555 + 3304*b"7 + 1654*5* + 559*b9 + 1126 + b**, 
Therefore @ + , or a + N, or the eleventh power of the binomial quantity 
4 + 3, will be equal to the compound quantity a** + 114*% + 55a%:* 
+ 165 3 + 3304'b* + 4624%* + 4624%6* + 3304*b! + 1654*6* 
+ 553 + 11456 +6**, And fo, upon trial, it will be found to be. 


15. It appears therefore that the ſeries 4 + = A + — B34 5. 


0 2 

+ = C4 . + — D 5 + 2 E“ 555 + _ Fe 5 
+ &c, which has been obtained in the foregoing 5th corollary for the value of 
the quantity @ + , or the mth power of the binomial quantity 4 + 5, does 
truly exhibit the value of the ſaid power when the index # is equal to either 1, 
or 2, or 3, or 4, or 5, or 6, or 7, or 8, or , or 10, or 11; in which caſes the 
co- efficients of the terms of the faid ſeries are equal to the numbers contained 


in the ſeveral ſucceſſive horizontal rows of terms in the foregoing table of com- 
binations, in page 50, beginning with the ſecond row. 
Additional Corollanies, not contained in the original text of 
Mr. James Bernoulli. | 
—————————— — —u— — 


16. To theſe five corollaries, which are contained in Mr. James Bernoulli's 
original text, it may not be amiſs to add the following corollaries, which are 
eaſily deducible from Mr. Bernoulli's propoſitions, and which will enable us to 
find a general expreſſion for the terms of any of the vertical columns in the fore- 
going table of combinations, or, in other words, for the figurate numbers of any 
propoſed order. 


17. Coroll. 6. It has been ſhewn in art. 81, corol. 3, page 71, that the » + 11th 
terms of the firſt, ſecond, third, fourth, fifth, ſixth, and other following _ 
columns 
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columns of terms in the foregoing table of combinations are 1, 1, 1 K SS 


1 1 1 — 2 -3 _ . 2 
n N 2 * —, n X XK * 5 * - 


= 4 Bur the 7  1]th terms of the firſt, PSs third, fourth, fifth, 


e be other following vertical columns of terms in the ſaid table are the 


firſt, ſecond, third, fourth, fifth, ſixth, and other following terms of the 1 + Ach 
horizontal row of terms in the ſaid table. Therefore the firſt, ſecond, third, 


fourth, fifth, ſixth, and other following terms of the » + 1]th horizontal row of 


terms in the ſaid table are 1, 1, 1 X , # Xx — X . * = 
X 3 X 4 I 2 3 Or > OE þ 


18. Coroll. 7. Since the ſeveral terms of the = -+ Iſth horizontal row are 1, 


1, 1 * * == OX , A N * , and # * 2 
KK 1 „ — it follows that, if p be any whole number greater 


3 + | 
than u, as, for example, u + 1, or # + 2, or # + 3, or # + 4, &c, the ſeveral 


— EET x £2, px © x42, 
*r *, and p * * £== 2 * Ee. And 
| conſequently the third term of the p + 1]th horizontal EF of Ho when p is 


equal to » + 1, or the third term of the 1 + Ah horizontal row of terms, will 
be the quantity which ariſes by ſubſtituting # + 1 inſtead of p in 2 third | term, 


AKN :, of the laſt- mentioned ſeries, that is, 1 + 1 * , or 1 1 
* ©, or „ 2 and the hunk yew A 


when p is = # + 2, or the fourth term of the » + 3]ch horizontal row of terms 
will be that which ariſes by ſubſtituting » + 2 inſtead of p in _ fourth term, 
* *, of the laſt ſeries, that is, 7 Þ 2 X — — * $2222, 


or n+ 2 & 2, orn x 222 224 


3 
And, _ like manner, if we ſubſtitute # + 3 inſtead of p in the gth term 
p * x = „ x — —> of the laſt ſeries, we ſhall have # + 3 * = — 


„ x £253, or # + 3 x 2 x 2 % x 222 2 
x 2, W term n Ae and, if we 


activa s 4.5 niet of 2in the WR. x ©= x x = x £2 


Vol. III. 1 P ; * =, 
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* =, of. the laſt ſeries, we ſhall have » + 4 X 2X42 * —— 
x 2223 2424, „ x2,cs 
8 5 33 2 3 4 5? 
* x = x => x =, for the 6th term of the 1 + Ith horizontal 
row of terms. So that the 3d term of the 2 +.2]th horizontal row of terms, 
and the 4th term of the » + 3]th horizontal row, and the 5th term of the 
7 + Ach horizontal row, and the 6th term of the » + 5th horizontal row, will 
be n x , n * *. x K , and a x = 


2 2 3 
* _ X _ * =, reſpectively. 


19. Coroll. 8. Theſe four terms » x 2. „* , „ 


i”. 3 2 
n 


x 2 *. and * —j— x == x 22 x ,, are derived from 
the number u by the continual multiplication of the fractions = - . =, — . 


and , the numerators and denominators of which both increaſe continually 
by an unit. Therefore, if we put C for the firſt, D for the ſecond, E for the 
third, and F for the fourth of theſe terms, we ſhall have C = — * n, and 


D=2*xCundE = x D, and F A x E. | 
And, from the manner in which theſe four terms were derived from the 3d, 


4th, 5th, and 6th terms of the ſeries 2, p, P x £2, p x © x =>, p 


*r N 2p x = x x3 x £22, &c, in the laſt 
corollary,” to wit, by ſubſtituting u + 1, 1 + 2, » + 3, and n + 4 inſtead of 2 
in the ſaid 3d, 4th, 5th, and 6th terms, reſpectively, it is eaſy to ſee that the th 
term of the » + 61th horizontal row of terms, and the 8th term of the » + 71ch 
horizontal row, and the gth term of the » + 8]th horizontal row, and the roth 
term of the 1 + gith horizontal row, and the 11th, 12th, 13th, 14th, 15th, and 
other following terms of the 1 + 10th, n + 11]th, » + 120th, 2 + 1 Ich, 
» + 14th, and other following horizontal rows of terms in the ſaid table, re- 


ſpectively, will be equal to _ X F, _ X G, —— x H, —.— x l. 
9 xK „ L. xXM, = x N, x o, &c, in which 
the capital letters G, H, I, K, L, M, N, O, &c, denote the jth, 8th, gth, 
xoth, 11th, 12th, 13th, 14th, 15th, and other next following terms, as they 


g | 0 n+; 146 217 #»+8 n+9 31410 «+11 
ariſe, and the generating fractions , ä —, - 


e 
n + 12 
— 


13 
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==, _ xc, are a continuation of the foregoing generating fractions , 


, , , and are derived from them by the continual addition of an 


3 q 
unit to both their numerators and denominators. 


20. Coroll. 9. It is ſhewn above in the 6th property of the numbers con- 
tained in the foregoing table of combinations, art. 56 and 57, pages 52 and 
53, that in every horizontal row of terms in the ſaid table of combinations the 
firſt and laſt term are, each of them, an unit, and the terms that are equidiſtant 
from the firſt and laſt terms are equal to each other. It follows therefore that 


the 3d term of the 2 + Ach horizontal row, reckoned from the end of it, or 
from the right hand to the left, will be equal to the 3d term of it reckoned from 
the beginning, or from the left hand to the right ; and that the 4th term of the 


n + 3h horizontal row, reckoned from the end of it, or from the right hand to 
the left, will be equal tothe 4th term of it reckoned from the beginning, or from 
the left hand to the right; and that the 5th term of the x + 4|th horizontal row, 
reckoned from the end of it, or from the right hand to the left, will be equal to 
the 5th term of it, reckoned from the beginning, or from the left hand to the 


right ; and that the 6th term of the 1 + 5|ch horizontal row, reckoned from the 
end of it, or from the right hand to the left, will be equal to the 6th term of it, 
reckoned from the beginning, or from the left hand to the right; and, in like 
manner, that the 9th, and 8th, and gth, and 1oth, and other following terms of 


the n + 6]th, 7 + 7th, 2 + Ach, » + ach, and other following horizontal rows 


of terms, reſpectively, reckoned from the ends of the ſaid rows, or from the 
right hand to the left, will be equal to the 7th, and 8th, and gth, and toth, and 
a following correſponding terms of the ſame horizontal rows, reſpectively, 
reckoned from the beginnings of the ſaid rows, or from the left hand to the 


right. But it was ſhewn in corollary 7th that the 3d term of the » + Ach hori- 
zontal row of terms, reckoned from the beginning of it, or from the left hand to 
the right, is » * ; and that the 4th term of the 1 + 2]:h horizontal row of 


terms, reckoned from the beginning of it, or from the left hand to the right, is 
n+1 1 ＋ 2 7 

, and that the 5th term of the 1 + Ilch horizontal row of 

terms, reckoned from the beginning of it, or from the left hand to the right, is 


n X —— * 2 *Z3; and that the ſixth term of the » + Ith horizontal 
row of terms, reckoned from the beginning of it, or from the left hand to the 
right, is 1 + — * — * _ X =; or that, if the ſaid third term of 
the » + Ach horizontal row of terms, reckoned from the beginning of it, be 


called C, and the ſaid 4th term of the # + 2th horizontal row of terms, reck- 
oned from the beginning of it, be called D, and the faid 5th term of the 


2 + Ich horizontal row of terms, * from the beginning of it, be called 
1 | E, 
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E, and the ſaid 6th term of the x + 5th horizontal row of terms, reckoned from 
the beginning of it, be called F, we ſhall have C = # x ＋, and D = _ 


x c, and E = X D, and F x E. And it is obſerved in the 


laſt, or 8th, corollary, that, if the 7th term of the » + th horizontal row of 
terms be called G, and the 8th term of the u + 7]th horizontal row be called 
H, and the gth term of the » + 8|th horizontal row, and the 1oth term of the 


1 + alt h horizontal row, and the 11th term of the » + 1o]th horizontal row, 


and the 12th term of the » + 1 1]ch horizontal row, and the next following terms 
of the next following horizontal rows, all reckoned from the beginnings of thoſe 
ſeveral horizontal rows, or from the left band to the right, be called I, K, L, 


and M, Ke, reſpectively, we ſhall have G = 2 x F, and H = N G, 
and 1 = H, and K & l, and L = 252 x E, and M 
2 22.52 * L, and confequently that the 3d term of the » + 2]ch horizontal 


IL 
row of terms, and the 4th term of the x» + Ich horizontal row of terms, and the 
5th, 6th, 7th, 8th, gth, 1oth, 11th, and 12th, and other next following terms of 


the u + Ah, » + slch, 2 + Ah, 7 + Ich, » + 8]ih, » + Ith, = + ich, and 


# + 11|th, and other next following horizontal rows of terms, reckoned from 
the beginnings of thoſe ſeveral horizontal rows, or from the left hand to the 


right, will be equal ton * =, or C, and = x C, Xx D, x E. 


= X 7. 2 1082 x H, —— * I. x K, and == x L, &c, 
reſpectively. It follows therefore that the 3d term of the # + Alth horizontal 


row of terms, and the 4th term of the » + 3]th horizontal row of terms, and the 
th, 6th, 7th, 8th, oth, roth, 11th, and 12th, and other next following terms of 


the » + 4|th, 1 + qc h, 1 + 6th, » + Ih, » + 8]th, » + Al, » + 10h, and 


# + 11]th, and other next following horizontal rows of terms, reckoned from 
the ends of thoſe ſeveral horizontal rows, or from the right hand to the left, 


will alſo be reſpectively equal to » x , or C, and . x C, — x D, 


* * 


244 n+; n+6 n+7 n+8  #+9 | 


— * L, &c. 
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O the figurate numbers, or the ſignificant terms of the. 
vertical columns of terms in the foregoing table of com- 
binations, page 50. 


— — . — — 


21. Coroll. 10. We come now to conſider the vertical columns of terms in 
the foregoing table of combinations. | l 

Now it is evident in the firſt. place, that the firſt ſignificant term in every ver- 
tical column of terms in the ſaid table is an unit, and that the ſecond fignificant 
term is the number which is the exponent of the column; as has been obſerved 
above in art. 53, page 51. So that, if the whole number » be the exponent of 
the column, the two firſt ſignificant terms of the faid column, immediately fol- 
lowing, the cyphers at the top of it, will be 1 and x. It remains that we find the 
values of the Litouing terms in the faid column, after the terms 1 and a. Now 
this may be done by means of the foregoing corollaries in the manner following. 

In the foregoing table of combinations the number of cyphers at the top of 


the vertical column of which the exponent is #, is # — 1; as is obſerved above 


in art. 51, page 51. And conſequently the firſt ſignificant term in the ſaid ver- 
tical column, to wit, 1, will be the nth term of it, and conſequently will be fitu-- 
ated in the nth horizontal row of terms in the ſaid table, and the ſecond fignifi- 
cant term in the ſaid vertical column of terms, to wit, , will be ſitusted in the: 


2 + :|th horizontal row of terms, and the 3d ſignificant term in the ſaid vertical 


column will be ſituated in the 7 + Ach horizontal row of terms, and the 4th fig. 


nificant figure in the ſaid vertical column will be ſituated in the » + 3]th hori- 


zontal row of terms; and, in like manner, the 5th, and 6th, and yth, and 8thz 


and gth, and 10th, and other following fignificant rerms in the ſaid mth verti- 
cal column will be ſituated. in the » + Alth, and » + Ith, and » + 6|th, and 
1 + Iltb, and » + Ih, and » + Sh, and other following horizontal rows of 


terms reſpectively. 
And, further, the firſt ſignificant term, to wit, 4, in the ſaid mth vertical co- 
lumn of terms is like wiſe the firſt term, reckoned: from the right hand to the 


left, of the horizontal row in which it is ſituated; and the ſecond fignificane: 
term in the ſaid »th- vertical column of terms, to wit, , is likewiſe the ſecond - 
term, reckoned from the right hand to the left, of the horizontal row in which 


it is ſituated; and the 3d ſignificant term in the ſaid th vertical column is like- 
wiſe the third term, reckoned from the right hand to the left, of the horizontal 
row in which it is ſituated; and the 4th ſignificant term of the ſaid zth vertical 


column is likewiſe the 4th term, reckoned from the right hand to the left, of the 


horizontal row in which it is fituated ; and, in like manner, the 5th, 6th, th, 
8th, and other following ſignificant terms of the ſaid mth vertical column of 
terms, are likewiſe the 5th, 6th, 7th, 8th, and other following terms, reckoned: 
from the right hand to the left, of the ſeveral horizontal rows of terms in which 
they are ſituated, reſpe&ively. | 
But it has been ſhewn that the 1ſt, 29, 3d, 4th, 5th, 6th, and other following 
ſignificant 


, 
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ſignificant terms in the nth: vertical column of terms are ſituated in the nth, 


z» + 1]th, 2 + 21h, + 3th, 1 + 4]b, 2 + 51th, and other next following hori- 


zontal rows of terms, reſpectively. 

Therefore the iſt, 2d, 3d, 4th, 5th, 6th, and —. following ſignificant terms 
in the mh vertical column of terms are likewiſe the iſt, 2d, 3d, 4th, 5th, 6th, 
and other next following terms, reckoned from the right hand to the left, of the 


nth, » + Ilch, » + 2th, » + Ah, 7 + Alth, 1 + Sch, and other next following 


berirontal rows of terms, reſpectively. 
But it has been ſhewn in coroll. 9, that the 3d term of the » + Ach korizontal 


row of terms, reckoned from the right hand to the left, is equal to a x =, or 


—— X u, or _ e B, and that the 4th term of the » + 3Jth horizontal row 


of terms, 7 5 from che right hand to the left, is » x —— — — — 


" —— 2 „ C, and that the ʒth term of the » + Alch horizontal row np terms, and 


the 6th term of the n + $]th' horizontal row of terms, and the 7th, 8th, gth, 
ioth, and other next HR ing terms of the 1 + erh, 1 + 7ſth, 1 + 8th, 
# + ch, and other next following horizontal rows of terms, reſpectively, all 


reckoned from the right hand to the left, are equal to * D, = x E, 
ot x F, — x G, &c. 

e ws 30 ſignificant term of the 2 vertical column of terms will be 
equal ton & or = = 


„ Or 


* #, or — X B; and the 4th ſignificant term of 
—— > > 232 * C; 


the ſame a column will be Nan to n X * 155 
and the 5th, and 6th, and 7th, and 8th, and ꝗth, and roth, — 2 following 


fignificant terms of the ſame vertical column will be equal to „ D, **4 
g qu : : 


x E. 2 X F. _ * G, #2 * H, = Xx I, &c, and conſequently the 
whole of "the ſaid "th vertical column of norms; including the two firſt ſignificant 
terms 1 and u, or, in other words, the whole ſeries of figurate numbers of the nth 


order, will be 1, , or = A, = B, 2 , 3D, E, F., x 


G, R. „ 52K. 25 eas h, 25 v. 25 2 0, f, 
dec, ad infiritum. 


. E. 1. 
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Examples of the application of the foregoing ſeries to the 
— of the figurate numbers of ſeveral ſuccgſe 
e orders. | 


—— —_—  — —  _—C 


22, In the firſt place we will ſuppoſe the letter a to denote 1. + | 51 
Then we ſhall haven +1 (= 1+1) = 2, and » +2 (= 1+2) = 3, 
and 1 +3 (=1+3)=4, andn+4(=1+4) = 3, and ＋ 5, » + 6, 
n ＋ 7, 1 ＋ 8, 1 77 9, 1 + 10, &, = 6, 7, 8, 9, 10, 11, &c, reſpectively. 
Therefore the ſeveral terms I, = 3 £29 B, = c, p. E, f, 


2 3 
8 ” * bd * . 
_ 8. = H, — I, 9 K, — L, &c, will, in this caſe, be equal to 


I, — 23, 4 C, 4 D. 4 E, f F. 2 G, FH, 2 1, 25 K. E L. ke, reſpec- 
tively, or to 1, 1 A, 1B, i &, 1 D, 1 E, 1 F, 16, 1H, 11, 1 K, 1 L, &c, or to 
1, 1, 1, 1, 1, I, 1, I, 1, 1, 1, 1, &c; and therefore the twelve firſt terms in the 
firſt vertical column in the foregoing table of eombinations, or the twelve firſt 
figurate numbers of the 1ſt order, obtained by means of the foregoing ſeries, 
will be 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, and 1, or a ſet of units; as they ought ro 
be, and as they are in the foregoing table of combinations, N 


23. In the next place we will ſuppoſe the exponent n to be equal to 2, in or- 
der to obtain, by means of the foregoing ſeries, the ſignificant terms in the ſe. 
cond vertical column in the foregoing table of combinations, or the figurate 
numbers of the ſecond order. | 


Now, if # is = 2, the terms of the ſeries 1, 2 A, E B, C. p, 

E, F, , H, I. K, ke, will be reſpedtively 
J 6 

equal to 1, = A, = B, == Rr 6, H, 

_ „25 K, &c, or 1, + A, 2 B, 3 C, 4 D, J E, & F, J G, H, Kl, 


75 K, &c, or 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c. Therefore the firſt eleven 


ſignificant terms in the ſecond vertical column of terms in the foregoing table of 
combinations, or the firſt eleven figurate numbers of the ſecond order, obtained 
by means of the foregoing ſeries, will be the natural numbers 1, 2, 3, 4, 55 6, 7, 
8, 9, 10, and 11; as they ought to be. | | 


24. In the 3d place we will ſuppoſe the exponent # to be equal to 3, in order 
to obtain, by means of the foregoing ſeries, the fignificant terms in the 3d verti- 
cal column of terms in the foregoing table of combinations, or the figurate num- 
bers of the third order, or (as they are often called) the triangular numbers. 


Now, if # is = 3, the terms of the ſeries , 2 A, == B, = C, Ap, 
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— E, = *£ r. === 6. H, —— I, &c, will be reſpectively equal to 1, 
3a Z g. 3+26 3+3T 3+4p 3+5 +6 3+7 rx 3+8 
. Dy E, 2 F, L= 6, , 1 
Ke, or 1, 4. A, 2 B. 4. C, & D. 4 E., g F, 4 C, h H. 4 . Kc, or 1, 3, 6, 
10, 15, 21, 28, 36, 45, 55, &c. Therefore the firſt ten ſignificant terms in the 
third vertical column of terms in the foregoing table of combinations, or the 
firſt ten figurate numbers of the third order, or the firſt ten triangular numbers, 
obtained by means of the foregoing ſeries, are 1, 3, 6, 10, 15, 21, 28, 36, 45, 
and 55; which are the ſame numbers with thoſe ſet down above in page 50, in 
the third vertical column of the foregoing table of combinations, 


23. In the 4th place we will ſuppoſe the exponent # to be = 4, in order to 
obtain, by means of the foregoing ſeries, the ſignificant terms in the 4th ver- 
rical column in the foregoing table of combinations, or the figurate numbers of 
the 4th order, or (as they are often called) the pyramidal numbers. 

Now, if u is = 4, the terms of the ſeries 1, = A, —— B, === = — D, 
224 E, —— F, _ G, A. &c, will be reſpectively equal to 1, = A, 


| 6 
B, c, A p, E, Sp, 4 6, SH, &c, or 1, = A, 
＋ B. © C, 2 D. & E. & F. 2 C, 1 H, &c, or I, 4, IO, 20, 35, 56, 84, 120, 


165, & . Therefore the firſt nine ſignificant terms in the fourth vertical co- 
lumn of terms in the foregoing table of combinations, or the firſt nine figurate 
numbers of the 4th order, or the firſt nine pyramidal. numbers, obtained by 
means of the foregoing ſeries, are 1, 4, 10, 20, 35, 56, 84, 120, and 165; 
which are the ſame numbers with thoſe ſet down above in page 5o, in the 
fourth vertical column of the foregoing table of combinations. 


26. In the 5th place we will ſuppoſe the exponent # to be = 5, in order to 
obtain, by means of the foregoing ſeries, the ſignificant terms in the 5th vertical 
column of terms in the foregoing table of combinations, or the figurate numbers 
of the 5th order. 


Now, if # is = 5, the terms of the ſeries 1, 4 A, 2 B. = C, p, 


wW E. 245 p, =, xc, will be reſpeRively equal to 1, ＋ A, L- B, 
6 

c. p, E. _ F. 6, &c, or 1, LA, 5 B, - C, - D, 

SP, = F, > G, &c, or 1, 5, 15, 35, 70, 126, 210, 330, &c. Therefore the 

rſt eight ſignificant terms in the 5th vertical column of terms in the foregoing 

table of combinations, or the firſt eight figurate numbers of the th order, are 


1, 5, 15, 35, 70, 126, 210, and 330; which are the fame numbers with * 
4 et 
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ſet down above in page 5o in the 5th vertical column of the foregoing table of 
combinations. | * | 


27. In like manner, if the exponent » is = 6, the terms of the ſeries 1, = A, 


8, 2 c, D, B, N F. ac, will be reſpeRtively equal to 1, 
= A; - B, =C, 2 D, —— E, = F, &c, or 1, 6, 21, 56, 126, 252, 462, &c; 
and conſequently the firſt ſeyen ſignificant terms of the 6th vertical column of 


terms in the foregoing table, or the firſt ſeven figurate numbers of the 6th order, 
will be 1, 6, 21, 56, 126, 252, and 462; which are the ſame numbers with 
thoſe ſet down above in page 50 in the 6th vertical column of the foregoing 


table of combinations. 


; 
28. And, if the exponent u is = 7, the terms of the ſeries 1 , = A, 
2c, 2 p, B. Nc, will be.reſpedtively,cqual to 1, 7 A, 2 B, 2 C. 
2 D, = E, &c, or 1, 7, 28, 84, 210, 462, &c; and conſequently the firſt fix 


ſignificant terms of the 7th vertical column of terms in the foregoing table of 
combinations, or the firſt fix figurate numbers of the 7th order, will be 1, 7, 28, 
84, 210, and 462; which are the ſame numbers with thoſe ſet down above in 
page 50 in the 7th vertical column of the foregoing table of combinations. 


— — — — Fd r... „„ — — ͤ T——¼0ꝶÜ 


29. And, if the exponent # is = 8, the terms of the ſeries 1, — A, == 


2 c, N p, Kc, will be reſpedtively equal to 1, © A, 2 B, © C, D, 


xe, or 1, 8, 36, 120, 330, &c; and conſequently the firſt five Ggnificant __ 
of the 8th vertical column of terms in the foregoing table of combinations, or 
the firſt five figurate numbers of the 8th order, will be 1, 8, 36, 120, and 330 ; 
which are the ſame numbers with thoſe ſet down above in page 50 in the 8th 
vertical column of the foregoing table of combinations. | 


«+1 


30. And, if the exponent u is = 9, the terms of the ſeries 1 2 A, — 


= C, &c, will be reſpectively equal to 1, - A, 5 B, = C, &c, or 1, 9, 45, 
165, &c; and conſequently the firſt four fignificant terms in the gth vertical co- 
lumn of terms in the foregoing table of combinations, or the firſt four figurate 
numbers of the gth order, will be 1, 9, 45, and 165 ; which are the ſame numbers 
with thoſe ſet down above in page 50 in the gth vertical column of the forego. 


ing table of combinations. : 
Vor. III. *.Q. | 31. And, 


= 
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31. And, if the exponent » is = 10, the terms 1 — A, = B, &, will - 


be reſpectively equal to , - A, - B, &c, or 1, 10, 55, &c; and conſequently 


the three firſt ſignificant terms of the 1oth vertical column of terms in the forego- 
ing table of combinations, or the three firſt figurate numbers of the 10th order, 
will be 1, 10, and 55 ; which are the ſame numbers with thoſe ſet down above 
in page 50 in the 1oth vertical cojhumn of the ſaid table of combinations. _ 


32. It appears therefore that all the numbers ſet down above in page 50 in 


the ten firſt vertical columns of the foregoing table of combinations may be ob- 


rained by the application of the general ſeries 1, = A, B, _ . — D, 


E, ip, 6, H, I, k, L. &c; which is a 
5 bl , » . 10 , 11 bl ö 
confirmation of the truth of the ſaid ſeries, and of the reaſonings by which it 

was obtained. | \ 


- 


. 
o 
. 
. 


A general expreſſion of the value of the fration ===, 
or the reciprocal of any integral power of the binomial 
__ quantity a + b, in an infinite ſeries. 


—— — — —— — 


38 Coroll. 11. From the foregoing corollary we may derive a general ex · 
preſſion for the value of the quantity a + N, or =o in an infinite ſeries of 
terms, when the index # is any whole number whatſoever. (4 
For the quantity — - is equal to the ſeries which reſults from the diviſion. of 
the numerator 1 by the binomial quantity @ + & as many times as there are units 
in the index u. And the quotients that ariſe from theſe diviſions are a ſet of in- 
finite ſerieſes conſiſting of terms marked alternately with the ſign — and the fign 
+, and of which the numeral co-efficients will be the 6 ge numbers of the 
ſeveral ſucceſſive orders. This will appear by making a few of theſe diviſions ; 
which I ſhall therefore now proceed to make: but, in order to render the ope- 
rations ſomewhar ſhorter and eaſier than they otherwiſe would be, I ſhall ſubſtitute 
the binomial quantity 1 + x inſtead of the binomial quantity à + 3, which will 
make no change whatever in the numeral co-efficients of the terms of the ſeveral 
quotients that will reſult from theſe diviſions : and 1 ſhall ſuppoſe the quantity x 
to be leſs than 1, to the end that the powers of x in the terms of the ſeveral quo- 


tients may be decreaſing quantities. 
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34+ The firſt of theſe diviſions will be as follows: = 


Diviſor. Quotient. 
1474) W ERS ads Fc a 
Dividend, 
I * * ® #, o® + & * % 
142 | 
7 — 
— x — x* 
41242 
. 
; — x3 — * 
+ _ 
T + x 
— * 
— — as 
+ 3 + x? 
— FX' . 
— x7 — * 
7 
1412 
— — 
— - 4 
7 + x9 
+ 29 + oft 
— a 
_ 
* + x 


By this diviſion it appears that the fraction — is equal to the infinite ſeries 


1 — X 4 - T- Sf = „ „„ + &c, in which 
the ſecond, fourth, ſixth, eighth, tenth, and twelfth terms, are marked with the 
ſign —, or are to be ſubtracted from the ficſt term 1, and the third, fifth, ſeventh, 
ninth, and eleventh, terms are marked with the ſign +, or are to be added to the 
firſt term 1. And it is eaſy to ſee from the manner of making this diviſion, that, 
if the o was to be continued to any greater number of terms whatſoever, 
the 14th, and 16th, and 18th terms, and all the following even m_ in the quo- 

tient would alſo be marked, with the ſign —,/and that the 1 3th, and 1 gth, and 
17th, terms, and all the following odd terms in the quotient would be marked 
wich the ſign +. And the numeral co-ethcients of all the terms in ghis quotięent 
are units, or are the terms of the firſt vertical column of terms in the foregoing 
table of combinations, or the figurate numbers of the firſt order; agreeably to 
what has been Juſt now aſſerted. | 


A 
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35. The next diviſion will be as follows: 


Diviſor. Quotient. 0 
1 T* G 22 T 3 4 + gat = 6 + 7 — 8x7 +92) 10 + 114% — 12 + Kc. 


| Dividend. | 
1-4 T A -S+a*-S+if - a - 2 + aft -u + &, 
1+x 


— 10x? — 104%? 
+ 113%? + 114% 
a +627 6 ade * — 12x + &c, 
Fn, „ — 12x &c. 
63.28 1 | »% 


ö * 
- TELE 


By this divifion it appears that the fraction = is equal to the infinite ſeries 
It id | | 1+ | 

1 2 ＋ 3% 4 + 5 — 6 + 7 87 + 9 — 108 + 11K = 12x" 
＋ &, in which; as in the former quotient, the ſecond, fourth, ſixth, eighth, 
tenth, twelfth, and other following even terms have the ſign — prefixed to them, 
or are to be ſubtracted from the firſt term 1, and the third, fifth, ſeventh, ninth, 
eleventh; and other following odd terms are marked with the ſign +, or are to 
be added to the ſaid firſt term. And the numeral co-efficients of the ſeveral 
terms of this quotient are the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
125 Ke, or the terms of the ſecond vertical column of terms in the foregoing table 


* 


of combinations, or the figurate numbers of the ſecond order. 


36. The 
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36. The third diviſton will be as follos. 
Diviſor. | | Quorient. | witytt 
i+x) (1=3x*+ 6a* — 10x3 + 154*— 2145 + 284% — 36 + 453% 55 +6640 = 785% + &c, 

| Dividend. | 
1-24 ＋ 3 — 443 ＋ 5 = Gr ＋ 73% — 87 + 94% — 10% + 118% — tz + Ke. 
t+x | 

7— 3. + 3a* 
— 3x — 3 

9 5. — 4x3 

+ 64a* — 0x? 

: * — 1043 + Fa“ 0 


— 10x3 — 10x* 
* + 1;a* — 645, 
+ 164% + 1545 
7 — 2145 ＋ 7 
— 21 21a X 
* + 28x* — 8x7 
+2848 + 2847 
:- * — 36x) + 99 
= 364" — 360" 
* + 48 — 10x? 
+ 45x* + 454? 
* — $5cx9 + r1x** 
— $549 — 5ggx* 
* + 6642 — 124 
+ 664% + 66 W 
— gr ah I K. — 7a + &c. [ 
| 2: Za — — 


4 | 2 ; : iI 30G. .OF IE 10 
By this diviſion it appears that the fraction — - 1s Equal to the infinite ſeries 
1 — 3x + 6 10% ＋ 15% — 21 + 28% 36% + 453% = 553% 1. G6 e 
-e + &c, in which, as in the two former quotients, the ſecond, fourth, 
ſixth, eighth, tenth, twelfth, and other following even terms have the ſign — pre- 
fixed to them, or are to be ſubtracted from the firſt term 1, and the third, fifth, 
ſeventh, ninth, eleventh, and other following odd terms have the fign + pre- 
fixed to them, or are to be added to the faid firſt term. And the numeral co-ef- 
ficients of the ſeveral terms of this quotient are the terms of the third vertical 
column in the aforeſaid table of combinations, or the figurate nunibers of the 
third order, or the triangular numbers. 


37. The 
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37. The fourth diviſion will be as follows, 


Diviſor. Quotient. | 
ü T (1- 4x + 10 - 2043 + 35x* — 56 + B4x5 = 12047 + 165% ke. 
| Dividend. 
1 3 + 64* — 10 + 154% — 2145  28x* 367 + 45% — &c, 
1 +x . 
7 — 4 + 6 
1 
7 + 10x* — tor 
+ 10 * + 10x? 


®* — 20x3 + 15x* 
col — 20 
* + 356x* — 2145 
+35 +355 
— 5 5 + 28 
— 6 — 868 
*. + 845% — 6x7 
+ B4x# + $4e? 
7 © * — 120 +.45x% 
— 120x7 — 120x* 


* + tog — &c. 


a SED D 
— &c. 


By this diviſion it appears that the fraction = is equal to the infinite ſeries 


1 — 4x + Tox* — 20 ＋ 35x* — 56x* + 84x* — 120 + 165 — &c, ad 
infinitum, in which, as in the three former quotients, the ſecond, fourth, ſixth, 
and eighth, and other following even terms have the ſign — prefixed to them, 
or are to be ſubtracted from the firſt term 1, and the third, fifth, ſeventh, ninth, 
and other following odd terms have the fign + prefixed to them, or are to be 
added to the ſaid firſt term, And the numeral co-efficients of the ſeveral terms 
of this quotient are the terms of the fourth vertical column in the aforeſaid table 
of 1 or the figurate numbers of the fourth order, or the pyramidal 
num | 
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38. The fifth diviſion will be as follows. 


Diviſor. Quotient. * 1. 
11 * (1 — ig — 35x? + 7% — 12645 + 210 — GCC. 
Dividend. 

1 — 4x + 104* — 2043 + 354* = 56x35 + 8445 — 12937 + &c 

1+x 
7. — 5 + 10** 
4123 
„ + 162 — 20 
re 
9 — 3547 + 38 
— 35x3 — 354* 
>= + 70x%* — 56 
+ 70x* + 70x* 
* — 126x5 + 842 
— 126x5 — 126x® 


$- 
— — Pb wSCSCla_ ow 


* + 210 — c. 
+ 210 + &c.. 


* — &C, YA 
By this diviſion it appears that the fraction = is equal to the infinite ſeries: 


1 — 5x + 15a* — 35x? + 70x* — 126 +2108" — &c, ad infinitum, in which, 
as in the four preceeding quotients, the ſecond, fourth, ſixth, and other follow-- 
ing even terms have the ſign — prefixed to them, or are to be ſubtracted from 
the firſt term 1, and the third, » ſeventh, and other following odd terms have 
the ſign + prefixed to them, or are to be added to the ſaid firſt term. And the 
numeral co-efficients of the ſeveral terms of this quotient are the terms of the 
fifth vertical column in the foregoing table of combinations, or the figurate- 
numbers of the fifth order. 1 1 3 


39. The ſixth diviſion will be as follows : 


Diviſor. | Quotient. | | 
ar rid 1+x) (1 —- 6x + 21a* — 56 +1264* — 25245 + Kc. 
85 Dividend. 
1 — 5x + 15a” 35 + 70 — 126x5 + &c. 
1+x N 
* — by + 15 
— bx — 6a®? 


* + 214? — 2583 
+ 21ax* + 212 
* — $643 + 7oxrt 
— _5643'— 50x* 
* ++ 126a* — 126 
＋ 120 + 1265 
ef ＋&c. 
e. 


ä | 
+ . % 
TY ET MEET : #2. 4\Z% * 
. 


oy 
* 
1 #3 R 
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By this diviſion it appears that the fraction = is equal to the infinite ſeries 
* 
1 — 6x + 21x* — 56 + 126*˙ — 2525 + &c; in which, as in the five for- 


mer quotients, the ſecond, fourth, fixth, and other following even terms have 
the ſign — prefixed to them, or are to be ſubtracted from the firſt term 1, and 
the third, and fifth, and other following odd terms have the fign' + prefixed to 
them, or are to be added to the ſaid firſt term. And the numeral co-efficients 
of the ſeveral terms of this quotient are the terms of the ſixth vertical column in 
the foregoing table of combinations, or the figurate numbers of the ſixth order. 

From the operations of the foregoing fix diviſions with the ſame diviſor 
1 + x I preſume that it will be evident to the reader, that, if we were to con- 
tinue each of the foregoing quotients to any number of terms, how great ſoever, 
the ſaid terms would continue to be marked with the ſigns + and — alternately, 
and that the co efficients of the following terms after thoſe that have been above 
computed, would be the 8 numbers of the ſame order of figurate num- 
bers to which the co efficients of the terms above computed in the ſaid quo- 
rients, belonged, reſpectively. And I likewiſe preſume that it will be 1 
to him, that, if we were to divide the laſt, or ſixth, quotient by 1 + x, and the 
next, or ſeventh, quotient, by the ſame quantity 1 + x, and the ſeveral next 
following, or eighth, ninth, tenth, and eleventh, &c, quotients, continued to 
any number whatſoever, by the ſame quantity 1 + x (whereby we ſhould ob- 


_ 1 , | , I I 

_ tain ſeveral infinite ſerieſes that would be equal to the fractions ==". 75" 
I I I SS 1. 1 

F — 5” &c), and were m continue w_ of the ſaid diviſions 

till we had obtained any number of terms in the quotient, how great ſoeyer, the 


ſeveral even terms in every, quotient would be marked with the fign —, or ſub- 
tracted from the firſt term 1, and the third, fifth, ſeventh, and other following 
odd terms in every quotient would be marked with the ſign +, or added to the 
ſaid firſt term, and alſo that the co-efficients of the terms of the ſaid 7th quo- 


tient (that would be equal to the fraction U would be the figurate numbers 
of the jth order, and the co-efficients of the terms of the ſaid 8th quotient (hat 
would be equal to the fraction =) would be the figurate numbers of the 8th 
order, and that the co-efficients of the terms of the gth, 1oth, 11th, and other 


following quotients (which would be equal to the fractions N > 
I * 


& c) would be the figurate numbers of the gth, 1oth, 11th, and other 


1 + 110 


following orders, reſpectively. 


41. The foregoing concluſions may be derived from the following obſerva- 
tions, which cannot but occur to every perſon who ſhall go through the forego- 
ing operations of algebraick diviſion with attention, namely, 

iſt, That in every ſeparate operation of diviſion, by which a new term in the 
quotient 1s to be obtained, the dividend will always conſiſt of two terms which 

will 


„ 
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will have different ſigns + and — prefixed to them; ſo that, when the firſt of 
the two has the ſign + prefixed to it, the ſecond will be marked with the ſign 
-; and when the firſt has the ſign - prefixed to it, the ſecond will be marked 
with the ſign +. | 
2dly, That the ſubtrahend, or quantity which is to be ſubtracted from the ſaid 
dividend, will always confiſt of two terms, which will be both marked with the 
ſame fign + or —, which fign will alſo be the ſame with that of the firſt of tie 
two terms of the dividend from which the ſaid ſubtrahend is to be ſubtracted ; 
and therefore the ſign which is prefixed to the ſecond term of the ſaid ſubtra- 
hend will be contrary to that which is prefixed to the ſecond term of the ſaid 
dividend, from which it is to be ſubtracted ; whence it follows that when, in 
order to ſubtract the ſaid ſecond term of the ſubtrahend from the ſecond term of 
the dividend, which is placed juſt above it, we ſhall (according to rules of alge- 
braick ſubtraction) have changed its ſign into the contrary ſign, and have added 
it, with its fign ſo changed, to the ſecond term of the dividend, the reſidue 
thence reſulting (which will be the firſt term of the next dividend) will have the 
ſame ſign prefixed to it as is prefixed to the ſecond term of the former dividend, 
or the contrary ſign to that which is prefixed to the firſt term of the former di- 
vidend ; ſo that the firſt terms of every two contiguous dividends throughout the 
whole diviſion will be marked with contrary ſigns, and conſequently every two 
contiguous terms in the quotient (which have always the ſame ſigns with the firſt 
terms of the two dividends from which they are derived) will alſo be marked 
with contrary ſigns. | 
3dly, Since the two terms of the diviſor 1 + x, to wit, 1 and x, have the 
ſame numeral co-efficient 1, and every new ſubtrahend is produced by multiply- 
ing the diviſor 1 ＋ x into the laſt found term of the quotient, it follows that the 
numeral co- efficient of the ſecond term of every new ſubtrahend muſt be the 
ſame with the numeral co-efficient of the firſt term of the ſame ſubtrahend. 
And conſequently, when the ſign of the ſecond term of the ſubtrahend is 
changed, and thereby become the fame with the ſign of the ſecond term of the 
dividend, which is juſt above it, and it is added, with its ſign ſo changed, to the 
faid ſecond term of the dividend, the co-efficient of the quantity reſulting from 
this addition, or algebraical ſubtraction (which is evidently the ſum of the co- 
efficient of the ſecond term of the ſubtrahend and of the co- efficient of the ſe- 
cond term of the dividend) will alſo be the ſum of the co-efficient of the firſt 
term of the ſubtrahend and of the co-efficient of- the ſecond term of the divi- 
dend, and conſequently (becauſe the firſt term of the ſubtrahend is always equal 
to, or the ſame with, the firſt term of the dividend) will alſo be the ſum of the 
co-efficient of the firſt term of the dividend and the co- efficient of the ſecond 
term of the dividend ; that is, the co- efficient of the firſt term of every new divi- 
dend will be the ſum of the co-efficients of the firſt and ſecond terms of the next 
preceeding dividend. And conſequently the co-efficient of every new term in 
the quotient (which is the ſame with the co-efficient of the firſt term-of the divi- 
dend from which it is derived) will be the ſum of the two co-efficients of the 
two terms of the next preceeding dividend. But the ſecond term of the next 
preceeding dividend is a term of the laſt preceeding ſeries, or quotient obtained 
Vol. III. * R by 
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by the diviſion by 1 + x; and the co-efficient of the firſt term of the ſaid next 
preceeding dividend is equal to the ſum of the co-efficients of all the preceeding 
terms of the ſaid laſt preceeding ſeries, or quotient obtained by the diviſion by 
I + x. Therefore the co-efficient of every new term in the quotient ariſing from 
the preſent diviſion by 1: + x will be equal to the ſum of all the co-efficients of 
the terms in the foregoing ſeries, or quotient, as far as the correſponding term, 
or term involving the fame power of x, and including the ſaid term. Thus, if 
the former ſeries, or quotient, be called A, and the preſent quotient, now ariſing 
from the diviſion of the ſeries A by 1 + x, be called B, and m be a whole num- 
ber denoting the place of any term in the quotient B, the co-efficient of the nt 
term of the ſeries, or quotient, B, will be equal to'the ſum of the co-efficients of 
all the terms of the preceeding ſeries, or quotient, A as far as the mth term of the 
ſaid ſeries, and including the ſaid mth term. 

And therefore 4thly, that the co-efficients of the terms of the ſeveral ſerieſes, 
or quotients, ariſing by the continual diviſion of 1 by the binomial quantity 
1 + x will be the ſeveral orders of figurate numbers, or the terms of the ſeveral 
vertical columns of terms in the foregoing table of combinations ; ſince both the 
ſaid co-efficients of the terms of the ſaid ſerieſes, or quotients, and the ſaid figur- 
ate numbers, or terms of the ſeveral vertical columns of terms in the ſaid table of 
combinations, ariſe in the ſame manner from a ſeries of units, 1, 1, 1, 1, 1, 1, 
I, 1, 1, I, 1, 1, &c, to wit, by the continual addition of them to each other, 
and by the like continual addition of the terms of every ſeries generated from 
them to each other, 


42. It having been now proved that the terms of the ſeveral ſerieſes, or quo- 


. . . I I I I I 
tients, that are equal to the fractions I7 35” — FT x7” 
- , &c, ad infinitum (beginning with the ſecond term in each ſeries), are 
+ x\* 


* 
to be marked with the fign — and the ſign + alternately, and that the co- 
_ efficients of the terms of the ſaid ſerieſes will be the figurate numbers of 
the correſponding orders; and it having been proved above in coroll. 10, 
that the figurate numbers of the th order, or the ſignificant terms of the 
nth vertical column of terms in the foregoing table of combinations (a being 
put for any whole number whatſoever) are equal to the terms of the follow- 


ing ſeries, to wit, 1, 7 A, ＋ B. TEC, D. HE, Sp, = 9 


2 3 | 
k,? x, 2+9 k. L., &c, ad infinitum; it follows that the fraction 


8 
9 10 
=— will be equal to the infinite ſeries 1 = = As + = 3-2 
1 + A= © I 2 
Cx + _ D x* — —. Ex* + 5 F x= = Gx + 1 + 7 H x* 


3 
8 
Re: 1 + DKE Le Kc, ad infinitum. 


43. Now let - be ſubſtituted inſtead of x. And the fraction 1 will then 
be 
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be = x, and the ſeries 1 — 2 A + BY C Dx 
1 + — 


a4 : 1 4 
eee fr,; 
E 5 gn” will be = —— - 
— WEE — 2 — 44 — — 5 þ EL Ul 

DEE 1 25 G £ 


n 12 K _ fem DS ee lee 
Therefore the fraftion Lt will be equal to the AE 1 —— 242 41 - a 
| i.” 
p. N n +3 34 #+4 - 5 2 46 - $* a+6 ,. 8 
* eee 
+ 1 1 8 „ 8&9 1 + 3ꝛ⁰ * +197 
+ HHS [Pl + KL x + 6c; ad 


; 9 
n nn both ſides Ly this equating by 450 we ſhall have 


— IDE. A 


ER Fat "Ye Ls IIS 
. 32 2 n +2 n + 3 * b5 *+5 
+ r: "i * >; + + 1 a +4 5 * 42 +5 6 


a7 + 8 an+8 9 a 19 10 42 ＋ 10 


tation with negative indexes of powers, we ſhall have a + 3" = the ſeries 
2 — = Aa m—_— ＋ 2 1 2 2298 ＋ 233 
4 


De — [2 Batt . — 62 


+ +7 Hs ——8 3 — — 29 p + «+9 k % jo +22 


La” zu oþ &c ad infinitum. d. E. 1, 
44. This laſt ſeries is the ſame with that which would reſult from Sir Iſaac 


Newton's original ſeries for expreſſing the value of the quantity 4 + a, or the 
mh power of the binomial quantity @ + 5, to wit, the ſeries 4 + = 2 4 3 


14 * FEN 1 
n—3 24 n N 1 — — 
17 „ EE 5 aun 


«0 poling 
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- poſing the index # of the ſaid power to be negative, or by ſubſtituting — # in- 
Read © of u in the terms of the ſaid ſeries. 


For, if this ſubſtitution be made in the terms of the aid ſeries, it will be- 


come equal to - TED ů«˖ͤↄπ‚ Eng K — 


5 5 
wt —T ,,.+ + #+1 —a=-2,, +  +n+1 — 2 —2 —t—3 + n 

5 I * 0 I * 2 3 A. 1 
* 122 X —.— X n X 124 * — * — 
33 2 , K H od 
n 1 —jn+2 —2—3 12712 1 ＋ 1 1 +2 n + —t—4 4171 2 
0 = a * N * * a * 
* —— * = x — * — 2 + & Y fs Oo pp 
4 1 ＋ 1 BY 4* — 2 C 523 3³ + ds a | Da * 3 44 


5 
EZ „ + &c; which is ihe ſeries we juſt now derived from Mr. — 


9 s doctrine of combinations for the value of the quantity a + A, or 
. 1 | | Q E. D. 
_ ĩ:—P—p—— ' — — ry 
| A general expreſſion of the value of the fraction = 


or of the reciprocal of any integral power of the reſi- 
dual quantity a — b, in an infinite feries. 


. 
45. Coroll. 12. The fraction 
eder 2 28 


4 2 a#n+2 2 Roe Fo”: e 
F Ae — 8 37 122 38 —2 1 by +239 K 3¹⁰ 


will be equal to the ſeries 1 — 7 A 


an . an 7 8 a ＋＋ T 9 a*T+9 10 an +10 
+ —— L —— _ + &c ad infinitum, which conſiſts of the very ſame terms as 


the ſeries obtained in the foregoing corollary for the value of the fraction 


a + = 25 
but with the ſign + prefixed to all the terms after the firſt term — inſtead of 


being prefixed only to the 3d, Sth, ch, 9th, and other following odd terms of 
it, as in the former ſeries. 


46. This 
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46. This will appear by dividing 1 two or three times following by the reſi- 
dual quantity 1 — * inſtead of the binomial quantity 1 + x. For we ſhall ea- 
ſily perceive that all the terms, after the firſt terms, in the quotients arifing from 
thoſe diviſions will be marked with the fign +, or muſt be added to the firſt 
terms. The three firſt of theſe diviſions will be as follows. 


The firſt Diviſion, 
Diviſor. 5 Quotient. * 
1 - (TTT. 
Dividend. 


The 
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The Second Diviſion. 
Diviſor. Quotient. 
1 -* (T ＋3* ＋ 4% + 5 + 645 + 74 + 8x? + 9 ˙ + 1049 + Ke. 


Dividend. 
1 Nr +49 + &c, 


12 


The third Diviſion. 


Diviſor. Quotient. 
1 -* (1 + 3x + 6 + 10a + 15 + 2145 + 3627 + &c, 
Dividend, 
1 + 2x + 34* + 4a? + ga + 6a + 745 + 847 + ga? + &c. 


1— X 
+ 3x + 3a® 
+ 3x — 34? | 
* + 6a* + 4x3 
+ 6x* — 6x3 
* + 1043 + gat 
＋ 10x3 — to 
_® + 154* + 6x5 
. +15.* —- 1x5 
* +2145 + 7 
+ 2145 — 21a 


* ＋ 282 + 8x7 
+ 284% — 28% 


* 


47. It 
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47. It is eaſy to ſee that, both in theſe three diviſions, and in all the following 
diviſions that may be made of the laſt quotient hereby obtained, by the ſame diviſor 
1 = x, all the terms of the ſeveral quotients, after the firſt terms, will be marked 
with the ſign +, or be added to the firſt terms, and that the co-efficients of the 
ſeveral terms will be the very ſame numbers as the co-efficients of the correſpond- 
ing terms in the former quotients which reſulted from the diviſions by the binomial 


quantity 1 + x. It follows therefore that the fraction —_ will be equal to 
— * 


the infinite ſeries 1 + Ax + —— B x* + == Co 10 5 Dat + = 


Ev + EF + f HHS) + El, + 2 Ke 


Lx + &c ad infinitum, and conſequently (ſubſtituting - inſtead of 


1 ＋ 10 


+ 11 
x in this equation) that the fraction will be equal to the infinite ſeries 


TABL ED + SHES + 


2 3 a3 4 | 
3 2462 n+ 3 n+8, 9” , n+9y %% «+10; b* 
Fz+5T60%9 + a3 Hz +5715 +2 + 


+ &c ad infinitum, and conſequently (dividing both ſides of the laſt equation 


by a) that the fraction ( „ <enec—m—_, Of n——— or) - 
{x x12] ont—23 | 7. 
af 


= B $2 ae 


a1 


3² = +3 34 »+4 5p 33 2 F n+6 57 —2 
22 4 D 7 5 . 6 * > 7 G37 8 


will be equal to the infinite ſeries r + © 12 
36 


33 "+8, 30 1149 $29 n+ 10 gar py 
Hatton tis © rn wn ares _ 


48. If we make uſe of Sir Iſaac Newton's notation with negative indexes of 
powers, the laſt equation will be as follows, to wit, 4 — J“ = the infinite ſe- 
ries a + = Vane? „ _ c 3254 _ 


2 


+ FA + — Eg. 35 + 224 Far" p 4 — eee 4? 
+ 2 Hop + — 142 + 2 E46. 


11 
La“ u + &c ad infinitum. But the other way of expreſſing this equation 
ſeems to be clearer and more natural than this way, and, for ordinary purpoſes, 
preferable to it. 


49. This 
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49. This laſt ſeries is the ſame with that which would reſult from Sir Iſaac 
Newton's original ſeries for expreſſing the value of the quantity a — , or the 


mh power of the reſidual quantity 4 — 6, to wit, the ſeries 4 — 1 1 
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n 1 — 1 1-2 ;, 1 221 1 — 2 13 ,, n 
ä ; 
* . — = EDX — * 2 * 2s + &c, by ſup- 
poſing the index u of the ſaid power to be negative, or by ſubſtituting — u in- 
ſtead of » in the terms of the ſaid ſeries. 

For, if this ſubſtitution be made in the terms of the ſaid ſeries, it will be- 


. E 75 7 2 — 2 — 1 


21 
* 


come equal to 4 n = : . 


„ none IN | pa 4s — 2 —- 2 X 21282 2 1 „ += 
3 1 2 3 4 1 

— 2 —1 — 2 — 2 — 23 — 2 —4 5 hs — + 2 
Nh. X 3 X 7 * 5 + &c a - 
122 


X 


2 3, 


. * 
7 u „ +$#+2. „ +#+3,,#=4 +2 „ . „ +$#+2., +#+3 
- » * 


1 qo IT 3 


2 
. 3 * + & = a += 1 = + —= a > 


5 x 2 1 


* 

x 

E HERE = +£ 
2 

X 

+ 


a 
Ea 53 + &c; which is the ſeries we juſt now derived from Mr. James 


Bernoulli's doctrine of combinations for the value of the quantity a N, or 
he ; 


a — A” i | | . E. D. 


go. We have now ſeen how from Mr. James Bernoulli's doctrine of combin- 
ations, and his explanation of the properties of the figurate numbers derived 
from it, may be deduced juſt and regular demonſtrations of Sir Iſaac Newton's 
famous binomial and reſidual theorems in the cafe of the integral and negative 
powers of a binomial and a reſidual quantity, or of the reciprocals of their inte- 
ral and affirmative powers, as well as in the caſe of their integral and affirma- 
tive powers themſelves, in which Mr. Bernoulli himſelf has demonſtrated them 
above in coroll. 3. And I doubt whether any other method of demonſtrating 
theſe two famous theorems in the caſe of the integral and negative powers of a 
binomial and a reſidual quantity has yet been found out, that is equally clear 
7 A Diff- 
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A Difficulty that may occur concerning the foregoing 
Theorem relating to the integral and negative Powers 


of a reſidual Quantity, as a — b, or 1 — X. 
— — 
51. Before we conclude this ſubject of the binomial and reſidual theorems in 


the caſe of integral and negative powers, I will endeavour to clear up a diffi- 


culty which may, perhaps, occur to the reader's mind concerning the latter of 
the ſaid theorems, 


It has been ſhewn in art. 47, that 1 — , or — is equal to the infinite 
ſeries 1 + = As + = B& + == Co + 2 Dx + Ex + 2-5 
Fx + —— G x7 + &c ad infinitum, in which all the terms following the firſt 


term 1 are marked with the ſign ＋, or are to be added to the ſaid firſt term. 
And the co-efficients of the terms in this ſeries continually increaſe, when # is of 


any magnitude greater than 1. Thus, if u is = 2, we ſhall have = (= =) 


4 a+1,__ 41 2 2 ne »+3 44 
= 2, and = ( ) = 2, and = (= ==) = 4, and =, . 


=, =, &c equal to T, 24 = &c reſpectively; in all which fractions 


47: $7.0 | WM 
the numerators exceed the denominators by an unit: and, if # is = 3, we ſhall 


n n+1 #+2 n+3 n+4 =»+5 n»+6 F462 27 wks 
have Py. ” bs . "I. ? * 286. — 3 &c equal to =, * Fe, Py, 


— 8 >, &c reſpectively ; in all which fractions the numerators exceed the 
denominators by 2. And the hke exceſs of the numerators above the deno- 
minators will take place in a ſtill higher degree in the ſaid generating fractions 


8 =, . . . E, &c, when the index # is equal to 4, 
or 5, or 6, or any higher number. And conſequently the co-efficients B, C, D, 


E, F, G, &c, which are derived from the firſt term 1, or A, by the continual 
multiplication of the ſaid generating fractions , —-, = — . = 


"+5 E, &, muſt continually increaſe in all theſe ſerieſes. And accord- 


ingly we find that the figurate numbers of every order, or the ſeveral ſignificant 


terms in every vertical column of terms in the foregoing table of combinations, 
page 50 (which are equal to the co-efficients of the terms of the foregoing ſeries 


14 AE += Be + = Cu + ZE DO + SES + F 


+ &c ad infinitum) increaſe continually, And hence it may happen that, if x is 
but little leſs than 1, the whole terms at the beginning of the ſeries 1 + + As 
+ *2 Bo += Ci + _ D* + Ex F &c ad infi- 
nitum, may (by means of this increaſe of their co-efficients) be increaſing quantities. 
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Now, from this circumſtance it may, perhaps, be apprehended, that all the 
terms of this ſeries will in ſome caſes diverge, or increaſe, continually, to what 
number of terms ſoever the ſaid ſeries may be continued, and conſequently that 
the ſaid ſeries (conſiſting of an infinite number of terms that are every one 
greater than that next before it) will be infinite in magnitude as well as in the 


number of its terms, and therefore cannot be equal to the finite quantity 


- 
1 — x} 


This is a difficulty that ſeems naturally to ariſe upon this ſubject. But it may be 
removed by the following confiderations. 


An Explanation of the foregcing Difficulty. 


— — —  —_— 


52. The proportion of the numerators of the ſeveral generating fractions 
-, 2 a * 2 5 2 2 7 . —.—,. 22 2 &c to their denominators (though it 
is always a proportion of majority, when # is greater than 9 approaches continu- 
ally nearer and nearer to a ratio of equality, as its limit; ſo that, if à be ever ſo 
great a number, we may, by continuing the ſeries of theſe generating fractions to 
a great number of terms, come to one in which the ratio of the numerator to the 
denominator ſhall be leſs than any propoſed ratio of majority. Thus, for ex- 
ample, if # is = 1000, and the ratio of majority that is propoſed, or given, and 
with which the ratios of the numerators of theſe generating fractions to their de- 
nominators is to be compared, is that of 1 to 0.99999, or of 100,000 to 99,999, 
it will be poſſible, by continuing the ſeries of the ſaid generating fractions, to 
aſſign one in which the ratio of the numerator to the denominator ſhall be leſs 
than the ratio of 1 to 0.99999, or of 100,000 to 99,999, This may be ſhewn 
in the manner following. Let z be the general repreſentative of the ſeveral 
numbers added to the index # in the numerators of theſe ſucceſſive generating 
fractions; ſo that the ſaid numerators ſhall be equal to the ſeveral ſucceſſive 
values of n + , or, on the preſent ſuppoſition that x is = 1000, to the ſeveral 
ſucceſſive values of 1000 + 2. Then will the denominators of the ſaid ſucceſ- 
five generating fractions be denoted by the ſucceſſive values of z + 1, and the 
ſaid generating fractions themſelves will be equal to the ſeveral ſucceſſive values 
of the fraction _— , Or = _ ＋ Now it is evident that, by continually in- 
creaſing the number 2, the proportion of the numerator z + 1000 to the deno- 
minator z ＋ t may be made to approach as near as we pleaſe to the proportion 
of z to 2, or the proportion of * The number z may therefore be in- 
creaſed till the ſaid proportion of 2 + 1000 to z + 1 ſhall be nearer to a pro- 
portion of equality, or ſhall be a leſs ratio of majority, than the propoſed ratio 
of 1 to 0.99999, or of 100,000 to 99, 999. And the ſame thing might be done 
if the propoſed ratio, inſtead of being that of 1 to 0.99999, or of 100,000 to 
09,999, had been that of 1 to 0.999,999, or of 1000,000 to 999,999, or that of 
1 to 0-999,999,9, or of 10,000,000 to 9,999,999, or any other ratio of majo- 


rity, 
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_ rity, how ſmall ſoever. Therefore, however nearly the quantity x may approach 
to an equality with 1 (than which it is always ſuppoſed to be ſome what leſs) it 
will always be poſſible to increaſe the number z till the proportion of z + # to 
2 + 1, or of# + z to z + 1, becomes leſs than the proportion of 1 to &, or till 


the fraction —— becomes leſs than the fraction =. And, as the number 2 in- 


creaſes with the number of terms of the ſeries 1 + — Ax + — B + - : . 
Cu + DG + Ev + EF + — G + &c (being al- 
ways leſs by 2 than the number of the terms from the beginning of the ſeries to 


the term in which it occurs, including the ſaid term) it is evident, that, by con- 
tinuing the terms of the ſeries, we muſt always come to a term in which the ge- 


nerating fraction _ - ſhall be leſs than the fraction — And when we are ar- 


rived at this term, the next term of the ſeries will be leſs increaſed by being 
multiplied into the next generating fraction (which will be leſs than the fraction 


=) than it will be diminiſhed by being multiplied into the fraction =, or the re- 


ciprocal of the fraction - ; and conſequently it will be leſs than the laſt preceed- 


ing term of the ſeries from which it is derived. And therefore, when we are 
come to this term, all the following terms of the ſaid ſeries (which have hitherto 
been increaſing quantities) will decreaſe continually, and in a greater and greater 
proportion continually, as the ſeries advances. And conſequently the ſaid ſeries 
will in all caſes be of a finite magnitude, however nearly the quantity x may ap- 
proach to an equality with 1, d. E. 5. 


© 


— 


EASY ax» COMPENDIOUS METHODS 


OF MAKING 
L O U AR r 


BY 
MR. ABRAHAM SHARP, 


OF LITTLE-HORTON, NEAR BRADFORD, YORKSHIRE, 


MR. SHARP's METHODS 


OF MAKING 


\ 


LOG A R.41 T7 kann 


— — — * 


the mak ing of Logarithms, the firſt thing requifite is to find the natural 
logarithras of two or three of the leaft and firſt prime numbers, viz. of 2, 
3 and 5, or rather 10, by the reciprocal of which Briggs's (that are the moſt uſe · 
ful logarithms) are compoſed, 4 | 998 | 
The logarithm of 1 being 0; that of 2, the next prime, is firſt required : but 
to attempt to raiſe that directly and immediately, would be fo very laborious and 
tedious a taſk (much more the greater primes) that tis more expedient to uſe 
ſuch fractional numbers as lie between 1 and 2, by the multiplication whereof 2, 
3 and 5 may be produced; of which (in the deſigned method) thoſe are moſt 
convenient, whoſe numerators exceed the denominators only by an unit, fince 
hereby multiplication is wholly avoided. 
The rule for making the natural logarithms of ſuch improper fractions may be this. 
Add an unit to twice the denominator; the ſum (which is the ſum of the nu- 
merator and denominator) ſhall be the diviſor ; and the exceſs of the numerator 
above the denominator (in this caſe always 1) the dividend : the powers of this 
ſimple fraction, compoſed of this diviſor and dividend, muſt be raiſed by a conti- 
nual divifion, till the ſeries run out to ſuch a number of figures as are required; 
but becauſe none but the odd powers are of uſe, let the firſt quotient, and all the 
reſt ſucceſſively, be divided by the ſquare of the firſt divifor : the powers thus 
raiſed, divide each reſpectively by its proper index, i. e. the iſt by 1, the ad by 
3, the 3d by 5, &c, the ſum of all theſe quotients will be the natural logarithm 
of the fraction propoſed. 
Becauſe the logarithms of the primes 2, 3 and Fo are fought, which are mutu- 
ally ſubſervient to the compoſing each other, no fewer than three ſerigſes can ſuf- 


fice; therefore three improper fractions mult be choſen, with two or three primes 
in each. And though the fractions neareſt 2, as 4, 4 and 4, require the greateſt 
labour in raifing their ſeveral ſerieſes; yet from them, when compleated, the loga- 
rithms of the defired primes are moſt eaſily deduced : for in fractions that ap- 
proach nearer 1 (i. e. whoſe denominators are greater) the ſerigſes are raiſed with 
leſs lahour, though the deducing the loganthms of the prunes therefrom be more 

6 intricate, 


IOZ 


intricate, and require more additions of logarithms ; but that being a trouble, 
ſmall in compariſon. with that of making the ſerie/es, theſe muſt be ſuppoſed 


more eligible, 


I. The Series for making the lo 


SHARY'sS METHODS 


Example I. exhibiting the computation of the logarithms of 


the numbers 2, 3, 4, 5, and 10 by means of three ſe- 
rieſes which are equal to the logarithms of the fractions 


3 4 3 
3; 3, 8 £. 


garithm of 2 ; twice 2 + 1 = 5 the firſt diviſor, 


and the ſquare of 3 = 25 the diviſor for the reſt, 


5) 1.00000,00000,c0000,00000, 000000 ( 
(0.20000,00000,00000, 00000, 000000 
25)2( . . 800,00000,00000,00000,000000 
25)$( + + 32,00000,00000,00000,000000 
25)32( + + 1,28000,00000,00000,000000 
25)128( ., + + * $120,00000,00000,000000 


e * + 204,$0000,00000,000000 


28)2048('. . . . 8,19200,00000,000000 
25)8192( « + « +. + 32768,00000,0000c0 


| The 04d Powers divided by 1, 3, 5, &c. 


1) o. zaoooo, ooooo, ooooo, 00000, 000000 
3) . „ 266, 66666, 66666, 66666, 666667 
5) + . + 6,40000,00000,00000,000000 
7) « « + « 18285,91428,57142,857143 
9) + + . +» « 5688,83888,88888,888889 
I1) . + + + + » 18,61818,18181,818182 
13) + + « « 63015,38461,538461 
IS) . ++ + +» + + « 2184,$3333»333333 


25)32708( « « . + + + 1310,72000,000000 | 17)... + + « 77,1011, 647059 
25) 131072( » + + + + » $2,42880,000000|19) .. .. ++ + + » » 2,75941,052032 
25)5242B8(,.... 0 « 2, —— 21) .. » „ „ + „ + „ „ . 
25) 209452 „ 38 „608000 23) n 364, 722087 
2508388608000. ä «P 335,544320 553) . + 13,421773 
2325447 * +++ + + + 135421773 27) ö + +,, ++ + » » 4Q7I03z 
25)13421773 ( —*— ++ + +» 536871 Riehen 
250536871 +++ —2— + 21475 rer 8 
25021476 4859 33) 6 

250859 ++ +++ ++ 4+ +++ ++ 34 — 3335 4 2 2 221 


The Sum is the natural Log. of + = 0.20273,25540, 54082, 19098,900657 = 


ho — 


II. The eien far making the logarithm of 4 ; twice 3 + 1 = 7 the firſt diviſor, 
ag. and the ſquare of 7 = 49 the diviſor for the reſt. 


The odd Power: divided by 1, 3, 5, &c. 
1) 0.14285,71428,57142,85714,285714 
3) + » « 97418172,98347,91059,2808; 5 
5) + + + 1, 18998,03053:23972+154459 
7) « + + + 1734, $2595 $7431034522 
9) « « + + + + + 27z53430,91361,000545 
1199. + + « $5975»75551,482354 


13), —— + + +» +» «» 793,92 4.405 504 
15) Nd » 14,0422 656152 


17) . ++» + + ++ + + + « 26280,248310 
19) c. + ++ +. 0+ + « « 401,925204 
21) ů— 2 3.528382 
abe * 215 1 
250) VV 4983 


7) 1.00000, 00000,00000, ooo, ooooοο 
(0.14285, 7428,57 142,857 14, 285714 
ene, 
49) 291 5 Kc. (5,4990, 18266, 19860, 772297 | 
49) 5949 &c. ( 12142,65678,90201,240251 
49) 12142 &c. (. 247,80932,22249,004903 
49) 247809 &c. (. . 5, 05733, 31066, 306223 
49) 505 733 &c. (. . 10321, 879%, 271556 
40) 1032 10 Kc. (.. 210, 63444,842277 
a 4&c. ( . . . «» » 4,29866,221271 
49) 429806 Kc. l.. . . . 87752,780026 
- 49)877278&c.( . . + + + + +» 179,030327 
49) 179030 o( ++ +» + + +» + +» 34053803 
4909053 o3( *» + 0 + + + + 74567 
49)74 So doo co» 16 27))))))j 25 
490162ꝶ.½W eee ++ +» +» 31 20) b eo +» 


The Sum is the natural Log. of f = 0.14384, 10362,2589@,46371,960949 


—— 


III. The 


OF MAKING LOGARITHMS 103 


III. The Series for the logarithm of 4; twice 4 + 1 = 9 the firſt diviſor, and 
the ſquare of 9 = 81 the diviſor for the reſt. 


9) 1-009000,00000,00000,00C00,000000 ( The odd Powers divided by 1, 3, 5, &. 
200 — Is — a nnn 
1)11 &c. (137, 17421, 12482, 8532 2,3593 3). 45,7243, 70827, 61774, 119799 
81) 371 &c. (1,693 50, 87808, 43028, 67 1104 )) e e 68005724128 "YA 
81) 16935 &c.( 2090,75158,12876,897174 | 7) . . . « . 298,67879,73208, 128168 | | 
81)209075 &c. (. 25,81174,79171,319718 |9) . . . . . . . 2,86797,19907,924413_ | 
81)258117 &c. . . 31866,35545,324935 | 11) . « « + + + + + 2896,94149,484085. 
81)3186635 Kc. (. . . 393,41179,571913 | 133) + + + + + 30,202444582455. 
$1)39341 17 Ke. » + + » 4+85693,574962 | 15) , ... 323795571664 
81)4 56935 &c.( . 5996, 216975 | 17) LS 06S 8 352,718646 
81)5996216 Kc. ,. . . . . . 744927371 12 ++ 00000 0 0 0 0 „ „ „ Wegnnny 
333458737“ n 913918 211117 „43520 
81)913 1 ( © © > b..+ 4 44:0 » 11283 23. *.+ + « « 490 
810112 G e & © 2 t 
2 The Sum is the natural Log. of + = 0.11157,17756,57104,87788,314755 _ 
Iiſt Series + + + + + nat. Log. of + = . 20273, 26540, 54082, 19098, 900657 
0. 14384, 10362, 6890, 463 1, 950949 
„bbb „„ 9111574177 56,57 104387 196,314755. 
4th = iſt T 24. +. +. + 2. = 0.34657,35902,7997 2,05470,861 
th=iſt T 4B. 3 = 0-54939%01443,34954,84509,702263 
th = 2d + Fre or 4th X2 . . . +» + 4 = 0.69314,71805,59945,30941,723212 
2th 3d +6th....... “5 = 0.80471,89562,17050,1 8730,037967 
8h = Ath + b h.. + + 10-= 1.15129,25464,97022,$4200,899573. b 


P 


Example II. exhibiting the computation of the logarithms 
of the numbers 2, 8, and 10 by means of three ſerieſes 
which are equal to the logarithms of the fractions 18, 
24 and Au. g 


- * 


The three improper fractions, whoſe denominators are, ] believe, the greateſt 
that can be found, capable of effecting this, are 45, +4 and 48; which ſhall be 
pitched upon for another example. 


J. The Series for 1 * = 7+; twice-1 5 + 1 = 31 the firſt diviſor, and the ſquare 
of 31 = 961. the diviſor for the reſt, 


31) 1.00000,00000,00000,00000, 000000 ( | The odd Powers divided by 1, 3, 5, &c. 

(0. og3225, 80645, 1612, 03225, 806452 | 1) 0.03225, 80645, 16129,03225,80645 2 
961) 32 &c. (3,3567 1,84720,21751,535 332 I 1990,01573.40 83.845233 

961) 3356 &c. (. . 349,29432, 59127, 33128 )) . 6 685880,51825, 546626 

961) 34929 Kc. . . . 3634,94 1,4877 5 )) + + + « + $192,42345,041108 

961) 303409 . +. + 37782202, 309561 [9). . ++ . + +. + + + 4420244,701062 
961) 378220 Kc. . . . + 39355994391 fi) ++ + +» + 357790399. 

: E / 
99619409541 Kc ..... ++ + +4202 18) 2 4284 
The Sum is the natural Log. of 45 = o. o3226, 92605, 6878 5, 568 58 3, 646 19090098 


11. The. 
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IL. The Series for 1 2 = 24; twice 24 + 1 = 49 the firſt diviſor, and the 


ſquare of 49 = 2401 the diviſor for the reſt. 


49) 1.00000,00000,00000,00000,000000{ | The odd Powers divided by 1, 3, 5, Kc. 
(0.02049, 6 1632, 65 306, 12244,897959 | 1) 0.02040,8163 2,65306,12244,8979 : 
2401) 204 &c.( 84998, 597 52,31408,681 750 4 ws 4 28332+80584, 10499, 500585 
2401) 8409 &c. ( 35,½101837454,843585 5997 . . 7,08026,63492,82871: 
2401)35401&c.( (. 1474441 88593 71177 + + + 21%,03444,842277 
2401)14744 &c. * +» + 4 + * 61409,460 182 9) —— +++ + +48 +4 * 6823,273354 
2401)614 2 * . 26,576618 117); 4328147 
2401) 2667 | 0-0. 0. 0. © © © © . 10652 13) „ 0.6 V% & ve 


5 The: is the natural Log. e of 44 — 16012 $0077 700Ga 


— 


III. The Series for 1 4, = ; twice 80 + 1 = 161 is the firſt divifor, and the 
' ſquare of 161 = 25921 the diviſor for the reſt. 


161) 1.00000,00000,00000,00000,000000( | The odd Powers divided by r, 3, 5, ke. 
(0.00621, 1180, 24723, 60248, 4472056 | 1) 3 180124223, boz4 e 
29921) 621 Kc. ( 2396, 19618,23323,183825 | 332 798, 732 907714394015 
25921) 23961 Ke. (. . 9244,22739,220000 | 5) .. + . . . « . 1848,84547,844012 
25921 )92442 &c. » + 2 235 63,08 1641 7 eee $094,725 48 
Ne 32 1375837 0%0⸗hõů 152871 
5 25921)13758 30464 0 c F 3 
The Sum is the natural Log. of {4 = 0.00621, 12500007, 77569, 75459 
eee. Log. ot 4+ = 9.03226,9260z,68785,z85 5646505 
2d . ‚7—ͤ[— 666 „„ „„ „ „ „ + 0 » 14 eee e 60127, 66477,748 853 
1 = 0.0002 1,125 55 7665, 564656 
= iſt ＋ 2d T 3304 f o. og889, 15178, 28191, 72726, 939705 
10 iſt Tad 4 Ahhh. . . „20. 118428785. 488.3554 
th = iſt T sth. 9h39 „h⁵•. +4400 + 4 F = 0.143 84,10362,258 4 6371,960950 
th Ath T Gb... 40. 20273, 25540, 54082, 19098, 90065 5 
8&h=6th K ꝶ ttt... . + « 2 = 0.34657,35902,7997 2,0 430:861692 
gth=SthX3....-.+--+ + + + + + »« 8 = 1.03972,07708,39917,96412,584817 
1oth= th T h . 10 = 1.512, 6464,97022, 84200, 99571 


If greater exactneſs be deſired, more ſerigſes ſhould be taken: no fewer than four 
will be ſufficient, . jan ated) e he (38) 
3 and the (ach) 88; then the zd X 3d, that i is, = x S, will be = =, 8 
7 8 x 5 will be N bh xc, 25 conſequently log. = = + log. © will be 
= log. 5 and log. 8 = + log. — 2 + log. - 5 will be = jog. 2 F» &c, as in the 
n operation. | 


Other four ſerieſes ad be, (1ſt) 38, 2 (24) 2 (3d) = and (4th); =; ; then 
126 2 "As 49 * 4 — 26 
77 1-kn* will be = = 1 wt {x @x Will de f $226 „ 25 


- 224 WW 125 — 

will be = = and = * * 52 will be = 2, and e 112690 log. = 

+ log. = 25 wilt be = log . and lg. + lg. + log = 2 mil be = log 
25 


24 
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| 6 ; * 6 8 6 
Sen Be 


2 . Dn 9 
+ log. 2 will be = log. 5, &, as above. 222 
Five ſerieſes will be required, if the greateſt fraction be gz; then the (ad) may 


8 26 8 
be 555 the (3d) = the 5 e, nd the (5th) Th then 5 x 5 * = 
121 - OY I2 26 » Ys 
* — vill be = 2, and 57 X — * 2 will be = > and X = & 5 will 
be = BY &c, as before; and conſequently log. = + log. _ + log. 55 
. 6 6 1 
+ log. 555 will be = log. 24, and log, & + log. 125 + log. 52 will be = log. 


6 6 , 
= and log. z + log. _ + log. A will be = log. 4. &c, as above. 


1 
Six ſerieſes will be neceſſary when the greateſt fraction is = ; then (2d) may 
6 | 6 : 
be =, (3d) =, (4th) =, (5th) ==, and (6th) = then 222 x 22 will be 


Ir Sag, 100 ** 121 2 12 125 961 ; 
= 887 and 35 X = ** 128 will be = 2, and =» * 14. *. will be 
. 3575 and Sx 2 36 f vill be 18, and 25 x 2 x Sill be = 8, 
&c, as before; and conſequently log. 125 ＋ log. = will be = log. 85 and 


log. = + log. = + log. _ + log. = will be = log. > and log. 124 


* oma. 2125 25 25 3! 
+ log. 125 + log. 556 will be = log. — and log. = + log. 32 log. — 


..ſ ——. —T—kté—é—᷑ ...... ——— 
Of the Computation of Briggs's Logarithms. 
——  — — —  — — 


The natural logarithm of 10 (which is half of the hyperbolick logarithm of 
10), having been computed and confirmed by a triple proof to 83 places, is 
found to be 1. 15129, 25464, 97022, 84200, 89957, 27342, 18210, 38005, 50744, 
31438, 648 80, 16663, 95048, 37863, 048 38,67624, 01, and its reciprocal to be 
0.868 58, 89638, 06 503, 655 30, 22578, 37833, 21016, 45887, 9401 1, 60733, 31322, 
2890), 50632, &c. whereby Mr. Briggs's logarithms (which are moſt convenient 
for uſe), where the logarithm of 10 is aſſigned = 1.00000, &c, are deduced from 
the natural by multiplication. For inſtance, the natural logarithm of 4, found 
above in page 103, is in page 106 reduced to Briggs's; and, for the more eaſe 
in the like caſes, the reciprocal of the natural logarithm of 10 is multiplied by 
the ſeveral numbers 2, 3, 4, 5, 6, 7, 8, and q, in the ſame 106th page. 

Vor. III. * The 


* & 


NI R. 8 H AR Ss METHODS 
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Briggs's Log. of 4 = 0.09691,00130,08056,41435,878332 
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Not only to confirm the former way, but to ſhew that Briggs's logarithms may 
be immediately raiſed with the ſame eaſe and expedition as the natural, I ſhall 
ive for an example the following computation of Briggs's logarithm .of + per- 
— in this direct, or immediate, manner; in which it may be obſerved, 
that the reciprocal of the natural logarithm of 10 is made the firſt dividend, 
and all the reſt as directed for making of natural logarithms, in page 101. 


The Series for Briggs's Log. of +4, twice 4 + 1 g the firſt diviſor, and the 
ſquare of 9 = 81 the diviſor for the reſt ; as in the natural log. of &, page 103, 


9) o. 868 58,8963 8. 06 503, 65 5 30, 22578 &c( | The odd Powers divided by 1, 3, 5, &c. 

Se ee 8 97e bare 1) o. 9650, 98848, 57 389, 29503, 358420 

8196 &c. (119, 14800, 60091, 22 686, 461216 3) « . 39,7160, 20030, 40862, 153738 

81) 1191 &. (1, 47096, 303749661, 5612495) 29419,26074,29932,312250 

$1) 14709 &c.( . 1816,00374,95674,834089 7) « + . + « 259,42919, 70810,6905;84 

$1)18160&ec.,(.. 22,41979-9377 3:7 03304 9) + « « + + » +» 2,49108,88193,084820 
7 


$1) 26107 r-( * +» 27678, 76456, 342758 11) . . . + . « + « 2516,25133,303887 
81)2767 7 &c. ( FE @ 341,7131 5399293 13) n 26,285 2,04 100 
87924786; . + + +» 4,21868,079004 | I5) ..+»+ + + + + » « 33124,538600 
$1)421 4+ + + + « $208,2478B89| 17) ))) + + +» » + 300,307523 
81) 5208247 K e 64, 299357 19) CS DIS © © © 'V 9 + „ + * 37384177 
— $1)04299357( BEOS MM. = 793819 21) MW NESS NS LAS. 37801 ; 
1)793 1909 0:90 «© &-S 2 g8o0 23) „% 


—_ 


- 
ht tht — 


Briggs's logarithm of 8; becauſe = x 8 is = S, or) 10. Therefore Briggs's 
logarithm of 8 will be o. 90308, 99869, 91943, 58 564,12 1669. 

What is here written, is ſufficient to ſhew the method, whereby the logarithms 
of ſeveral of the ſmall prime numbers were made by the aboveſaid Mr. Sharp, 
who with inexpreſſible care and pains has com the logarithms of all primes 
under 1100, by a double operation to more than 61 places; but the eaſineſs of 
this method may tempt ſome curious reader to examine ſome of them, who will 
then be better able to judge how much we are indebted to this admirably in- 
duſtrious author, 


Rules for computing Briggs's Logarithms of Larger Prime Numbers. 


* W * — 
— 
© 


The next work is to ſhew, how Briggs's logarithms of the larger primes are 
immediately compoſed ; for which ſeveral rules may be laid down ; but that 
which is moſt general and eaſy, and comes neareſt the former, is this : 


Rur z I. Let the number, whoſe logarithm is ſought, and either of the other 
two numbers next it, greater or Jeſs by an unit (the logarithm of which 18 
given) be made an improper fraction; 5 the denominator doubled, add 1, that 

* ſhall 


+4 .- 
= 
= 


MR. SHARP'S METHODS 


ſhall be the firſt diviſor, and the ſquare of that muſt divide the firſt quotient, and 
all the reſt: the dividend muſt always be the reciprocal of the natural logarithm 
of 10, viz. 0.86858,89638,06503,05530,22578,37833,2 &c. but all the reſt muſt 
be as directed for making natural Jogarithms ; only the ſum of the ſeries, or loga- 
rithm of the fraction, when the given number is leſs than that ſought, muſt be 
added to its logarithm ; and when greater, ſubtracted from it. Ex. gr. 


The ſeries to make Bripgs's log. of 251 take 250, the next leſs, to make the 
fraction $43, whoſe logarithm is firſt ſought; twice 250 + 1 = 5o1 the firſt 
diviſor, and the ſquare of 501 = 251001 the diviſor for the reſt, as in the fol- 
lowing operation. | 


501) 0.868 58,89638,06 03,6 530,22 57840 The odd Powers divided by r, 3, 5, &c. 
. (0.00173, 37105, 06599, 0709.42140 3 7 $637 10900 50S 9799521409 
2 


251001)1733 &c.( 69,07185,05503,046478| 3) . . . 23, 02395, 21834, 54 

251001)6907185 &c.(.. 2757855837266 n 14 p 545037 1366353 

251001)2751855 Kc. (. « » . I0,9603525| 7) eo eee + + + + + + » I,50021 
22851001) 109635260 + oe + C 2 . 


Briggs's Log. of 434 = 0.00173,37128,09000,52976,802711 
Log, of 250 = ©-397 94400086, 7 03.895755 $2221 _ 
Log. of 251 = 2.39967,37214,8 1038,13934,054932  _ 


————————_ 


RuLs II. If two numbers next that whoſe logarithm is ſought (either one 
greater and the other leſs ; or both greater, or both leſs) have known logarithms, 
the ſquare of the middle number ſhall be the numerator vf the improper frac- 
tion, and the product of the other two, the denominator, - . 

For an example, take 239 ; its ſquare is 57121, and the product of 238 X 240 
is $7120; whence the fraction is 47424 ; their ſum 114241 is the firſt diviſor, 
and its ſquare 13051006081 the diviſor for the reſt, as in the following ſeries. 


© 114241)0.86858,89638,06;03,6;530,2257( | The odd Powers divided by 1 and 3. Dil 
. 00000, 5603 ·, 28167, 1984 1,862 15 | 1) o. oo00⁰, 7603 1, 28 15 19841, 0862 15 

1305100608 10760 3 128 &c. (582 57,27159 3) + + + 1941009062 

5 Briggs's Log. of III = . 00000. 7603 1, 28 1 5%, 39260, 9626 


n 


If the log. of the middle number be ſought, the log. of the fraction, added to 
the log. of the greateſt and leaſt, will be the log. of the ſquare of the middle 
number; che half of which is its logarithm, as in the following work. 


iſt Briggs's Log. of 240... .... . 2.3802 1,124 ½, 1606, 2293, 6244 59 
2d. Log. of 2338... . . . 2.37657,09570,56512,95440,612505 


3d (= iſt + ad) Log. 57120 (or 240 x 238) 4.75678. 1987,68 117,97 740, 236964 
Ah... Log. of Mitt. 0.00000, 76031, 28157, 39250, og 5268 


th (= zd + 4th) Log. 679,58018,96275, 
—— — ¶ ̃⏑— — — 

If the log. of the greateſt or leaſt number be ſought, ſubtract the log. of the 
fraction from the log. of the ſquare of the middle number, the remainder ſhall 
be the log. of the product of the other two; from which ſubtract the log. of the 
known number, the remainder will be the log. of the other. | 


Suppoſe 
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Suppoſe the log. of 239 and 240 given, and 238 ſought, then gth — 4th = 3d, 
and 3d — 1 2d: if the log. of 239 and 238 are given, and 240 fought; then 
5th. — 4th = zd, and 3d — 2d = iſt. | _ 


Ru TE III. Find ſuch a product of the number, whoſe logarithm is ſought 
(the factors whereof have known logarithms) which ſhall be greater or leſs b 
an unit than another number compoſed of ſuch as have known logarithms, theſe 
two ſhall make the fraction, whoſe logarithm is to be directly found, according to 
the _— preſcriptions, and the logarithm ſought muſt be thence deduced, as in 
the laſt. 

For example, take 227, which multiplied by 27 and 31, produces 189999 
the fraction is 539922, the firſt diviſor is 379999, and its ſquare = 1443992 
40001 the diviſor for the reſt. © 

379999) 0.86858, 896 38,06 503, 65 5 30, 2257840] The odd Powers divided by 1 and 3. 
(o. oo00, 228 57, 66446, 24450, 499976 1) o. ooooo, 228 57, 66446, 24460, 499976 

1443992400012 285 7,66 Ke. (15829,49077 | 3)15829 &c. ( . 55 = . e 2 
we 7 p95 . of 422229 = 0.00000, 2285 7, 52 * 

** L. 43424. = 6.2787 2 11607 
Log. of 189999 = 5. 27875, 13151, 86382, 71165, ; 9 
Log. of 837 (or 27 x 31) = 2:92272,54579,932 59499155417 4 
of 227 = 2.35602, 58571, 93122, 72010, 304898 


This laſt method may ordinarily be rendered as univerſal as the firſt, and more 
expeditious than the ſecond; the only difficulty is in finding out proper num- 
bers. The method I commonly uſed, which rarely fails, is here ſubjoined; as 
in the numbers 223 and 229, which is better underſtood by the performance, 


than expreſſed in words. 


12 7 = 66g 
80 = 17840 10= 2230 
223 x 4 87 = 19401 or223 x4 13= 2899 
x 200 = 44600 709 = 156100 
287 = 64001 713 = 158 
7 = 229 = { 2061 
30 = 6870 50 = 13740 
229 X 4 31 7099 or 229 Xx | by = 15861 
| 100 = 22900 $ 800 = 183200 
131 = 29999 869 = 199001 
| gy000 = 2061000 
a 387=41 X 7; 713=31 x 23; and 9869 130 * 71, (9869 = 2260001 


Here two convenient fractions are diſcovered, for making the | 
4 | 64001, 7X41X223 „ 
"Wed 11 64000 T 64000 : 158990 Ie" ZI X23 X 223 
Logari | 
290, vis. — — - nd 2260001 — 71X139X 229 
29999 131X229 2260000 113 X 20000 


223, VIZ. 


RTE IV. Raiſe the number, whoſe logarithm is ſought, to its ſquare, cube, 
or greater power; and if the number greater or leſs by an unit than ſuch ſquare, 
cube, &c. be compoſed of ſuch factors, as have known logarithms, thoſe two ſhall 


make the fraction, whoſe logarithm is to be found, as before. 
An 


* 


* 
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211 X 211 X 211 X 211 
b K 28 X 53 X 113 * 197 


— 1982119441 - 19 | ; 
652779005 the ſum 39642, 3888 1, at the firſt diviſion, quotes the log. of the 
fraction to 29 places. 
395423888 1)0 868 88, 89638, 06 503 655 &c.(0.00000,00002, 19106, 11087, 78080, 3573 
Add the Log. of 198219440 = 9 29712, 98209, 1664. 5 4944. 842 44,8 397 
The Sum is the Log. of 1982119441 9.29712, 982 11, 90770, 66032, 62325, 1970 
2 of which is the Log. of 211 = 2.32428, 245 52,97692, 66508, 1558 1,2992 


An example ſhall be in finding the logarithm of 211. 


Ru LE V. Find ſuch a product of the number, whoſe logarithm is ſought (the 
greater the better) which hath two numbers next to it, on both or either fide, 
compoſed of ſuch factors as have known logarithms ; then ſquare the middle 
number, that ſquare ſhall be the numerator, and the product of the other two 
the denominator of the fraction, the logarithm whereof is to be made according 
to the rule ; but it muſt be obſerved in which the ſought number is ingredient ; 
for if in the numerator, the logarithm of the fraction muſt be added to the loga- 
rithm of the denominator ; and if in the denominator, it muſt be ſubtracted from 
the logarithm of the numerator. 


Convenient fraftions found for making the Logarithms of 211, 223, 227, 229, 233, 
239, 241, 251, 257, 263, 269, and 271. 


Of art; 211 X 11=2321, 2321 X 2321 387041 
2322=54 X 44, and 2320=29 * 80; } um 2322 & 2320 75 OO 
Of 223 ; | 223 * 13=2899, | n 2899 x 2899 840420 
 *a8g8=2z5 x 14x 9, and 2900=29 Xx 100; 2898 x 2900 © 8404200 © 
Of 227; 227 x 17=3859, 3860 x 38660 _ 14899600 
3860=193 x 20, , 38597 3861 148995900 
Of 2293 229 * z o, } then _2299X 7299 __. 50395801 
- 75100=71 X 100, and 098 = 42K 13X 13; 7098 x 5100 © go3g5800 * 
Of 233; 233 X43=11019, * IT020 x 11020 12144040 
11020=29X 19X 20; and 11021 10% X 103; 11019X 11021 141445309 
Of 239; 239 * 41==9799, } 3 _gBoox gBoo _ gbogoooo 
g800=98 x 100, and g801=99 x 99; 9799798 956539999 
Of 241; 241 X 41=9g88r, 9881x988: _ 97634161 
g9882=61x18x9, and 9880 f x 190; | 9882 x 9880 © 97634160 * 
Of 251; 251 x 131==32881, has 32880 x 32880 1081094400 
32880=137 x 240, and 32879=61 x 49 * 170 32879 x 32881 1081094309 
Of 257; 257 X 4712079, } then 12279X 12079 __ 145902241 
12058=61 x 18 x 11, and 12080=151 x 80; 12078 x 12080 © 145902240 
Of 263; 263 x 73=19199, then 29220 X 19200 _ 368640000 
19200==96 X 200, and 19201=211 3 19199 * 19201 368639999 © 
Of 269 ; 269 * 19 Xx 9845999, then $5999 X 45999 __ 2115908001 
46000=46 x 1000, ES a 45998 x 46000 © 2115908000" 
Of 2751; 271 x 2692 72899, 1 Op 72899 x 72899 _ 8314264201 


7290 1 x 900, and 72898=127 x 41X 14; 2898 x 72900 5314264200 
: e like Expedients may be found for larger Primes. 


3 "1h Ano 
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Another different Method of making Logarithms, derived 
from Dr. Wallis's luftration of Mercator's Quadra- 
ture of the Hyperbola, in Phil. Tranſ. No. 38. wherein 
the greateſt part of the work, (viz. raijing all the 
Powers) is performed by multiplication, being more ex- 
peditious, in raiſing the Logarithms of the firſt Primes, 
with thoſe of many larger ones, than the former by divi- 
Jian, and very uſeful in compoſing a Table of Logarithms, 


= A, the middle = B, the greateſt = E. | 
the logarithm of any one of theſe be given, the logarithms of the other two 
may be thus obtained, by an infinite ſeries, | = 
I. Let the firſt term of the ſeries be C = — = — = —— = =, 
II. The ſeries =C +4C+4C=z;z0oO+;oCOaztCcC+i0cC= ict 
+ + CC e. 1 5 b g 
III. The ſum of all the odd powers (viz. C + 4 C++ 4C? + 5 C7 + 4 Co 
xc = Z) is the hyperbolic logarithm of . | 
IV. The ſum of the even powers (viz. 1 C + 4 CO + 4 CO + pO + C“ 
&c. = X) is the hyperbolic logarithm of / =. | | 
V. The ſum of all the powers, or Z + X, is the hyperbolic logarithm of = 
VI. The difference of the odd and even powers, or Z— X, is the hyperbolic 


logarithm of =. | 

If B be equal to 1, 10, 100, 1000, roooo, &c. all the powers will be raiſed 
by the multiplication of C continually for the hyperbolic logarithms ; or of C 
into the number 0.434,294,48 &c. and into the ſeveral products, for Briggs's 
Logarithms ; all which powers muſt be divided by their reſpective indices. 

This method hath this peculiar advantage above others, that a ſeries once 
raiſed for the firſt numbers in that progreſſion, will generally ſerve for finding the 
logarithms of eight or more primes, without any more labour than addition or 
fubiraion; and therefore muſt be of very great uſe in compoſing a table, eſpe- 
cially as it is moſt expeditious in making the logarithms of the firſt primes, 
though not for raiſing every fingle logarithm. 

The logarithms of the firſt primes, viz. 2, EL 5, Kc. muſt be, either the y- 


perbolic, or the natural , ſince in all methods of raiſing logarithms, theſe firſt offer 
themſelves ;. 


1575 any three numbers in arithmetical progreſſion be propoſed, the leaſt 


*The author of this tract (whom I take to have been Mr. William Gardiner, the mathematician 
who publiſhed Sherwin's Mathematical Tables in the year 1742, and likewiſe the Mathematical Tables 
that go by his own name) here makes a diſtinction between hyperbolic logarithms and natural loga- 
rithms, making the latter to be the halves of the former. But this is a diſtinction which is not 
adopted by the generality of authors upon this ſubject, who uſe them as ſynonymous expreſſions for 

the 


- 
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themſelves ; and from hence muſt be deduced the number 0.4 43429447 &c. or 
its double, which reduces them to Br ggs's : amongſt variety of expedients for 
effecting this, the following is eaſy, and capable of a competent exactneſs, by 
three ſerieſes; for fewer will not perform it without more labour and difficulty. 


The 1ſt three numbers are 96 = A, 100 = B, and 104 = E; then — — 


— 100-96 14 8 — 4 E—A __ —.— 1 
r 5 =" * 3.7, 7 — 200 — 100 
8 C; ſo that 0.04 = C is the fiſt term, whoſe powers, &c. make the firſt 
ETIES., 


The 2d are 92 = A, 100 = B, and 108 = E; then == = = 0.08 


00 
= C, the firſt term of the ſecond ſeries. 
The 3dare 975 = A, 1000 = B, and 1025 = E; then === = — = 0.025 
=C, the firſt term of the third ſeries, 


the logarithms of Napier's ſyſtem, in which the — of 10 is 2.302, 58 5,092, Kc, or, if I is 

any mie lf — 4 1, the n of 1 of the ratio yy = 2 1 e infinite ſeries 
$ 

F=S+== === + &c, which varies with, and is proportional to, the ſaid ratio. 


3 
Them for example, Profeſſor 8 in his Algebra, Vol. II, art. 398, pa 629, has theſe 


words: The logarithms derived from this tion are commonly c called Na arithms, and by 
ſome natural logarithms, and by _ peri i, from the relation 3. to a certain property 
of the common Iyperbola.” 


The 
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The iſt Series. 


E.. „ » 004 

pots 4 Ss 

> I YEE EE HRS 

On 14% 5296 

Cl, ooo 1044 
ates. + 
nets eo 
„ 5536 
GGG „% 6 „46 
CP. 530+» +5 6 „ TOgSE_G 
, od, £ «fem 04 
1 9 4 eg 
C23 doe v EE oe EE. ESEY 710886 


GGG „„ 
CI „» 10797 
„„ „„ „„ „ „ „ „ „ & „ 
r oo 5:e e's BY 


C. . . 0.040,000,000,000,000,000,000,000,0 


—— + + + 213333-3334333»333»333» 3339 3 
Co „ ooo, ooo, ooo, ooo, o 
c 2565952544 „„4„4 +48 + 23,405, 7 14, 28 5,714, 3 
o * © + * + 229712 5111,111,1 
„ „ 0/060 64d s 3 130, 036, 4 
9996 „ „ „51,022, 2 
1(66ꝶ3ꝝ » oe fly 
eee „e K © £2 92080 1 
log. 0. 040,021, 353,836,768, 212,917,889, 
18 mann, — 


„„ 40, 000, 

3 82 666.666,666,666.7 
A e .. 819, 200, ooo, ooo, o 
1 ‚ hh 1, 048, 570, ooo, o 
* . 5398, 101,3 
1 , .0. 5 „ 4 „„ „„ „ + „ — +. + +» I,QI74 
ACT...no.oo coat. 4 25.4: 2.4.0. 265 


X=log.,/ Tg =0-000,800,640,683,486,9 16,642,588, 1 
+X=log. gp = 204002 1,994452042 5212995 $4457 7o1 
Z=—X=log. {$93 90007130 5Sot812290469:40009 
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The 2d Seriey. 


63 öl 
Sn! 
„„ 
Se, 
9. 


Cs 
C7 
Cs 
C9 
Co 


© 0 i 2097152 92 

54 « 1GNN98L9.. ... 

5 + « + « 134217728 
CS DD & > ,4 1073 41824 


. 


C 9934592 

„„ 8719470736 
rr OS 
G6 „66% „%% 
88. „ 0,405 „„„%„%„%„ „ 4,05 ICTOSIICT 
„ „„ „„ „„ 
EF... co 0.0 eee „ee Rs 
C3 ce 0.00,00c00000 % „„ „[ ( « « S008448 
„„ 0:0 5.20 © © ns 
, ec. con 


S e 
156.5850000, 000,000, 
* „ 6 0 „ 0 „0 170,666,666, 666,666, 566,656, 7 
C . +. + + + + + + 655,360,000,000,000,000,0 


* © © 0 een 
9 


. 
—— + + « 14,91 080, 8 
++ +++ + + +» + 79090,314,472,7 
— _— —TTCT 7,6 
—ͤ— rÆEß,„ g 2 2 2 2,345,624, 8 
$$ „„ „„ „„ 13,2459 
Fo . 1519 
L s *® EE CE CH 06 CES © © S ET S+S -=S +. 4 
Z=0.080, 1111325,037+589,691,689,491:4 
IS ... e 
C0 .. 10, 40, ooo, ooo, ooo, 000,000, 
16 43695, 888,666686,668,7 
$C* . ++ + ++ +» + + + 209,715,200,000,000,0 
WSA 6 . + 1,073,741,824,000,0 
TC # #44 +++ „ + + * 5, 726,623,061,3 
1 . » © 00 50:5 © <:%Y 31,414,017,9 
CC. n 
rn, 1,000, 
C22 * + #* 5,8 
X=log-y/ 209=0.003,2 10,28 3901,401:365,705127414 
Z+X=log. 9 =0.083,381,608,939,051,058,394+765,8 
Z -Xlqg. 18 · 76, 961, 041, 13 6,128, 324,984,217, 


— 


114 


The 3d Series. 


ERS 0 ea »6 6 
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. * 0.025 


By theſe three ſerieſes, the loga- 
rithms of all the primes under 29, 

+ +++ + + + ++ 01035156026 except 11, and ſeveral above it, 
G . + + » 152587890625 | be: made. For the logarithm of 7 is 
+010 + . « J8146972656| got from 1008 = 12 x 12 Xx 7, by 


2h23 „953074 —— zd ſeries; that of 13 from 104 


= 8 X 13, by the 1ſt, or from 975 


„% 6596046 75 X 13, y the 3d; that of 17 


EEE 
z 


o * + + + + + O25 a 

jj „ 4565 

WELLES > {> O 

1 a5 +85». » g76g62g E 

—— ‚ —— .. + +» 244140025 

8 

TB WEIS $0 & 

C22 y 

3 „// „„ „„ oo 23841060 

. 

C14 EIT Son $I . to: 60.73} ict 

2 . + » 0,025,000,000,000,000,000,000,000,0| & 21 X 19, by the 3d; 
„ | 

cs $ © 0 „ 6 

oo 

SC o 


AC... eee o'ce 233333 + « 210,744z2 


——UUU UU * 2 117 The logarithm of 11 is had from a 


. 


that of 19 from 9975 = 25 
at of 23 


5 „ „ „ 0,208,222, | from 92 = 4 X 23, by the 2d; that 
So > >» = * —9—— N of 31 from 3 = 32 X 31, by the 
ve ++ +'s'+ +» 871,030,804,571,4 2d; that of 41 from 1025 = 25 


E000 oe v0 e* oe 0% 423,85 5,5, X 41, by the 3d; &c, 


Z = log. x/ 13S = 0.925,005, 210,287, 330,088, 209,01 5,3 ſeries of 0.01 ; for 99 = 9 N II: or 


ke 


18. 


X CG © 0,0 ©. ©.80.,0,0 
. 


Cs 7 a 'D. ® Þ. © . 
0%, , 
1 (02> WY HS © @T © © D ; 


CF, .cq5 ++ + 


. «+. + 257 


Ci. + +» 9.000 12, 550,000, 000,080,050, 550,0 from 0.00L; far 100 = N 13 
COTE « 97,656, 2 50, ooo, oo, ooo, o 


X 11: The log. of 29 from a ſeries 


. 40,690, 104, 166, 666,7 of 0.0005.3 for 10005 = 15 X 23 
REES» 1 ns * 29. And the log. of 37 from 


noe 0000 „ 9 530,743+2 O. 0013 for 999 = 27 7 373 &e. 


. SD ö „ 4.967, 


# 4 A. * 


4h. i. — 


leg ee 2 8982187197222 
£+ X = log. e . oa 50 7.80). 984, 289,87 5,403, 723,0 | 
Z — X =log. 4858 =9-024,092,012, 590, 371, 501,014, 307, 6 


— 
— 
* 


„ 1 " © 
CI 
— — 
R Fd 


F "8 


iſt Neper”s or the hyperbolic Log. of yz* = 0.04082,19945,20255,12955,45771 


2d. „ 
3044 


r 


e 192 = 0.07096, 19411, 36128, $2495,42170 
— 22 0.02 531, 78079, 84289, 87540, 372 30 
eo oce0t, 0 . . 183 = 0:03922,07131,53281,296026,92009 . 


Sth=r1t T 2444. 5 383,454 3,87941 


oth d ahhh. ie lt 


= 9:0645HBS21193757 191 7167429239 
O 


th = 5th + Gb. 4 0. 18232, 15 567, 93954, 62621, 171 
£3. ASSETS LS + — 0:22314435513,14209,7 $5 76,0295 1 


gth = 7th + Gb.. IS . 40546, 51081, 08 164,3 


197,80131 


loth = ꝗth —gqth.,..... . . . $ = . 28768, 20724, 51780, 92743, 92 190 
1th = gth + 10th ,..., +... 2 = 0. 69 14471805, $9945,30941+ 72321 


'z2th =gth + 1th . „* = 1.09 61,22886, 


t09,609139,52452 


1th =1ith Xx 232 « + $ = 2:07944415416,79835,92825, 16964 


14th = $th + 13th. . ... 


. + + » 10 = 2.30258,50929,94045,08401,79914, 


4684, 36420,76011,01488,62877,29760,33327; 96,75 726, 09677, 35248, oz; the 
eciprocal whereof is o. 43429, 448 19.032 51,8276 5, 1128918916, 60508, 22943. 
97005, 80366, 65661, 14453, 783 16,1365. 


I ſhall 
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I ſhall here offer one of the three expedients, whereby theſe firſt primes, to- 
rether with many others, were computed to the exactneſs of 82 places; which 
was by ſix ſerieſes, from whence the logarithms of theſe ten fractiotis were made. 


112 1008 N e ; 1000125 EN 2.4.1: 1000000 
1000 1900 992 32x31?” 1000009 1000000 999998 
1000000 10000 10000 100016 _ 112X19X 47 10000 

62 N 127 X 127 9996 = Taxazxang? 100000 — 10000 9975 


2 10000 1 1900000 S 100000 © t 1000 100000 and 1oth 
15 K 35 * 19 99875 17257717747 959975 eee 
roo0008 7 N⁰ N19 N43; Kr. 


1000000 1000000 


1008 1008 1000 — 63x62 i 1000125 , 1000000 
Then Tooo * 1868 6 992 * 125 31 1090000 * 2858860 *< 999998 
— 63x63. 63x63 as 63x63 — as. 1008 * 1008 10000 = 7 100016 
1280 K 31 125Xx 31 128 x 31 _n 125* 1000 1000 9990 - 25X17* 100000 
0000 16x16 16x 16x 16 81 - 100000 000008 

100000 X 1 * . 27 * 2 =; * I 
99875 9975 15 * 17 25X17 15x17 9 99975 1000000 
Lf n 1000 BY Lo I:gX 125 $ 128128 t — 244 
125 * 31 992 126 X 31 48 XK 1 x19 48X17X19 15 NK 17 
e . 21X25X125 128 128 


165716 167 19 16 16 16 19 157351 16 16 16K 16 125 125 
D at 22 „ 122 ** * 2 K — 


* TENANT, 0” „ ⁹ m n IF; .. - RG. 8 
2; &c, as in the former operation. | | 


Datta of this kind I have uſed, both for fnding a and proving the loga- 
rithms of all the primes under 1100, and many above i EET 


To 8 the making of Briggs's Logarithms 3 Fe this method. 
| Take the three numbers in the ſecond ſeries, viz, 92 = A, 100 = B, 108 
= E. Then will _ = = = 0.08 = C; by which multiplying the re- 
ciprocal of the hyperbolic, logarithm of 10 (viz. 0.43429 &c. = N) continually, 
and dividing each power by its index, the following ſerieſes are made. 


- 


116 | 4 8 

| MR SHARPS METHODS 
NC = 0:424 &c. 
NC", = 3876 — 99 0.034,743558,5524260,146,212 | 
rene 
NC* = whe —— 222,353,7743734404,930 
NCs * 177 n X C * 22532 17,7 8,70 1,978,757, 195 Hence it is evident, after th 
NC — x n Ke. . 8 .. 1,423,096, 158, 300,575 firſt ſeries is compoſed, how 2 
NC“ * * Kc. X C 445 « » + + » 113,847,692,664,046 ow _ * thence derived, 

i 3 wi 
NG! ae s e en Te ts 
= * XC =... a 90 3.37 e next „i. e. 20 

_ tk 582 Kc. RR," os N. e 0.008; w — — hy 
NC"* = 466 &c. — a. ** E (144 X 7) 2008, and of (32 
r — ˙ ore Spemned,... 
NC*3 * 298 &c. * C — © + 0 my 2 9, 44489 

Ne. = 238 Kc. & C EEE 2,387,559 If C = 0.0008, the logarithms 
N = 0-0-0. 0..0, 0&4. I of ( 

C'* 101 Kc. x C . 9 c (73) X 139) 10008, and of 
S 1249) 9992, are got; if 
CCC 

5 Leere R z an 
| ws * + +++ +4 + + » 0.034, 743,5 58, 552,200,140,212 N 431) 99992, are had; 

T 6. > 0 S509 FE #.Fw & wt 74,119,591 578 8 an = O. ooooos, the loga- 

NC-. 28 7 7154,97 rithms of ( 2 X 

- ä 1.66 7 17 X 19 * 43) 
_ +231,660,115 | 1000008, and of (8 x 49 X 2551) 
INC”, BY 2 0 e +2. ei 1,301, 1 16,487, 58 |. 999997» are got. ab ed; 

S . 6,476, 668, 738 | garithms of ten primes (thoſe of 

ING 3. _ OS * 33.914719 2, 29, 17. and 19 being given) 
NC!“ 9 © 0 * a - * E Bt 8 ES 183,050 2 rg * this one ſeries 
NC!“ „ Gd * 1 "—_— : 2 1 . N 0 4 431,43 Bog 1249 463, 

2Z = log. of y = 0.034,817,964,070,697,216 | | | 

INC* $ + + + + + 0.00 8 | ” 1907 Many other ſerieſes are 

NC . + » 0.001, 389, 742, 342, 090, 405, 848 liſic as this; and th ＋ ri 

NC. * } ? a x Kt 1 4744 „175,494, 689, 2 bour in raiſing the firſt * 

NC py „. wo 6-0/4 »974,015,444400 be conſidera e, yet the —— 

8. lee © $55 91,078,154,131 of gaining ſo many logarith 

NC « * . 4 0 466, 320, 149 thence, ſo eaſily, es a 3 

NC „„ „ 05 0c 0 2,487 040 compenſation, 

: * ele ee . 0 * 13,643 

* bog. 2922 N. Aol eee 76 . 

—— DO” 354% : > 1 Hand 0.001, 394,208, 58 »747>514,1 | 4 thou * 2.2 od, 

* = los. +434: * 0.03 9 5 2 : by + ry 
e 0.036, 212,172,654, 44730701 Let the three numbers be 18 
— 58. N 1.963, 787,827, 345,555,209;299 bas 211 X 9g = A, 1900 = 

W = SIN IN SENOINS and 1901 E; then — = 
—_— 5" 7 II9 591 8 1 e 5 8 -B a ! 
2 . ** tt — 

7 NG». 6 —ͤ—l 2 130, 112 | PN 1900 Cy by 

281 0 r 5 which d = 0.43429, &e. muſt be 

2 N = 0.003:4743429,97 7,00 3,915,211 pro — fete 

+ NC: = 0.009,013,897,423-420,994,058 | divided 2 

| Nc . . af 13 . . 444,71, 549,469 ſeries the logarithma of the prime 

+ NC? „ 18,974, 615 N 1901, 3 19001, 227 

— 8 F p 7 I43z are tain 

_ = log. V/ O. ooo, or 3,897, 868, 1 5 in the next page. ed, as ſhew) 
4 — — 2 of 1885 = 0.003,460,532,109, 506, 486, 158 
* 2 of 55s = 0.003,488, 327,845,821, 344,204 

|; g. of 992 = 2.996,511,072,154,178,055,736 1906 
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1999) A (NC+ + + + 0000, 228,576,043, 106, 974,646, 132, 17 
1900) 2285 &c. (NC* · ts Wr . 120,3032160,582,618,234,81 
1900) 1208 — 0 a TY, eee 
1900 I XC e 1 © » + © IS 4,98 O, 
x900) 3332 dee. (NC? + + +.+.+.+ * 17,539403,56 
1900) I753 &c. (NC* » n a", : $7 © --& EE 
— 1900) 9231 Ee. (NC? + „o EN «©. ©» & 
nn NC: e * 500,228, 576,043, 100,074,040,132,07_© 
1 + NC? + «2 21,105, 211 $4:345,30 N 
F + NCs - e 0 © G udo E W 10} 0587 3,507, 8 92,71 


e 
| | Z = = log. of 7453 . . . 0.000, 228, 570,004, 12, 7997 308,870,87 
= I = WC a We + 0:000,000,000, 15 1,599,291: 3096 117240 - 


4 
. 


. 
* 
o 
ar ar; pn. - 0 
= 
. 


NC- F . 331,245,192,70 
3 RG 05 a Lo 0 


=: log. of 3512999 . O. ooo, ooo, obo, 1 51,598,022,555,848,05 
9 — + = = log. of 4229, . . . . , 0.000,228,636;215,811,421,864,719, 52 
2d - + + + « log/of 2900, '.. . . . 3-278,753;600,952,828,961,530,333,47 
zd = 2d —1ift = log. of 189 ũ 99 3. 278.524, 964,737,017. 539,71, 13,98 
an «(90+ = lO. 9. = 5%» ME or ee 4.590, 551 
8 ö log. of 211 = $60» » MAL 24551297109 081, 558,14 
th = log. of 1888. . . . 0-000,228, 115868 14,170,753,022,22 
__7th=2d +6th= — 1 Io.” 3 278,982, [1 65,443, 138,2 355,69 _ 
Ke I = rocoys then NC= = . 000,022,857,004,310,097,404,013,22 
'. | ING + + » + 21,105,821,154,84 
r 4 THO #28: 0025 1, 16 RIOTS 
Z = log: of .< 8 = 0.000,022,857,004,331,803,285,803,14 | 
D eee eee ede 17 
Nc. „„ 833,124.52 


eg of 9 128223272 = 0.000,000,000,601,5 Fa 5:9037340,21 5509 _ 

If = 2 T X = — of 733553. + + +» +» 0-000,022, 858,205,847,707,9032,018, 83 
2d + ++ + + log. of 100 7 Beacon ales nga . 
105 2d — iſt = log. of 18999. 4.278, 730, 742, 746, 981, 254,504, 314,64 

e 6.954.242, 509,439, 24,874,590, 055,81 
2 E log. of 2111... 3324, 488, 233,307,556, 379,914,288, 83 
X log. of 12883 er 0.000,022,857,002,81 5,899.5 3958745 
2 +6th= 5-4 of 19001. . 4+278,776,457,955,044,861,07 5920,92 
If Ga — then NC = = 0,000,002, 28 5, 760, 431, 069, 746,461, 32 
+ NC3--" 8G SS 70 0-70 1 © © @ = 21,1035, 2115 


= log. of * 330008 = 5.000,002,285,760,431,090,852,282,47 

4 NC* = 0.000,000,000,006,015,1 59:09. 0,91 

IIS I NC+ » a $1058 6.8 0:40... 0; © 3,31 

X = log. of 18100000000 — = ©0.000,000,000,000,015,159,029,214;22 

iſt = Z + X log. of 323337 « « . 0. n 249,88 1,496, 69 

2c + + + +» log. of 100 190000 « . 3.276, 753, 600, 952 $26,901,530,33 +' 
3d = 2d — 1 = log. of 189999 * Re 6,382,711,054,8 751 5 
ah . + + log. of (31X27)837. . 2:92257 25:4$7+99 > 25999 115S g % 
sth=3d — Ath = log. of 2277 2. 356,025,857, 193, 122, 7 20, 103, o48 70 "al 
6th = Z — X = log. of 733233 . . 9.000, 002, 285,7 54,415,931, 823, 068,5 
th= 2d + 6th = log. of 190001 . . . . 5$1298,755,886,707,244,893,359,401,72 | 

4 , - 0:845,098,0404004;256;830,F12,216;86 | 
gth=7th—8th- log. of 27143. . . . 4.433,57, 840,692, 988, 062,47 185, 


— 


To 
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be articular Numbers, without any otber diviſion than by 
. the” Tndites of the Potveſ sg. 
— rreotreecnninecct — — 


r 


R nk 1 g | . R k 2 GE R 1 k 3 R k 4 
"251 Nas 100% 251 &= 763 2357 X4= 1028, , 257 X3=771_ 
N11 = —2531 - . Xg=2259 K —257 Xx 2056 
X399= 100149 Xx 39= 9789 X39 = 103 X38= 9766 
Xg= —1255 X8= 2008 _ . . X8=. —2056 X9g= 2313 


X3985=1,000,235  x398=99,898 x3892=1,000,244 389 = 99973 
NT ered” een e 
& 39841 = 10,000,091 X 3984 2 999, 984 X 38911 =10,000,127 X 3891 =999,987 
* es -*.Xg= 1285 
251X(2887 X 23 x6)398,406=99,999,996 257 X(1319 X59 X 5)389,105=99,999,985 


In this manner convenient fractions are found; as, 

1004 2 261 X 4. 100149 251 X21.X 19 100,235 — 251 X 797 X 5 10,000,091 
i000 1880 180,000 100,000 1,00% 1,000, * 10,000,000 
— 39341 X 250, 1001060 _ = ro0,000  '1,000,000 _ 1,000,000 100,000,000 

10,000,000 * gg,Bg8 257 x 199 X 2* 999,984 257 7 83 x 48” 99,999,906 
wk 100,000,000 __ 10,023 _ 257 Xx 39 1,000,244 257.X 139 x 28, 10,000,127 
"— 2887 x 251 23 x 6* 10,000 ” , 10,000, ? 1,000,000” 1,000,000 ? 19,000,000 
— 257 X 243 X 167 100,000 — 100,000 . 10,000,00 _ 1,000,000 — .. 199,200,000 
= "16,000,000 * 99,973 309 x 257 999987 1297 X 237 73 99999905 
Ds Where the powers of the numbers 0.004 ; o. 00 1, 493 


1319 X 257 K 59 K 5 ET 
.©0.000,235 3 0.000,009,1 3 0.001,02 3 0,000,016 ; o. ooo, ooo, 94; 0.0023 z 
0.000,244 ; 0.000,012,7 z N o. ooo, 13; o. ooo, ooo, 15 reſpectively, 
are required to be divided only by the indices of che powers. 


Note, Though this method ſeems more limited, as not admitting of eve 
E number, yet at the beginning of the table, where the other is — 
aborious, this is moſt commodious, and affords excellent expedients for many 
great primes ; but where it fails, there the other becomes more convenient, and 
performs with greater expedition; ſo that both together render this art, viz. Lo- 
garithmotechnia, moſt compleat. 43.20 | 
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TABLE 1 33 8 Fee of all Ne to 100, and of; N under 


''F1OO, 10 Aly. one places, by Mr. Sharp. 


. 
I 


Logarithms. 


** — Ka 1 
_ C2 


5.00000,09000, 00006, 00000, 00000,00009, 02000,00000,00000,0c000,00000,000000 
0.39102,99956,63981, 19521, 37338,94724,49392,07681, 28988 1,462 10,85413,104275 
9.47 712,12547,19662,43729,50279,03255, I15 30,92001,2 
994274777 ,89448,98605,3536 


0.6020 5,99913,27902, 
0.6989 478,6261t,05275550697,323t 


7,0004 3, 36018, 


$64, 19069, 5$648,2985 56 
r ENF: ,20854 
10118, 53789. 14586,89572 5 


103259,87007,97979-00833, . 280, 44051, 40293 
19,34835, 72395 396, 154005,036350 
03045 69044, 38 


43 So II, 


9986 9.91943, 


0.95 424,25094, 39324, 
1 .00000,00000,00000,00000 


1$3071,22162,58592,9361 

B504,12166,841 73,47 

7459,00558,00510,23061,84602,57728,38139,17296,597 313 
©0000,00000,00000, ©0000, 00000, C0000, 00000.005200,000020 


32,50239,312824 


1,04139,20851,5822 $194275 0 199947 1243,02424,17007,92190,46045 30945 905 399 
82772,25056,92704,10136, +27 305608027, ,11491,294 74,507206 
0476920, 50 15 1942 32843,05297,2918 
$17,12922,02517,0 2125 7860, 39478, 14002414 
5230,02228,24319,3 


| e 


bee 


— —1 — 
* ss 00-1 ola$w 2 


38706, 82718, 011910013 
2472 72868, 132350104382 Is 


16 [1.2041 ee eee 
1.23044, 892 13, 78273, 928 
1. 25522505 1,0 3306, 69 
[+27875,36009,52 28,9915 36933344 75750,9293 1,795 11,29 
1. 8 :9995%, 63981,19521,373 


5518897972 10,7077 75957 v0ang $3.41552:41 700 10 
98, 94328, 33703, 0075, 67378, 42 504, 
, 37940 1234,72 364.5 1684, 4780,84 505 04109,701587 


$8,947 241493926763 


3973,80368;| 17 


1221 14394497 5989,068 189.19 
1,462 10,85413,104255|20 


47339 19,2000, 7 2441t,61847,75 150, 785778588. 708 FREED. 500021 
6,39338,65967,51526,84748, 9207 1,92956,1 16 
117171,12251,18954,99975, 11034, 33609,0 2.788055 23 
1. 3802 f, 12417, 11606 102293,52445,87428, 59438,95046 98508, 57702,14889,611480 
1.397 94,00036, 72037,6095 7,25222,10551,01 394,04636,20237,075 78,291" 3,791451 


[ 34242, 26808, 22200,2 3 
1. 36172, 78350, 1759,87 


9665 22 


26 14149733 $79,798 17,96 442,02 440, 52666,82 145,75979, 19969,84917,68131, 116184/26 
41,58987,31188,50837,09765, 34592,70003, 592151208475 4478959692 
22535 62224, 0199.5 2159, 
969, 25499, 12542194417 
AD Sting 2 55,11530,9200T, 28864, 19069, 58648, 298656 


n 
7 - ee —— — 2 — 2 IEC 
— LA 4 
% 


$22.03 227 13.969 


l 44"1 5,8031 
989 6,08 733,284 


1.46239, 7997 


818.2489244 95 2 
1887155 416,65 3969 29 


$,342 72-07906,6704r,coT 18,415, 12,23037,91558,30418,46559, 383498 
+1 9005497000, $6944, 7362 2,465 13,38409,49407-31054,27065,522373 
887,47804,52278,74498,13955,99068, 31054, 
9087,89052,83005,67759,5125% 
i 82514,86185,6 


13881497 


170,422559123 
1.54406,80443,502 75,035 


31 
32 
57 114,895 $4420 4047 33 
8 1151493 595795934 

65 1.9320 525 


1. eee 207,20501175335s $959,21067,19 
80,84 506,895 3941294447 
10, 15675, 0723, 7048 f, 42234, 4719 10218, 8b tels, 
V 50 877745356 310566 39 
1.60 20g, 009 l 3, 27052, 30042, 747 77:80 448. 08 80f. 35 363. 79752, 92.42 1.70 


1.56820, 17 240,66 
1.57979, 35906,16 


2 


6,37491, 56560588722 85882 30 
29,2690, 16631, 28466, 17679937 


38 


26,2085 49 40 


I Gag ee ene 18,49908, 18079, 95 305, 13633, 83368, 70890, 73567 
2903,97909,46322,09830,56572,24452,94519,91141,97676,98126,439281 

4555, ee eee 
4 64,80187,43117,76 


27 88848 3900001172, 173932044 
235 


2873-16728, 


41 
42 


$7,74984, 38009, 34145,247493143 


46,91928,31883.103038!45 


1.562 75,783 16,8 15 74,0740, 15 160,c697 5,68257,04657,00915,79520,47295, 56032946 


785719935 71746447, 42 193,9944920964,01599,03098,42994,782 


70373294047 


1.6 124, 12373, 587,218 14,9984, 82153, 08741, 62728, 88 390, 03913, oo 300, 71575548 
1 690 10, 60800, 285 A p98 5„17185,27238,69671, 44/92, ee 49 
7,00044, 360 


— 101 18,5 398GL6 


125150]. 


Yo 
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| 601.778 16,12 503, 


511.707 57,01 100,97930, 30583,51977,97583,45233,92070,90242,01574,22022,10234r 
52]1.71600, 33436, 34799. 15953, 39829, 4391, 31448, 43661, 0895 1,31128,53544,220459/ 
53 f. 72427, 58695, 0789, 4563, 29922, 9162 7,2 56 59,2695 5,2401, 29403, 77805, 941030 
54 173239-3759%422965, 0109,88226,04439,$3895,43085,76474103419,0135 ,0002 4.4 
55 1.74036, 263894,94243,84553.64610,765318,53121,493$5, 12 309, 0434. 45 5 32, 861116 


50 TTT 
5 
50 
5 


L705 $87 49550, 7249113 3,13013,79012,04462,71512,58201,58519,346 37, 36684 5 
1.76342,79935,02937,28254,05356,57693, 74801, 802 24.842 99, 34926, 23823,758244 
9.1.7708 5,201 16,42 144, 19026,90 503, 45.35+14423,89267,44474493076,52155,272857 

364 3,03250,87067,97979,60333,59684,18745,65280,44001,402931 


| | 6211.79239, 16894,98253,87488,04429,94, 42,90874,9971 


291 84509, 


61]1.78532,98350,10767,03358,57455,13757-32134492033,78757,11340,42120,703489 
8,91439,76629,31972,487773 
6311.79934,05494,5 358$1,705 30,22720,65 102, 8658 1,18838,30124,70535,71301,033662 
64/1.80617,99739,83887,17128,243 33,68346,95816,00091, 39288, 77205, 12478,62 5648 
_65]1.81291,33506,4285 5,57399,27062,63217,83540,40015,39306,92495,97304,907635 
66] 1.81954, 3 355+41368,07325,59607,09222,632$7,76750,209 6,11925,75007,308321|- 
6711.82607,48027 ,00826,43414,91315,29226,06858,09496,26080, 56861, 38691, 179160 
68/1,83250,89127,06236,31896,76476,83777,32308, 35439,47141,34926,34800,012234 
59 85886959737 t6 16, 28050, 15 506, 30485, 8 970,39898,52079120531,054771 
0400,14256,83071,22162,5 8592,03619,34835,72396,32396,54065,030350 


71/1.85125,83437, 19975,28609,28294,35035,42913,52704,19901,60039,19762,766499 
7211.85733,24964,31268,46023,12724,90683,70969,97048,27372,76771,73535,910137 
73] 1.85332,28601, 20455,90107,43869,00470, 3085 3,44528,68255,31165,74851, r00020 
741.8692 3,17197, 30976, 19202, 21895, 84263, 62 24), 475 11,62571,62842, 10879, 281074 
1511.87 506, 12633,91700,04686, 2501, 13800, 12025, 556 37749101, 26647787 822, 9010 


— 


1012.004432, 13737,82642, 5 7427, 51881, 78222, 93791, 32192, 89355, 20645, 25914, 58186101 
103 2.012 $172247605 1723205174107 11:94530423942) 3905,23496,97603,05047,528079 
, 


70 1 $8081, 35922,80791,35 190,38 112,65205, 153714875, 9100, 31871, 46815, 276738 
77 1.88649,07251,72451,87146,24162,2983 5,06043,51902,74586,79041,85011,001740 
78|1.89209,46026,90480,40171,52719,55921,93676,67980,47934-03987,26779,414841 
791.89 762, 709 12, 9044 1,427 452 13,30478124908,64 28,02019,02515,03156,163513 
80|1.90398,99809,91943,58 504,12166,84173,47908,03045,09644,38632,50239,312824 


51 t. 908 $,50180,75049,7491 8,0 1116, 13020, 45123, 68005, 15456, 762 78, 34593, 194026 
821.9138 1,385 23,837 16,689 72, 31507, 44692, 67382, 6298 38455 579,5 6303, 177842 
8 191907189923, 75073-903 3.27603, 52027, 26124, 70016, 37658,05063,04535,293708 
841.9242 ½92860,6 188 1,5843, 472 19,5 1296, 3755,62200, 5 1023, 43887, 8 3539, 543555 
_8511.92941,89257,14292173332+04399,99003,84400, 32393277495.95293·78550,599410 
801.9 3449,845 12,43567,72161,88 270, 47953.715 18, 55769,64755,84220, 195 58,35 1768 
871.9395 2576 1968.355785 40,0022 4137030,045 44123282,07 784, 970,8,95 2025 
88/1.94448,25721,50168,62639,14166,55416,50332,20112,71834,85277,87185,278214 
89 1.94939, 00056, 44912, 78472, 3543369702, 441 12,4605 1, 61858, 10024, 45836, 328694 
90[1.95424, 25094 39324,87459,005 58.065 10,2 3061, 84002, 57728, 38139, 17296, 597313 


9111 9505 21198-79086 583,544 33·7554,7358-36763.0 8259 
921.9638, 223145 55 $120929,52549,01700,17560,32333,907 2725233˙3270 ee 
9301.96 45,29485353935» 11096,17320,0337 3.53103 15038,30422,494 8,05 207,682 155 
94| 1:9 31247 $35193098,05902,79582, 417 309366,69279,92979,89205,03683,477569 
951 1.977 72.3605 2,88847,76032,25945,81032,43629,11829, 394554932 38,99575190 3914 


90195227, 12330, 39508,41330,3722 „76877, 58044, 304 10, 78271, 50123, 85713, 820029 
9; 1.93677,17342,00244,85178,43618,11665,57744,94258,41534,53886,69747, 187207 
g5|1.99122,60756,92494,85663,81714,11909,76541,3735 3-34074411003,93543,170974 


99 1.99563, 194,975 49,915 343925574777 53,5486, 1069, 59918,54784,48242,562703 
T oO] 2.,0000N,00000,00000,00000, 00000, ©0000, ooooo, ooo, 00000,00000, 00000,000000 


107|2.02938,37776,85 209, 6405 3, 45412, 39461,43564,01 268, 16891,63401,93519,816620 


Ae 4979, 40623, 635 20,05 133, 07613, 879 28, 6642 2,0452 2, 82798, 3682 f, io 4005 


113/2.05307:84434483419,72279.52270,28509,44818,47783,83623,62200,733955157054|! 


4 


131 


191%. 
1930228555, 73090, 07773, 75059, 723 


2232.348330, 48630, 4 
227). 35502, 5857 1,93122, 72010, 30489, 6475 3.67294, 74838, 782 
2-35983,54823,39887,99412,79298,65 526,65887,03358,93242, 54328, 14002, 50393429 


2412. 38201, 70425, 748 
25102. 39967, 37214, 81038, 13934, 05493, 16706, 90 408,1 
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127/2.10380,37209,55930,96424,09874,21927,28625,85765,03239,792 39.3967 1108; 8221127 


127 


131 


2.11727,12956,5 5764,2608 1, 05 42, 70697, 73859, 47801, 63117, 12162, 9689, 770335 
137%. 13672, 08671, 56406, 76856, 29266, 271 14,8973, 36782, 29707, 36423, 50450632444 
139.2. 14301, 48002, 54095, 8045, 64 32,92319,84731144797132967491 785,93390,574308 
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METHOD or CONSTRUCTING THE NATURAL SINES, &c. 129 


The Method of conſtructing the natural Sines, Tangents, and Secants, by Mr. Sharp, 


Figure 1. Chord or Subtenſe is a right line connecting the extremities of an 
arc. Thus, FO is the chord of the arcs FEO and FDO. 

A Sine (g) is half the chord, or a right line drawn from one end of an arc fall- 
ing perpendicularly on the diameter that terminates in the other end. Thus, FR 
is the ſine of the arc FE and likewiſe of the arc FD. 

The Radius (r) is the ſemidiameter, or fine of go deg. and is the greateſt of 
all fines. 

The Co-fine (cs) is that part of the radius, whick is intercepted betwixt the 
center and the fine; or it is the fine of the complement, or difference, of the arc 
from a quadrant, or 90 deg. Thus, CR = FW is the co-fine of the arc FE, or the 
fine of its complement FB: Eg is the double of the co-fine of the arc D or the 
chord of its ſupplement, viz. of GE; ſo Ey, ES, Ee, En, are the double co-ſines 
of the arcs Dy, D8, De, Dy. | "= 

The Verſed:ſine (v) of any arc leſs than go deg. is the exceſs of the radius 
above the co- ſine of the arc. Thus, ER = EC — CR is the verſed fine of the arc 
FE. The verſed-fine of a greater arc than go deg. is the ſum of the radius and 
the co-fine. Thus, DR = DC + CR is the verſed- ſine of FD. . 

The Tangent (t) of an arc is a right line perpendicular to the radius at one 
end of the arc, and terminated by another right line called ſecant (/) drawn from 
the center, through the other end of the arc. Thus, EH is the tangent, and CH 
is the ſecant, of the arc FE. X | 

The Co-tangent (ct) and the Co, ſecant (c/) of an arc, are the tangent and ſecant 
of the complement of that arc to 90 deg. Thus, BI is the co-tangent, and Cl is 
the co-ſecant, of the arc FE. | | 

The length of any Arc is readily obtained from the proportion of the diameter 
of the circle to its circumference exhibited by Ludolf Van Ceulen (which has been 
ſince prolonged and confirmed to 74 places by Mr. Sep), which is as 1 to 
3-141 59,26535,89793,23840,26433,83279,50288,41971,09399,37510,58209, 
74944, 59230, 78164, 2 + &c = Il. This number (the Radius being 1) is 
the length of the ſemiperiphery, or arc of 180 deg. ; whence the length of any arc 


is eaſily found. For the length of the arc of 1 min. is (——) 0.00029,08882, 


08665,72159,61539,48461,41477 = M; and M multiplied by the number of 
minutes (a) contained in any other arc, gives the length (A) of that arc. 

Hence by Sir [aac Newton's ſeries, publiſhed by Dr. Halley in Phil. Tran/. 
No. 219 ; the fine, co-ſine, tangent, co-tangent, ſecant, and co-ſecant of any arc 
are readily found. is | 

3 1 . 2. 2 1 5 I 

Sine = A — 7 A* + 7 A — A? + 752,886 A 3 

1 n T I T 1 
A* + 6,22 7,020,800 A 1,307,674,308,000 A* + 355,087,428,096,000 A” 

1 1 
— — A? + — | Au, &c. 
121,645, 100, 408,8 32, 31,090,942, 71,709, 44% ͤiÄwb— 85 
Vor. III. ; S Co-fine 
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— T 2 065 - 1 
Co-fine 1 = 2 A* + 24 * 720 * 40320 3,628, 800 
I 1 I Se kde 2 
a+ - 479,001,600 A* — Þ87,178,291,200 » 20,922,789, $88,000 : 
I 1 ä 
— A* A“ &c. 
6,402, 373,705, 728, ooo * 2,432, 902, oo8, 1 76,640,000 
Tangent = A + 7 + A + 71 A. + 2% A. + 752 A. 
, 
211844 a, 9296509 Ars 6,404,582 x | 
＋ 875875075 7 83815575 7 4 10, 854,718,875 e. 
| —1 I I 2 £7" i 2 
2 = — A — — A — — A — — A1 —— A 
wp qe * 3 5 A on 
. 14 2 15 : 
638,512,875 Att 18,243,225 A 162,820,783,125 A | bc 
Secant = 1 + = A- + L A. + 5 A. + pL A + 7 
IF, 2 24 720 4 3,020,000 
540,553 x 199, 360,981 1 3-878, 302,429 
A + 93,800,320 A* + 87,178,291,200 A* + 4418445 57,97 7,000 ol 
ee s , er 
| — x 1 2A LAs IL. 1 00 
Co-ſecant = A + 5 ho 3 rissen“ © gang 
9 1414477 1 1 2 — As r A . 
A+: 65 3,837, 184,000 __—_F 37+302, 124,800 + 888 * 


Let the fines and co - ſines of the arcs of 5 min. and of 29 deg. 55 min. be 
ſought: The number of minutes contained in the former arc is 5, and in the 
latter 1795; therefore 0.00029,08882, &c. Xx 5 = 0.00145,44410,43328, 
60798,077 — is the length of the former, and 0.00029,08882 &c. x 1795 
= 0.52214,43345,54970,265096 + the length of the latter: Put each = A. 


The Powers of A for o deg. 5 min. | The Powers of A for 290 66. 


A. . . 0.001,454,44 1,94 +328,607,960,77 20.52214,43345+54970,26509,6 
AW. Q + + . 2,115,398,748,518,809,71 | A*...27263,47061,07852,71522,5 
A2 eee, A. 14235, 4667 , 97274, 64328, 
AA. «4,474,971, 865, 23 A4 . 74 188748 sse 
„„ 43 ao 5/00 6i00 6,503,49 548 AS.. 38 1,0822 554410, 15375, 4 
As v+++$+ +++ „% „% 0+ „ +4 + * 9754 242 A . e e 
AT. 1058, 11772, 82716, 045 70 
A . . o. 001, 454,41, 043, 328, 60), 980, 7 A. 588.1007 78ů93˙93 15 
1A „ 0 „ 0 54,237,406 A9, _—- 8, 7961,58748, 3767 


A+heA5$=0.001,454,441,043,328,662,218,23 | A, » » + 1509-02799, 70636, 405 
_— A= 29 2257 I Ap; + we ey 4 * W e * 
Sine o *. 0.001, 484,440, 530, 541, 535,076, 27 KW.. 254425 404 * 
AHA 1. ooo, ooo, ooo, ooo, 186, 45 4,661,05 ot «+ + + F1,19613, 1269 
—FA*= .. . 1, 05), 699,374, 2 50,404, 80 A¹⁰ 845996821 
— uA „% „ „ „% „% „ 0 „ 0 — 13515 Ar 92 * 
Co- ſine oo 5 S. 999,908, 942, 300, f 12,1 243,04 d ky 22 
which is the fine of 89® 55”, and all of 0p A9. = — 
5”; becauſe the fine of a greater arc than go A 22868, 93 
. deg. is the ſame as the fine of its ſupplement A.. 11846, 
to 180 deg. An», *+ *** 6185,76 
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The Powers of A for 490 55 divided by the diviſors of the conefficients of the two Serieſes, 


Series for the Sine, | Series for the Co- ſine. 
A 0 0 o. 522, 144, 334,5 84,970, 265, 1. ooo, ooo, ooo, ooo, ooo, oo0, ooo ; 
120)AS( . . . . 323,4234523,786,7 Loy 24) A*( . . . 3,097,079, 123,938, 1 34,276 6 


62,8800 A0 . « . . 7,949,724,804,276 | 49,320) A. 137,026, 333,506, 431 
,227,020,800)A'3( . , , . . . 341434,703 | 479,001,600) Al.. . . 857,333,005 
355,687,428,096,000)A*1( ,,.., . . 4520 922,78, 888, oo) Al . .. 1,459 


Affirm. part 0.522,467, 766,028,516, 315,460 | Affir. part 1,003,097,207,15 1,129,077,831 


60 . . 0. 023, 725,777,866, 2 12, 440, 546 A 0.136,41 05 3, 026,387,612 
So. . . . . 4,099, 430,937, 046,834 K ene 
39,0 16, 8000 AI... 10,703, 371,838 10 

1 10 674,368 000) Als "as. © 3,628,800) A . . . 415,090, 379,915 
„307,07 ½5308, + + + + 4405 87,178, 291, 00 AC. ., 284, 280 


Neg. part — o. oa 3, 727,877, 325,852, 903, 923 


Sine 20% 5' = .498,739,888, 702, 603, 411, 537 Neg. part o. 1 36, 345, 499,096, 785,864,614 
Co-ſine of 299 55", or the fine of 60 og'=., . . 8066, 75 1, 708, 055, 343,213,217 
Out of which ſubtract the fine of © O . . . . 001, 4545440, 830, 141, 3,076 
There remains the fine bp. . 59 55 + + . 865,297,267, 524, 80,678,141 
Out of the ſine , .... ++ + . 8g 55 + +» » 999,998,942, 300, 8 12,196,243 


Subtract the fine ß. . 29 K. «+ + 498,739,888,702,663,411,537 
There remains the fine f. . 30 % = « « « 501,259,063, 598, 74 783,700 


Since theſe two ſerieſes converge the ſwifteſt next the beginning and end of 
the quadrant; no more than the firſt and laſt thirty degrees need be calculated 
for making a table of ſines, becauſe the intermediates may be had from them by 
ſubtraction only, as above. ; 
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In the preceeding tables are the powers of the length of the arc of 1 min. and 
the product of each when multiplied by (i. e. divided by the diviſor of) the re- 
ſpective co-efficient belonging to each term of both the ſerieſes for the fine and 
co- ſine; and alſo the logarithms of thoſe products, and co- efficienis; ſo that the 
powers of the number of minutes contained in any arc, being multiplied reſpec- 
tively by thoſe products, give the ſeveral terms of the ſeries, for the fine and co- 
ſine. 
Theſe tables (having a proper title to each, and the numbers in all belonging 
to each power being in the ſame line, with the ſymbol of the power prefixed in 
table 1) need no other explication than that the figures in the firſt and ſecond 
tables incloſed thus () denote the number of cyphers or decimal places, that 
muſt preceed the firſt figure of the following number. 

The uſe of the firſt table was principally to compoſe the ſecond ; though the 
tangent, co-tangent, ſecant, and co-ſecant of any number of minutes, may be 
eaſily made thereby from their proper ſerieſes; but the fine and co-fine moſt 
readily from the 2d table as exprefſed above; whereof I ſhall give an example 
in making the fine and co-fine of 44 deg. 37 min. which being near 45 deg. is as 
laborious as any that can be propoſed. 

Let 44 deg. 37 min. = 26717 min. = a; the powers of à muſt be raiſed, which 
(fince @ conſiſts only of four figures) is done more expeditiouſly than the powers 
of (A) the length of the arc can be; becauſe A muſt conſiſt of ſo many places 
as are intended in the fine ſought. Yet 
here a due account muſt be kept of the The Powers of 2677 = 4. 


number of places every power extends * (4) 267 

to, though no more figures need be ex- 7 (7) 7 $4329 

preſſed in any, than are required in the ©, 11% Ny * 

ſine, and fewer will ſuffice in moſt. The 2s (18) F 17,157 

reaſon is, that after multiplication with the * (21) $68,035,036/006,772,629,28 

reſpective numbers, viz. thoſe which an- 2 (24) 985,2 32,202,301, $543600 Ke. 

. 28) 2,037,466,605, 561, 608,947, 8 &c. 

ſwer the ſame power in the ſecond table, 4 613 1,060,498, 103, 688,42, 15,04 &c. 

the number of cyphers preceeding the at? (35) 18,900, $421,967,7 19,4884 &c. 

firſt figure of each product may be . (38) 5$0,597,852,310,007,585,070,5 &c. 

rightly determined. 1 (42) 358358742 505,234, KC, 
In the adjoining table of the powers 24 (40) 378 8827402735272268 An, 

of 2677, the number of places in each a (52) 2,598,517,032,4294,611,7 &c. 

is expreſſed by the figures before it, in- —— (55) 6,950,2 30,095145 2,6 $15 Kc. 

cloſed in a parentheſis, in the ſame man- 0 9 3 — 

ner as the number of cyphers to be pre- ais (66) 133,450,145, 784, 366, &c. 

fixed to each power of M, was expreſſed 4 (69) 357,246, 040, 259, 393, &c. 


in the two former of the four foregoing 
tables. 


— The 
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The Powers of (a) 267% multiplied by the reſpecbive numbers (M, 
Gf.) in TH A — * 2 &c. — 1, 2, b, c, Cc. are the Co- 


in order of the Serieſes for the Sine and Coſine. 
For the Sine. 


Ma = A= . . 0.778, 70%, 734,508, 136, ) 12, 904, 2 
bM5 A 2738 114,638,759, 56, 243-3 
dM x a9=dAv9= , . 290, 139,836,962, 012,2 
£M"3 x a'3=fA'I=S ,.. 6,21% 102, 574,3 
hM x 47 SAT » +» + » 40,021,09 
Affirm. part. . 0.781,094,135,782,950,386,755,9 
a M3 N A == 078, 690, 543,785, 5 32, 300, 962, 1 
e MN A . . 34,450, 131, 366, 412, 684,9 
e MI xa"=eA"= , 1,599,424, 168, 698, o 
Mis eau g . . « +» +» 17,952,201,5 
i Mie K,. 70,9 
Neg. part . — 0.078, 733, 995, 5 16, 340, 834, 617, 


Sine 4437 = 0.702, 360, 143, 266,609, 552,138, 5 


OF CONSTRUCTING THE NATURAL SINES; 


a M, aM?, b'M4, b, Me, eM, 
efficients of the ſeveral terms 


For the Co- ſine. 


1 OOo, ooo, ooo, co, 000, ooo, ooo, o 
b/M# = A“ 15, 320,985, 863, 784, 68 1, 623, 2 
dM a dA . 3, 353,322, 009, 118,429, 2 
PMA 103.790.370.920. 
WMS x a Al 6.4 19:2 hd «a: 9» 733719, 
MP9 KA =, c ooo» 3 
Affirm. part .. 1.01 5, 324,339, 200, 45, 04, 697,4 
e 
Mo x a®z=c'A®= .. 309, 680, 90, 602, 545,790, 
e MOK A ² 22, 693, 413, 516,736, 1 
M"* x a*=g'A#= , .. + ++ 345,80), 502, 3 
1 Mis ; af =Af= A 2 EEHESTHMR I,731,4 
Neg. part. —0.303, 02, 1.464. 842,933,326. 9 
Co- ſine 44 ½37 . 711,82 „707, 825, 702, 71, 370,5 


A conſiderable part of the labour both in raiſing the powers and multiplying 
them by the numbers in the ſecond table in this method, or by the co-efficients 
of the two ſerieſes in the former, may be ſaved, in working by the logarithms, for 
which the third and fourth tables may be very ſerviceable, eſpecially when the 

Powers aſcend high as in the preceeding example. 
Note, The Indices of the logarithms in the third and fourth tables, conſiſting of 
two figures, are of the ſame kind with thoſe of the Log. Sines, Tangents, &c. 


The Powers of A for 29® 5 


multiplied by (1, a, b, c, d, Sc.) the ſeveral terms in order of the Series 


or the Tangent, Co-tangent, Secant and Co: ſecant. 


For the Tangent. 


, $$ ++ +4 «+ * # 90.522, 144, 334,55 
. ————õ*˙ 2 2 47,451, 5557 
4. 23892«4465«c%éẽ „63355 772756 
22262 4 fs 
">< 6d. 2-0 $9, ».04 6 „0 95,02 
fan 297 2„%ö. „„ 970, 90 
Na Go-0 20 00 00,0 o'* 779,25 
2 „% „% 0-0 © '@ * 
i A kA. emden ee —— 


| 


For the Co-tangent. 


Affirm. part A. . 1.015,199,259,490, 22 
aA r 1744048, Li — 2 
4 2 „ 37163, 437, 048, 3 
e... + » © » $2,139,307,03 
WRT fo oo 5» oe 2,2 9,402,00 
e Aꝰ „ DO EP © V 1,670,59 
fA SEE „ „ 1,702, 29 
AV, . „ „V9 
Asia“ 29 . 1,33 


Neg. part 217,297,098, 


| Co-tang. 2955 . . . 1.737,883,268,791,61 


"Tangent 29® $f =, * + + +4 £ 0.575,412,640, 16 
: For the Secant. | 


i+aA*. ..... . . 1.136,317,353,0 

„ . 2 5 22 
R491, 715,883, 233 
dA SES „ „ „ 0 189,781,471 
ea T > >. 20,970, 78 
fAn e 2317,71 

A+ 2569225252 „4 „„ 300% oo » 256,035 

Als „ „ „% 0060 0 00 28,291 
1A" e 3,126 
KA-AA mA l... . 388 


Secant 20 55/ = 


For the Co- ſecant. 


IA. 1.915, 7, 2 59,400, 22 
aA... . » » $7,024,055,75916 
bAF ,. . . 2,768, 00%, 417,72 
CAS 9 + + » + 7935724454127 
dA7 . 25221,907,27 
I ˙⸗⸗˙ WR . . 61,550,1 
FACS S's. * « I,701,4 
. 3 
Co- ſecant 29055 2.005,06 3, 180, 327,59 


2 . . 1.1 63,732,944, 770 


Although 
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Although the ſerieſes for the Tangent and Secant converge ſo ſlowly, that except 
near the beginning of the quadrant (where they are — uſe) it were 
better to make the Sine and Co: ſine firſt, and from thence deduce them by the 
proportions given in page 137 ; yet the two ſerieſes for the Cu- tangen and the Co- 
ſecant are of much quicker diſpatch, as may be ſeen in the foregoing examples. 
Note, The Verſed ſine of any arc is readily had from the Co-fine ; for if che arc 
is leſs than go deg. then v = r — c, and if above go dg. v =r + cs. 


> 1 


4 


X 
PROP. I. 


The Sine FR. of the arc FE being given, to find its Co-fine CR. 
CFg—FRq=CRg; therefore  CFq FR = CR, i.e. rr —55 = co. 


Q. E. 1 
PROM. IL = 


The Sine FR. of the are FE being given, to find EV the Sine of balf the Are. 
CR is found by the firſt propoſition, and conſequently ER; then 


vVEFRq + ERq=FE. But 2 FE = EV ; therefore + V + wv = 5 Arc. 


136 OF CONSTRUCTING THE NATURAL SINES, 


a RAR On. II. 
To find the Sines of the double, triple, quadruple, quintuple, &c. of am Arc whoſe 


Sine is given. 

Let the chords DS, By, 58, de, en be all equal; draw the chords Dy, Dꝭ, De, 
Du, ED, FB, E, Kö, Fe, and En produced; draw the radius Cg, and make yC 
== Dy, ö = Ds, e = De, and g = Eg, yu = Ey, &T = Es, e = Ee, yo = Ey. 
Then are the triangles ECS, D&y, De, , Dex, EON, Eyp, Eör, Exp, Eno, all 
iſoſceles and equiangular. In the triangles EH, Eyp, the angles EA, Ewy, are 
equal; the angles EDS, Es (being ſubtended by the ſame diagonal EH) do both 
together make two right angles; ſo alſo do the angles EDS, D; therefore the 
angles Ey, DN are equal. But &x = Eg, and DB = g/ by conſtruction. 
Therefore the triangles 256 D are equal; conſequently DA = Ey. In the 
fame manner may be proved {4 = ES, yr = Es, % = En; likewiſe 87= DB, 
& = Dy, mz = Ds. Therefore (1) CG: ES:: DS: Dy, i. e. radius: double 
the co- ſine of an arc: : the chord of the arc: the chord of double the arc (and 
halving the latter two terms) : : the fine of the arc: the ſine of twice the arc; 
again (2) CB: EG:: Dy: DC: : 2 Dy: 4 DC, i, eir: 2c5 Arc: : 2 Arc: S Arc 
+ 5 3 Arc; (3) CG: EB: :4 D8:4D8,1i.e.r: 2c Arc: : 53 Arc: 52 Arc + 54. 
Arc, (4) CG: Ef: : 3 De: 3 Dx, i. e. : 2c Arc::5s4 Arc:s3 Arc +5 5 Arc; 
again (5) CB: Eg :: 1 ES: 2 E, i. e. 1: 2c Arc: : the coſine of the Arc: the 
ſum of the Radius, and the Co-ſine of double the Arc; (6) CSG: Eg :: 4 Ey: 
+ Eu, i. e. 1: 2c Arc: : 2 Arc: cs Arc + c Arc; (7) Cg: Eg: : 4 E&: 
2 Ex, i. e. 1: 2cs Arc: : 3 Arc: cs 2 Arc + cs 4 Arc; (8) CG: Eg: : +» Ee: 
+ Eg, i. e. 1: 2cs Arc : : cs 4 Arc: cs 3Arc + © 5 Arc; (9) CÞ: Eg: 4 Ex: 
2 Eso, i. e. 1: 2c Arc: : © 5 Arc: c 4Arc + cs b Arc, &c. Ex. gr. Suppoſe DB 
= , &c. be 5 min. its fine is . oo 1, 454,440, 530, 541, 5; then radius = 1: 
2cs 5 min. 1.999, 997, 884, 601, 624, : : 5 5 min. . oo, 454,440, 530, 541,5 
: 5 10 min. = . 02, 908, 877, 984, 361,9 (2) r : 2cs 5 min. = 1.99 &c. :: 510 
min. = .002,908, &c.: 5 min. + $5 15 min. = . 005, 817,749, 815, 288, 1]; out 
of which ſubtract s 5 min. .o01,45 &c. and there remains 5 15 = 004,363,309, 
284,746, 6; &c. Again by (5th) : 2cs 5 min. = 1.999,997,884,601,024,4 
: 2 cs 5 min. = 999, 998, 942, 300, 8 12,2: 1 + cs 10 min. = 1.999,995,769, 
205,486,2. (6) 7: 2cs 5 min. = 1.999,997,8 &c. : : cs 10 min. = .999,995, 
769,205,486,2 : cs 5 mim + cs 15 min. = 1.999,989,423,021,546,7, out of 
which ſubtract cs 5 min. = 999,998,942, &c. And there will remain cs 15 
min. = .999,990,480,720,734,5- (7) r: 2cs 5 min. = 1,999,997,8 &c. : : cs 

15 min. = .999,990,480,720,734,5 : cs 10 min. + c 20 min. = 1.999,978, 
846,063, 230, 4; out of which ſubtra& cs 10 min. = .999,995,769,205,486,2, 
and there will remain cs 20 min. = .999,983,076,857,744,2, &c. By this laſt 
method, after the firſt co- ſine is obtained, the whole work may be accompliſhed : 
and it has theſe advantages ; the two firſt terms are invariable, and the firſt be- 
ing the radius = 1, divifion is wholly excluded; the ſecond being fixed, a ſmall 
table of its products to 10 or 100, turns multiplication into addition; from the 
fourth term the (Sine if had, or) Co- ſine of ſuch an Arc muſt be ſubtracted, as 
is ſo much leſs than the Arc of the third term, as the Arc of which the (Sine or) 
Co-fine ſought exceeds it; viz. ſo much as is the diſtance of the firſt in that rank 
from the beginning of the table. | 

PROP. 
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Kerio 
PROP. IV. 
Having the Sines of the firſt or laſt 30 deg. of the quadrant given, to find thoſe of the 
middle 30 deg. viz. of all between 30 deg. and 60 deg. 


Make the Arc DL = zo deg. draw the radius CL and perpendicular thereto, 
the chords MG leſs than 60 deg. and e a greater than 120 deg. draw MP, eh 
parallel to CB, and SG, ah to CD. Then in the Triangles MQG, ahe the 
angles QM, hea are = zo deg. therefore drawing the ſemicircles MOS, e h a, 
it is manifeſt the lines QG, h a, being the chords of 60 deg. are equal to the 
radius MK or K G, and eg or ga. In the triangle MQG, MG (= 4 GK 9) 
* q = MQꝗ; but becauſe GK = QG, 3 GKg. = MQ g, therefore GK 
X 3 = MO, and YG (i. e. PQ) + GK NV = MP; that is, if to the 
fine of an arc leſs than 30 deg. the ſine of its defect multiplied by Vz be added, 
the ſum will be the ſine of an arc as much exceeding 30 deg. Thus, for ex- 
ample, the ſine of 11 deg. = .190,808,995,376,545 multiplied by V 3 (1.732, 
050,007,508,877,3) produces .330,490,874,533,350, Which added to the fine 
of 19 deg. = 325,568,1 54,457,157 makes .656,059,028,990,507 the ſine of 
41 deg. In the triangle cha, e ay (= 4egg) = abg eb; but becauſe 
eg Sah, zegg = ehg, and eg Xx Vz = eh = ek + kh; therefore 
egg —ek—=kh=ra= rn; that is, if the ſine of an arc greater than 60 

Vor, III. T deg. 
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deg. be multiplied by V3, and out of the product the ſine of an arc wanting fo 
much of go deg. be ſubtracted, the remainder is the fine of an arc ſo much ex- 
ceeding 30 deg. Thus, for example, the fine of 83 deg. = .992,546,151,641, 
| * multiphed by V (1.732, 50, 8 &c) produces 1.719, 140, 363, 499, 733 

om which ſubtracting the ſine of 67 deg. = 920, 504, 8 53, 452, 440, there 
remains . 798, 63 5,5 10,047, 293 the fine 53 deg. 


PRO P. V. Py 


Having all the Sines under 60 deg. to find all the reſt by addition only; or, having all 
above 30 deg. to find the Sines of the firſt 30 deg.; or, having the Sines of the firſt and 
laſt 30 deg. to find all the intermediate Sines by ſubtraction only. 


In the triangle MQG, MK = QG (by 4th). Therefore ZM + MK = SG; 
that is, if to the fine, ZM, of any arc leſs than 60 deg. the fine KM, of its de- 
fect, or difference, from 60 degrees, be added, the ſum is the fine of an arc fo 
much exceeding 60 deg. Thus, for example, the fine of 41 deg. = .656,059, 
021,990,507 + fine of 19 deg. = .325,568,1544457,157, makes the fine of 
79 deg. = .816,297,183,447,064. Allo in the triangle e ha, eg is = ah; 
therefore eg e m (i. e. hp) = pa the ſine of the arc Bn; that is, from the fine 
of an arc exceeding 60 deg. ſubtract the fine of the exceſs, and there will remain 
the fine of an arc wanting ſo much of 60 deg. Thus, for example, the ſine of 
67 deg. = .920,504,853,452,440 — fine of 7 deg. (.121,869,343,405,148) 
= fine of 53 deg. = .798,635,510,047,292. | 

By a continual biſection (by the 2d) the fine of an arc a little leſs than 1 min. 
may be found, and from that by proportion the fine 1 min. But the ſine of 1 
min. may be obtained from the length of its arc by the ſeries in the other method 
with incomparably leſs labour and greater exactneſs; from which (by the 3d) the 
fines and co- ſines of all arcs under 30 deg. being computed, the reſt are had (by 
the-;th) by ſubtraftion ; or having the firſt 30 deg. made (by the 3d) all to 60 
deg. may be got (by 4th) and all the reſt by addition (by 5th;) or the laſt 30 
deg. being obtained (by 3d) the reſt above 30 deg. are made (by 4th) and the 
firſt 30 deg. by ſubtraction (by 5th.) 


NO. 
The Sines being made, the Tangents and Secants are thus obtained. 


The triangles CFR, CWF, CEH, CBI are equiangular. Therefore CR : RF 
: CE : EH, i. e. Co-fine : Sine : : Radius: Tangent; and RF (= CW): CR 
(= WF) :: CB: BI, i. e. Sine: Co-fine : : Radius:: Co-tang. ; and CR: CF 
:: CE : CH, i. e. Co-fine : Rad, : : Rad. : ; Secant; and CW: CF: : CB: CI, 
ij. e. Sine: Rad. : : Rad.: Co · ſecant. | . E. F. 


AN 
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AN EASY 


OUADRATURE of the CIRCLE, 
From 2 / 3 or Via, 


Br Da. HALLEY. 


ANY have been the attempts in all ages to exhibit a ſquare equal to the 
area of a circle, or (which is all one) to find the ratio of the diameter to the 
circumference. This ratio Archimedes, near two thouland years ſince, ſhewed to 
be nearly that of 7 to 22; and conſequently the area to be to the circumſcribed 
ſquare as 11 to 14; contenting himſelf with ſmall and integer numbers, though 
his method was capable of extreme exactneſs, as has been ſince made appear by 
the moſt elaborate calculus of Ludolf Van Ceulen. This gentleman, by the con- 
tinual biſection of an arc, performed by extraction of the ſquare- root (analogous 
to Mr. Briggs's method for making the firſt logarithm), carried his work fo far 
as to aſſure us, that the diameter being 1, the circumference was 3-1415,9265, 
3589,7932,3846,2643,3832,7950,288 +, the laſt figure being not an unit leſs 
than the truth. And this was looked upon as ſo valuable a performance, that 
it was engraven on his tomb-ſtone to perpetuate the memory thereof. How- 
ever, it might be queſtioned, whether it was really ſo exact, unleſs by him that 
had taken the pains to examine it throughout; and moſt lovers of theſe matters 
have choſen rather to take it upon credit than give themſelves that trouble. 

Now ſince his time, as there have been many abortive effays towards a perfect 
quadrature, by thoſe that knew not enough to ſee the impoſſibility & thereof; ſo 
very much has been done towards facilitating the Calculus by methods far differing 
from that of Archimedes ; and particularly the doctrine of Fluxions, and of in- 
finite ſerieſes, both invented by the moſt illuſtrious Sir Iſaac Newton, and pro- 
perly called, The Geometry of Curve-lines, doth afford us many ſolutions of this 
problem. Amongſt them that which performs it with the leaſt work, is derived 
from the tangent of 3o degrees which, if the radius is 1, will be = . 

Now the fluxion of the tangent of an arc, 1s to the fluxion of the arc itſelf, as 
— ſquare of the ſecant to the ſquare of the radius: which may be thus demon- 

ated. 8 


* N. B. Notwithſtanding this aſſertion of Dr. Halley, the impoſſibility of a perfect quadrature of 
the circle in numbers, or (which comes to the ſame thing) the incommenſurability of the circumfe- 
rence of a circle to the diameter, has never yet been demonſtrated : though it ſeems highly probable 
that not only thoſe lines themſelyes, but their ſquares, and their cubes, and all other higher powers 
of them, are incommenſurable to each other. „M. 
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Let C be the center of a circle, CR the radius = r, AR any arc = a, RT 
its tangent = t, and CAT its ſecant; draw the _— 
line CaP infinitely nearer to CAT, and the line | 
TP will be the fluxion of the tangent = z, and 


Aa the correſpondent fluxion of the arc = 4. 
Wich the center C, and radius CP, draw the in- 
finitely little arc UP. Now, ob ſimilia angua, 
TP : UP: : CT : CR, and again, UP: Aa: : CT: CR=CA. Wherefore, 


ex aquo, TP: Aa: : CT* ; CR* : that is, rr + 7r is to 4 as t to a. If there- 


fore ri be divided by rr + 11, the quotient 2 2 +5 4 42 I &c. 


will be = a * N of the arc; and its fluent will be bas arc bat vix. | — = 


+ 2 7 _ oY 25 &c. Now, the radius being 1, and the tangent of 30 de- 


grees v/ = TY it is evident that — v 7 is the cube thereof, and 5 1 the fifth 

power, = V4 7 the 7th power, &c. in inſinitum. Whence it is obvious, that 
is = ＋ „„ me dre 4d boom or 

1 F KY 7 , &c, or a 


X1—- - +— — 795 + — — SY But fix times this arc is the 8 
rence of the 10 whoſe LA 1s unity ; or the whole TAs; _ ny 


diameter is unity. And fix times 92 * the ſeries 1 — — + _ — — 


+ 753 &c is (= 6 * 1 3 X 3 x 2 x the fame ſerie 


=2XVW3XxXw3 *; X the ſame ſeries =2 x Vz X the ſame ſeries 
= va x V3 Xx the ſame ſeries = Sf4 X 3 x the ſame ſeries) = / 12 
x the ſame ſeries 1 = = + = — — + —, &c. Therefore, if the diameter 
of the circle be 1, the whole — AISS... of it will be equal to W 12 x the 


Hence comes this rule : Divide the ſquare-root of 12 continually by 3, and 
the ſeveral quotients again by all the odd numbers ſucceſſively, viz. the 5 


quote by 3, the ſecond by 5, the third by 7, &c. then to the 12 add the < 
of the ſecond quote, 7 of the fourth, FT of the ſixth, &c. in infinitum, and from 


the ſum ſubtract = T of the firſt quote, 7 of the third, — — of the fifth, &c. in in- 
finitum, and the remainder ſhall be the circumference ſought. 
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An Example of this proceſs diſpoſed according to the manner of William Jones, 
Eſq. F. R. 8. 


. . 3.464, 101, 61 5,138 


A=J12 * + + + 3.464, 101, 616,138 6 6 „ +65... 

C IB ä 384,900, 1 79,400 oC C SSD 4.9 „ % 4 76,980,03 5,593 
E=ijD.... « « . 42,706,686,607 . E 4,68% 
G=;F EX4 os 4475148544007 WY 120 rn 305,527,423 
I 2H. „ 527,9 3,785 8 69: £ 17 r 31,057,870 
L=zK S040 a 6:42 58,664,865 „ = pv ogigeoso pic 0 s tl 2,793,865 
N=;M fv @ Sets a> 6,518,318 .: ©..4 1m N $4.4 0-0 0-0 6-4 ö 200,733 
P =30 n 724,2 58 8 0 15 6 „„ e „e eee „e 24,974 
R=3Q. „ 80, 473 „ R % „ „„ „„ e 2,438 
TSC... ³ œnG !!! LY EE LY... 
WF „ „„ „ „ „ „ „ „ „ % % Äh ˖ ͥ 0 4 24 
Tal.... „ „ HO co SE „ ES 


Sum of the affirmative part dS dV 0402.4 4-6-3 3 3-546, 233,172,181 
.. +» + 0.384,900,179,460 


BIA. 1.64, 700, 538,37ũ I 
DIW. . 28, 300, 05, 8 2o0ĩũ00 . 168,328,579,974 
II. enn 14,25 6,562,202 e © & 5-4 Ti d ©6@.d» Tn. 04 1,296,960, 200 
H==!G. . «++ 3,6% % % „„ 105,596,757 
K=4$I + +++ + 4+ « 175,004,500 + + + +» » 1K eee ene 95262, 73 
2 IL. e 19,554,955 ©0642 NM ö ee 850, 215 
O=3;N. „ % % % „ „ „ „ 4173, „ © © 20 % „„ 80,47 ” 
Q=3P + +++ 241,410 17Q_- 6 0-0.4 5 0. + © ©: 7478 
821 SC EDS 6s C04 26,324 @ & 6-02 _ „% % % „ %% „ ee 766 
VSI eee 2,980 a 0 1 9 W 0 O O O O ‚ EET © 76 
X IKW 43344 + + Ty „ „% „% 0d % „% 0 „ „%%% 35 
ZIL. 3 © IF EDEN ö | TEOIs : 


Sum of the negative part ere FR = 0.494.640,5 18,591 
The Diameter being 1, the Circumference is. +» + 3-141,5924053,590 


This Work (being to be performed in half an hour's time) is ſufficient to ex- 
hibit the circumference, from the diameter given, ſo truly, as not to err the 
breadth of a grain of ſand in a globe as large as the earth; and the compen- 
dium of this method tempted the incomparable Mr. Sharp to continue this to 
double the number of places of Ludolf Van Ceulen's calculation, after he had 
done the ſame, by a double computation to 74 places from different ſerieſes, 
viz. from the Sines and Co-ſines of 6, and of 12 degrees; which is ſufficient 
to give the number of grains of ſand that may be comprehended within the 
ſphere of the fixed ſtars, if the number of grains contained in the diameter was 
12000 X 5280 X 8000 X 100000 X 100000 ®; for then the number of grains 
contained in the faid ſphere would conſiſt but of 65 places: ſo that here you 
have the Dimenſio Circuli, and the Arenarius of Archimedes both in one. 

Hence it appears that Lude/f's number is ſufficiently true for all future ſquar- 
ers of the circle to ſquare their work by. 


*I don't know why Dr. Halley choſe theſe numbers for the factors which, by their multiplica- 
tion, produce the number of grains of ſand in the diameter of the ſphere of the fixed ſtars. But the ſaid 
number may be found in the Slowing manner, There are at leaſt an hundred grains of ſand in the length 
of an inch, and there are 12 inches in a foot, and 5280 feet in a mile, and above 90,000,000, or 90 
millions, of miles in the diſtance of the ſun from the earth; and, according to Mr. Huygens's con- 
jecture, in his curious tract on aſtronomy, intitled Coſmo-theoros, the diſtance of the fixed ſtar, called 
Sirius, or the Dog-/tar, from the earth is about 27,664 times the diſtance of the ſun from the earth, 
Therefore the diſtance of Sirius, or the Dog-/tar, from the earth muſt contain about 1co x 12 x 
5,280 * 90,000,000 X 27,664 grains of ſand ; and twice that diſtance, or the diameter of the ſphere 
of the fixed ſtars, mult contain about 100 x 12 * 5,280 x 180,000,000 X 27,664, or 31,550,238, 
720,000,000,000, or 31 trillions, 550,238 billions, and 720 thouſand millions, of grains of _ 

The 
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NOTES ro racs 146. 


ER 4. AG Ae > IA. N * ben the radius of the dicke d is” 
called 1, or that the ſquare, of the ſaid tangent, upon that ſuppoſition, 18-= 1 -2 fl, may be 


ſhewn in the manner 2 

It appears from Sir Iſaac Newton's Arithmetica Univerſalis, Problem 29, and likewiſe from my 
Elements of Plane Trigonometry, art. 110, 111, 112, pages 120, 121, 122, 123, that, if r be put 10. 
the radius of a circle, Jad 4 for the coſine of any arc in it not greater than the arch of a quadrant, or 
90 degrees, and x for the coſine of the fifth part of the ſame are, the relation between the two coſines 

and æ will be expreſſed by the following equation, to wit, 16x5 — 20 * x3 + FDA r*g, or, 
if r be = 1, by the e _— 16x% — 204 + 5x = 9. By the help of this equation we may 
find the ſquare of the coline of an en I A pet the of a quadrant, 


＋ degrees, by proceeding as follows: 
e eoſine of an areh of go degrees i is = o. Therefore, when is the coſine of 189, the coſine g 


of the arch which is quintuple of it (being the coſine of an arch of 90, will be = o, and conſe- 
uently the equation 16x5 — 20 ＋. 5 = 4 will in- this caſe bt 16x5 — 20 + 5x = 0. 
— (adding 20x* to both fides), we ſhall have 16x* +, 5x = 20x?, and | (dividing all the 
terms by &), 16x* + 5 = 20xx, and (ſubtracting 16x* from both ſides), 5 = 20 — 16s 


or 20 — 164% = 5 r (dividing all the terms by 16), = = a4 = — or > r 6. 


= . This n we muſt now reſolve in the ſame manner as a W LANE ſo as to- 


obtain the value of xx ; which 4 be done as follows. 
Subtract both ſides of it from the ſquare of half the co-efficient of xx, that is, from the ſquare of 


half L, or from the f. . that is, from 223 and ve ſhall ba 5 Lav +- (= 2 
3 m — © , 8 75 wx 


64 
ee. * 444 
18884 1 Therefore the ſquare root of the trinomial quantity 7 e 
will be equal to the ſquare · root of the fraction , that is, to LS, But the ſquare-root of the tri- 


64 
nomial quantity f — 2 Lr + x*is either + — a or ## T-: according as æ is leſs or greater 


than g. We muſt therefore inquire 42 i is leſs or greater than — Now xx, being the 
ſquare of the coſine of an arch of 189, is greater than the _ of the 4 of an arch of 30% and 
the ſquare of the coſine of an arch of 30 is (= 1 — 4 = =) = >, Therefore xx, or the ſquare 


of the coſine of an arch of 180, muſt be greater than 8. — fri, greater than 7 
Therefore xx — = =, and not ＋ — xx, will be the root of the trinomial quantity 22 — x + a+, 


or a% == ee anomenty = Zi = 25 . 


2 1 , or the ſquare of the coſine of an arch of 18 degrees will be = — * . E. 1. 


But e's ſquare of the fine of any are in a circle is equal to the exceſs of the ſquare of the radius 
above the ſquare of the coſine of the fame arc. Therefore the ſquare of the ſine of an arch of 18 de- 


ices, in © cirde of | which che 'radins is 1, will be (= 1 M 1 — = x = [is 
„„ lee 
1 1 


But the coſine of any arch of a circle is to its fine in the fame proportion as the radius is to the 
tangent ; and conſequently the ſquare of the cofine is to the ſquare of the fine in the ſame proportion 


as the ſquare of the radius is to. the ſquare of the langend, Therefore, as = — vs is to 


— ſo will 1 x 1, or 1 (the ſquare of the radius 1), be to the 12 of the tangent of 
1 18 degrees; 


(149 
| 3 
— r 
| RT AER 77, 
3=8F_zxgi=5 _gxgi—w+5=2x Ata A: 
3745 si x[5+58 . $3 x[5+5% 57 67 55 3 
e e ed conlequenty the tan 


g+5b of 5 
gent of 18 degrees will be = ima x [= d. E. B. 


Note 2d. *b, The laſt three lines preceeding the exhibition of the powers of the tangent A, which- 
begin with theſe words, © For A =1 — 2 72. &c.“ are expreſſed in ſo very conciſe a manner 
that they are rather difficult to underſtand. I flall therefore yin the fullowing e of thew. 


Since A“ is = % we ſhall have A- + E i A 
1 A* 
2 


, and conſequently — = — _ + . and 1 — 2A + A and 1+ 


* ˙ 14 2 AF and A-. 2 AT + —1 =2A®++—=5) = 2 A* — =, and con- 


Chr 
tp 


But, becauſe the radius of the circle is a mean —— between the tangent of any are in it 
and the co-tangent of the ſame are, or the tangent of its complement to a quadrant, or 900, it fol- 
lows, that, if A be put for the tangent of an arch of 18 degrees in a dad of which the radius is 


called 1, , or —, or A; will be the co-tangent of the fame arc, or che tangent of an 
arch of (9 — 189, or) 72 degrees. Therefore A“ (which has been ſhewn to be equal to 2 A 
LA, will be equal to 2 A — > of the tangent of 72 degrees | 

: But the tangent of 72 degrees is equal to y | 2 , or the ſquare-root of the binomial quan- 


ö tity 5 + 24/5, as may be ſhewn in the manner following. 


Since the ſquare of the tangent of 18% is =1—24/|ſ—or 1-2 x I — —, or 


1 2 
| 5 5 5 
X., and this ſquare is to the ſquare of the radius 1, as the ſquare of the radius 1 is to the 
ſquare of the co- tangent of 18, or to the ſquare of the tangent of 729; it follows, that the ſquare 
TIER 2 * SVR 

: | K 3 

; — ink 

= £424 12115 = FIX LEEE= FFI x1) =5 +2 4/53 and con- 


ſequently the tangent of 72 will be = ,/(5 + 2 NJ. d. E. v. 
Therefore A; (which is = 2 A — of the tangent of 720) will be = 24—— x 6. 


Therefore the values of A and A3 may be found by means of the following calculations: 

In the firſt place, we muſt extract the ſquare- root of 5, which will be found to be = 2.23606, 
79774, 99789, 60640, 91736, 68731, 27623, 54406, 183 57,37 545,77, &c. Therefore 2 %/ 5 will be (= 
= 2 X 2.23000, 97 54,9789, 9640,97 30,68 731,762 3, 54406, 183 50, 37545, 77, &0.) = $-47213, 
5$9549-99579-39281,83473,37402,55247,08812,36714,75091,54, Kc. and 5 + 2 % will be = 
9.47213, 595 49,99 79+39281,83473,37402,55247,08812,36714,75091, 54, &c. of which the ſquare- 
root is = 3.07708, 35371, 5253, 4025 7,2905, 6036, 9098 2, 4006), 2143, Kc. Therefore 
62 V, or the tangent of an arch of 72 degrees, is = ST ONS 

| 7603 


of the tangent of 72% will be = 1 X 1 x 


( 150.) 


I 
76036, 90982, 005143, lee. and 5 of this tangent, or T7 * ls + 3 7 5, will becequal to 


1 h . 
— Xx 307768, 35371, 75253,402 57,2905, 76036, 90982, 40067, 02 143, &c. or to o. 61553, 67074, 
350 fo, 6805 1, 40 88 1, 15 20), 38 196, 480 13, 40438, 6, &c. 

And we ſhall have A* ( = 1 =24/S=1=3 I 


5 n 5 
5X of5 _ 2 8 4 4 89,696 
r /S=1 = = * 2.23606, 9774, 997 89,9540, 9736, 


5 
68731,27623,54406,18357,37545,77, &c. = 1 — o. 8942, 1909, 999 15,878 56, 36694, 67492, 5 104, 
41762, 47342,95018, 3, &c.) = o. 105% 8090, 0084, 12143, 63 305, 32507, 48950, 58237, 52657, 
498 1,7, &c. and conſequently A ( = the ſquare-root of 0,10557,28090,00984, 12 143, 63 305, 32 50%, 
489 50, 58237, 267,408 1,7), Kc.) = 0.32491, 96962, 32906, 3201 6,5 8714, 122 15,1344, 49549, 
03473, , &c. Therefore 2 A will be ( = 2 x 0. 32491,06962, 32906, 32616, 587 14, 12215, 13446, 
425 49,0 347371, Kc.) = o. 64983,93924, 658 12, 66231, 17428, 24430, 26892, 990098, 0,94, 2, &c. from 
which if we ſubtract o. 61 5 53, 67074, 3 50 50, 6805 1, 4058 1, 15207, 38 196, 48013, 404 28,6, (which has 


been ſhewn to be equal to - X (5 + 2 4/5, or = of the tangent of 72 degrees, or = „ A -), 
the remainder, to wit, 003430, 268 50, 3051, 97170, 76847, 9222, 88696, 51084, 665 17,6, &c. will 


be equal to 2A — 11 * ifs +24/% or to2A— 3 and conſequently to As. 


Having thus found the tangent A of an arch of 18 degrees to be = 0.32491,96962,3 2906, 
32615,557 14,12215,13440,49549,03473,1, &c. and its cube, or A3, to be = 0.03430,26850, 
30761,97179,76347,09222,88696, 51084. 665 17,6, &c. we may derive the following odd powers of 
A, to wit, A5, A“, A“, Alx, A, Als, &c. from A and As, and from each other, in a very 
ſhort and convenient manner, to wit, by multiplying the next preceeding odd power of A by 2, and 
- dividing the next preceeding odd power of it but one by-5, and ſubtracting the ſaid fifth part of the 
laſt odd power but one from the double of the laſt odd power; which are very eaſy operations, 


For, fince A3 is = 2 A 2 or 2 A = ve ſhall have AS (= A x A = A? x 


AT) = 2 At A. and A! (= Ar x As = A3 X oe — = "'# + WI 7 As, 


and Av (= A* „ A7 us A x |z as = A) = 247 = =, and A" (= As 


x Af = A® X2 A? — x A5) = 2 A9 — 5; and, in like manner, Ar will be = 


Au — - Av, ang A'S will be = 2 An — = AT, and Ar will be=2 A — A, and 


A* 

every following odd power of A will be equal to the exceſs of twice the laſt, or preceeding, odd 
power of A above one fifth part of the laſt odd power of it but one. So that by this method of pra- 
ceeding we may derive the ſeveral values of A5, A“, A“, Ant, Als, Als, An, and the following 
odd powers of A, from A and A 3, and from each other, without performing the very laborious 
operations of multiplying them continually into the long number o. 1055 7,28090,00084, 1214 3,53305, 
32507,48950,53237,52057,0498 1,7, &c. which is _ to A*, 

Or we may derive the odd powers As, A“, A9, Au, Al, Als, &c, from A and As, and from 
each other, in the following manner; which, perhaps, may be ſtill eaſier than the former method of 


obtaining them. 
Since AS is = 2A — 5A we ſhall have — AS = A? — = A; and, fince A? is = 
2 — 3, we ſhall have 2 A! = AS — — As; and, ſince A9 is = 2 A7 — - As, we ſhall 
ass Ar — AS; and, in like manner, we ſhall have ho AV = A tb A7, and = 
2 10 2 10 | 6. 
AB=A" —= Ae, and AS = A DAG, and the half of every following odd power of 
A equal to the exceſs of the next preceeding odd power of it above a tenth part of the next 


preceeding odd power of it but one. And, by multiplying theſe halves, as faſt as we obtain 
them, by 2, we ſhall have the whole values of the ſaid odd powers A5, A“, A“, A”, yo» — 15, 


A | : | | A thi rd 
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A third Quadrature of the Circle, derived from the Tangent of 221 deg. 


=vVz-—-1=A.*% 


Here *=r—2A *=A—2A* =;A—2, and Af = 5A — 2A* 
= 5A* + 4A —'2 = 6A* — A; therefore A! = 6A* — A,, and A? = 64" 
A,, &c; ſo that multiplying any odd power by 6, and ſubtracting from that 
product the odd power next Jeſs, the remainder ſhall be the odd power next 
greater; then divide every odd power by its index, and ſubtract the ſum of the 
negative quotients from the ſum of the affirmative, the remainder will be 2 of the 
ſemiperiphery, when the radius is 1. *5 y 


The affirmative powers bf the Tang. of 223 deg. | | Theſe powers divided by their Indices.” 


A= 4142, 13 66, 2373, 0950, 4880, 17 1)A (.4142,1356,2373,0950,4880, 17 ' 
A. 12159 30, 88 19,7564, 1 5 4,0 5) A (. 24,3866, 1763,95 12,8 304, 98 
A? . . . 3,5893, 7498, 62 30, 69006, 34 9) A? ( » +» » 3988,1944,2914,5215,48 
A'T, . . « 1056,60133,4279,5339,04 114 * « » 8,2774945 794,66 
AT. «'. + 3141037492 733427542 Na * + « + » 1,8296,3406,0722,03 


Af”, 6 © © & V 9156,:017,0033,75 2104 * + + + * 436,048, 4287, 2 
As. + +» +» 209,5304,0872,17 | 25S)AB( cc.» 10,7812,1874,89 
A ee 7,9342,3020,08 29) A9( SS 06 «a8 © D-@Y 27353943541 
A33 Ss 32a 4x1 23 031075 33 )A33( „ 70, 763.95 
A7 E 8,7542, 5 Ba „ d „ee 582,23 
Al en 2, 8239,37 41) A* „ % „hre 493-04 
; a 0 SCE EY $957»9 45) A*5( 0000's 0& © wy 8 4 
• a . 1%½4 400 A 22 


Sum of the affirmative part 4766. 9293. 700 f. 247;, 3371,19 


The negative powers of the Tang. of 225 deg. Theſe powers divided by their Indices. - 
A3=, . 0710, 6781, 1865, 4752,40, 84 3) A? (.0236,8927,0621,8250,8143,61- 
AT. 20,920 1053032, 4748. 54 7) AT ( 2,9 80,3007, $804,0392,65 «.f 
An. . - . 6158,3935,0751,7049,59 | 11) A*'( . .. . $39;8539,5795,6095,41 
AS, ., 18,286,895, 4934,34 15)A"5(.... I2, $1-459519326,90 
As.. « +» '« + $,3305,07t5,0718,20| 19) A , . . » . . 2808,7195,5300,90 

«+ ©. 0 6157 0,0336,0494,942 1 29) iO... uo > 63.3016, 8358.45 : 

ATT. . 46,244,748, 1 27 ANC. . + » + 17127,460Q,21 

+ + + + « 1, 3612,99, 31) Aꝶůl.. 439,128, 

@ 6: © <9 « 400,7292,23 350A. ne. 11,4494 06 

AY, .. ˙ ⁴ 11,7963, 67 0% ‚— . + 303471 

Als. "MEN EC EUs 3472,53 43) A437 | 

T3 > ro Joes % « ns 47)JAN( 2 a0 © + ++ „ 0-0. iT. 

AS, e 00 do» e 0665 © 6. &-% 3.01 g1)A5:( e „% % v,0,0,0 v4 eas 42 


Sum of the negative part — 0230, 3385, 5008, 5 236, 7890, 4. 
Sum of the affirmative part . 4166, 9293, 7604, 2478, 3371, 19 


The Length of the arch of 223 degrees 3926, 9908, 1698. 7241, 6480, 78 


Which multiplied by 8 is the Semiperiphery . 141 6,9265, 3 589,79 32,3846, 24 7 


Nite, Though theſe powers are not ſo eaſily raiſed, as thoſe of / 12, yet they converge much faſter, 
ſo chat not many above half the number are required. | en x 


*. See the note belonging to this reference in the next page. 
* See the note belonging to this reference in the next page. 
NOTES 
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NOTES To react 151. 


4. Note f. That A, or the tangent of an arch of 22 degrees and a half, "wag circle of which the 
radius is 1, will be equal to 4/2 — 1, or the exceſs of ,/2 above 1, may be ſhewn in the manner fok 


lowing. 


It is demonſtrated in my Elements of Plane Trigonometry (in the Corollary to Prop. 23, art. 68, 
page 65), that the difference between the ſecant and the tangent of any circular arc leſs than go degrees, 
or the arch of a quadrant, is equal to the tangent of half the complement of the ſaid arc to go degrees 
or the arch of a quadrant. Now the complement of an arch of 45 degrees to the arch of a quadrant 
18 alſo an arch of 45 degrees; and conſequently half the ſaid complement will be half an arch of 45 
degrees, or an arch of 22 degrees and a half. Therefore the difference between the ſecant and the 
tangent of an arch of 45 degrees will be equal to the tangent of an arch of 22 degrees and a half. 
But the tangent of an arch of -, gg og is equal to the radius, or 1, and the ſecant of the ſame arch 
is equal to the ſquare-root of the ſum of * ſquares of the radius and che tangent, that is, to 


Ai iI , or Ai T i, or 4/2. Therefore the exceſs of the ſecant of this arch above its 
. will be = 4/2 — 1; and conſequently ,/2 — 1 will be equal to the tangent of an arch af 


* 


t 
22 and a half, or to A. d. E. 5. F. M. 


— 


*4, Note 24. The manner of deriving che ſeveral values of A*, As, As, A7, Ae, Ar, Als, &c, 
from A and from each other, ſet forth above in page 151, may be more fully explained as follows. 


Since A is = 4/2 — 1, we ſhall have A +1= „s, and conſequently A* + 2A + 1 = 2, 
and A + 2A = 1, and A =1 2 A. Therefore A® will be (= Ax ®*=Ax1—2A 
=A-2Af=A-:2xi-:A=A-2+4A)=;A=—2; and A5 will be (= A x A* 
=;5A—2xXMagAt—2A*=A3—2X1—2A=A3—24+GA=;A3—-2+4A 
+ A*  A3=gA3—=2+4A+A* - FA- 2 = A - 2 + 4A +A3I—;A+2) 
= 6A3 A; and AT will be (= AS x A* = 6A3 — ANN) = 6A5 A; and A? will be 
= A Xx A* = GAS — A3 x A) = 6A7 — AS; * = A 2 —6A7 — A) 
* A*) = 6A 5h in 32 An, M . be 2 to 6 A — A, 
6A'3 — AT, GA — Als, A7 — Als, &c, reſpectively, every new odd power of A being de- 
rived from the two next preceeding odd powers of it, by multiplying the laſt odd power of it by 6, 


and ſubtracting from the product the laſt odd power of it but one, as is aſſerted in the text; which 
multiplication and ſubtraction are ſhort and operations. 


By this method of proceeding the ſeveral odd powers of A, to wit, A, A5, Ar, Ae, Au, Als, Ars, 
A, Ale, &c, are derived from A and from each other without multiplying them continually into the 
long _— er is _ to A“, 2 to 1 — 2A, or 1 * 0. 4142, 13 86, 2373, 0950, 4880, 17, 
or 1 0.86284, 712, 4746, 1900, 9760, 34, to wit, o. 1715,72 2 — 66, which wo 
render the computation D er vely — 8 . * F. M. 


A fourth 


\ 
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the Circle, derived from the Tangent of 15 deg. 


adrature 
A fourth Du of 3 


— „ * 


Here A*=4A - 1, Al =4A* = ASH 15A 4, A*= 15A, AA IAT 
— 16A T4 14A“ — A, A! = 1445 — Al, and A' = 14A“ — A, &. 
hence it is that multiplying any odd power by 14, and ſubtrafting from the 
product the odd power next leſs, the remainder ſhall be the odd power next 

reater; then divide each power by its index, and ſubtract the ſum of the nega- 
tive quotients from the ſum of the affirmative, the remainder will be r of the 


ſemiperiphery, when the radius is 1. *5. 


The affirmative powers of the Tangent of 15 deg. | 
A .2679,4919,2431,1227,06049,2 552,658 


| Thoſe powers divided by their Indices. © 
.2679,4919,2431,1227,0647,25 53,658 


As. 13, 8 121,8 104,64 60,5 276,37 14,625 | 5)AS* (. . , 2,7024,3020,9291,3055,2742,925 
AY . . . 11,9870, 1339, 2968, 808 3,44 0A... « » 79,1096,0815,4774;3120,40 
An. . 3,601, 3357,62, 412,389 13) Al.. +» - » 2823,179754207,111 


AT. 189,187, 7486,73 19,875 
A ee 75577828888•225 
A, „„ „ 6 50. 2702, 8 313 
2 „5„•„„„ „„ „ „„ „4„„ e 
„„ „ „ IR WA 578,7 
22ͤ ͤ — 


— 


25) A®5( +++ 4+ + ++ + „ „ 2,0109,112 5452 
29) A*9( * + + #* „„ „ „ „4 „416 89,355 2774 
33) A3I( *,4 „ „ „„ ky, 7 
$7)AN( c++ «+++» + + + i8,610 


LT) A®( co eo nn e 92 
210A We 


Al „„ „ „ % >< CASES 
Bom of the affirmative part. 282288888275 

The negative powers. e the Tang. of 15 deg. | - - Thoſe powers divided by their Indices. 

A3:0192,3788,6466,8405,9708,8304,877 | 3)A*? (0064, 1262, 8822, 2801 

A7. „ 99,3870] )AT(... 7147861 RE 2875 


An. 51,1183, 6764, 7402, 9471,45 
AS. + +2035,03744201 1,370,305 
A +++ 4175 30, 2802, 877,943 
An * + + » — 700,1 746, 8830, 689 
A . „ „ „el . 3,6092, 4377,84 
1. > oo ++ 060 — 186,484,322 
A. · 9 99õ*vĩ4 „„ 9590, 380 
iN 
dee e 
Sum of the negative part 


Length of the Are of 15 deg. . 28 | 
Which multiplied by 12, is the i periphery 3-1415,9265,3589,7932,38 


23) .A33 
27) 


3 
43)A®(, 


H)AP(, > +» 45047 1-243) . 


150A + + +/+ ++ +. 1 6691,613 : 8 
19. . q 71 1273 


* © © + 0. » 39,442 57775,247 
A7 * „„ „% „„ „„ „ 0 9 133 7669, 550 
300A ©» „ „„ 44 4 „ * ” 8 4. 0 . 6,001 5,625 
JS) AW +/+, « 274,Q18 
AW( , co oe+0 + 0,0 #0 42 „ „„ I, 6 
+. $ ooo „ „ „„ „„ 
. — .0064,2684,2 183,9389,93 15,5128,844 
- » - 261759936,7799-1494-305 3,855 3,616 
46,2643,392 


Though 


* 
„% © » „ „ 
= 
4 


S „ © * + «© #* 
2 * 


5. Note 1. ©* That A, or the tangent of an are of 15 degrees, in a circle of which the radius is 
1, is equal to 2 — 4/3,” may be ſhewn in the following manner. | 
The difference between the tangent and ſecant of any circular arch leſs than the arch of a quadrant, 


is equal to the tangent of half the com 


le 
grees is half the complement of an — of 60 degrees to a 


ment of the ſaid arch to a quadrant. An arch of Ig de- 


1 Therefore the difference be- 
will de 


tween the . and the ſecant of an arch of 60 degrees to the tangent of an arch of 
15 degrees. But the ſecant of an arch of 60 degrees is double of the radius, or is = 2; and the 
in my Elements of Plane Trigonometry, art. 14, 


tangent of the ſame arch is = , as is ſhewn 
or, III. X 


( 154 ) 
A Remark on the four preceeding methods of ſquaring the Circle. 
| po - 


Though no other method of obtaining the quadrature of the circle can rea- 
ſonably be expected, that fhall be equal in facility to that of Dr, Halls by 
Vi; yet the three preceeding, and perhaps many others, are to be preferr 
to it for their degree of convergency; and they all have at leaſt this uſe, that 
they ſerve to confirm one another to all the places of figures to which they are 
carried, and in which they are found to agree. | | 

Mr. Machin (Profeſſor of Aſtronomy at Greſham College, and Seer. R. S.) from 
the Square-root of 12, or 2 3 = 3.46410,16151,37754,58705,48926,83011, 
74473, 33856, 10507, 62076, 12561, 11613, 95890, 38660, 338 17, 6000, 41622, 
92373,51449,71513,48, computed the proportion of the Diameter of a Circle 
to its Circumference to be as 1 to 3.14159,26535,89793,23846,26433,83279, 
$0288,41971,09399, 37510, 58209, 74944, 59230, 78164,00286,20899,86280, 
34325,34211,70680, true to 100 decimal places, as publiſhed in Mr. Fones's 


Synopſis. 


- * - 
PSS .; : * * = - - * a 4 A a a = dt F4 Ow PRE "WY _ FRY » _ 2 — th 


— _— — — — * 


| 13 Therefore the exceſs of 2 above a3 will be equal to the tangent of an arch of 15 degrees, 
— tangent of an arch of 15 will de = 2 — 4/3. | Qs E. 9. 


*4, Note 2d. The manner of deriving 'the ſeveral values of A*, As, AS, Ar, Ae, An, Als, &c, 
erer 
as follows. — | 
Bine A ie = 2 — 3, we ſhall have A + 4/q = 2, and 4/3 = 2 — A, and conſequently 
3(=2=APF=4=—=2X2A+A®) =4—4A TA, and 3+ 4A =4 + A-, and A- 
(= 4A +3=4) = 4A — 1. Therefore A? will be (= A x A*=A x 4A —1) = 4A* 
ASN AGA - 4 -A) = 15A 4; and A5 will be (= A3 x A- 


= 1 . * 


End of Mr. Sbarp's Quadratures of the Circle from the Tangents of different Arches, 
© publiſhed by Mr. William Gardiner in the year 1741 in the third edition of 
_ iShermuin's. Mathematical Tables. 


A 


MOST EASY AND EXPEDITIOUS METHOD 


SQUARING THE CIRCLE. 


INVENTED BY 


THE LATE MR. JOHN MACHIN; _ 


PROFESSOR OF ASTRONOMY IN GRESHAM COLLEGE, LONDON,. AND SECREs 
TARY TO THE ROYAL. SOCIETY. 


X2 


Mz MACHIN's METHOD 


oF 


SQUARING THE CIRCLE. 


ART. 1. HE firſt ment{on that I find made of Mr. Machin as a ſquarer of 
the circle, or a computer of the proportion of the circumference 


of a circle to its diameter, is in Mr. William Jones's Synopfis Palmariorum Mathe- 


| feos, which was publiſhed in the year 1706. In this work there are two paſſages 
5 to Mr. Machin's performances on this ſubject. The firſt paſſage is in 
Part II. of the work, Art. 65, prop. 38, page 243, where, after deſcribing Dr, 
Halley's method of ſquaring the circle by means of the tangent of an arc of 30 
degrees, he has theſe words; to wit, © Therefore the radius 1s to one half of the 
vc periphery, or the diameter is to the periphery as 1.00000 &c. to 3.141,592, 
<« 653,589,793,238,462,043,383,279,502,884,197,169,399,375,105,820,974, 
4944, 592, 307, 816, 406, 286, 20 998,628,034, 825, 342,117,067, 9 &c, which 
ce is true to above a hundred places; as computed by the accurate and ready pen 
<« of the truly ingenious Mr. John Machin : purely as an inſtance of the vaſt ad- 
ec vantage arithmetical calculations receive from the Modern Analyſis, in a ſub- 
ce ject has been of ſo engaging a nature as to have employed the minds of 
cc the moſt eminent mathematicians, in all ages, to the conſideration of it. For, 
« as the exact proportion between the diameter and the circumference can never 
<« be expreſſed in numbers, ſo the improvements of thoſe enquirers the more 
* plainly appeared, by how much the more eaſy and ready they rendered the 
&« way to find a proportion the neareſt poſſible. But the method of Serieſes (as 
te improved by Mr. Newton and Mr. Halley) performs this with great facility, 
te when compared with the intricate and prolix ways of Archimedes, Vieta, Van 
te Ceulen, Metius, Snellius, Lanſbergius, &c: though ſome of them were ſaid to 
« have (in this caſe) fer bounds to human improvements, and to have left no- 
« thing for poſterity to boaſt of. But we ſee no reaſon why the indefatigable la- 
ce bour of our anceſtors ſhould reſtrain us to thoſe limits which, by means of the 
© modern geometry, are made ſo eaſy to ſurpaſs. 


« Variety of other Serieſes might be given for this purpoſe, though probably 


* none fo ſimple as this,” . 
2. From 


158 MR. MACHIN'S METHOD 


2. From this paſſage of Mr. Jones's Synopſis it appears that Mr. Jones ſup- 
poſed Mr. Machin to have diſcovered the foregoing value of the circumference 
of a circle to more than a hundred places of figures by means of Dr. Halley's 
ſeries for the tangent of zo degrees. And perhaps Mr. Machin had informed 
Mr. Jones that he had found the ſaid value by that method. But it is certain 
that he might have found the ſaid value with (till greater eaſe and expedition by 
means of the ſeries which he himſelf invented for the purpoſe, and of which 
Mr. Jones makes mention in a ſubſequent paſſage in his ſaid Synopfis, which oc- 
curs in Part II, art. 76, at the end of prop. 2, in page 263, and is in the words 
following ; to wit, | 

« There are various other ways of finding the lengths, or areas, of particular 
te curve - lines, or planes, which may very much facilitate the practice; as, for in- 
« ſtance, in che eirde, the diameter ig to the oircumference-as x to the ſeries 


. — — & = 
4 19 * — 5; *| &c = 3.14159 &c 


5 239 3 $ 2205 
% = x, This ſeries (among others for the ene pie and drawn from the 


% fame principle) I received from the excellent afalyſt and my much eſteem 
« friend Mr. John Machin : and by means thereof Yan Crulen's number, or 
* above in Art. 65, prop. 38, may be examined with all defirable eaſe and diſ- 
« patch.“ | | "AP | | . en ennie Z71 7 * 4 10 
3. This is the only book in which, as I believe, this Teries of Mt. Machin had 
ever made its appearance before the publication of my Diſſertation on the Uſe of 
the Negative Sign in Algebra in the year 1758. And the ſhort and obſcure man- 
ner in which it is ſtated in the foregoing paſſage of Mr. Jones's book, left the beft 
mathematicians in England in the dark as to the method in which it was ob- 
tained ; inſomuch that even the very learned and ſagacious Mr. Thomas Simp- 
ſon, of Woolwich, had never (as I have been informed) been able to make out 
the inveſtigation of it. But, about the year 1752, a friend of mine, who was 
much acquainted with the late learned mathematician, George Lewis Scott, 
Eſquire, (who was afterwards one of the Commiſſioners of Excife) ſhewed me 
Mr. Machin's own inveſtigation of it, which he had received from Mr. Scott, 
who had been acquainted with Mr. Machin : and, when I publiſhed my Differ- 
tation above-mentioned 1n the year 1758, I printed the faid inveſtigation (with 
Mr. Scott's conſent) in an appendix to it, as a curioſity which (though no way 
connected with the ſubject of that book) the mathematical world would probably 
be glad to ſee. One reaſon of the obſcurity of this ſeries, as it appears in the 
foregoing paſſage of Mr. Jones, is, that it is there repreſented as a fingle ſeries, 


whereas it is in truth the exceſs of one ſeries above another, to wit, of the ſeries 
16 I 16 16 ' 


ä — &c, or 16 X the ſeries 781 * I 
* 7 &c, or 16 * the ſeries — — — + 1 Tas &c, above the ſeries 
nr 4x the lng —t xa +- 
7 4 X the fries — — —m_ + —= — &c But this ob. 


0 1 ſcurity 
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ſcurity will ſoon vaniſh in the following view of the inveſtigation given of it by 
Mr. Machin himſelf, the very learned and ingenious inventor of it, and which 
had before been 1 in the Appendix to my Diſſertation on the Uſe of the 
Negative Sign in Algebra. | 


4. This inveſtigation is founded on the three following lemmas, or prelimi- 
nary propoſitions. | 


LEMuMA I. 


If a be any arc of a circle leſs than an arc of 45 degrees, and / the tangent of 
that arc, and r the radius of the circle, the tangent of an arc that is double of the 


arc @ will be equal to . or will be a fourth proportional to #7 — u, or the 


exceſs of the ſquare of the radius above the ſquare of the tangent ? of the 
fingle arc a, the ſquare of the radius r, and 2 t, or twice the tangent of the ſingle 


arc @; and conſequently, if the radius r is = 1, the tangent of 24, or the double 


27 


arc, will be = Nn 


LEMMA II. 


If T be the tangent of any arc of a circle leſs than a quadrant, and t be 
the tangent of another arc in the ſame circle that is leſs than the former arc, 
and r be the radius of the circle, the tangent of the difference of theſe arcs, 
whereof T and 7 are the tangents, will be = = or a fourth propor- 
tional to the following three quantities, to wit, iſt, r + Tz, or the ſum 
of the ſquare of the radius r and the rectangle T. contained under the two 
tangents T and , 2dly, the ſquare of the radius r, and, zdly, the difference, 
T — ?, of the two tangents T and 2; and conſequently, if the radius r be put 
= 1, the tangent of the difference of the ſaid two arcs, of which T and : are the 
IX T—t 1 — 


CoroLL. And hence it follows, that, if the leſſer of theſe arcs is equal to 45 de- 
rees, and conſequently its tangent # is equal to the radius r (which is the caſe we 
ſhall have occaſion to conſider) the tangent of the difference of theſe arcs will be 


mo 8 7 — 5 3 ET on, 
= e or, if the radius i be put = I, will be rr Ti; Of 


LEMNMA III. 


If a be any are of a circle not greater than 45 degrees, and 7 be its tangent, 
ander the radius of the circle, the arc à will be equal to the infinite feries 

— 6 „ u· 0 711 gn 42 . a 
Diff or, if the radius v 
be put = 1, to the ſeries : 2 7 77 7 — 7 4 9 — 2 -e, 
in which the law of continuation of the terms is very mani 3 1 
5 eſe 
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Theſe lemmas are demonſtrated in various books of Trigonometry, and, 
amongſt others, in my Elements of Plane Trigonometry, pages 72, 73, 74, 75, 
76, 77, 78, 79, 80, and 424, 425 ; to which I refer the reader. 
Theſe lemmas being admitted, Mr. Machin's method of finding the propor. 
tion of the circumference of a circle to its diameter may be explained as follows. 
CCR 


The Method itſelf. 


— — 

g. Let AEFG be part of the arch of a quadrant in a circle, of which M is the 
eenter. Draw the radius MA, and the tangent AL equal to the radius MA, 
and the ſecant ML cutting the arc AEFG in K. Then will AK be an arch of 
45 degrees. In the tangent AL (which is equal to MA) take AB equal to 
one fifth part of AL, or MA, and draw the line MB cutting the arc AK in E. 
Then will AE be the arch of which AB, or one fifth part of the radius MA, is 

the tangent. Take the arch FE equal to the arch AE, and the arch FG equal 
tothe arch AF. Then will the arch AF be double of the arch AE; and the 
arch AG will be double of the arch AF, and quadruple of the arch AE. And 
draw the right lines MFC and MGD cutting the tangent ABL in C and D. 
Then will AC be the tangent of the arc AF, which is double of the arc AE ; 
and AD will be the tangent of the arc AG, which is double of the arc AF and 
quadruple of the arc AE. Now let the radius MA be called 1; and the tan- 
gent AB of the arch AE be called 5; and the tangent AC of the arch AF 
(which is double of the arc AE) be called c; and the tangent AD of the arch AG 
(which is double of the arch AF, and quadruple of the arch AE) be called 9. 


Then, ſince the arch AF is * the arch AE, we ſhall, (by the firſt of 
2 


the foregoing lemmas) have c = —77 that is (becauſe þ is = 2 of AB, or 7 
1 2 $12? 
ty 2X — — = 
of MA, or = of 1, or is ) we ſhall have r (= ——< = = = 
| 5 5 | Ml EOS. JNdGNM eee 
25 = 25 


rent 


S. And, becauſe the ach AG is double of 


| Shy 13 & 2 
the-arch AF, we ſhall (by the ſame lemma) have 4 = . (= — I 
| | | 1 — 1a X 12 
32 — = | | | 
de 144 — 10 12% — 120 1 
2 6 i * 119 r which is ſome- 


44 

what greater than 1. Therefore the tangent d, or AD, is ſomewhat greater 
than MA, or AL; and conſequently the arch AG (which is quadruple of the 
arch AE) will be ſomewhat greater —— the arch AK, or the arch of 45 de- 
grees, of which AL is the tangenn. | HY 
Draw KO the tangent of the arc GK, which is the difference of the arcs AG 
and AK, or the exceſs of the arc AG above an arc of 45 degrees; or, rather 
(becauſe it is ſo extremely ſmall) conceive this tangent to be drawn ; and call it-e. 

| | 'Then 
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Then (by the ſecond of the foregoing lemmas) we ſhall have e = = 
— x 120 — 19 * 4 - 1 | 
_ SO 119 = ——_—. 11 8 3 
S o 
119 119 119 — 
. 
Ka. *1 
<7 
| 
| p 
O 
B 
| M * 8 
Find now the lengths of the ares AE and GK from their tangents b and e, or 


> and 7 by means of the ſeries # — 3 EK — 7 15 47 
＋ &c given in the third, or laſt, of the three foregoing lemmas; and, having 
found them, multiply the former of them, to wit, the arc AE, by 4, and the 
product will be the value of the arc AG; from which if we ſuhtract the latter of 
them, to wit, the arc GK, the remainder will be the value of the arc AK, or 45 
degrees: and this laſt arc multiplied by 4 will give us the length of the ſemicir- 
cumference of the circle. | : | 
The proceſs is as follows, itt ASI, 
—— mga 
A computation of the length of the ſemicircumference of a 
circle of which the radius is called 1, to 22 places of 
figures, by the foregoing method of Mr. John Machin, 
— — 


odd powers of þ in the ſeries 3 — 
_ Vot, III. Y + &c, 
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* 

? 
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Theſe powers are as follows, SONG 
: 200,000,000,000,000,000,000,000; 2 
3 . . 8, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 


M R. MAc HI N'S MET ROD 


3 « . . 320, ooo, ooo, ooo, ooo, ooo, ooo, 
3. . 012, 8oo, ooo, ooo, ooo, ooo, ooo, 
3 + + + 3 3512, ooo, ooo, ooo, ooo, ooo, 
3 3. 20, 480, ooo, ooo, ooo, ooo, 
5 + + + „ . 819,200, ooo, ooo, ooo, 
1 e 32,768, ooo, ooo, ooo, 
„ 5 1,310, 720, ooo, ooo, 
d +0035 N 8, 800,000, 


5 eo 2p0 0855 + 330 + 3 + 2:09), I $2,000, 


r OG 000, 
$ooofooepo>5y2e +3 wvc3 M435 t43s 
322 2 4 „ 2 134,217, 
VV „„ 
3322322 4 „„ „ „ 4 214, 


33223 „% „ EEE „ „ „ „ „ 3 


"gt Lbs bd Irie. oo ab Belts at 


5 « + « 3 64, ooo, ooo, ooo, ooo, ooo, ooo, 
3265 yg. * 6 „056, 888,888,888,888,888, 
3 . . . gy» EEE 5063, ol 5,384,675, 384, ; 


Ferre 176,470, 


32 — * „4 5 99,864, 380, 


— 2 2 134,21), 


JJ 0b 


* - ay © — * > a 2 


— 


FD 


2 - 
9 1 f 


* 


; ; 200,064,056,95 1,981, 474,79, 524, 


+ &c, exhibiting the length of the arch AE, are raiſed with the greateſt eaſe 
by-multiplying it continual y by 0.04, 0 | 


| Hence the affirmative terms of the ſeries for the arc AE are theſe : 
= ; 200,000,000,000,000,000,000,000, 


and n their ſum o. 200, o64, 056,951,981 474,679, 524, is = the 
W e our of the value of the _ AE. 
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And the negative, or ſubtracted, terms are theſe: 
DS 2,666, 666, 666,666,666, 666, 666, | 


= 1 4,826,571, 428,7, 428, 57t, 
+, 8 861,818,181 818,181, 


e 


2 . 2,184,33,333,333. 


enen, G , 


ꝙ— E- 2 3,64, 220. | 


. 
* 


— Joqogorogonegeonyyenynneyerdyf7 ls 
323% „„ „„ eee 


Sint: 92222999 2 „ oo 


= — core agmmon roar. 


and conſequently their ſum 0,002,668,497,102,100,716,309,474 is = the ne- 
gative, or ſubtracted, part of the value of the arch AE. 
Therefore, if from APR 56,9 4961696679. 524, — 
we take 0. o 668,497,102, 100, 716, 309, 474, 


the remainder o- -197,395»559-849,880,758,370,050 
will be equal to the arch AE. And conſequently 4 times this number, that is 
0.789, 582,239,399, 523,03 3,480,200, will be e to the arch AG. | 


if 
We muſt next find the value of the little arch GK from its tangent e, or 8 N 
by means of the infinite ſeries e — - 42 FT F-22222 


Now the tangent e, or — when — into a decimal Gallen: N. o. od, 
184, 100, 41 8,410, 041 „841, 04, the odd n of which are raiſed by molti. 


plying it continually by ee, or the fraction = or Sir or by RMS ir con- 


tinually by 57121 ; and-are as follows: That 
e 2 ooo, 184, 1004187610 ce, ,, 0 
e S . „ . 73249, 75,36 1, 251, 410. 
e O „ . 1282, 301,72, 12 — 


1 Pu ue 0500 e990, . 29 2 72274495914 
833 n $4.25, W nl. 53 5893 
e 203. — 3 33322 „ „„ „„ 5 


Wes: Hence 


| 

| 

© - 
| | 
| 
| 

| 

| 

| 

| 


Hence the affirmative terms 1 the e 1 + 2 — | < 1 7 2 _ 
+. &c, which is equal to the arch GK, are theſe : | 

7 o. ooꝗ, 184, 100, 418, 410, o41, 841, oog, 

7 O. s en 14,424, 
& 


—S ALLE SEEEEEEESSE High e W Ty 


© 


5 = 1 84, 100, 418, 56675 14,1 PPT) 


and therefore their ſum, 0.004,184,100,418,666,514,155,428, is = the affir- 
mative part of the value of the arch GK. 


And the negative, or ſubtracted, terms of the value of the aid arc are theſe: 


==  0:000,000,024,416, 591,787,083,803, 
= , 5 „ $0005 eee 


a 
2 Oc. 232 3 % vg h r — ßmn 2 


Sum = o. ooo, ooo, o24, 416, 591 790, 290, 933 ; 


and conſequently their ſum 0.000,000,024,416,591,790,290,933, is „ to 


the negative, or ſubtracted, part of the value of the ſaid arc GK. 


Therefore, if from 0.004,184,100,418,666,514,15 5.428, 
we take o. ooo, ooo, oa 4, 41 6, 179952959339 


the remainder 0. 004,184,076,002,074,723,864,495 
will be = the ſaid arch GK. N i 


And, if we take this laſt number o. oo, 184,076, oo, o54, 723, 864, 495, which 
* to the arch GK, from o. 89, 582, 239, 399,623,033, 480, zoo, which is 
to the arch AG, the remainder, to wit, o. 78, 398, 83, 44850. 
705, will be the value of the arch AK, or an arch of 45 degrees. Theretor 
ur times this laſt number, 0.785,398, 163,3 97,448,309,61 5,705, that is, 3. rg 
Sa 10 F251 589,793,238, 462, 820, will be the length . an arch of 180 degrees, or 
icircumference of the circle, when the radius is called 1. d. E. 1. 


This number 3. 141, 592,653,589, 793,238,462, 820, is true in the firſt 22 


figures .141,592,653,589,793,238,462, the more accurate value of the ſemi- 


circumference of a. circle: being 3.141,592,653,589,793,2 38,462,043,383,279, 
502,884,197, Who as we have ſeen above. in art. 1, and in Mr. Sharp's calcula- 


tions inſerted 1n the preceeding pages of this volume. 
Bad of Mr. Machin's Method of fquaring the Circle. 
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Dr. HUT TON's 
EXPLANATION or THB FOREGOING METHOD 


| —— OP 
SQUARING THE CIRCLE, 
InvanreD EY Ma. JOHN MACH I'N; 
PUBLISHED IN HIS TREATISE on MENSURATION, ix THE YBAR 1770. 


of Mathematics in the Royal Military Academy at Woolwich in 
Kent) publiſhed a very learned mathematical work in quarto, intitled 4 Treatiſe 
on Menſuration, both in Theory and Practice, in which he makes mention of the 
foregoing excellent method of ſquaring the circle, which had been invented by 
Mr. John Machin before the year 1706, and publiſhed in that year by Mr. 
William Jones in his Synopſis Palmariorum Matbeſeos, but of which no demon- 
ſtration had been given to the publick before the publication of my Diſſertation 
on the Uſe of the Negative Sign in Algebra in the year 1758. In this learned 
Treatiſe on Menſuration Dr. Hutton gives the following explanation of this cu- 
rious invention of Mr. Machin in a note to page 87, which is in the words fol- 


lowing. 


2. © As the famous quadrature of the late Mr. John Machin, Profeſſor of 
« Aſtronomy in Greſham College, is extremely expeditious, and but little 
* known, I ſhall take this opportunity of explaining it as follows. 

&« Since the chief advantage confiſts in taking ſmall arcs whoſe tangents ſhall 
ce be numbers eaſy to manage, Mr. Machin very properly conſidered that, fince 
ce the tangent of 45” is 1, and that, the tangent of any arc being given, the tan- 
6 gent of double that arc can eaſily be had ; if there be afſumed ſome ſmall 
ce fimple number as the tangent of an arc, and then the tangent of the double 
are be continually taken, until a tangent be found nearly equal to 1, which is 
ce the tangent of 45* by taking the tangent anſwering to the ſmall difference 
« of 45* and this multiple, there would be had two very ſmall tangents, viz. 
the tangent firſt aſſumed, and the tangent of the difference between 45* and 
* the multiple arc; and that, therefore, the lengths of the arcs correſponding 
to theſe two tangents being calculated, and the arc belonging to the tangent 
& firſt aſſumed being ſo often doubled as the multiple directs, the reſult, in- 
« creaſed or diminiſhed by the other arc, according as the multiple ſhould be 
ce below or above it, would be the arc of 45˙. | 


3. Having thus thought of his method, by a few trials he was lucky enough 
« to find a number (and perhaps the only one) proper for this purpoſe ; viz. 


& knowing that the tangent of 7 of 45 is nearly = 12 he aſſumed 7 as the 
« tangent of an arc. Then, ſince, if # be the tangent of an arc, the tangent of 
« the double arc will be D the radius being 1; the tangent of an arc 

double 
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© the tangent of the difference between 45 and the arc whoſe tangent is 
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— 


ce double to that of which 7 is the tangent, will be — 7 2 2 bn =; and the 
, '$ 76 
: = 
« tangent of the double of this laſt arc will be —=— = == = —; which, 


1 © 144—25 119 


— . 
e being very nearly equal to 1, ſhews that the arc which is equal to 4 times the 


cc firſt arc, is very near 45% Then, ſince the tangent of the difference between 
© 45% and an arc, greater than 45*, whoſe tangent is T, is 1 „we ſhall have 


120 


119? 
120 
4 — 119 120 —119 1 
220, © 120+119 239 


| 
cc Now, by calculating, from the general ſeries the arcs whoſe tangents are 


c L and — (which may be very quickly done by reaſon of the ſmallneſs and 


=o 1 of the numbers) and taking the latter arc from 4 times the former, 


te the remainder will be the arc of 45%. 


4. „ This is Mr. Machin's famous quadrature of the circle, by means of which 
« he found the circumference of a circle, whoſe diameter is 1, to be 3.141592 


« 6535, 8979323846, 2643383279, 5028841971, 6939937510, 5820974944, 


«« 5923078164, , 0628620899, 8628034825, 3421170679, + &c, which is 
ec true to above 100 places of figures. 


c Or, by ſubſtituting the above numbers in the general ſeries, &c, we get the 
16 4 I $202 7 


ene . | 
© ſeries * ＋ 7 * N &c, equal to the 


8 2 3 IP 230 


cc ſemicircumference whoſe radius is 1, and to the whole circumference when the 


« diameter is 1. And this is the ſeries publiſhed by Mr. Jones, and which he 
e acknowledges to have received from Mr. Machin.“ 


5. Dr. Hutton, in the foregoing explanation of Mr. Machin's aforeſaid qua- 
drature of the circle, obſerves, that Mr. Machin was lucky __ to find a num- 
ber for the tangent of the firſt arc (which he makes the baſis of his calculation) 


that was exceedingly convenient for his purpoſe, to wit, the number E, and that 


perhaps this is the only number that could have been choſen with equal advan- 

e to the facility of the computation. This obſeryation I believe to be very 
ol, and that no other number could have been choſen for the magnitude of the 
tangent of the firſt arc that would have enabled us to find the value of an arc 
of 45 with ſo much eaſe and expedition as by the foregoing compuration. 
At leaſt I have found this to be the caſe if we ſhould take the ſaid tangent 


equal to = inſtead of 75 though at firſt, Ggbc one would be tempted to think 
| | | that 
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that ſuch a magnitude of the ſaid firſt tangent would .moke the calculation till 

Gmpler and eaſier than the greater number . But it will be found that, upon 
þ 3 , ; 

this ſuppoſition, the tangent of the difference of the multiple of this firſt arc 

from the arc of 45* (inſtead of being a ſhort and ſimple fraction, like _ , of 


which unity is the numerator) will be a very troubleſome fraction, conſiſting of 
no leſs than ten figures in the numerator and twelve in the denominator, the 
powers of which cannot be raiſed without a great deal of labour. And, further, 


the ſaid fraction will be more than the double of = and conſequently its 


powers will converge, or decreaſe, leſs ſwiftly than the powers of 775 though 


indeed they will (till decreaſe with a conſiderable and a ſufficient degree of 
ſwiftneſs, if the figures of which the numerator and denominator conſiſt were 
not ſo many, This fraction may be obtained in the manner following. 


6. Call the tangent of the firſt arc 5; that of the ſecond arc (which is double 
of the firſt arc), c; that of the third arc (which is double of the ſecond arc, and 

adruple of the firſt arc), 4; and that of the fourth arc (which is double of the 
third arc, and quadruple of the ſecond arc, and octuple of the firſt arc), e; and 
let the tangent of the exceſs of the fourth arc (which is octuple of the firſt arc) 
above 45* (for the tangent of the ſaid fourth, or octuple, arc, will be greater 
than 1, or the tangent of 45", and conſequently the ſaid fourth, or o&uple, arc 
will be greater than 4 5 ;) be called . 


Then, ſince 5, or the tangent of the firſt arc, is ſuppoſed to be = = we ſhall 


I 2 2 
2 * — — — 
| = — E 1 = 22, 
VEE =. 8 DF 
| 100 100 100 
1 40 40 40 
es: oa Sack — Bo = 99 99 — V9 — 40 
and d = —— ( i — - 20] | 499 g801 — 400 9401 99 
7 90 980¹ 9801 9801 
„ V1 — 40 x EE; S zo x 2) 
9401 9 * 11 9401 11 9401 11 9401 9491 
5 | x = 3960 7920 7920 
— 2 1 |. ZNO 9401 42 9401 
£4 9401 and T ] —- (= EY 1 = 2988. Ree” — 15,681,600 
9401 9401 88,378,801 
7929 7920 
— 9401 1 9401 — 7929 88,378,801 7920 
— $88,378,801 — 15,681,600 72,097,201 9401 72,097,201 7 x 1343 
38,378,801 89,379,801 


4, 7 X 12,625,543 __ 7920 12,625,543, _— 99,994,300, 560 + kay | 
— x —ů— Z—ͤ = — — | 
72,697,201 1343 77,697,201) 97,032, 340, 943 which is greater han I, 


or the tangent of 45%. Therefore the arc of which the fraction p 
. „ 
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the tangent, will be greater than 45% Therefore f, or the tangent of the exceſs 


of the arc whereof e, or the fraction ns „is the tangent, above the arc 
| | | 99994-3909, 560 
(= 97,032,349,943___ | 
e+1 99,994, 300. 560 
— 97,032, 340,943 
99-994+300,560 — 97,632,340,943 
_ — 9711632434%943 — 99,994,300,560 — 22822242943) 
22.227 + 9234943 99,994,300, 560 + 97,632, 340,943 
97.632, 340, 943 


= -- 8885 , of which the numerator conſiſts of ten figures, and the de- 
nominator conſiſts of twelve. To find the value of the little arch correſpond- 
ing to the tangent / (which is equal to this fraction), by means of the ſeries 
e ; | 
e Res _— ry + &c, it would be neceſſary 


to raiſe f, or the fraction ==, to the third, fifth, ſeventh, ninth, 
eleventh, thirteenth, fifteenth, and other following odd powers, which would 
require ſor every new odd power two multiplications by the numerator 2,361, 
959,617, and two diviſions by the denominator 197,626,641, 503 : and theſe 


operations, it 1s evident, would be very tedious and troubleſome. Mr. Machin 
therefore ſhewed great judgment in chuſing —, rather than = for the tangent 


. of the firſt arc that was to be conſidered in his method of inveſtigating the value 
of an arc of 45% And it ſeems probable that no other number whatever, that 
ſhould have been choſen as the magnitude of the faid firſt arc, would have 


rendered the computation ſo eaſy and expeditious as the number =. This me- 


5 
thod, therefore, of ſquaring the circle, inverted by Mr. John Machin, muſt be 
allowed to be much more convenient than all the former methods of doing it, 


not excepting Dr. Halley's quadrature from 1. or the tangent of 30 degrees: 


and I believe it has never been excelled by any of the methods ſince invented 
for the ſame purpoſe, ſome of which bear a great reſemblance to it, and proceed 
upon the ſame, or the like, principle of confidering the arch of 45 as being 


either the difference, or the ſum, of two other arches whoſe magnitudes may be 
obtained. by means of the ſeries # = © + = => + = hb DS 
+ &c, by computing either the ſaid other arches themſelves, or ſome known 
aliquot parts of them, by means of the ſaid ſeries. Of ſuch a method of com- 
puting the value of an arch of 45* the firſt example that I have met with, after 
that of Mr. Machin above-deſcribed, is in the learned Mr. Leonard Euler's 
Treatiſe on the Analyſis of Infinite Quantities, publiſhed at Lauſame in Swit- 
zerland in the year 1748, in two volumes, quarto, under the following title, 
to wit, Introductio in Analy/in Infinitorum, Auctore Leonbardo Eulero, Profeſſore regio 
Berolinenff, et Academic Imperialis Scientiarum Petropolitane Socio ; from which 
work I ſhall now proceed to make an extract relating to this ſubject. 

8 : Mz. 


D 


of 45*, of which 1 is the tangent, will be = 


Ms. EULER's METHOD 


OF 
—— THE CIRCLE. 


Ax r. 1. HE paſſage that I propoſe here to extract from Mr. Euler's ſaid 
Treatiſe on the Arithmetick of Infinites, is in the firſt volume of 


that nail work, book i, chap. 8, pages 105, 106, and 107; and is in theſe 
words : 


"EC pa ergo tangente r, erit arcus reſpondens 2 = = — 24 < == 
60 + 9 — 11 + = — 15 + &c, Cum igitür, fi tangens # æquetur radio 1, 


1 Rus ert = ob bo er ee, bog 
465 * 4 3 > += 


Ft. 77 + = m—=+ &c, quæ eſt ſeries a Leibnitzio primùm producta ad va- 
6 «lorem peripherie circuli exprimendum. * 


A may, perhaps be true that Mr. Leibnitz was the 4% Pd t half to the world at 


large the ſeries 1 = = += == += =—+===+ &c. ad infinitum, as being equal to 


$3157 7 
the 7 3 arch of 45 degrees e radius is called t. But the general ſeries 


8 
e== += n 1e 6e ad bene for expreſſing the length 


of any arch not exceeding 45 ar by agent i coed 6 ins f which the ect 
is called r (from which the {aid ſeries 1 = + = = = =" _ + 5 4 + Ke ad infini- 
tum is derived by ſuppoſing the I I, and the arch to be equal to 45 degrees, and its 
tangent : to be conſequently equal to r, od fr had been found out by the very learned and ſagacious 
Mr. James Gregory, of Aberdeen in Scotland, in the beginning of the year 1671, before Mr. Leibnitz 
had begun to apply himſelf to the ſtudy of the higher parts * the — And it had been 
communicated by its inventor to Mr. John Callins, of — together with ſeveral other curi- 
ous infinite ſerieſes ay diſcovered by him, in a letter dated the 15th of February 1670-1, of which 
an Extract containing theſe ſerieſes has been printed in the ſecond volume of this collection of tracts, 
intitled Seriptorer Logarithmici, pages 18 and 19. And, from the known diſpofition of Mr. Collins to 
communicate to all his friends and correſpondents the ſeveral new diſcoveries that came to his know- 
ledge, there is great reaſon to ſuppoſe that this ſeries was ſhewn to Mr. Leibnitz. But, whether it 
was communicated to Mr. Leibnitz, or not, it had certainly been found out by Mr. James Gregory 
many years before Mr. Leibnitz publiſhed his method of ſquaring the circle by means of the ſeries 


1 Z SLATS 5 27 SPIDER in the Leipſie Tranſactions, which 


was not till the year 1682 : and therefore it ought rather to called the Series of Mr. Fames Gregory 
than the Series of Mr. Leibnitz, : 4 i 
Vor. III. 2 1. Qud 
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*© 141. Qud autem ex hajuſmodi ſerie longitydo arcũs circuli expeditè defi- 
* niri poſſit, perſpicuum eſt pro tangente 7 fraftionem ſatls am ſubſtitui de- 
t bere. Sic ope hujus ſeriei facile reperietur longitudo arcus x, cujus tangens # 


my 1 1 1 I 

æquetur — : foret enim ille arcus z = 16 jooo 586588 © 70,000,000 
; , , , 

4 4 g — - + &c cujus ſeriei valor per approximati- 


9000,000,000 I 100,000,000,000 
nem non difficulter in fractione decimali exhiberetur. At verò ex tali arcu 
t cognito nihil pro longitudine totius circumferentiæ concludere licebit, cum 


& ratio quam arcus, cujus tangens eſt 157 ad totam peripheriam tenet, non fit aſ- 


* ſignabilis. Hanc ob rem, ad b ie indagandam, ejuſmodi arcus quæri 
« debet qui fit ſimùl pars aliquota peripheriæ, et cujus tangens ſatls exigua com- 
«© mode e queat. Ad hoc ergo inſtitutum ſumi ſolet arcus 309, cujus 


T tangens eſt — 72 quia minorum arcuum cum peripheria r e tan- 


66 . nimis fiunt irrationales. * * ob arcum 30 = 5 erit 7 
n r 5 e 91 * 75 5 

= 223 — 223 24/3 24/3 , 24/3 _ 2/3 , 24/3 __ 24/3 
4 + &c, et x = _— + $3 7. + 11.5 THIS. TY 
& + &c, cujus ſeriei ope — ipſius 7 ante exhiblens incredibili labore fuit de- 
* terminatus. 


* 142. Hic autem labor eo major eſt, primùm quod ſinguli termini ſint irra- 
* tionales, tùm vero quia quiſque terminus tantùm, circiter, triplo fit minor 
« quam præcedens. Huic 7 4 incommodo ita occurri poterit. 


OP Sumatur arcus 455 ſeu = a, cujus valor, etſi per ſeriem vix convergentem 
"WES M.1 Z &c, exprimitur, tamen is reti- 
«« neatur; atque in duos arcus à et þ diſpertiatur, ut ſit 2 4 3 === 45⁰. 
b ws, 8 


1 — tang. @ x tang 
e X tang. & = tang. @ + tang. l, et tang, þ = === Sit nunc tang. 4 


1 + tang. 


* Yet we have ſeen, that even in the leſſer arcs, which are — to 22 degrees and a half, and 18 de- 
grees, and 15 es, or to the fourth part, the fifth part, and the fixth part of an arch of go d 
or a quadrant, the ſeveral tangents of thoſe arcs, though they have confilted part y of ih — quan- 
tities, have — been applied ſucceſsfully by that accurate and — calculator, Mr. 
Abraham Sharp, to the computation of the lengths of the arches belonging to them reſpectively, and 
uently to that of the ſemicircumference of the circle, to 3 very great number of But 
the methods of Mr. Machin and Mr. Euler (which require only the conſideration of rational frac- 
tions, and thoſe too b and eaſy nal with units for Wes numerators, to wit, the fractions 


5 I are certainly much preferable to them, and even to Dr. Halley's quadrature 


from Ii; or the tangent of 30 degrees, 
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2 erit tang, 5 = =. Hine uterque arcus 4 et J per feriem tatlonalem, 
| ho DS I I f 1 4 

& multo maglis quam ſuperior 1 — 7 +. 7 = 8 + 3 27 + &c, 


e convergentem, exprimetur ; eorümque fumma dabit valorem arciis = Hinc 
I r I 1 23 ag! 
eee J, u . 
: + 13 3x3Þ IP i OW ne > 
« Hoc ergo modo multo expeditiùs longitudo ſemicircumferentiæ inveniri 
« potuiffet quàm quidem factum eſt ope ſeriei anteà commemorate.” Ne: 


2. The foregoing method of finding the magnitude of an arch of 45 degrees, 
and from thence that of the ſemicircumference of a circle, invented by Mr 

Euler, is founded on this well-known Propoſition, to wit, that if any arch of a 
circle, that is leſs than 9o®, or the arch of a quadrant, be divided into two leſſer 
arches, the tangent of the whole arch will be to the ſum of the tangents of the 
two leſſer arches into which it is divided, in the ſame proportion as the ſquare of 
Me radius of the circle to the exceſs of the faid ſquare above the rectangular pa- 
rallelogram contained under the faid two tangents of the two lefler arches. This 
is the firſt part of the 25th Propoſition of my Elements of Plane Trigonometry, 
art. 81, pages 72 and 73, and is the foundation of the ſecond lemma ſet down 
above in page 159, as one of the preliminary Propoſitions upon which Mr. 
Machin's excellent quadrature above deſcribed is built. So that this Quadra- 
ture of Mr. Euler's bears a great reſemblance in point of principle to the fore- 
going one of Mr. Machin ; though it is not quite fo eaſy and expeditious in he 


practice, becaufe the two ſerieſes derived from the tangents = and 7 do not 


converge ſo ſwiftly as the ſerieſes derived from the tangents = and — which 


are employed by Mr. Machin. It is, however (though ſomewhat inferior to 
Mr. Machin's quadrature), a very convenient method of finding the magnitude 
of the ſemicircumference of a circle: and therefore I ſhall now proceed to add 
a few words to explain the nature, of it more fully, and afterwards ſhall exhibit 
the calculation itſelf to a moderate number of figures, in order to make its utility 


more apparent. 


3. Let er be put for the radius of a circle; and let an arch of 45 degrees in it 
be ſuppoſed to be divided into two leſſer arches, of which the tangents are a and 
b, of which we will ſuppoſe the tangent @ to be known, and the tangent & to be 
unknown. | 
F Then, in order to find the magnitude of the tangent 4, we muſt proceed as 

ollows : | | 

The tangent of an arch of 45 degrees is equal to the radius, or 1. Therefore, 
by the propoſition mentioned in the foregoing article, we ſhall have r:@ + :: 
rr: rr - ab, Conſequently r X * will be = rr Xx a +6, or 74 

2 will 


| 
| 
| 
| 
if 
| 
| 
| 


- magnitudes of the arches themſelves by means of the ſeries # — - = = aw, <—_ 
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will be = rra + rrb, Therefore rra + rr + rab will be = , and rrb' + ral 


will be = 1 — Tra, and conſequently 4 will be = 1 . E. To - 


4. Now let us ſuppoſe the radius r to be = 1. 


Then will the expreſſion = become = 
rr +ra 


txtxt=IXING _1=s 
ixi+1X6a — 1+ 


Therefore, if the tangent @ be ſuppoſed to be = =, or half the radius, the 


I I ; 
] — — — 4 , 
tangent 4 will be (= ——- = + 2 * >) = > or a third part of the ra- 
172 — 
2 2 


dius; as Mr. Euler makes it. 


5. Having thus found two tangents, to wit, 2 and , that belong to two 


arches which together are equal to an arch of 45 degrees, we need only find the 
a 


| 7 
4 = — 2 + 13 2 _ + &c, by ſubſtituting, firſt, the fraction =, and ſe- 


condly, the fraction , inſtead of 7 in the ſaid ſeries, and then add the values 


found for the ſaid two arches to each other. And the ſum will be equal to 
an arch of 45 degrees, and four times the ſaid ſum will be equal to the ſemicir- 
cumference of the circle. Theſe calculations (which will be very eaſy and ſimple, 


on account of the ſimplicity of the two fractions > and = will be as follows. 


— —— — « — — — — — — — . —˙¹Üũ . CE CCC ———_s 


4 Computation of the Magnitude of the Semicircumfe- 
rence of a Circle, of which the Radius is called 1, by 
Mr. Euler's Method. 


——— mona 


6. If : be = =, or ©.500,000,000,000,000,000,000,000, we ſhall have f 

et 

4 
1 . Sela Ky: 1 8 9 


= D and conſequently . ( x t x 7 =—, and f ( x & 


=: FM Y, _ - op and, in like manner, every following odd power of ? will be 
the fourth part of the odd power that immediately preceeds it : ſo that the ſe- 
veral odd powers of 7, or —, or 0.500,000,000,000,000,000,000,000, will be 


_ from ? itſelf by continually dividing it by 4. They will therefore be as 
WS. | | | 
| The 


8 
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The odd Powers of the Tangent t, or —. 


— .  — — m 


de ) = o. 125, ooo, ooo, ooo, ooo, oco, ooo, ooo; 
0. 125, ooo, ooo, oo, ooo, ooo, ooo. ooo 


and“ ( 


7 ) = 0.031,2 50, ooo, ooo, ooo, ooo, ooo, ooo; 


000,000 — 
——. 2 = 0.007,812, 500, o, ooo, ooo, ooo, ooo; 


and #-f= 
and ? (= 
and . (= 
and (2 
and“ (= 
and 7 (= 
and? (= 
and 7 (= 
and “* (= 
and 1“ (= 
and 4 (= 
and?“ (= 
and 10 (= 
and 1? (= 
and “ (= 
and #7 (= 
and 49 (= 
and i (= 
and 7 (= 
and 1% (= 


4 
o. O07, 8 1 2, 500,000,000,000,000, ooo 


4 
0. 001,953.12 5,000,000, 000,000,000 


) = 0.001,953,125,000,000,000,000,000 3 


= o. ooo, 488, 281, 2 30, ooo, ooo, ooo, ooo; 


4 
0,000,488, 281, 2 — 
4 


i 000 - 
ee 000,000 ) = 0.000,030,517, 578, 125, ooo, ooo, ooo; 


Des, = o. oo, oo), 629, 394, 531, 2 50,000,000 ; 
C000;007;820-46455 $1-2 695000000) = 0.000,001,907,348;632,812,500,000; 
4 


0.000,001,9071348,032.81 2,500,000) 0.000,000,476,837,158,203,125,000 z 


= 0.000,122,070,312, zoo, ooo, ooo, ooo; 


— = o. ooo, ooo, 119, 209, 289, 550,781 52503 


o 000,000, 119, 209, 289,550,781,2 = — o. ooo, ooo, oa9, B02, 3 22,387,695, 312; 


0:000,000,029,802, 322, 387,695,312 ) = o. ooo, ooo, oo), 450, 5 80, 596,923,828; 


0.999,000,007:45%,580, 596192 3-828, ="0.000,000,001,862,645,149,230,957 ; 


0.000,000,001,862, 645,149, 230,957 ) = do. ooo, ooo, ooo, 465, 66 1, 287, 30,739 


0 2e 22) = o. ooo, ooo, ooo, 116,415,321, 826,934 


0.000,000,000, 1 16,41 $321:826,934) = 0.000,000,000,029,1 03,830,456,733 z 


Derr = o. ooo, ooo, ooo, oo), 275,957, 614, 183 


eee eee) = o. ooo, ooo, ooo, oo 1, ; 18, 989, 403, 545 


— 18,989,403» 545 ) o. ooo, ooo, ooo, ooo, 454,747,350, 886 3 


W 0 2—484——j——.— = o. ooo, ooo, ooo, ooo, 113, 686, 837, 7213 


0.290,000,000,000, 8 1) = 0.000,000,000,000,028,42 15709, 4303 
4 4 
and 
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and 467 (= ©. CITES = = 0.000,000,000,000,007,105,427,357; 


and 7 (2 2 . = o. ooo, ooo, ooo, ooo, oo 1, 76, 356, 839; 


| and 45* 4 — o. ooo, ooo, ooo, ooo, ooo, 444, o89, 209; 


4 


and 7 (= Derr = 0.000,000,000,000,000,111,022,302 ; 


and . (= — 2. 9) = o. ooo, ooo, ooo, ooo, o00, 027, 75575753 


and * (= DDD) = o. ooo, ooo, ooo, ooo, ooo, oo06, 938,893; 


and (= —— —_—— 293) = o. Rein 34,723 
and 7 (= — —— = o. ooo, ooo, ooo, ooo, ooo, ooo, 43 3,680; 
and z*? (= —— — = 0.000,000,000,000,000;600,1 08,420; 
and 5 (= e = 0.000,000,000,000,000,000,027,10 bs - 
and 4 (= — — = 0:000,000,000,000,000,000,006,776 ; 
and?“ (= — ͤ — = o. ooo, ooo, ooo, ooo, ooo, ooo, oo 1, 694; 
and 1 (= — — — = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 423; 
and n (= 2 —— = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 105; 
and 11 2 — = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 26; 


——————_—_——_————_—_——_——_———————— 
The odd Powers of the Tangent t, or —, divided by their Indexes, 


— . [v 
We ſhall therefore have 
ADD s $,041,666,666,6,66,66,66,656 
and _ (= == — — = = 0.006,2 f, ooo, ooo, ooo, ooo, ooo, ooo; 
and —5 (= = ERS 000,000,000, = 0.001,116,071,428,571,428,571,428; 


Bos 7 
and — = N23 Y DDD) = o. ooo, 217,013,888, 888,888,888, 888; 


in „00009, 488,281, a 
and — (= Aer) 000,044,389, 204, 545,4 54,545,454 


and 
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and g (= EEE) = 0.000,009,390,024,038,461,538,461 3 


and 2 (= eee) = 0.000.002,034,505208,333,33313333 


and _ (= $:200,907,029:39415 31:3 $2,009009) — 0.000,000,4483,787,91 3.602, 94,1763 


f I 
and — (= 0099019979690 2529222) = 0.000,000,100,386,770,148,026,315; 
and . (= 22229919611056299125022) = ,,0,0,000,022,706,531:3430059523 
and _ — — — ) = o. ooo, ooo, oo 5, 183, 012, 559, 164, 4025 
and = ( = eee — o. ooo, ooo, oo, 192, 092, 895, 507,8 123 
ad 27 (= Or I SD, = 0.000,000,000,27 5,947,429,51 5,697; 


29 * Yy N 
: : w_ 999,992,001360,646 149250957) = o. ooo, ooo, ooo, O64, 229, 143,6, 929 
2 - , , 65,661, 8 , f p 

and 77 S 2 $1,907 221739) S 0.000,000,000,015,021,331,848,636; 


3 6, , * 
I DD eee) = 0.000,000,000,003,527,737,025,058; 


_ — — 39:459-733) = o. ooo, ooo, ooo, ooo, 83 1, 538, o13, o49; 
R 7 : . 
and _ (x —— — DN do. ooo, ooo, ooo, ooo, 196, 647, 503, 86; 


37 
5 , * 8, y , | 
and — (= 2222222220001 gB0 423545) S o. ooo, ooo, ooo, O00, o46, 640, 753.937 


39 39 
and _ (= 2099000 oat ee = o. ooo, ooo, ooo, ooo, oi 1, ogt, 398, 802; 
and = (= eee = o. ooo, ooo, ooo, ooo, oo, 643,879, 9 7; 
and _ (= Cn o. ooo, ooo, ooo, ooo, ooo, 631, 593, 542; 
and — (= YYY Y YYY DN uννν. = o. ooo, ooo, ooo, ooo, ooo, 151, 179, 305; 


— dee, = o. ooo, ooo, ooo, ooo, ooo, o36, 2 52, 180; 
and — (= — —— 5 o. ooo, ooo, ooo, ooo, ooo, oo8, 70), 631; 


and 2 (= ——— = o. ooo, ooo, ooo, ooo, ooo, oo, og, 760 


d _ = re = o. ooo, ooo, ooo, ooo, ooo, ooo, 121,734; 


. ooo, ooo, ooo, ooo, , ) | 
9, © — ao Lnc = 0,000,000,900,000,000,000,029,402 3 
59 59 Aud 
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a = 0.000,000,000,000,000,000,433 


3 ry | 
. _ ) = 0.000,000,000,000,000,000,007,109; 


Te 77-1 
ied = ( DR = 0.000,000;000,000,000,000,001,720; 
FRE”) 7 (= D ==) = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 47; 
and — (= De eee — o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 101 - 
and _ — eee eee O. ooo, ooo, ooo, ooo, ooo, ooo, ooo, oz; 
RO _ (= S — 2) = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, oog; 
and 75 — Derr) = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ol; 
e eee. 


, . Hel": nn” UP” 
7.6% TT TIT Tor inns ST 


2 
$3 


eee © + &c will be = 
rn ak de 


o. Soo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 
＋ . . 6,2 f, ooo, ooo, ooo, ooo, ooo, ooo, 
+ 3 217,013,888, 888, 888,888,888, | 
+ 3 « . . 9,390,024,038,401,538,461, | — 2 NT 
3 + «+3 + ++3448,787,913,602,941,176, . 
T 222,06, 531,343, 005, 952, 
3 2 1,192,092, 895, 507, 812, 
T3 +3 ͥ . 5064, 229, 143,076, 929, 
T2222 2 » 3+52737 3730251050, 
+ 3+++3+++30003 196,647, 503, 86, 
+3 co235 002 502 2.9.0 eee een, 

+ 33 631,935, 

be „eie, 

+ $0020 y205cg5 4123 050y0< 2,007 00, 
＋E 4 „ 424„„ „„ 121734, 
+ 323 ——— ç⏑ p: . 75109, 
+ gene geeeygeeegeeeyecezecegecezh T7, 


+ 


« 2 


+ 33232 *õõ 2 . 324, 


> EEE EEEE EEE % EE EEE EEE EEEEELESD © 


— 506, 476,876,667, 430, 480,9 557931 


200, 
4 7 t gs (29 a . 7 721 77 [ud 2 
T my ” 15 MI * 75 3 5 OD T + T + 20 + 7 
w K , er Fon ae $a be ich — 
ATA * 77 F T 77 T 75 1 C * 


de Ned 


from the other terms) will be = 


— 
— 


* fy - eo 
2+ q - WILL —_—_ * 
* * E SWFS YT "Ss 
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0.041,666,666,666,666,666,666,666, 
+ ;-+1,116,071,428,571,428,571,428, 
+ 3. + 44,389, 204, 545, 454,545,454. 
1 3 . 3+ 2,034, 505, 208, 333,333,333, 
. 100, 386, 770, 148, 026, 316, 
Þ+ 3 5 5.55183, 012, 589, 164,402, 
Þ+ 3 5 „ 275,947,429, 6 15,697. 
Þ+ j.co3+0+ 4 „15,021,331, 848, 636, 
T5 5 2 3 831,638,013, og, 
T3 2222 . . 46,640, 753,937, 
T3 2 2 45643, /½9,947. 
+ 322% u 151,179,305, 
+ 32255 „ „4 44 „4 65. 6,707,631, 
1 3 . „ 44 „ 045646, 
TE. „ 6 329,402, 
T2222 „ „ „ 4 4 4 4 1720, 


+ Zoveyoneyeregeeegeceyeeegeeol0Ty 
+ 3 — yee«yeeeygeeeyeeeyecegeceyere Cy 
+ 322 32323 %% 44 44 „ 44 „ „ % „ eg 6 6 
222 „** 
2 0.042,829,207,000,024,304,741,074; 


and conſequently the ſeries 7 — C. + > = & + = Db === +D 
6. eo m Wa Cy 222 
C 
r r 
„ 47 5 7. _ 53 O00. As 


. a0 25s 47 459 87% #73 AA TTL AC SS Papi 
TT OG now nu 


0.506, 476, 876,667, 430, 480, 955, 93 T, 
— o. o42, 829, 267, 666, 624,364, 741,674. 


= o. 463, 647, 609, ooo, 806, 116, 214,257. 


Therefore the circular arch of which 2, or half the radius, is the tangent, 
will be = 0.463,647,609,000,806,116,214,2 57. = x SP 


7. It remains that we compute the magnitude of the other circular arch, of 
which the fraction = or one third part of the radius, is the tangent, by means 
r S 
of the ſame ſeries / — = + => — = oa bank a r + e, by fub- 

ſtituting = in its terms inſtead of r. 
Now, if we ſuppoſe f to be = D we ſhall have /# = 47 and (St NK 
Vor. III. 2 A | | — 1 
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2 99 og = 55 and 1 (= P „ = x 3) = = - RP 
— 688 by and, in like manner, every following 4 power of 1, or =, will be 

| 4 'vinth part of the oy power that immediately preceeds it: ſo that the ſeveral 
odd powers of 7, or 75 or o. 333,333,333, 333,333,33 3,333,333, will be derived 


from 2, or =, itſelf, or its ſaid decimal value, 0.333,333,333,333,333,333,333, 
333, by dividing it continually by 9. Theſe powers will be as follows: 


——_—_————_—_—— 
The odd Powers of the Tangent t, or = 

"3M 9 * 

2 0.333,333,333,333,333,333,333,3333 

© (= NT = 0.037037,037+037+037-0375037+037 3 
* (= abenelerg eee) — = o. oog, 15,226,337,448, $59,670,781; ; 


| | ,226,337-448,559:670,781 | 
Fl (= SLED 3 — —.— 2 ) = 0.000,457,247,370,827,617,741,197; 


1 (= Serbe d bed) — = 0. 000,050,805,263,425,290,860,133; 
7 1 (= o. Dreh — o. ooo, oog, 645.029, 269,476 762,237; 3 


PI (= 0.000,005:645,020209-470.7021237) — = o. ooo, oo0, 627, 22 6,474, 386, 306,915; 


7*5 (2 2 * ) = = o. ooo, ooo, o69, 691, 719,376,256, 3233 


* ( ee eee ) = o. ooo, ooo, oo), 743, 524,375, 139,591; 


4 (= — — ) = o. ooo, ooo, ooo, 860, 391, 597,237,323 


„ , , 860, » , , 
$*2 (= — nn 232 = 0.000,000,000,095,599,006,359,748; 


g*3 (= 2:000,900,000,095-599:000-359-748) — 0.000,000,000,010,622,1 I 8,484,41 6; 


mY (= ———— —— we: 0.000,000,000,001,180,235,387,157; 

41 (= — So. ooo, ooo, ooo, ooo, 131,137,265, 2393 
0 , » 6 » 

FITE :090,000,000 5 231229239) = o. ooo, ooo, ooo, ooo, oi, 570, 80), 2483 


* ( REIN N20, Bojrrgh) = o. ooo, ooo, ooo, ooo, oo 1, 618, 978, 5833 


* (= == Sch = o. ooo, ooo, ooo, ooo, ooo, 179, 886, 509 
. 143 3 
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| 886, 
15 (= nnn) = 0,000,000,000,000,000,019,987,389; 


p1(= — —— o. ooo, ooo, ooo, ooo, oo, oo, 220, 821; 
$3 5 (= DDD DDD) — 0.000,000,000,000,000,000,246,7 57; 


1 (= 2:200,909,900,900,902:999-24%75) — $.000,000,000,000,000,000,027,417; 


9 
7 2 2 — — 247) = o. ooo, obo, ooo, ooo, ooo, ooo, oog, o46; 
165 (= r = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 338; 
17 (= — — == o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, o3)7; 
99 K — —— = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, o04; 
91 (= em — — o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo. 


Theſe powers muſt now be divided by their ſeveral indexes 3, 57,951 1,13, 
15, &c, and will be as follows: | 


The odd Powers of the Tangent t, or —, divided by their 
reſpective . 


— — . — —U—ñä6äͤ—ů— 


e (= T) = = 0.333-333-333+333-333»333» 3335333 5 


== ©.937,037,931037-03h93193}937) — = 0.012,345,679,01 2:345,679,012,345; 


3 
x 67 
2 2 2 e) = 0. O00, 823, 045,267,489, 711,934, 1663 


$ 
011,741, 
© (= 9.90045247372B27 17741197) = 0.000,065,321,052,975,373-963,028; 


7 
29 {= 0.000,050,8051203,.425:290-300 133) = = 0.000,00 5,6 45,029,269 476, 762,237; 


7 0 
—(= _— . —— — 2.) — 2 060. OOO, ooo, 51 371 84,479, 043.342, 0213 3 
I 

3 , __ 0,000,000,627,225,474,3386,306,91 5 ) = 0.000,000,048,248,11 7 14,331,301; 


— (= - 


5 ( — 2:209,000,069,691:719:379259.323) — 0.000,000,004,646,1 14,625,083, 7545 


—(= 

15 15 

= 5 a — —— 2 1 433,831,740; 

25 (= - eee 2D) =o. 000,000,000;045,88 3,768,275, 670; 
2 A 2 Land 
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j#7 , _ ©.909,000,000,010,622,118,484,41 
23 — 23 

$ ooo, ooo, ooo, 8 | | | | 
_ = — * 212332 ) = o. ooo, ooo, ooo, ooo, o4), 209, 415, 486; 


| q ooo, ooo, 131, 137, 265,2 3 | | | 
51 (2 —— 77 2) = o. ooo, ooo, ooo, ooo, oog, 8 56, 93 5, 7493 


9 = 0.000,000,000,000,461,831,2.38,452 3 


5 = PEEL LD, = o. ooo, ooo, ooo, ooo, ooo, 502,441,629; 
gt o. ooo, ooo, ooo, ooo, oo l, 618, 058, 5 83 | 

— — _ 2 7 2 — on — 22 

7 I 2 We „225,115 
RR 22) = 0.000,000,000,000,000,005,451,106; 
33 95 a 3 | 

tas rern = o. ooo, ooo, ooo, ooo, ooo, ooo, 57 1, 68; 
35 a — 3 3 G « % 

(37 o. ooo, ooo, ooo, ooo, ooo, oo, 220, 6211 

— (== — 2 — o „ooo, ooo, ooo 22 
7 (= - ; ) .000,000,000 ,060,022 ; 


— (= eee eee = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, 668 
41 

"rs eee = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, oyo; 
43 : | 

- = eee eee = o. ooo, oo0, o00, ooo, ooo, ooo, ooo, oo); 
4 


and 


* ö 000,000,000,037\ m_ . 
47 , d. ooo, ooo A 2) = o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo. 
47 | 7 


433 437 


ETV 
rere er 2 


14¹ 4*5 % 
+ * * + &c will be 


= 0.333»333»333»333+333»3339 3335333 
+ 3 23,045, 67, 489, 711, 934, 156, 

+ 3 q 57645,029, 269, 476,762, 237, 
. . 48, 248,113, 414, 331, 30m, 
+ 32 29 ee x4551501,4333531,740, 

+ 3ocogocoyocoge 432,336, 493,381, 
+ $00 22 4709,41, 486, 

A n 
„ 66 2 41,106, 
WK ² ͤ K 250 42 00 44-0046 400008 
T3 „ „6 „ ꝗͥ 4 668, 


＋— 327 22225ũũũũ25ã „ 44 4 4 4 4 77 


"= 0.334,162,072,338,307,424,055,006 z 


And 
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c A. 
EFT at bs be. be. 
+ F + &c. will be ; 


* = 0.012,345,679,012,345,679,012,345, 
+"; .. . 05,321,052,975,373,963,028, 
+ 3+++ 13,184, 479,043, 342,021, 
+ 3.++ . 4,646,114, 62 5, 83,754, 
+ 32 2 . 345,283,763, 275,670, 
+ . 22 2 2 461,831, 238,452, 
T2 2 4 4 45856,935,749, 
+ Joon 2 2 4 4 4 .. 52,225,113, 
Þ ::2Z:· „ „„ 2 4 „ 5 35571, 068, 
+ 3222 0 000 67327. 
+ 322 „%%% % „„ „ „4 „ „ 4 „ „ 4 70, 3 
+ — 323 * ** —⁰ * ————＋—2＋—— . ny 


+ &c 


= O. ol 2,4115 [ 75941 5665, 230, 653,599 5 


5 Ws 15 n 10 pur 115 15 
and conſequently the ſeries # — >= r = = + > N 


439 £41 443 5 Fad n 


o. 334,162,072, 338, 30, 424, O55, oo6, 
9.012, 411,517,941, 665, 230,653,599 


= 0.321 750, 554, 396, 642, 193,401,407» 
Therefore the circular arch of which D or the third part of the radius, is the 
tangent, will be o. 32 1, 7 50, 554, 396, 642, 193, 401, 40). d. E. 1, 


8. But we before found that the circular arch, of which = or half the radius, 
is the tangent, is = 0.463,647,609,000,806,116,214,257. Therefore the ſum 
of the two arches, of which - and > are the tangents, will be =. | 


0.463,047,009,000,806,116,214,257, } 
| + 0.321,750,554,390,042,193,491,407, 

= 0.785, 398, 163,397,448, 309, 615,664; 3 

and conſequently the arch of 45 (which is equal to the ſam of the ſaid two 
arches) will be = 0.783, 398, 163, 397,448, 309, 615,664; and four times the 
ſaid arch, or the ſemicircumference of the circle, will be (= X. 785, 398, 
163,397,448, 309,6 15,64) = 3.141, 592,653,589, 793,238, 462,56. 
; | | Q, E. 1. 
This 


- 


x 
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This number is exact in the firſt twenty-three figures 3.141,592,653,589,793, 
238,462,6; the more accurate value of the ſemicircumference of a circle being 
3-141,592,653,589,793,238,462,643,383,279,502,884, &c. 


End of Mr. Euler's Quadrature of the Circle, * 
© 


Remarks on the ſaid Quadrature. 


9. The foregoing quadrature of the circle is performed by means of very eaſy 
arithmetical operations, by reaſon of the great ſimplicity of the two fractions 


_ and 75 which are the two ſimpleſt fractions poſſible. But the number of 


terms to he computed in each of the two ferieſes by means of which the magni- 
tude of the arch of 45 is obtained, is very conſiderable; more eſpecially in the 
firſt of the ſaid two ſerieſes, which gives us the magnitude of an arc of which the 


tangent is = — But by a further application of the propoſition above- men- 


tioned concerning the relation of the tangent of the ſum of two arches to the ſum 
of their tangents, we might eaſily divide each of the two arches which are com- 
puted in Mr. Euler's quadrature above-deſcribed, and of which the tangents are - 


= and 75 into two other arches, of which the tangents will be much leſs than => 


and yet at the ſame time will be very ſimple fractions, having only an unit for 
their numerators, and numbers conſiſting of only ſingle figures for their denomi- 
nators : and from theſe tangents we might compute the ſeveral arches reſpec- 


tively belonging to them, by computing a ſmaller number of terms of the ſeries 
g3 Fad 7 Fad 6 #3 * 


compute in the foregoing quadrature of Mr. Euler's: after which, by adding to- 
gether the ſeveral arches ſo computed, we ſhould obtain the value of an arch of 
45 degrees, and conſequently that of the ſemicircumference of the circle. The 
application of the aforeſaid propoſition concerning the relation between the tan- 
gent of the ſum of two arches and the ſum of their tangents, to this purpoſe, 
might be made in the manner following : 


10. By that propoſition, if T be the tangent of the ſum of two arches of which 
à and ò are the tangents in a circle of which r 1s the radius, we ſhall have rr : rr 
—ab::T:a ＋ 3. Thereforerr * a +bwill be = T x 7r ab, and con- 
ſequently * + u vill be T — abT, and * + r*b + abT will be=r"T, 


and * + abT will be = *T — Ha, or * + aT} x bwill be = -* x{T — a; 


nd, if ris = 1, 5 will be 
 ixiIxT-a _1nxT—-a — T-e 
(5 1x1+aT EY: ASSET: 


and conſequently 5 will be = 


11. Now 
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r1. Now let us ſuppoſe the leſſer of the two arches computed in Mr. Eulers 
quadrature above-deſcribed, to wit, the arch of which r1 is the tangent, to be 


divided into two other arches of which one ſhall have the fraction 7 or a fifth 
part of the radius, for its tangent, and the other ſhall nd. a tangent TY by 
the letter v. Then it is evident that, if we i ibſtitute — — inſtead of a, and — in- 


ſtead of T, in the foregoing expreſſion =, the fad expreſſion will — us 


the value of the 2 belonging to the ſaid other arch. We ſhall therefore” 
MA 6 241 nnd 


have þ (= 3 I = = . or the n- 
PS K 71 2X5 1 15 ＋ 8. 
gent of the ſaid other. arch will be + F2z or one. eighth part of the radius. 


E. 1. 


12. Therefore, if we compute, firſt, the arch of which the fraction = is the 


. 40 


—_— by means of the infinite ſeries # — J + > = > + © og 


* = + &c, and, ſecondly, the arch of which Fe nil Caller fraction - J is 


the agent, by means-of the ſame ſeries, and then-add the values of the fad 
two arcs thereby obtained to each other, the ſum will be the value of the arch 


of which. the fraction = is the tangent, or of the leſſer of the two arches com- 
puted in Mr. Euler's quadrature.. 


13. Having thus found the value of the leſſer of the two arches . in 
Mr. Euler's quadrature, to wit, of the arch of which the fraction 1 is the tan- 
gent, we muft now endeavour to divide the greater of the ſaid two arches, or 
that of which - is the tangent, into two other arches of which the tangents 
ſhall be ſmall and ſimple fractions; which may be done in the manner following: 

Let one of the arches into which this greater arch is to be divided, be equal 
to the arch which we have already found, or of which the fraction 7 is the tan- 
gent: and let the tangent of the other arch be called 5. 


Then, ſinoe T, or the tangent of the ſum of theſe two arches, is = — and 2, 


or the tangent of one of them, 28 Ty it follows that 5, or the tangent of the 
bay 


* 
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= — ==) = ON or one ſeventh part of the radius. . E. I. 


4 Pg IRE: as =: #4 OT 
and add it to the arch of which the fraction 5 is the tangent (the value of which 
has been already diſcovered), the ſum will be the value of the arch of which the 
fraction - is the tangent, or of the greater of the two arches that are computed 
in the foregoing quadrature of Mr. Euler. 


15. And, when we have thus obtained the value of the arch of which the 
fraction — is the tangent, we muſt add it to the value of the arch of which the 


fration > is the tangent ; and the ſum will be equal to an arch of 45 de- 


grees, and four times the ſaid fum will be equal to the ſemicircumference of the 
circle. 


106. In this metho@ of obtaining the value of an arch of 459, it is neceffiry 
(as we have ſeen) to compute three arches from their tangents by means of the 
. . . 43 45 #7 4? 711 423 45 L 

infinite ſeries / — 5 = 3 + an 7 + &c, to wit, the 
arches of which the tangents are equal to the fractions D F, and wy whereas in 
the foregoing quadrature: of Mr. Euler, we computed. only two arches by that 


ſeries, to wit, the arches of which the tangents are equal to the fractions - and 


45 Yet I believe the preſent method of obtaining the value of an arch of 45 
would be ſomewhat eaſier in practice than Mr. Euler's, becauſe the terms of the 
three ſerieſes derived from the fractions => , and >, converge with ſo much 
greater ſwiftneſs than thoſe of the two ſerieſes derived from the two fractions 
— and * But, that the reader may the more eaſily make a compariſon be- 


tween the two methods, I ſhall: here ſubjoin a computation of the value of an 
arch of 45 degrees according to the preſent method, and ſhall carry it to the 
ſame number of figures as the foregoing quadrature by Mr. Euler's method was 
extended to. c 

Another. 


* 
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Another Quadratare of the Circle, reſembling the foregging 
Quadrature of Mr, Euler, and Tupgebrd by it, 


2 


17. In the firſt place, we muſt compre the magnitude of an arch of which the 
tangent is equal to the fraction D by means of the infinite ſeries # — 75 7 


. += - = + &c; which may be done in Wi "OR 
following: | 


Heretis == = =, or 0.2, and conſequently tt 1 is = - =, or 0.04 ; ſo that 


5 10 
the 2 powers of 7 in the ſaid ſeries # = = +2 EE 4 


77 * &c. are raiſed with the greateſt eaſe by egg * continually by 


cad 


THER follows: 

= 03200,000,000,000,000,000,000,000)p... 
. . $,000,000,000,000,000,000,000, 

. « . 5 J20, ooo, ooo, ooo, odo, ooo, ooo, 

3+ . . . I2, 8oo, ooo, ooo, ooo, ooo, ooo, 

3 .++ 3 ++ + 35 12,000,000,000,000,000, 

: 3+ ++ 3+ ++ 20,480, ooo, ooo, ooo, ooo, 
3+++ 5 +++ ++ + 38 19,200,000,000,000, 
3++0 90055000 32,68, ooo, ooo, o - 
3 2 54 „ „ 1310, 720, ooo, ooo, 
3222 5 „ „ 52,428,800, oo, 

334 „ eee b 

* = $oodgondyoo oy oy» > 503300 6,080, "7 
$5 == 2 S 3355,43. g 

= 33 5 2 6 „ „ 134,17, 

1 = 22222522 21144 1144 „ 35368, 


NE 
I l l | l Il NI I 


3232 %%% „ „ „ 6 „ „ „ 3214, 
*** „** „%%% %% „ „ „ „ „ „ „„ „ „ 5 


2 G_ 1—b9ů L̃ · ͤ kꝑPM 2A 1% % „ % „4 


r æ ?!! NECES... EASE. 
. % 


Vor. III. 2 B Therefore 


„ 
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Therefore the affirmative terms of the ſeries are theſe : 
SS doazoo, ooo, ooo, ooo, ooo, ooo, ooo, oe 
— Z ;.. . „ 64, ooo, ooo, ooo, ooo, ooo, ooo, 


= 32 5 3. 56, 888,888,888, 888,888, 
= :. .. „ . .. 563, 01, 384, 61 , 384, 
— 2 . t. 377,101, 16, 470, 
— . 4 66 99,864, 380, 
ESE ons ˙ ˙0ͤiör Pu n 
_ 1 —v1ͤ —— . 2 185, 


— 2 2 
SEES ES „ „ „ „ „„ %% „„ „3 „69 


Sum So. 200, o64, o56, 951, 98 1,474, 679, 524, 


and conſequently their ſum o. 200, o64, o 56, 95 ., 98 1,474, 679, 524, is = the af- 
firmative part of the value of the arch of which the fraction 7 is the tangent. 


And the negative, or ſubtracted, terms are theſe : 


_ = 0;002,666,666,666,666,666,666,666, 
— = 3 . 1,828,571, 428,571, 428,577, 
= — 33 «“ 929 1,861,818, 181,818,181, 
115 1 


7 59 „ 23 325184, 5333337333, 


tis | 
. 32252 2,759,410, 526, 
"yz 


23 
927 
: 27 — 3222 Q % 43971, 


2 
&c 


Sum = 0.002,068,497,102,100,716, 309,474, 


= Senoyeengeceyeneyeceye+ 3047220, 


— 2 Ft . 


— 33 » „ 4 „ 4 % 4 „ 4 „ „ „ „ 


and conſequently their ſum, o. o02, 668,497, 102, 100, 516, 309, 474, is equal to 
the · negative, or ſubtracted, part of the value of the ſaid arch, of which the frac- 


tion 7 is the tangent. 
Therefore, 
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Therefore, if from 0.200,064,056,951,981,474,679,524, 
we take 0.002,668,497,102,100,716,309,474, 


the remainder 0.197,395,559,849,880,7 58,370,050 
will be equal to the arch ſought, or of which the fraction 7 15 the tangent. 
* 
18. We muſt next compute in the ſame manner the length of an arch of 
which the fraction I, or an eighth part of the radius of the circle, is the tan- 
gent. 


Here : is > = 0.125,000,000,000,000,000,000,000, and conſequently 17 


is = ; ſo that the odd powers of f in the ſaid ſeries 5 — => + > => => + 
23 — + — — = + &c. will be derived from #, or mY itſelf, or its value 
expreſſed in decimal fractions, to wit, o. 12 5, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 
by multiplying it continually into the fraction 85 or by dividing it continually 
by 64. 

Theſe powers are as follows: 


3 0312 5 000, oOo, ooo, ooo, ooo, ooo, oOo, 


#3 = 3. . 1,953,125, ooo, ooo, ooo, ooo, ooo, 
#5 = 3. 330,17, 578, 125, ooo, ooo, ooo, 
#7 = 3. . „ 476,837,158, 203, 125, ooo, 
19 = 3 . 7450, 580, 596, 923, 828, 
g** = 3 2 116,41, 321,826,934, 
jj 1,818,989, 403, 545, 
$*5 = 3+++30003000300c3e 28,421,709,430, 
117 = Z0003000300053000 444,089, 209, 

e 19 — $,0,00,3,0,0,c2000900020003 999. 
s 32 2 %%% „ „„ „ „„ „„ „ 108,420, 
12 35 23% % % A²— 1,694, 
81 2 1e lese 
* = 322 32% „42144 444444 „444 „ „ 4 6 


- — — c—_ OD ODS 7 __———— — 


\ 
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Therefore the affirmative terms of the ſeries are theſe : 

t = 03125,000,000,000,000,000,000,000, 
= 3 . 3 6,103, 515, 625, ooo, ooo, ooo, 
3 4 5 82,842,288, 547,092, 
22222 4 139,922, 261,811, 
= 3 —＋ 2557 4 4 26,122,894, 
= Z 2 6 5162, 
FFC 


2 
5 Nele — 


Sum = 0.12 5,006,104,343,607,236,936,96 


and conſequently their ſum 0.12 5 006, 1 044343 560 7,236, 9 36,960, is the ns- 


tive part of the value of the arch of which the fraction + is the tangent. 


And the negative, or ſubtracted, terms are theſe : 


— So. ooo, 651, O41, 666, 666, 666,666, 666, 


; 25 = 3322 5 68,17 19,594,029, 01 11857» 


112 =D Jo. W by . , 0 910,683, 17,75, 155, | 


— 
. 
* 


— — 32„%ũ.1ͤuñꝗ3 %% % %%% %% „„ „„ „4 „ „ 4 4 „ 6 „4 


eee, bo; * 
Sum S 0. 000, 65 1, 109, 796, 845,80 1, 905, 60g, 


and conſequently their ſum o. ooo, 65 f, 109, 6,845,801,905,603, is equal 
the negative, or ſubtracted, part of the value of the ſaid arch, of which the frac. 


tion 8 is the tangent. 


Therefore, if from o. 12 5, o06, 104, 343, 607, 236, 936, 960, 
we take 0.000,651,109,796,845,801,905,603, 


the remainder o. 124, 3 54,994, 546, 761, 435, 031, 357, 


will be equal to the arch ſought, or of which the fraction 7 is the tangent. 
. Io 


19. Theſe 
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19. Theſe two arches, 0.197, 395,85 9⸗849, 880, 58,370,050, and o. 1 24, 354, 
994, 546,761,43 5,031, 357, of which the fractions - and - are the tangents, being 


added together, will be equal to the arch of which the fraction 1 is the tangent, 
or to the leſſer of the two arches computed in the foregoing gona of Mr. 
Euler; and conſequently the ſaid arch, of which the fraction = 3 1 the tangent, 


will be = o. 321,50, 5 54, 396, 642, 193, 401, 40). 


20. We muſt now proceed to compute — the — — or by means of 

$ 
the infinite ſeries # — > + 5 — = + === + > _ + &c. the 
length of an arch-of which * Baden 77 or — on =: of the radius 1, is 


the tangent; which may be done as follows: | 
Here # 1s = 7 = 0. OH Fe &c. and conſe- 
quently tt is = == z and therefore the odd powers of /, or 77 will be derived 


from t, or = itſelf, or its value expreſſed in decimal Badens to wit, o. 142, 
| 857,142,8 57,142, 857, 142, 857, by multiplying it continually into the fraction 
= or dividing it continually by 49. 


" Theſe powers are as follows: 
F - = 0.142, 857,142, 89, 142, 857,142 8577 
5 = 32,915,451, 259 $5043+7 30177, 24253 
15 = ;..+3+ 59,499,018,260,198,607,722, 
e 1,214,265,678, 902,012,402, 
i = 3 „ +++ 24, 780, 932, 222, 490, ogg, 
Fi 3.554009 3505, 733,3 10, 663, o6a, 
;... . 2 10,321,087, 972, 713, 
I” „M.. „ „ 210, 634, 448, 422, 
n eee. 
2 PPT 
K ; 4 4 1,90, 363, 
a. pognargecc FT "Y 538, 
F=x 332ů—„⸗ůñ) 3 23² 3 „ „„ 3 — 22745 
* 39 3 „* 9——⏑—— A fↄꝙ ger „% „% „ 4 „ „ 4 „ „ 4 15, 


1 — — LEE LL EEE EEE EEE ç⏑ Fehn LEED gone y' 


Therefore: 
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Therefore the affirmative terms of the ſeries are theſe : 
=o. r ee 857,142, 8 5), 


— — 311 899,803, 653,239,721, 544, 
— 
77 Ty 2,753,436, 913,610, 00g, 
113 

0 „ R 
477 


1722 3 2½ 252,862,483 
2 = 3222 m . 8,276, 
5 . 

— — 332 E ——— 3 429 


— — 332 3 4 %%% 444 44 4 4 % „ „ 4 „ 6 4 „ „ 9 


Sum = o. 142, 869, 045, 413, oz), 193, 266, 249, 


and conſequently their ſum o. 142, 869, 045, 415, 27, 193, 266, 249, is the af- 
firmative part of the value of the arch of which the fraction —is the tangent. 


And the negative, or ſubtracted, terms are theſe : 
= o. ooo, 971, 8 17, 298, 347,9 10, 592, 808, 


— 322 31 73,466, 52,557,430, 343, 
— 5 „%%% „%„õß 3455975775575 14, 823, 


322226 4 314,042, 296, 561, | 


— 3222242 % 461% 2, 


15 
7 
211 
71 
47s 
Is 
49 
T9 
25 
7 — 3222 2 6 6 4 1688, 
2 
27 


$00 SEES EEE ESSSESESESLES | REES EESES 


Sum = o. ooo, 97 1, 990, 8 10, 863, 270, 453;3755 


and confoquenly their ſum, 0.000,971,990,810,863,270,453,375, is equal to 
the . or ſubtracted, part of the value of the ſaid arch, of which the frac- 


tion 7 is the tangent. 


Therefore, if from o. 142, 869, o45, 41 5, 27, 193, 266, 249, 


we take o. 900,97 285 16 J 73-374 
the remainder o. 141,897, of4, 604, 163, 922, 8 12, 874, 


will be equal to the arch ſought, or of which the fraction 7 is the tangent. 


Q. E. 1. 
21. Having 
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| 21. Having thus obtained the value of the arch of which the fraction — is the 


tangent, we muſt add it to the arch of which the fraction * is che tangent, and 
which we have found in art. 19. to be = o, 321,750, 554, 396,642, 193, 401, 407; 
and the ſum, to wit, o. 463, 647, 609, ooo, 806, 1 16, 214, 281, will be equal to the 
arch of which the fraction — is the tangent, or to the greater of the two arches 
which were computed in the foregoing quadrature of Mr. Euler. 


22, And this laſt arch, o. 463, 647, 609, ooo, 806, 116, 214, 281, of which the 
fraction - is the tangent, being added to the arch of which the fraction 7 is the 


tangent, and which is = o. 321,50, 554, 396, 642, 193, 401, 40), will give us 
o. 78 5, 398, 163, 397,448, 309, 61 5, 688, for the length of an arch of 45 and con- 
ſequently 4 X s e elt rag or 3.141, 592, 653, 589, 
793,238, 462,7 52, for the length of the ſemicircumference of a circle of which 
the radius is called 1. a . 1. 


This value of the ſemicircumference of a circle is exact in the firſt twenty⸗ 
two figures, to wit, 3.141, 592, 653, 589, 793, 238, 462, the more accurate value 
of it being 3. 141,592, 653, 589,793,238, 462, 643,383, 279,502, 884, 197, &c. 


23. This. laſt method of finding the length of the ſemicircumference of a 
circle, by means of three tangents that are equal to the three ſmall and ſimple 


fractions —, >, and =, ſeems-to be rather more expeditious than that of Mr. 
Euler, from which it is derived, and which performs the ſame thing by means 
of the two tangents. that are equal to the two greater fractions D and . But, 


. . . t3 75 #7 4 111 £23 715 
by means of the infinite ſeries 7 — — + — — 74 > * a io 


3 5 | | i 
+ &c, ſhould be thought to be greater than that of computing the arch of 
which the tangent is — (and which is equal to the ſum cf the two arches: of 


which the tangents are 7 and <=), by means of the ſame ſeries, we might com- 


pute the arch of which the tangent is = by means of the ſaid ſeries without 
dividing it into two leſſer arches (as was done in Mr. Euler's quadrature), and 
then might compute in- the ſame manner the arch of which the tangent is D 


which, being added to the arch of which the tangent is Ts would give us the 
arch of which the tangent 1s =; and this arch, of which the tangent is >, 
| being, 
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being added to the arch, firſt computed, of which the tangent is 1. would give 
us the length of an arch of 45 degrees: or, the arch of which the gangent 
is =, together with twice the arch of which the tangent is =, would give us 


the arch of 45 degrees. And this way of obtaining the value of an arch of 
45 degrees would evidently be ſhorter and eaſier than Mr. Euler's way of ob. 
taining it by computing the lengths of the two arches of which the tangents are 


1 I : . . 43 <5 7 Fo 111 By : 
7 and — by means of the ſaid ſeries : 7 * 7 ak} + &c; 


becauſe the computation of the arch of which the tangent is 5. by that ſeries, is 


eaſier than the computation of the arch of which the tangent is - by the ſame 
ſeries, | = 


In this method of inveſtigating the length of an arch of 45 degrees, we ſhall 
have, iſt, the length of an arch of which the tangent is 7 which we ſhall find 


(by the computation exhibited above in art. 7, pages 177, 178, 179, 180) to be 
0. 321,50, 584,396, 642, 193, 401, 40); and, 2dly, we ſhall have the length of 


an arch of which the tangent 1s 75 which we ſhall find (by the computation ex- 


hibited above in art. 20, pages 189, 190) to be 0.141,897,054,604,163,922, 
812,874 ; which, being added to twice the length of the former arch (of which 


the tangent is >), or to 2 X 0.321,750,554,396,642,193,401,407, or to 0.643, 


501,108,793, 284, 386, 802, 8 14, will give us o. 785, 398, 163, 397, 448, 309, 613, 
688 for the length of an arch of 45 degrees; which agrees exactly with the va- 


lue of it found above in art. 22, page 191. 


24. There is a fifth method of finding the length of an arch of 45 degrees, 
and conſequently of the ſemicircumference of a circle, by means of the aforeſaid 
relation between the ſum of the tangents of two circular arches and the tangent 
of their ſum, which may, perhaps, be worth mentioning on this occaſion, 
though I think it inferiour to each of the foregoing methods, This is to compute 


. . . 73 58 77 Fad Fad 713 fs 
by means of the infinite ſeries / — F + 1 7 2 ＋ 70 


+ &c, the lengths of the two arches of which the tangents are equal to — and 


3 which is ſome what leſs than (= or) 2 and then to add the latter arch to 


three times the former arch. For this ſum will be equal to an arch of 45 
degrees; as may be ſhewn in the manner following: 

Since it is true univerſally, that, if the radius of a circle be called , and T be 
the tangent of any arch in it, and @ and & be put for the tangents of any 
two arches into which the ſaid arch may be divided, the tangent T will be 
equal to — (as is ſhewn above in art, 10, page 182), and Conſequently 


4 that, 
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that, if tl if the radius r be called 1, the ſaid tangent T will be = ( _ — — or 


= ++ or) 4 LR 4 it follows that, if the _—_ 4 is ==, .or one fifth part of 
the radius, _ Ky tangent 6 is hikewiſe = = =, the tangent T of the ſum of the 


two arches of which the two tangents are, ack of them, equal to 17 will be 


2 2 IP. 1 
71 = 
(= =L_ = = LK = 2)'= £; tha the tangen 
TI, v0 1  E> RE 8 
* 25 25 28 25 


of twice the arc of which = — is the rangent, will be = T. 


In like manner, if we ſuppoſe à to be = =, and þ to be = =, the tangent T 


of the ſum of the two arcs of which the tangents à and 5 are equal to -_ and ra. 
will be (= 21. = © ® = 2 = A; that is, the tangent of threes 
r 


times the arc of which = 7 is the tangent, will be = 4 


And, laſtly, if we ſuppoſe the tangent @ of one arc to be = 7, and the fum 


of this arc and another arc of which the tangent 1s called 4, to be equal to 
an arch of 45˙, of which the tangent is known to be equal to the radius, 


or 1, we ſhall (by art. 10, page 182) have 5 (= I=< = TE; = = 
Ry 
_ i) — 7 — ey. "Ap. hut 
* 2 — 78 5 that is, dem Ws ane 
SS... $5 
which, being added to three times the arc of which Tis the tangent, will be equal 


to an arc of 45 degrees. Therefore, if we compute, 1ſt, the arch of which D or 
a fifth part of the radius, is the tangent, and, 2dly, the arch of which the tan- 
gent 1s equal to the fraction 7 =» or nine forty-ſixth parts of the radius, by means 


of the irie fries : — © ff ff Don oh 3 


ſuppoſing ? to be in the alt caſe Rs to =, od in the 808 * equal to = 75 2, 
and then to three times the former arch add the value found for the latter arch, 
the ſum will be equal to an arch of 45 degrees. E. D. 


Vor. III. | a C | 4 Re- 


r CO EGTA e —__— —ͤ4év! Kc es 1 — — 
= 
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A Recapitulation of the fue foregoing Methods of Squaring the Circle. 


— — —— 


25. We have now ſeen that five different methods of computing the length 
of an arch of 45 degrees, and from thence the length of the ſemicircumference 
of a circle, may be derived from the above-mentioned relation between the ſum 
of the tangents of two arches and the tangent of their ſum, to wit, 1ſt, Mr. 
Machin's method, which requires the two circular arches of which the tangents 


9 
ſeries 1 — f +S ＋ 5A f + c, and then the latter 


5 9 
of theſe arches to be ſubtracted from four times the former arch; and, 2dly, 
Mr. Euler's method, which requires the two circular arches of which the tan- 


gents are equal to the fractions = and = to be computed by means of the ſaid 
infinite ſeries, and then added to each other; and, 3dly, the method which I 


Save above denominated. An Improvement on My. Euler's Method, This method 


ſuppoſes each of the arches computed in Mr. Euler's method to be divided into 
two leſſer arches, to wit, the arch of which = is the tangent to be divided into 


two arches of which the tangents. are equal to the ſmaller fractions — and 5 
and the arch of which - is the tangent to be divided inta two-arches of which 
the tangents are 7) and 71 and it requires the three leſſer arches corre; ponding 


to the three tangents LE 1 and , to be computed by means of the ſaid infi- 
nite ſeries, and the ſum of the two former of theſe arches (which correſpond to 
the tangents and =, and which together are equal to the-arch of which = is 
the tangent) to be doubled, and then added to the arch of which the tangent 
is =. The 4th method is alſo derived from Mr. Euler's method, and differs 
from the zd method by fuppoſing only the greater of the two arches computed in 
Mr. Euler's method, to wit, the arch of which - is the tangent, to be divided 


into two lefler arches, in order that they may be the more eafily computed from 
their tangents, by means of the aforeſaid infinite ſeries, and. leaving the leſſer of 
the two arches computed in Mr. Euler's method, or that of which = is the tan- 


gent, to be computed immediately by means of the ſaid ſeries, as it is in Mr. 
Euler's method. And in this fourth method it is further ſuppoſed that one of 
the two arches into which the ſatd greater arch computed in Mr. Euler's me- 


thod, or the arch of which - is the tangent, is divided, is equal to the leſſer of 
the 


* 
% * * 
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the two arches computed in Mr. Euler's method, or to the arch of which = is 
the tangent; in conſequence of which the other part of Mr, Euler's greater arch 
will be the arch of which the fraction is the tangent. And then by comput- 


ing, by means of . aforeſaid infinite ſeries, the ſaid two arches of which J and 
7 are the tangents, and adding the former of theſe arches to the ſum of them 
both, or adding the latter arch (of which — is the tangent) to twice the former 


arch (of which 5 is the tangent) we ſhall obtain the value of an arch of 45 de- 


grees. And the 5th and laſt method of obtaining the value of an arch of 45 de- 

rees, that has been here deſcribed, is one that was ſuggeſted ro me by Mr. 
Mackin's quadrature, as the 3d and 4th methods were ſuggeſted by that of 
Mr. Euler; and it conſiſts in computing by means of the aforelaid infinite ſeries 


the lengths of the arches of which the fractions — and = are the tangents, and 
adding the latter of theſe arches to three times the former, . 


26. Theſe ſeveral methods of obtaining the value of an arch of 45 degrees 
may be more conciſely expreſſed by means of the following notation. 


I I 1 1 1 T 
Let A. 7. A. 3755 = 2? A. 3 A. 7. A. J, A. I be put for the lengths 
6 . r 9 
of the ſeveral circular arches of which the fractions , —_ Sy" and 3 


2 
are the tangents reſpectively, in a circle of which the radius is called 1 ; the ſaid 
lengths of the ſaid arches being obtained from their ſaid tangents reſpectively 


ö 12 . "> 75 t5 t7 4 771 * 
by means of the aforeſaid infinite ſeries # — 7 — 727 + r 77 


15 
Then will an arch of 45 degrees be equal, in the iſt place, to 4A.= 


— A. N which is Mr. Machin's quadrature: and, in the ſecond place, it will 
be = A. — ＋ A. 7 which is Mr. Euler's quadrature: and, in the 3d place, 
it wi _—_ = — _ 1 A. 2 — 
Ae W e + A. 3 + A. + A. J, or A. 5 + A. 3 ＋ A. 
+ A.t — A. J. or 2A. 4 + 2 A. + A.=; which has been called in 
the preceeding articles an improvement on Mr. Euler's quadrature : and, in the 
th place, it will be = A. ＋ A. + A. , or 2 A. + A. =; which 
i ; 3 7 3 7 
is another improvement on Mr. Euler's quadrature: and, in the 5th place, it 
will be = 3 A * A 55 which was ſuggeſted by Mr. Machin's quadra- 


ture. 0 n 
2 C 2 27. All 
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27. All theſe methods of finding the length of an arch of 45 degrees, and 
conſequently that of the ſemicircumference of a circle, are exceedingly conve- 
nient and expeditious, and very much ſuperiour to all the before-mentioned_ 
methods of obtaining the ſame conclufion by means of a fingle tangent, not 
excepting even that of Dr. Halley from the tangent of 3o degrees. And many 
other quadratures of the circle, almoſt equally convenient and expeditious with 
the foregoing ones, might eaſily be derived from the ſame fundamental propoſi- 
tion, that exprefles the relation between the ſum of the tangents of two circular 
arcs and the rangent of their ſum. But it ſeems perfe&ly unneceflary to ſeek for 
any others after the ſeveral eaſy and excellent ones above-deſcribed, However, 
as ſome very convenient quadratures of this kind have lately been communicated 
to me by my learned friend, the Reverend Mr. John Hellins, Vicar of Potters 
Pury near Sloney Stratford in Buckinghamſhire (the author of ſome very learned 
and ingenious Mathematical Eſſays publiſhed in the year 1788), which he informs 
me he diſcovered about the year 1780, I ſhall now proceed to ſtate them to my 
readers, together with ſuitable demonſtrations of their truth, for the gratification. 
of ſuch perſons as are fond enough of theſe ſubjects to be pleaſed with ſeeing the 
fame thing performed in a great variety of ways; but ſhall leave the buſineſs of 
computing the ſeveral arches employed in theſe ſeveral quadratures from their re- 


an inventor of this excellent method of performing the quadrature of the circle as 
well as Mr. Machin ; but Mr. Machin was certainly 15 firſt iuventor of it. 
2 


* 
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Additimal Methods of Squaring the Circle, derived from the 
ſame principle as thoſe of Mr. Machin and My. Euler. 


Communicated by the Reverend Mr. Jobn Hellins,, 
Vicar of Potter's Pury, near Stoney Stratford, 
in Buckinghamfhire. 


——————  — . .— —•— 


28. The quadratures communicated to me by the Reverend Mr. Hellins are 
the five following; to wit, that an arch of 45 degrees, in a circle of which the 
radius is called 1, will be equal to each of the five following ſets of leſſer arches, 
to wit, | 


4 2 
1ſt, to 2A. 25 + A. 4 


adly, to 3 A. 7 + 2A—; 
3dly, to 5 A + 2A; 
athly, to 5 A.>— 3Ag = 2 Af lf 


3 9. \ 127 

and 5thly, 85 3 A8 — 42 + A. 1515587 

The demonſtrations of the truth of theſe quadratures will conſiſt in ſhewing- 
that the tangents of the ſeveral arches that are equal to the ſaid five ſets of 
ſmaller arches, are, each of them, equal to the radius 1. For then it will follow 
that each of the ſaid 8 are equal to the ſaid ſets of ſmaller arches), 
muſt be equal to the arch of 45 degrees; becauſe the tangent of that arch is 
equal to the radius of the circle. Nowe“ that the tangents of the arches that 
are equal to each of theſe five ſets of ſmaller arches, are, each of them, equal to 
the radius 1,” may be ſhewn in the following manner. 


— — — — Ü 
o the arch which-is equal to2 A. E + A. Fre 


————— — =_ 


29. Let a be put for =, or the tangent of the arch A. =; and let 4 bei put 
for the tangent of another arch equal to the former; and let T be put for the 
tangent of the ſum of theſe two arches, or of the arch 2 A. =. 


Then, by art. 10, page 182, we ſhall have 1 X 1 Xa+b=TX1X 1 — ab, 
XIX 2 T 1 2 
2 ! 


and conſequently T = 
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3 $ 8 x 10 
r 25 8 x 10 EA 

© T1 1916 190-16” Too 16 © 1. 2 27 2; that is, the tangent 
100 100 100 


of the arch 2 &. 755 or twice the arch of which the fraction = — is the tangent, 
will be = the addon fe 


Now let this tangent 2 = be called a, and the fraction = or the tangent of the 
arch A. 775 be called 5; and let T be the tangent of the ſum of the two arches 
of Fay a and 3, or 2 = - and — = are the tangents. 


Ez I 20X41+1X21 
. 3 1 21 X 41 — 20X41+1 X21 
—_— eee 20 .,17 SE 
„ 


= — = = = 1 = the tangent of 45 degrees. Therefore the- arch 


whereof T is the tangent, or the arch which is equal to 2 A. 4 * K. A will 
be equal to an arch of 45 degrees. | . ky o. 


Of the arch which is equal to 3 A. + 2 A.= 


— _cw_nwqwnw_w_w_. 


30. Let a be put for , or the tangent of the arch A. 5 = ; and let & be put 
for the tangent of another arch equal to the former ; and let T be put for the 


tangent of the ſum of theſe two equal arches, or of the arch 2 A. . 
a2 ＋ 3 7 2 — RAS 
r — . 
12 2X 3 9 921 
: #1 5.4 49 49 
=%= FL that is, the N of che arch 2 A. 7 lb 25 


Secondly, let this tangent — 2 be called a, and the tangent — be called 5, and 
1 917 of the ſum of re two arches 2 A. — and A 5 Do. a and 3, 
| of 0. . and — — re the tangents, be called T. 


© Then Gal T, or the tangent of the ſum of theſe two arches, or the tangent of 
the 
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242 7X7+1XxX 24 | 

x — a+ __ . 24 X 7 — TXT+tF 24 

the arch 3 A. 7, be = —— „ 
| 24 7 24 X7 


Thirdly, let @ be put for = — or the tangent of the arch A. = * let þ be 
put for the tangent of another arch equal to the nn and T for the tangent 
of the ſum of both the ſaid arches, or gf the arch 2 A. —. 


= $5 4. 4 X 11 
; | a+6 F e 27 
r Wo OT OI — 1X —4 
TEST 11 * 11 11 K 11 
= = = —= =; that * of the arch 2 A. — will 
11 X 11 — 4 121—4 117 
— 4+ | 
1 


Mt 6 let @ be put for 2 = or the * of the arch 3 A. ; and let b be 
put for Z — , or the tangent 0 the arch 2 A. =; and let T be = for the. tan- 
7 11 


gent of the ſum of theſe two arches, or of the arch 3A 7 ＋ 2 A. 25 


73 + 44 73 X 117 + 44 * 16r 
+> 161 117 —— 
Then will T be = AH = = — 1 
1 — ab r 161 X 117 — 73 X 44 
157 117 i161 X 117 


— 73 X 117 + 44 X 161 — 8741 + 7-84 __ 15625 hes 
161 X 147 — 73 x 44 © 18837 — 3212 15625 © | . of 45 degre 
Ta the arch of which T is the tangent, or the arch which is equal to 


3A. * 2 A. 25, will be equal to an arch of 45 degrees. Qu E. D. 


— 
Obe arch which is equal to 5 A. + 2A. 


— — 


2 It has been ſhewn in the foregoing article that _ tangent of the arch 


2 A. — > Is = En and that the tangent of the arch 3 A.='is = WEN Now let 


the fration 23 zz, or the tangent of the arch 3 A. , be 2 by 4; and let 
the n 7 2% or the tangent of the arch 2 KA. —, 2 be Ine by s; and let the 
tangent of the . theſe two arches, or of the = 5 A.—, be denoted by T. 


3,2 Are 
Then we ſhall have T = A AA. 
* 1 4 73 7, 161 K 24 —73Xx 7 


716 24 161 Xx 24 


— - 
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nne, nt is, the tangent of the arch 
* R 3864 = 511 3353 g 

5 A. 2 will be = 2. 
| 7 3353 


Secondly, let a be = 3 or the tangent of the arch A =; and let be put 
for the tangent of another arch equal to the former; and let T be put for the 
tangent of the ſum of the ſaid two equal arches, or the tangent of the arch 


2 A . 77 s 
E 6 __bx 179 
| a+6 79 79 79 79 X 79 
Then we ſhall haveT = = = ——— = —_ —_— — 
| T en we 1— ab 1=S 4 2X22Q3X13 © 19*19=3Xx$ 
6 | 19 79 79 XK 79 79 * 79 
=> II = 3 — — = 1 that is, the tangent of the arch 
2 A.> will be = =. 
79 3116 
Laſtly, let @ be put for the fraction 353 or the tangent of the arch 5 A. 
and let & be put for the fraction zo, or the tangent of the arch2 A. =; and 


let T be put for the tangent of the ſum of theſe two arches, or the tangent of 
the arch 5 A. + 2A. . 


79 | 
2879 237 2879 x 43116 + 237 x 3353 
And we ſhall have T = £37 — 3353 3110 _ 3353 * 3116 
—" lmab 2879, #37 © 3353 X 3116 — 2879 x 237 
3353 3116 3353 * 3116 


— 2879 x 3116 ＋ 232 X 3353 — 8,970,964 + 794,661 — 9,765,625 
3333 * 3116 — 2879 x 237 © 10,447,948 — 682,323 9,765,525 
gent of an arch of 45 degrees. Therefore the arch of which T is the tangent, 


or the arch 5 A. 2 ＋ 2A. = will. be equal to an arch of 45 degrees. 
. E. v. 


= 1 = the tan- 


— — — uu — 
Of the arch which is equal to 5 A. — — 3A. 3 — 2 A. . 


32. It has been ſhewn in art. 24, page 193, that the tangent of the arch 
2 A 5 or of twice the arch of which the fraction 0 is the tangent, is = Z, 


and likewiſe that the tangent of the arch 3 A. 7 or of three times the ſaid arch 
of which : is the tangent, is = 25 Now let à be put for 5 or the tangent of 


the arch 3 A. ; and let 3 be put for — or the tangent of the arch 2 A. ; 


and let T be put for the tangent of the ſum of the two former arches, or for the 
' tangent of the arch 5 A. =. 
| Then 
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14 37X12+5X55 


| 2 43 $512 — Len Ar 
Then will T be = i= — 31,5 e $$X12=37X$ 
55 72 55 Xx 12 Yr... af 
= 2 4 D 
= {4275 = 23; that is, the tangent of the arch 5 A < will be = 22. 4 


Secondly, let a be put for the fraction zz: or the ED of the arch A. 2 ; 
and let 4 be put for the tangent of another arch equal to the former; and let T 
be put for the tangent of the ſum of the two former arches, or for the tangent 


of the arch 2 A, 5 


3 * — 2 2 x 18 
211 „ 1 BY 18 x 18 
Then wilk”E/Þ8 2 2 e ix Rin. 
; 'F 2 18 x 18 18 x 18 
WY r 
jorge 1 * 
323 


Thirdly, let a be put for the fraction 15 „or the tangent of the arch 2 A. 25 


and let & be put for - z or the tangent of the arch A, 8 and let T be put for 
the * of the ſum of the two former arches, or for the tangent of che 2 


B 4.2 $6238 42x x69 : 
. Le +3: __. gig: a6 323 * 18 — 36 * 18 ＋1 „ 323 
Then will T be = — = 36, 1 — 4$23X18—36Xx1  323X18=36x1 
ö 323 18 323 * 18 


— 648 +323 _ 97! 
= Ns; chat i, the tangent of the arch 3 A. = will be equal to 


the fraction ET 

Fourthly, let @ be put for the fraction = = or the tangent of the arch A. 555 ; 
and let & be put for the tangent of another arch equal to the former; and let T 
be put for the tangent of the ſum of the ſaid two equal arches, or for the tangent 
of the arch 2 A. = 


| 2 Ar 2 „ 
Then wil T be = 5 = == 222 5 DAI 
e 57 K 57 Ty” 

2 X 57 = — = =; that is, the tangent of the arch 


7 4 n 3249 — 1 5 1624 
2 A. 7 will be equal to the fraction 162. 


vol. III. | 7 2 D Fiſthly, 
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EFiſthly, let @ be put for the fraction. £ 55 or the ; tangent of the arch . A. . 


and let þ be put for he fraftion 2, or the tangent of the arch 2 A. 555 and 
r or for the tangent of 


FEM 971 x 1624 + 57 x 5778. 
Then will T be = a+5 _ — — 5778 x 1624 : 
N Comet! 12 144 Ts 32 $7 $776 x 1644 — 371 X 5f 

5778 1624 5778 X 1624 


1624 + 57 X 5778 __. 1,576,904 + 329-346 — 1,906,250 
7 $778 & 1624 - ha 57 913844472 ="551347 94328, 125* 8 
of the arch 3 A. _ + 2 KA. 5 j will be equal to the fraction ena. 
| Wir let a be gk for * fraction 926755 „or the tangent of the arch 
5A. J T 2A. 3 5: and let T be put for the fraction 1 or che rogers of the 


arch 5 . . 75 Py. f for the tangent of the exceſs of the 8 5 A. 2 > above the 
arch 3 A. 4+ 2A. 1 or for the tangent of the arch 5A. - 3A. 18 
—2A.; —. f 


— i and — T X e +4 


that is, T — ab T i and T will be = « +5 + 46 T, and 
r 2 will be = 3+ ST er, and conſequently & vill be 


> LOL But à is = hn LA and T is = 2. Therefore 4 (which is 
172 99328, 125? 475 


; that is, the tangent 


55 292 1,906,250 719.X 9.328.125 — 1,906,250 X 475 

A ), will be = 475 9.328125 __ © 475 X 9o32Buuzg = 

— 1+ar” 1,906,250 „22 — 09,328,125 x 475 * 1,996,250 X 719 
9,328,125 475 5 * 98287125 


22 719 * 9,328, 125 = 1,906,250 * 475 __ 6,706,921,875 — e = 2 801,453z125 

9,328,125 x 475 + gs 250 X 7 « $:43%859-37 + * — 1,45 3,12 

= 1 = the tangent of an arch of 45 degrees. Therefore the "Arch of which 

is the tangent, or the arch which is equal to 5 A. =— 3A. r 2 A. 255 

will be equal to an arch of 45 degrees. | 8 RB, 0 
— — | 


Of the Arch which is nl 95 N. 5 A. 185 ＋ A . 


— — > 6. 


33. Let be put for che fraction 2 25 or the tangent if FO 2 A. 2, ; and 


— 4 be put for the tangent of another arch equal to the former ; and Jet T be 
"<> Wor 
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pt fr th agent of hf of th lid re Ep m or theres of te 
arch 2 A. 15 dre 


e 
4 1 I 1 
75 10 100 100 


: 


=; ; that is, we tangent of the arch 2 A — 5 will be equal to the fraction = 
SE let a be gut for the fraction 2 575 or the tangent ho arch 2A. 2 3 
and let 4 be put for the fraction 15 or 2 tangent of the arch A. =; and bs r 


be put for the tangent of che ſum of theſe two arches, or the tangemt of the arch 


3.25 2 £ | 
650 3 a 6e x 10 , 2666 


2. 421473 or 7 16 t X 10 580 „ 10 X 91 

Th Tho = 224 = BYE PEE ee 
| TAT »Der ioy 

= n; on i. e E of he arch 3 A. f will be 0e 
576 — x86 © 730 | | 10 | 
fraction 23. | "1 * 

739 14 
Thirdly, let a be put fo the dae, B eus wks 4. K 


and let & be put for the fraction ——— IT N or the tangent of the arch A. 15 5 1 ; 
and let T be put for the tangent of the ſum of theſe two arches, or for the tan- 
gent of the arch 3 A. 75 + A. =. 


161,587 
873 127 873 x 161,587 + 127 X 730 
Then will T be = £25, x . 230 x 161,587 


1—a 873 13 — 739 x 161,587 — 873 x 127 
730 161,587 13 * 161,587 
— B73 * 161,587 + 127 Xx 730 141,065,451 + 92,710 _ 141,15 2161 | ks fs. the 
730 x 161,587 — 873 x 127 117,958,510 = 110,871 117,847,639 * - 


tangent of the arch 3A. 25 + A. 77; will be equal to the fraction 


141,188,151 
117,847,639 


141,158, 161 | 
Laſtly, let this fraction r the tangent of the arch 3 A. 
+ A. 


c be denoted by T; and let the fraction — or the tangent of Fe: 
arch A. —, be denoted by 4; and let the tangent of the exceſs of the arch 


3A. + A. 1 0% above the arch A. 2 or the tangent of the arch 


3 A. 16 + A. ogy; — A · 125 be denoted by 5. | 
2 D 2 Then | 
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Then we ſhall have T = — and conſequently T X 1 — ab = «+5, 
or T- T Z 42 ＋ 3, and T= T5 ＋T T, and T- 2 = b + abT 

— 7 FL 141,158,161 _— 9: 

— and T — I = - 117847639100 
SIXT; and conſequently 5 will be = TS = . CL 
100 117,847,639 

141,158,161 x 100 = 9 x 119,847,639 4 OS 
Ba 100 Xx 117,847,639 147,158,161 x 100 = 9 * 117,847,639 
18 X 117,847,039 ini 100 x 119,847,059 + 9 1457587101 
* * 100 X 5 1 | 
— 14,11 5,816,100 — 1,060,528, 11 _ 13,055,187, 2 * | | 
 11,784,763,900 + 1,270,423 my — — r the tangent of 45 de- 
grees. Therefore the arch of which b 1s the tangent, or the arch which is equal 


Iz N 127 
to 3 A. 2 + A. ; — A. 25. Or co 3A. 2 — A. 2 + An 


will be equal to an arch of 45 degrees. | d. E. D. 


34. The very learned and. ingenious Dr. Hutton has alſo treated further of 
this ſubject in a paper publiſhed in the Philoſophical Tranſactions for the year 
1776, which I ſhall now proceed to lay beſore the reader, and which will con- 
clude all I have to offer concerning the quadratures of the circle derived from 
the principle adopted by Mr. Machin, or from the relation of the tangent of the 
ſum of two circular arcs to the ſum of their tangents. | 


A ; 
NEW AND GENERAL METHOD 


OF FINDING 


SIMPLE AND QUICKLY CONVERGING 
SERIESES; 


BY WHICH THE PROPORTION OF THE DIAMETER OF A CIRCLE TO 
ITS CIRCUMFERENCE MAY EASILY BE COMPUTED TO 
A GREAT NUMBER OF PLACES OF FIGURES. 


BY CHARLES HUTTON, ESQ. F.R.S. 


A 
NEW AND GENERAL METHOD 
OF FINDING 


SIMPLE AND QUICKLY CONVERGING 
SERIESES; 


— — — ñ — — — 


TO THE REV. DR. HORSLEY, SEC. RS. 


S I R, Royal Mil. Acad, 

Jan. 25, 1776. 
Read before the Royal Society, IN a late examination of the methods of Mr. Ma cuts 
May 1, 1776. and others, for computing the proportion of the 


diameter of a circle to its circumference, I diſcovered the method which is ex- 
plained in the paper accompanying this letter. This method you, Sir, will per- 
ceive is very general, and diſcovers many ſerieſes which are very fit for the 
above-mentioned purpoſe. If you think it has ſufficient merit to entitle it to the 
honour of being offered to the Royal Society, I have taken the liberty to encloſe 
it to you, requeſting the favour of you to preſent it accordingly, from, &c. 


THE excellency of this method is primarily owing to the ſimplicity of the 
ſeries by which an arc is found from its tangent. For if ? denote the tangent of 
an arc a, the radius being 1, then it is well known, that the arc à will be equal 
ro the infinite ſeries, 


=—=S+===+=== + &c. 


where the form is as ſimple as can be deſired. And it is evident, that nothing 
farther is required than to contrive matters ſo as that the value of the quantity 
t in this ſeries may be both a ſmall and a very fimple number: Small, that the 
ſeries may converge ſufficiently faſt ; and fimple, that the ſeveral powers of . 
may be raiſed by eaſy multiplications, or eaſy divifions. 

Since the firſt diſcovery of the above ſeries, many have uſed it, and that 
different methods, for determining the length of the circumference to a great 
number of figures. Among theſe were Dr. HALLIET, Mr. ABRAHAM SHARP, 

Mr. 
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Mr. Macnin, and others of our own country; and M. De Lacnzr, M. 
EvuLER, and others abroad. Dr. HALLEy uſed the arc of 3o?, or th of the cir- 


cumference, the tangent of which being = / 7 by ſubſtituting 7 for in 


the above ſeries, and multiplying by 6, the ſemicircumference is = 6 7 X21 


— — 4 


3-3 5.7 5737 9.375 &c, which ſeries is, to be ſure, very ſimple; but 


its rate of con verging is not very great, on which account a great many terms 
muſt be uſed to compute the circumference to many places of figures. By this 
very ſeries, however, the induſtrious Mr. Sg AR computed the circumference 
to 72 places of figures; Mr. Macain extended it to 100; and M. DeLacney, 
ſtill by the ſame ſeries, continued it to 128 places of figures. But, although this 
| ſeries, from the 12th part of the circumference, does not converge very quickly, 
it is, perhaps, the beſt aliquot part of the circumference which can be uſed for 
this purpoſe ; for when ſmaller arcs, which are exact aliquot parts, are uſed, their 
tangents, although ſmaller, are ſo much more complex, as to render them, on the 
whole, more operoſe in the application: this will eaſily appear, by inſpecting ſome 
inſtances that have been given by Mr. GAR DIR ER, in his editions of SHERWIN'S 
Tables. One of theſe methods is from the arc of 189, the tangent of which is 


V1 — 2y=; another is from the arc of 22%, the tangent of which is y/2 — 1 ; 


and a third is from the arc of 1 5?, the e of which is 2 — „.;. All of which 
are evidently too complex to afford an eaſy application to the general ſeries. 

In order to a ſtill farther improvement of the method by the above general 
ſeries, Mr. Macain, by a very ſingular and excellent contrivance, has greatly 
reduced the labour naturally attending it. His method is explained in Mr. 
Maszrzs's Appendix to his Diſſertation on the Uſe of the Negative Sign in 
Algebra; and I have given an analyſis of it, or a conjecture concerning the 
manner in which it is probable Mr. Macain diſcovered it, in my Treatiſe on 
Menſuration; which, F believe, are the only two books in which that method 
has been explained, as I never had ſeen it explained by any, till I met with 
Mr. MAsEtREs's book above-mentioned on the Uſe of the Negative Sign. For 
though the ſerieſes diſcovered by that method were publiſhed by Mr. ; _oÞ in 
his Synopſis Palmariorum Matheſeos, which was printed in the year 1706, he has 
given them merely by themſelves, without the leaſt hint of the manner in which 
they were obtained. The reſult ſhews that the proportion of the diameter to 
the circumference is equal to that of 1 to quadruple the ſum of the two ſerieſes, 


{7 N 1 np {yen ne r-, eee 
7. 


A | 3.85 555 k 95 
2] — + —— — ——7 + —, &c. 
2 3.2 «239% +2 2 
The flower of which 4 Amolf thrice as faſt 2 Dr. HaLLEzy's raiſed 
from the tangent of 30. The latter of theſe two ſerieſes converges ſtill a great 
deal quicker; but then the large incompoſite number 239, by the reciprocals 
of the powers of which the ſeries converges, occaſions ſuch long, tedious divi- 
ſions, as to counterbalance its quickneſs of convergency ; ſo that the former 
5 ſeries 
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ſeries is ſummed with rather more eaſe than the latter, to the ſame number of 
places of figures. Mr. Joxzs, in his Synopſis, mentions other ſerieſes beſides 
this, which he had received from Mr. Machix, for the ſame purpoſe, and 
drawn from the ſame principle. But we may conclude this to be the beſt of 
them all, as be did not publiſh any other beſides it. | 
Mr. EvLz& too, in his Introductio in Analyſin Infinitorum, by a contrivance 


ſomething like Mr. Macain's, diſcovers, that — and —are the tangents of two 


arcs, the ſum of which is juſt 4.5? ; and that, therefore, the diameter is to the cir. 
cumference as 1 to quadruple the ſum of the two ſerieſes, 

I I 1 1 1 

0 X 21 nn + T7” &c. 

I 1 x I I 
| : WW * 1 7 770 Ff. * 
Both which ſerieſes converge much faſter than Dr. HALTEY's, and are yet at 
the ſame time made to converge by the powers of numbers producing only ſhort 
diviſions; that is, diviſions performed in one line, or without writing down any 
thing beſides the quotients. | 

come now to explain my own method, which, indeed, bears ſome little re- 
ſemblance to the methods of Macuin and Evures ; but then it is more general, 
and diſcovers, as particular caſes of it, both the ſerieſes of thoſe gentlemen, and 
many others, ſome of which are fitter for this purpoſe than theirs are. 

This method then conſiſts in finding out ſuch ſmall arcs as have for tangents 
ſome ſmall and fimple vulgar fractions (the radius being denoted by 1), and 
ſuch alſo that ſome multiple of thoſe arcs ſhall differ from an arc of 45?, the 
tangent of which is equal to the radius, by other ſmall arcs, which alſo ſhall 
have tangents denoted by other ſuch ſmall and fimple vulgar fractions. For it 
is evident, that if ſuch a ſmall arc can be found, ſome multiple of which has ſuch 
a propoſed difference from an arc of 455, then the lengths of theſe two ſmall arcs 
will be eafily computed from the . ſeries, becauſe of the ſmallneſs and 
ſimplicity of their tangents ; after which, if the proper multiple of the firſt arc be 
increaſed or diminiſhed by the other arc, the reſult will be the length of an arc 
of 459, or + of the circumference. And the manner in which I diſcover ſuch 
arcs is thus: 

Let T, t, denote any two tangents, of which T is the greater, and : the leſs ; 
then it is known, that the tangent of the difference of the arcs correſponding to 
theſe tangents is equal to 7 Pi Hence, if ?, the tangent of the ſmaller arc, be 
ſucceſſively denoted by each of the ſimple fractions a =, &c, the general 

F 
expreſſion for the tangent of the difference between the arcs, to wit, the expreſſion 


, will become reſpectively equal to , L, £221, L, get; 


171. 211 31 T 4171 5 +7 


ſo 
1 21 — 


1 2 — — — 


ne I 1 — 7 12 2 Ry 2 — CTY » 
ren 
2 


2 
Vor. III. 2 E 5 — 
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ſo that if T be expounded by any given number, then theſe expreſſions will 
give the tangent of the difference of the arcs in known numbers, accord- 
ing to the values of z, ſeverally aſſumed reſpectively. And if, in the firſt 
place, T be equal to 1, the tangent of 45, the foregoing expreſſions will 
give the tangent of an arc, which is equal to the difference between that of 


45* and the firſt arc; or that, of which the tangent is one of the numbers 
— TD 7 =, &c. Then, if the tangent of this difference, juſt now found, be 
taken for T the ſame expreſſions will give the tangent of an arc which is equal 
to the difference between the arc of 45 and the double of the firſt arc. Again, 
if for T we take the tangent of this laſt found difference, then the foregoing ex- 
preſſions will give the tangent of an arc, equal to the difference between that of 
45* and the triple of the firſt arc. And again, taking this laſt found tangent for 
J, the fame theorem will produce the tangent of an arc equal to the difference 
between that of 45 and the quadruple of the firſt arc; and ſo on, always 
taking for T the tangent laſt found, the ſame expreſſions will give the tangent 
of the difference between the arc of 45” and the next greater multiple of the firſt 


arc; or that, of which the tangent was at firſt aſſumed equal to one of the ſmall 
I 


numbers — =s Fr , &c. This operation, being continued till ſome of the 
expreſſions give ſuch a fit, ſmall, and ſimple fraction as is required, is then at 
an end, for we have then found two ſuch ſmall tangents as were required, viz. 
the tangent laſt found, and the tangent firft aſſumed. _ 
Here follow the ſeveral operations adapted to the ſeveral values of 7. The 
letters a, , c, d, &c. denote the ſeveral ſucceſſive tangents. 
3721 N 


I 
I, Ike 2 _ then the theorem 17 
1 


gives 


| if 5 1 
Therefore the arc of 455, or 4th of the circumference, is either equal to the ſam 
of the two arcs of which - and 7 are the tangents, or to the difference between 


the arc of which the tangent is = and the double of the arc of which the tangent 


is 21 that is (putting A = the arc of 45®), 


1 —? een in > 
952 +7 x OY Fr * n general, if m be any 


* bY we ſhall have 


3 
3 mT —1 
1 121 me 
whole number whatſoever, aud 2 be = —, we ſhall have ——— (= —— = ==) 
- 2 
= =— Q. E. D. 


CONVERGING SERIESES FOR THE CIRCLE. 211 


e . + = e. 

+ 7X41 25 75 Brees: 4 

0.4 = 8 n 
EN 74 4 Ar _ 


And the former of theſe values of A is the ſame with that before mentioned as 
given by M. EurER; but the latter is much better, as the powers of — 75 converge 
much faſter than thoſe of = —. | 


CoroLL. From double * ge of theſe values of A ſubtracting the latter, 
the remainder is, 


2 * I I I 
TIEN i i nb 
Ws += X31 mn ting —Þ +. =! 


which is a much better theorem than either of the former. 
2. If t be taken = 7 then the expreſſion TA gives 


Here the value of a = 2 gives the ſame W we for the value of A as the 
firſt in the foregoing . and the value of þ = = 7 gives the value of A the very 
ame as in the — to the caſe above. 

3. Taking f = =, =» the h — gives 


Here it is evident, that the value of. 8 = 4 is the fitteſt number afforded by 
this caſe; and from it it dhe,” that the arc of 45? is equal to the ſum of 
the arc of which the tangent is - and the triple of the arc of which the tan- 


gent is 4. 
2 E 2 Or 


212 M R. HUTTON ON 


3 1 - 
0 1 {7 5 778 ＋ 776 5 ＋ d Kc. 
— „ r 1 
1 55 1 g ig e tag © 


Which is the beſt theorem that we have yet found, becauſe that the number 99 
reſolves into two eaſy factors ꝙ and 11. 


4. Let now # be taken = 75 and the expreſſion 5 will give 


2 
4 = — 

Z 
S = 5 
2 45 
9 
239 


Where it is evident, that the laſt number, or the value of d, is the fitteſt of thoſe 
produced in this caſe, and from which it appears, that the arc of 45* is equal to 
the difference between the arc of which the tangent is —, and quadruple the 
arc of which the tangent is 5 Or that 


I 1 
1 9 
— — X I + 


— — C. 
239 3-239* 5239“ n + 9.239 * 


Which is the very theorem that was invented by Mr. Machix, as we have be- 
fore mentioned. 


5. Take now # = = and the expreſſion .Fr 


＋ will give. \ 
42 2 - 


1177 
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= will give 


6. Again, take 7 = = and the expreſſion a = 


Neither are any of theſe fit numbers for our purpoſe. 


7. In like U ſo ſhall Fr give 


8. And if : be taken = = the expreſſion TD vill give 


213 


9. Alſo, 
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IOT — 1 ill . 
ITT Vill give 


9. Allo, if we take # = —, the expreſſion 


SS Dd 
ow -74 


Rs... 
> XI SSE 
(ES) 2 — — 
SAIL 
+> 2128 
wo © 


dn „ t 
I 
8 
me 
+ 
10S) 
OS 


1431559 
SY 1282831 
— 24587029 


10. Farther, if we take / = = the expreſſion 1 r will give 
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I2T —1 
—ů—d 


TW gives 


11. Laſtly, if we take # = —, the expreſſion 


1732153 
— 2032499 
21099557 
— 3290431 
255227183 | 
Here it is evident, that none of theſe latter caſes afford any numbers that are 
fit for this purpoſe. And to try any other fractions leſs than — for the value 


of t, does not ſeem likely to anſwer any good purpoſe, eſpecially, as the di- 
viſors, after 12, become too large to be managed in the eaſy way of ſhort divi- 


ſion in one line. 
By the foregoing means it appears, that we have diſcovered five different 


forms of the value of A, or th of the ſemi-circumference, all of which are very 
proper for readily computing its length ; viz. three forms in the firſt caſe and 
its corollary, one in the third caſe, and one in the fourth caſe. Of theſe, the 
firſt and laſt are the ſame as thoſe invented by EvLtr and Macnin reſpec- 
tively, and the other three are quite new, as far as I know. 

But another remarkable excellency attending the firſt three of the before 
mentioned ſeries is, that they are capable of being changed into others which 


not only converge ſtill faſter, but in which the converging quantity ſhall be 35 


or ſome multiple or ſub- multiple of it, and ſo the powers of it raiſed with the 


utmoſt eaſe. The ſerieſes, or theorems, here meant are theſe three: 
1 1 1 1 1 


iſt, A = SS” S Tp © gp Kc. 
ii 


e D 
+ 1 — 4 + mA + l &c. 
2dly, A = 3-4 5˙45 7-48 9-4* ? 
1 1 1 1 
— — Ye 1112 — 4 Ä 4 OS 
7 * 3-49 * 5.49˙% 7.49 * 9.49 — 
2 1 1 1 1 
+ X I — — + — ——  --, &c. 
3dly, A = 3 9 3-9 ** 5·95 7-93 + 9.9% ? 
+ = Xt 2: e 
7 3-49 * $449% 7.49 + 9-49 5 


Now 
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Now if each of theſe be transformed, by means of the differential ſeries in cor. 3. 
p. 64, of the late Mr. Twomas Simeson's Mathematical Diſſertations, they 
will become of theſe very commodious forms, viz. 


it, A = we” + $7 + 2, Ke. 

＋ * 1 ++ £ + +, Kc. 
2dly, A = Wert + += + = + EL Ke. 
_ x 5 + fe + + + 7555 &c. 


AE 


3.10 $5.10 7.10 9. 10 

L : . 

TR +5 fin nag 
Where a, 6, y, &c. denote always the preceeding terms in each ſeries. 

Now it is evident, that all theſe latter ſerieſes are much eaſier than the for- 
mer ones, to which they reſpectively correſpond ; for, becauſe of the powers of 
10 here concerned, we have littſe more to do than to divide by the ſeries of 
odd numbers 1, 3, 5, 7, 9, &c. | 

Of all theſe three forms the ſecond is the fitteſt for computing the required 
proportion ; becauſe that, of the two ſerieſes of which it conſiſts, the ſeveral 
terms of the one are found from the like terms of the other, by dividing theſe 
latter by 10 and its ſeveral ſucceſſive powers 100, 1000, &c. ; that is, the terms 
of the one conſiſt of the ſame figures as the terms of the other, only removed a 
certain number of places farther towards the right, in the decuple ſcale of num- 
bers; and the number of places by which they muſt be removed, is the ſame as 
the diſtance of each term from the firſt term of the ſeries, viz. in the ſecond 
term the figures muſt be moved one place lower, in the third term two, in the 
fourth term three, &c. ſo that the latter ſeries will conſiſt of but about half the 
number of the terms of the former. Thus, then, this method may be ſaid to 
effect the buſineſs by one ſeries only, in which there is little more to do, than to 
divide by the ſeveral numbers 1, 3, 5, 7, &c.; for as to the multiplications by 
the numbers in the numerators of the terms, after they become large, they are 
eaſily performed by barely multiplying by the number two, and ſubtracting one 
number from another: for ſince every numerator is leſs by two than the double 
of its denominator, if d denote any denominator (excluſive always of the powers 


of 10) then the co-efficient of that term is — 2, or 2 4. by which the 
the preceeding term is to be multiplied; to do which, therefore, multiply it by 
two, that is, double it, and divide that double by the diviſor 4, and ſubtract the 
quotient from the ſaid double. | 

By a pretty exact eſtunate, which I have made, of the proportion of the 
trouble or time in computing the circumference by this middle form of the 
value of A, and by Mr. Macain's theorem, I have found, that the computation 
by this method requires about £th or th more time than by mine. And its 
advantage over any of the ſerieſes invented by EvLE or others, is ſtill much 
more conſiderable, 
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on the 13th of Feb. 1777. - infinitum, repreſent a decreafing progreſſion of 
numbers, ſo that þ ſhall be leſs than a, and c than , and d than c, and ſo on 
of the following numbers ad infinitum. 

And, 2dly, let theſe numbers be ſo related to each other, that they not only 
ſhall form a decreaſing progreſſion themſelves, but that their differences, @ — , 
2 - c, c 4, d e, e,, , g b, &c. ſhall alſo form a decreaſing pro- 
greſſion, ſo that 5 — c ſhall be leſs than 4 — 5, and c — 4 than 4 — c, and 
d — e than c 4, and ſo on of the following differences; and likewiſe, that the 
differences of theſe differences, which may be called be ſecond differences of the 
original numbers a, 8, c, d, e, /, g, b, &c. ſhall form a decreaſing progreſſion ; 
and that the differences of thoſe ſecond differences, or the third differences of the 
original numbers a, J, c, d, e, f, g, b, &c. ſhall alſo form a decreaſing progreſ- 
ſion; and in like manner, that the differences of the ſaid third differences, or 
the fourth differences of the original numbers a, 6, c, d, e, /, g, b, &c. and the 
fifth and ſixth differences, and all higher differences, of the ſame numbers, ſhall 


alſo form decreaſing progreſſions. | 
And, 3dly, let x be a quantity of any magnitude not greater than unity. 
Upon theſe ſuppoſitions the value of the infinite ſeries a — bx + cxx dx 
+ ex+ — ＋ g“ — bx + &c. (in which the ſecond, fourth, ſixth, and eighth, 
and every following even term, is marked with the ſign —, or is to be ſub- 
tracted from that which immediately preceeds it) may be determined in the 


following manner. 


Read before the Royal Society, ; RTICLE iſt. Let a, 64, c, d, e, ,, g, b, &c. ad 


Art. 2. Compute the firſt, ſecond, third, fourth, and other ſubſequent differ- 
ences of the co- efficients of the powers of x in this ſeries, that is, of the numbers 
5, c, d, e, f, g, b, &c. as far as ſhall be convenient. Theſe differences will be 
as follows. bz 
Firſt differences, b c, c d, d — e, f-. g = , &c. 

Second differences, 
z ec A, -d =αe= A, 4. , F- Y, &c. 


Wee WTI TIES 
2 12 


Third 
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Third differences, 
b= 2+8—CSITT2, e144 - d = 20 +f = =2f FD» 
e—2f+g=[f—2g+#\, &c. * 


or, 3 36 4 3d , e 3d A ze e eee &c. 
Fourth differences, 3 = 3c + 3d -c 3d + 3e -A, | 
34 ＋ 3% A= 3e T -A, 
| | d ge T- - ITA &c. 
or, 3 — 46 ＋ 6 4e fe- 44 = rg, d 4 +6f— 4g , &c. 
Fifth diſſerences, 5 46 + 6d = 4e +f — [£4 + be — af + 
c—4d+6e=4f+g=-ld=4+6f — 4g + 4, &c. 
or, b — 5c + 10d — toe + 5fF—g,c— ita e (1. 5g — h, &c. 
Sixth differences, 
b - 5c + n 1 2c 5 + 106— 10f + 5g — #1, &c. 
| or, 5 — bc + 15d — 20e + 15f— bg +4, &c. 
Let. the firſt difference of the firſt order, to wit, 
5 — c, be called b“; 
and the firſt difference of the ſecond order, to wit, 
b — 2e + 4, be called o“; 
and the firſt difference of the third order, to wit, 
b — 3c + 3d —e, be called 5; 
and the firſt difference of the fourth order, to wit, 
b — 4c + 6d — 4e + f,, be called p“; 
and the firſt difference of the fifth order, to vit, 
þ — 5c + 10d = 108 + 5f—g, be called p” ; 
and the firſt difference of the ſixth order, to. wit, 
= be + 15d — 208 + 15f— 6g ＋ b, be called o“; | 
and in like manner let the firſt differences of the ſeventh, eighth, ninth, and 
tenth, and every following order of differences be denoted by D', bin, Des, 
D*, &c. that is, by the capital letter p, with a Roman numeral figure annexed 
to it, expreſſing the order of differences to. which it belongs. 


Theſe things being ſuppoſed, the aforeſaid infinite ſeries a—bx+cxx —dx% + 
ex*— fx* + gx*— bx7 + &c. will be equal to the following differential ſeries, to wit, 
1 Ea. A) - om 

1+X I +x 1+ 1+ I Ta, Linn IT“ 5 
which ſeries all the terms after the firſt term à are marked with the ſign —, or 
are to be ſubtracted from that term. | 


Art. 3. If we inſert the differences themſelves inſtead of *, D*, pin, pt, 
D”, &c. in the foregoing differential feries (which it may perhaps ſometimes 


bx 
be convenient to do) that ſeries will be as follows: n LETS 
r X = == r een 


= 
_ 


— - 


OF A SLOWLY-CONVERGING INFINITE SERIES, &c. 221 


GT ix; 


| 1. 7 
-e i0d -i 5f—g X = 


Of the convergency of the foregoing differential ſeries. 
— 


* ” 


Art. 4. The foregoing differential ſeries will always converge with a conſider- 
able degree of [ar a 4 ſo that ſix or eight of its terms will give the value of 
the whole (and eonſequently that of the original ſeries a— bx + coxx—dx* +ex*— 
F g -N + &c. to which it is equal) exact to ſeveral places of figures, even 
in the moſt difficult caſes : for if x is = 1 (which is its greateſt poſſible magni- 
tude) 1+x will be = 141 or 2, and conſequently 1 +a}, IT, 1+al*, 1+x bk 
and the following powers of 1+x will be equal to 4, 8, 16, 32, and the fol- 


lowing powers of 2 ; and the powers of the fraction 2 will be equal to the 
powers of 2. Therefore the ſeries 


* bs D*xx bs Dime pivgs D*x* bx? we wt in 
I+# T* 1 TP 1+a}Y* IT 14 1 al“ Y 2 

; | 3 x 11 111 Iv ” v3 
this call b& == io am = . RIG 


2 4 8 16 32 64 128 | | 
of which decreaſe in a greater proportion than that of 1 to 2, becauſe the nume- 
rators a, J, D, ol, ou, p“, p', o“, &c. form a decreaſing progreſſion, and 
the denominators increaſe in the proportion of 2 to r. 


. —————C—— 
Of the inveſtigation of the faregoing differential ſeries. 


— — — —— 


Art 5. The foregoing differential ſeries was inveſtigated by, firſt, ſuppoſin 
-the original ſeries a—bx+ cxx—dx* Text fr +gx*— bx? + Kc. to be _ — 
another ſeries whoſe terms ſhould involve the ſame powers of x as the — 
but in which every power of x ſhould. be multiplied into the ſame power of the 


* 1 . | . Ps * * 
fraction It, in order to accelerate their convergency, and then. inquiring what 


what would be the co-efficients of the terms. of ſuch a feries, if ſuch a ſeries 
is poffible, and what would be the ſigns to be prefixed to them, or in what 
manner they would be connected with the firſt term, whether by addition or 
ſubtraction. In order to this inquiry, I denoted the unknown coefficients of 

the 
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the terms of the aſſumed ſeries by the capital letters 2, QR, s, 7, V, &c. and wrote 
down the terms of it near each other, without prefixing to them either of the ſigns 
+ and , but ſeparated them from each other only by a comraa z ſo that the fun- 
damental equation, from which 1 derived the differential ſeries above-mentioned, 
was as follows: a—br+crx—dr* + ex. N — b + &c. is „. — 
N $.x3 * vs £ EP Ao. 0 Tag For Se A 

— Te T = 28 By EST e ER _ this equation 
it appeared that y would be equal to 4; and that all the following terms of the 

. , QX RXx 8x3 ra var o.. 5 
aſſumed ſeries, to wit, ro oy. = = 27 = &c. muſt be ſubtract | 
ed from the firſt term y, or a; and that q. would be equal to &—c, or o“; and 
x would be = +—c—ſc—4, or b—2c+4, or D*; and s would be = b—2c+4 
— ſc—24+e, or b—3c+3d—e, or D*; and r would be =b—4c+ G Ae 
F, or Die; and v would be =b—5c+ 104—10e+ , or b“; and ſo on of 
the following co-efficients, to wit, that every new co-effictent of the aſſumed ſeries 
would be equal to the firſt difference of the next order of the differences derived 
from the original co-efficients b, c, d, e, f, g, b, &c. And from hence I concluded 
that the ſeries a—bx+cxx—dx* + ex*—fx* +gx*—bx7 +' &c. was equal to the ſeries 

bx Dax vil. l D314 bes Dv Dr WoL 
— — —_— G C4 
I+x 1+x t +a}? 1+x,* als 1l+x 1+ 


Art. 6. The thought of ſuppoſing the original ſeries a — bx+cxx — dx3 + ext 
a R 8 * 14 vas & 


—fx* + &c. to be equal to the ſeries v, Tx FFP TP 1 77 Kc. 
containing the powers of x multiplied into the ſame powers of the fraction 


72 in order to accelerate their convergency, occurred to me in conſequence 
of reading the late Mr. Tomas S1meson's Mathematical Diſſertations, p. 62, 


63, concerning the ſummation of ſerieſes, in which he makes a ſuppoſition of 
a ſimilar kind. Yet there ſeems to be a conſiderable difference between his 
propoſition and that which is the ſubject of theſe pages; for he ſeems to ſuppoſe 
his quantities p, 9, 7, 5, t, &c. (which anſwer to a, 6, c, d, e, &c. in the 
notation made uſe of in the above ſerieſes) to form an increaſing progreſſion of 
terms, and accordingly ſubtracts p from 9, and q from r, and r from s, and s 
from , and fo on; and he ſeems alſo to ſuppoſe the differences 9—p, r—g, 
r, , &c. to form an increaſing progreſſion, and every ſubſequent order 
of differences to form likewiſe an increaſing progreſſion, and accordingly ſub- 
tracts g—p from r—9q, and r—q from , and s—-r from t—s, and ſo on; 
whereas in the foregoing ſeries a - + coxx— dx e - + gx — bx? + &c. the 
numbers a, &, c, d, e, f, g, b, &c. are ſuppoſed to form a decreaſing progreſſion 
of terms, as they are moſt commonly found to do in the ſerieſes that occur in 
the ſolution of mathematical or philoſophical problems. 


Examples 


OF A SLOWLY-CONVERGING INFINITE SERIES, &c. 223 


1 ful be ur diffirential forics 7 the values of 
nn 3 1 2. . 8 N 


Computations of the lengths of circular arcs by means of infinite ſerieſes derived from 
26 „ ee e e fl their tangents. N # 
** 8 


Art. 7. It is well known, that if 1 be put for the radius of a circle, and . 
for the tangent of any arch in it that is not greater than 45*, the magni- 
tude of the arch whoſe tangent is t will be expreſſed by the infinite ſeries 
Di TAC PP A's. Aa 
4 e 1＋ = mie Trae Je c& 1 ries con- 
verges with great ſwiftneſs when the tangent is much leſs than the radius; but 
when the tangent is nearly equal to the radius, it converges exceeding flowly ; 
and when it is quite equal to the radius, or the arch is equal to 45*, the decreaſe 
of the terms is ſo ſlow as to make the computation of it, to any conſiderable 
degree of exactneſs, in the common way, by computing the value of its ini- 
tial terms, abſolutely impracticable. For Sir Isaac Nxwrox has obſerved 
concerning this ſeries in that extreme cafe (Which then becomes equal to 


r= Dp T- 2 3 + &c.) and another ſeries that is almoſt 
as ſlow as this, that to exhibit its value exact to twenty decimal places of 
figures, there would be occaſion for no leſs than five thouſand millions of its 
terms, to compute which would take up above a thouſand years. See Sir Is AAc 
Nzwrox's ſecond letter to Mr. OLDENBURG, dated October 24, 1676, in 


the Commercium Epiſtolicum, p. 1 59. In theſe caſes therefore it will be conve- 
nient to make uſe of ſome artifice to diſcover the value of the ſeries | 


15 BG 6 tun eee 


the application of the differential ſeries above-mentioned to be à very proper 
artifice for this purpoſee. | ws. ah . 


Art. 8. In order to make this application, we muſt conſider, the ſeries 


43 15 n 1 .o „„ | 
3 = * -D nn = ** + &c. as being the product 


of the multiplication of 7 into the ſeries | | 
tt + r 24 a 
r = ee Tn &c. and mult fubſticute x 


zrr 

inſtead of — in the terms of this laſt ſeries, by which means it will be converted 

. . XN XX x? * x5 a® x7 . " . 

into the ſeries ho nn ee ern &c. This ſeries is of 

the ſame form with the original ſeries above-mentioned, 4 I + cxx—dx* + ex* 

A +gx*— bx" + &c. the numeral co-efficients 1, 4, 4, 5, 5, Frs +53 r KC. 

of the powers of x in the former ſeries anſwering to the literal or general co- 
efficients 
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_efficients a, 6, c, d, e, f, g, b, &c. of the ſame powers in the latter ſeries. And 
theſe numeral co-efficients evidently form a decreaſing progreſſion, as the co- 
efficients a, 6, c, d, e, /, g, b, &c. are ſuppoſed to do: and we ſhall find, 
upon examination, that the differences of theſe numeral co-ethcients, of the 
ſeveral ſucceſſive orders, alſo conſtitute decreafing progreſſions, as the ſeveral 
ſucceſſive orders of differences of the co-efficients a, 6, c, d, e, , g, b, &c. 


are ſuppoſed to do. Conſequently the ſeries 
„ = + Kc. will be equal to the differential 


en 
ice Ta Tea 1+ 1+ fr 148 8 

we ſuppoſe the letters a, #, c, d, e, f, g, b, &c. to be equal to the numbers 
I, Ty J, T5 99 rs 775 ys &c. and p., Dl, D''', p, b”, oi, &c. to be the firſt 
differences of the ſeveral orders of differences of thoſe numbers, beginning from 
the ſecond term 5. Now the values of theſe numbers, 1, 4, 2, , +, Tr. x75 
23» &c. and of their differences of the ſeveral ſucceſſive orders, beginning 
from the ſecond term 2, will, when expreſſed in decimal fractions, be as fol- 
lows : | HT | 

I.000,000,000,000 z 


"WY 

T = 2333,333,333,3333 
Z = 20o, ooo, ooo, ooo; 
+ 142,85, 142, 857; 
„ = 111,111,111; 
Tr = +090,909,090,909 3 
Ir = 076, 923, 76, 923 | 


r = 4066,666,666,666. T | | 
The differences of theſe numbers, beginning from the ſecond term, 
+333»333»333>333s are as follows: [xi | 


1 Second differences. 

133,333,333,3333 e | 
pp age * 3 PS. =O 00047 6,190 3 

031, 746, 031,746; | 1 A; 97-444 ; 
.020,202,020,202 z Foy Ef 
013,986, 013,986; 3 25 — 
010, 286, 410, 2573 03, 729003, 7293 
&c. &c. * ; 
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Third differences. Fourth differences. 
.o 50, 793, 650, 7933 -036,940,836,940 . 


013,852, 813,853 00 e ; 


«005, 5 3283 
| &c. &c. 


Fifth differences. Sixth differences. 


028,416, 028,415 | 
0,8837268 ) c0224732,822,7303 
&c. 


Therefore . = = 33263330 Ag333 1 ; 
076 19,70, 1903 
050, 793,650,793; 
36, 940, 8 36, 940; 
028, 416,028, 415 
p e 


— 
. 
"WH 1 


Therefore the ſeries 14 — — ** © 17." N 
to the ſeries 
* 
I — +333,333»333»333», X IIs 


— 733,333,333, 333, * T. 
— 076, 190, 476, 190, X = 
— . 050, 793,650, 793, & == 
— ,036,940,836,940, * = 
— ,028,416,028,415, X — 


x7 
— .022,732,822,731, * bak 


— Kc. ; and conſequently the 2 of this latter ſeries into the tangent ? 
will be equal to "Pp 3 * e ſeries 
1284 7 7 7 75 + 1 20M n 


3 5 
* . 112 
the pode ef the ſeri 1 = ggg —s + 2m 175 ＋ 
&c. into the tangent t, or to the original ſeries 
43 43 7 Fad * #3 
„ — mm © gn 17 igen + Kc. which expreſſes the 


* 
magnitude of the arch of which # is the tangent. 
Vox. III. 2 G Cam- 
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Computation of an arch of 30 degrees. 
— 


Art. 9. Now let / be the tangent of zo?, which is = Y X 7 Then will zz 


be = =; and — or x, = gs or g. Therefore 1 ＋& will be (= 1 + ==> 


— Wi SD „ XX . CN 
, and 777 vill be ( at gd Thaw” Therefore === will be = 
2. vill be = f, and =; will be = 55, and =; will be = —— 


16? 1+al? 4 1+x) +) 1024? 
vill be = , and =; will be =. C 7 
and = rr onſequently the dif- 


I +x 
Dix DIe 91114 DIvg5 DYx® 91 7 


— — — :.— — — — — 


bx 
tial ſeries a. — .. "==; 
feren 1al 1Crl i +x thay ITP I+x 4 1+a 1 Ta 1+aV 


— &c. will in this caſe be equal to 
1 = 333,333,333˙333, X 4 


— —33 5333733373335 18 
— 076, 190, 476, 190, * 15 
1 
— 050, 793, 650, 793, X 256 
— .036,940,8 36,940, X = 


1024 


24 
= 
and 


I 
— .028,416,028,415, X = 


— .022,732,822,731, & * 


— Kc. = 1 — 083, 333,333,333, 
— 008, 333,333,333, 
— „001, 190, 476, 190, 
— ooo, 198, 412, 698, 
— doo, o36, 75, 36, 
— doo, oo6, 937, 506, 
— . ooo, oo1, 387, 501, 
— &c. 


= 1 — 093,099, 955,597, = o. 906, 900, o44, 403. 
z x xx x3 * x5 * õ 7 
Therefore the ſeries 1 ODER + * 7 — 2 = + 8 + &c. or 
2 $ 10 12 
. : + = + &c. is in this caſe = 


figures, becauſe we are ſure they are not exact) 0.906,900. Therefore the pro- 
8 1 4 


. tt * 
duct of the ſeries 1 — Ir + 7 778 * 9 I + 17. 19 &c. into 


the tangent # is equal to o. 906, 9oo, X / o. 906, 900 X 1 X 7 
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Fry = 0.906,900 * r 
X 57738555 = 9:523:59Þ, 8 X 7; that is, 5 ſeries 

— += - — 2 + 55 — 1555 + = 7555 + &c. (which expreſſes the 
_ of the arch of which 7 is the tangent) is in this caſe = 0.523, 598, 8 
Xx r, or an arch of 30“ is equal to 0.523,598,8 X r. 

Art. 10. This value of an arch of 30 is exact in the fix firſt places of figures, 
and errs only an unit in the ſeventh figure, which ſhould be a 7 inſtead of an 8, 
the more exact value of that arch being 0.523,598,775,598, &c, Xr. And thus 
by the help of only eight terms of the differential ſeries 


= 0.906,900, X X 


bs r et ae ng &c. we have 
Wi- rei 1+ n *. D 
771 £33 715 
obtained the value of the ſeries — 2 + = — 75 + = —— 8 


+ Kc. in the caſe of an arch of 30 as exact to ſix places of figures. This 


degree of exactneſs is the * with that _—_— * ſhould attain by computing 
#5 u 715 15 
twelve terms of the ſeries — = + —_— — - = + = 5 — 1 . — — + 


* 
&c. itſelf, as will . "o-u the lowing cs 


211 713 775 
1 21 
17 — 155 N e is = # Xx the ſeries 


tt * £® 47 474 718 716 120 
* + 3 - 98 - 114% 1352 15774 + F 1975 + 21x79 


—— + &Cc. S, in the caſe of an arch of zo" „ tor x VE into the ſeries 


* 5 
1 1 1 1 1 1 1 
1775 + 5X9 7X27 + gx81 1177243 + 13X729 I5X3187 + — 
: — . + &c. VEE 


— 19x 19683 | 21x590499 237777147 


= Fx — Xx the ſeries I,000,000,000,000, — e * 1 


+ 111.111. 111,111. .037,037,037,037, 

7 

012, 345,67, of 2, 004, 115, 226, 337, 

* 9 7 11 
01, 371,742, 112, 000, 457,247. 370, 

* 13 — 75 

5 «000, I 52,41 5,790, _ .000,050,805,263, 


| 17 19 | 
4 2299,916,935,087, _ -299,005,045,029, 


21 23 
+ &c. 


2 G 2 — 
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ns 
=r7 X = X the ſeries 


1.000,000,000,000, — . 111,111,111,111, 
+ .022,222,222,222, — . 005, 291,005, 291, 
+ 001, 371,742, 112, — . ooo, 374, 111, 48 5, 
+ ooo, 105, 518,624, — . ooo, o30, 483, 158, 
+ ooo, oo8, 965, 634, — . ooo, oo2, 673,961, 
+ ooo, ooo, 806, 432, — = ,000,000,245,436, 
+ &c. 


= X 7 X ſi, 23, 709, 255,024, — . 116,809, 630, 442, 
&. 


=" X 7 X 906, 899,624, 582, 


r * 22888 58581 * 906, 899, 624, 582, 


=r X 577,350, 2 & 9oG, 899,024,582, — (if we neglect the ſix latter figures 
of. 906, 899,624, 58a, which we know to be not exact) r X .577,350,2 X 906, 899, 
Sr X 523,598, 319,029, 8; of which the firſt ſix figures .523,598, are exact. 


Computation of an arch of 45 degrees, 


-- 


Art. 12. Now let the tangent 7 be equal to the radius 7, or the arch (whoſe 


> : . 43 75 77 411 £33 
magnitude is expreſſed by the ſeries # — , 
+ &c.) be an arch of 455 This ſeries will, in this caſe, become equal to 


es. 


ci 
8 
r 1 7 4 


dr * 2 + ome Þ 5 — &c. of which the firſt eight terms 


5 7 
will give the value X he I +. He” to only one figure, as will appear by 
the following computation. Theſe _ are equal to 7 Xx the eight terms 


1=E+==t+===+=== =» that is, to r x the eight terms 
1. ooo, ooo, ooo, ooo, — 88 
+ 200, ooo, ooo, ooo, — . 142, 857, 142, 8 5), 


+ 111,111, 111,111, — . 090, 909, 90, goq, 
+ .076,92 3,076,923, — . 066, 666, 666, 666, 


= xl. 388, 034, 187,034, — 633, 766, 233, 765, 
=r X 7 5677943, 269 N agrees with the value of the whole ſeries 
122 2 SY 7 + = — 2 + &c. only in the higheſt figure 7, the more 


exact value *of that ſeries be being 785.398, 163,397, &c. But, if we compute 
eight 
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eight terms of the differential ſeries which is equal to the ſeries 
„ i+L—£+<—5 + &c, ve ſhall thereby obtain its value exact to 


3 5 9 5 5 5 
| of f res; which is as great a degree of exactneſs as would 
— by ating about five hundred terms of the ſeries 


„ — 2 + 2 — + &c. itſelf. The computation of 
the eight firſt terms of the ſaid differential ſeries is as follows. 


Art. 13. Since 7 is in this caſe = 7, 1. will be = rr, and conſequently =, 


or x, will be = 1. Therefore xx, &, x*, x*, and all the other powers of x, 
will in this caſe be equal to 1, and 1+#x will be equal to 1+1, or 2, and the 


x 


powers of 1+ to the powers of 2. Therefore the fraction I+x n 
will be equal in this caſe to the fraction & and its powers. Therefore the ge- 
neral differential ſeries in art 8. to wit, 
1 —333,333,333,333, X J 
— 133,333»333»353» & r 
1 
— 076, 190, 476, 190, * = 
a* 
— o 50, 793,650, 793, X = Y 
+ 
— -036,940,836,940, X ==, 
xs 
— .028,416,028,415, X ==> 


x7 
— 022,732, 822,731, & 7 
— &c. will become in this caſe equal to 


1 — 33,333,333,333, * 7 
— +133,333-333»333» X 5 
— . 076, 190, 476, 190, X T 
— 050, 793, 650, 793, + 7 
— 036, 940, 836, 940, * 15 
'— . 028, 416,028, 415, * — 


— ,022, 
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— 022, 732, 822,731, X a 


128 
— &c, = 1 — 166, 666,666,666, 
— -033,333333»333» 
— ,009,523,809,523z 
8 — oog, 174, 603. 174, 
— . 001, 154, 401, 154, 
— . ooo, 444, o00, 443, 
RY .000,177,600,177, y 
— &Cc.. | 
= 1 — 214,474,414, 470, 785, 525,585, 530. 
| Lt cid, to Er4d alt; 
Therefore the ſeries 1 3 + - - + ps þ Re + &c. or 
| tt * Fo t 459 6% „ 486 rf 
* . is equal to 


785,525,585, 530 and conſequently the ſeries 
— 2 + 2 — 7 == + == + &c. is in this caſe = # x 


785,525,585,530, = 7 X .785,525,585,530; that is, the length of an arch 
of 45®, in a circle whoſe radius is 7, is = 7 x .785,525,585,530; which num- 
ber is true to three places of figures, the more exact value of that arch being 
r X .785,398,163,397, &c. 

ie bas been aſſerted in art. 12. that in order to obtain the value of 

7 11 13 5 

the ſeries —2 + — + = + 175 — f. + &c. exact to 3 
places of decimal figures by the mere computation of its terms, in the caſe of 
an arch of 455 we muſt compute at leaſt 500 of its terms. This may be proved 
in the following manner. The indexes of the powers of 7 in that ſeries are the 
odd numbers 1, 3, 5, 7, 9s Il, 13, 15, &c. in their natural order; to which 
if we add an unit, the numbers thereby produced will be the even numbers 
2, 4, 6, 8, 10, 12, 14, 16, &c. in their natural order, which are the doubles of 
the natural numbers, 1, 2, 3, 4, 5, 6, 7, &c. Therefore the number of terms 
of that ſeries from the beginning of it to any given term in it, including the 
ſaid term, is always half the number that is produced by adding an unit to the 


index of f in the ſaid term. Thus, if we take the term — and add 1 to 


11, which is the index of the power of f in it, the ſum will be 12, the half of 
which is 6, which is the number of terms in the ſeries from the beginning of 


5 114 . , . 12 . 
it to the term i, including the ſaid term, that term being the ſixth term in 


the ſeries. If therefore we take the term 


e and are defirous of knowing 


its place in the ſeries, or the number of terms from the beginning of the ſeries 
to that term incluſively, we muſt add 1 to the index of the power of / in its 


numerator, which will increaſe it to 1000; and half this ſum, to wit, 500, will 
2 
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be the number of terms from the beginning of the ſeries to the term e 
incluſively; or, in other words, this term will be the 5ooth term of the faries, 
To arrive therefore at thoſe terms of the ſeries in which the indexes of the 

wers of / are greater than 999, or 1000, or in which the numeral co.efficients 
of the terms (which, by the law of this ſeries, are equal to 1 divided by theſe 
indexes) are leſs than 4; or re it is neceſſary to compute 5oo of its terms. 
Now when f is = r, and conſequently the literal parts of the terms of this 
ſeries do not converge at all, it is evidently neceſſary to carry the computation 
as far as thoſe terms in which the numeral co-efficients of the terms are leſs 
than 555 or ee, in order to get the value of the ſeries exact to the th or 
15th part of the radius , or to the place of thouſandths, or the third place 
of decimal figures. Therefore, when ? is = , or the arch is = 45?, it is ne- 
ceſſary to compute at leaſt 500 terms of the ſeries 


55 t5 "7 a9 * 2 as : 1 
the value of it exact to three places of decimal figures, that 1s, to the ſame 


degree of exactneſs to which we attained in art. 13. by computing only eight 
terms of the above-mentioned differential ſeries. d. E. D. 


Art. 15. But the beſt way of applying the aforeſaid differential' ſeries to the 
inveſtigation of the value of one o — very ſlow ſerieſes, is to compute a 
moderate number of the firſt terms of the ſlow ſeries in the common. way, and 
then apply the differential ſeries to the computation of its remaining terms. 
The advantage of this method of proceeding will be manifeſt, if we apply it to 
the foregoing example of the ſeries 


#3 #5 #7 as al 773 £53. . | 
o &c i Ron os 
arch of 45 


Compute therefore the firſt twelve terms of this ſeries in the common way. 
Theſe terms will be as follows : 


t = r = 7 X l. ooo, ooo, ooo, ooo; 
FF : 
gr. wr 7 r X +333»333»333»3335 
45 78 1 8851 : 
8 N X 2oo, ooo, ooo, ooo; 
47 3 77 Den bo | 
77. d ETErXI142,857,142,857 3 
49 3 x9 1 

55 7 = ,⁴ e NK. „n; 
7 711 r 

1177s ie = i = 7 X 090,909,090,909 z- 
113 713 7 A 


77 17 = 73 — # X «076,92 3,076,923 3 
=r X ,066,666,666,666 ;; 


© 17 
II 7 
1 2 
177 


--' 
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17 | if 
| 7 2 7 "wy = 1 X 058, 923,529,411; 
"he . 
n * 16 - r X . 052, 631, 78,947; 
R 721 
* 723 r 
25 — TP 8 = r X . o43, 478, 260, 869; 
| 43 6 n 7 gut 711 gus 
Therefore the twelve terms gs ＋ 57 ” = += = —— 77 78 


e 
LT OT ET 27 
” 7 X 1.000,000,000,000, — X. 333, 333,333,333, 
+r X co, ooo, ooo, ooo, — 7 X .142,857,142,857, | 
+7 X 111,111,111,111, — 7X .c90,909,090,909, 
+7 X. .076,923,076,923, — 7X . 006, 666, 666, 666, 
| +7 x .058,823,529,411, — 7X .052,6031,578,947, | 
Tr 0475,61 9,047,019, — rX 043,478,260, 969, 
=7X 1.494, 476,765, 64, — X. 729,876, o73, 581, 

| =7r X 764, 600, 691, 483. 

Having thus found the value of the firſt twelve terms of the ſeries 


t3 t5 t7 ©? 111 


TA =- &c. to be X. 764, 600, 691,483, we muſt 


zrr 7 
apply the i TL ſeries to the diſcovery of the value of the remaining part of 
2 2 3x 
this ſeries, which is the ſeries 5 5 — Kew — 8 + ä + 
| 277 297 9% 997 357, 


are 


— 
| 
| 


25 
137 730 ) J . . . 435 
WW + &c. ad infinitum. Now this ſeries is equal to the product of =; 
. ERS tt * Fad 45 410 212 774 
into the ſeries — — 8 5 rr * 3575 39 + T7 7 + &c. 


or (putting x, as before, = _ ) to the product of 2 into the ſeries 


I x ax * a as 4*⁰ x7 8 
7777 + * — 15 35 + 31 39 + &c. which 1s of the fame form 
with the ſeries a — bx + cx — d&? + ex - + gx* — bx? + &c. Therefore, 
if we put a = , 6 = a1 © = us 4 = Ir e J F , Z r, = 
4, and fo on, and compute the differential ſeries 

bs . 1 
ee ye - ret hart 140 
thence reſulting, the number thereby obtained will be the value of the ſeries 
I x xx x3 " 2045. 4*⁰ x7 : 1 tt * 7 
„ nt „ pt CT om tan” gn 

420 412 


75 114 . . . 
e e + 53 + & c. This computation 1s as follows: 


— &c. 


Here 
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Here @ is = y'5 = -040,000,000,000 3 
= 77 = 037, 037,037, 37; 
= +7; = +034,482,758,020 ; 
= jr = -032,258,064,516 ; 
T7 = 030, 303, 030, 303; 
r = 028, 571,428,571; 
r = 027, 027,027, 027 
r = . 025,641, 025, 641. 


The differences of theſe numbers (beginning from the ſecond number 25 or 
037, 37, 037, 37, ) are as follows: 


No N. 


Firſt differences. Second differences. 

oo, 554, 278, 416; ooo, 329, 584, 311 
02, 224, 694, 104; o, 269, 659, 891; 
001 „955,034,213 5 000, 223,432, 481 > 
pe hg? Fav z ooo, 187, 200, 187; 
001, 544,401, 544 4 8,400, 158. 
001, 386,001,386. Nee ate 

Third differences. Fourth differences. 


000, 059, 924, 420 .000,013,697,010 ; 
d, e 
ooo, oa8, 800, oz8. 99, 9% % 05 
» Sixth differences. 
0003104965 eee. 


Therefore p is = . oo, 554, 278,416; 


om = coco, 329, 584, 311; 
D''* . ooo, 59, 924, 420; 
o' = .0900,013,697,010 ; 
D' = .000,003,701,894 ; 


D?*' = 000, 001, 1 39,044. 


Conſequently the differential ſeries 


Pe bx Dixx D117 9117 DIvgs bv 917 &c W 
— — — — — —  c— — — ann — pa _— 
I+x 1+ I+x\ 1+x)* 1 TP T+xf Tre 
. o40, ooo, ooo, ooo, 


— „37,037, 37, 37, & Iz ; 
vol. III. 8 N 


# + 4a 
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Xx 


— „o, 554, 278, 416, X TIP 


a3 
— ooo, ag, 584,311, & == 

** 
— . ooo, 59, 924, 420, X — 
— ,000,013,697,010, X x 


* 
— odo, oog, 701, 894, * = 
7 


—— 000, O01, 139,044, X = 
— &c. 


But, ſince 7 is in this caſe = 7, = or x, will be = 1, and conſequently —= 


will be = — or 3. Therefore the foregoing differential ſeries is in this caſe 


equal to 


.040,000,000,000, 
— „37,037,037, 37, 
— oo, 554, 278, 416, 
— ooo, 329, 584, 311, 
— ooo, o 59, 924, 420, 
— (ooo, o13, 697, oro, 


— (ooo, oog, 701, 894, 


J.. 30-00: 


ARIEL 8 U- e- 


| —— 000, 01, 139,044, 


— &c, = oo, ooo, ooo, ooo, — . 018, 518, 518, 518, 
ooo, 638, 569,604, 
ooo, o41, 198, o38, 
oo, o03, 745,276, 
ooo, ooo, 428, o31, 
ooo, ooo, o57, 842, 
ooo, ooo, oo8, 898, 
&c. 


= . o40o, ooo, ooo, ooo, — . 019, 202, 526, 207, — &c. 
: = 020, 797, 473,793, — &c. 


x3 * x5 * b 


E41 


Therefore the ſeries 2. — 27 + 52 + =—— +>, —-= + &c, or 


31-" 293: \ 796: 37 


- 


25 
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I tt * al 2 = Q T &c. is in this caſe 


et LA in zr 
= . 020, 797, 473,0. Therefore the ſeries 
9 781 


FLO 7 433 435 437 439 & 88 0 
n — — — þ — —— þ — — is in this 
257. 2775 * 89 + 337”? 3575+ 7 3775 3913 hs ls 


caſe equal to 5 * 020, 797, 473,793, that is, to a * 020,97, 473,793, or 


1 X 020, 797, 473,793; that is, the remainder of the infinite ſeries 
3 5 7 


t ft t Fad 1 8 
1 — — + ES + —z.— 4 &c. after the firſt twelve terms, is = 


* 020,97, 473,703. But we before found thoſe firſt twelve terms to be = 
7 X 764, 600, 691,483. Therefore the whole ſeries 
#3 a5 #7 19 3 > > fs # 3-4 . Ex 

4 = + 8 7 — S + &c, ad infinitum, is in this caſe = ”X 
.764,600,691,483, + r X . 020, 797,473,793, = 7 -785,398,165,276, which 
is true to eight places of figures, the more exact value of that ſeries being 
r Xx 785, 398, 163,397, &c.; ſo that the value here found for this ſeries, by 
the help of only eight terms of the differential ſeries, differs from its true value 
by leſs than an unit in the eighth place of decimal figures, that is, by leſs than 
an hundred- millionth part of the radius r, which is a degree of exactneſs that 


could not have been attained by the mere computation of the ſeries 

3 $ 7 70 11 : b . « 
f _ + 2 = Ha" _ + &c. na , what compubyg fifty mil- 
lions of its terms. There cannot be a ſtronger inſtance of the utility of that 
differential ſeries. 


CO——————————————————— I —————— 


Computation of the ſeries which expreſſes the time of the deſcent of a pendulum through 
the arch of a circle. 


— — — —— 


Art. 16. As another example of the utility of the foregoing differential ſeries 
in finding the value of a ſeries that converges very flowly, I will now apply it 
to the ſeries which expreſſes the time of deſcent of a heavy body through a 
circular arch of 90 which decreaſes almoſt as flowly as the above-mentioned 


ſeries r — > += = = + >= + =Z—= + &c., which expreſſes the 
magnitude of a circular arch of 45% in a circle whoſe radius is r. 


Art. 17. If a heavy body, or a pendulum, be ſuppoſed to deſcend by the 
mere force of gravity through aay arch of a circle not exceeding the arch of a 
quadrant, or go* ; and the motion be ſuppoſed to begin from a- ſtate of reſt, 
and to continue till the bob of the pendulum, or the heavy body, comes to the 
_ loweſt point of the circle; and the radius of the circle be called 7, the perpen- 
_ dicular height, or verſed fine, of the arch through which the deſcent is made, 
be called v, and the right fine of the ſame arch be called s; and æ be put for 
the number 1.570, 796, 326,794, &c. which expreſſes the ſemi-circumference of 

2 H 2 | a circle 
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2 circle whoſe diameter is called 1; and the time of the fall of a heavy body 
through the verſed fine v, or the perpendicular altitude of the arch through 
which the pendulum deſcends, be denoted by v; the time of the deſcent of the 
pendulum through the ſaid circular arch, correſponding to the verſed fine or 
altitude v, to the loweſt point of the circle, will be exprefſed by the product 


of 7 Xx _ into the ſeries 


1.1 VV * 1.1.3.3 * 8 1.1. 3.3.5. 5 X 2 + 1. 1.3. 3.5˙5.7•7 5 


1 * 7 2.2.4.4 77 2.2. 4· 4 6. 2.2.4. 4· C. 0, 8. 8 * 77 


10 : , e 
— 33:5:5:7:799. 2 + &c. in which the law of the continuation of the 
2. 2. 4. 4. b. b. 8. 8. 10. 10 


terms is very manifeſt, every new term being derived from the preceeding term, 
by multiplying it into the fraction = and hkewiſe into a numeral fraction, 


whoſe denominator is the fquare of the index of the powers of v and s in the 
new term, and whoſe numerator 1s the ſquare of the odd number that is leſs 
than the ſaid index by an unit. 


Art. 18. Let the numeral co-efficients of the terms of this ſeries be denoted 
by the capital letters of the alphabet, A, B, c, o, E, F, 6, H, &c. in · their 


natural order, ſo that A ſhall be equal to 1, and » ſhall be = = and e 2 


, and Þ = 2255, and ſo on of the reſt. And we ſhall have 
2. 2.4· 4 2. 2. 4.4 · 6. 6 

. — 3.3 8 — 17 — — I-07 — 
13.1 


3 and ſo on; and conſequently the ſeries 
. 1.3.3 1.1. 3.3.51 L wh 
>" * 77 + 2.2.4.4 * * 2.2. 4. 4. 6. 6 * 46 + Ke. 
Buy , cp* DDο K rl e n 


1 3 r &c. will be A 
1. 1. A 3.32 S . 2.2. 2 1.11. 2. 3.13.02 
2.2. 55 4.4.0 6.6 * 8. 58 10. 10. $*? + 12.12. 42 14.14. $** 


14 , 93 250 4090 b 8124/9 12171 - 169694 


dee re 


VP + 
1 — . 250, ooo, ooo, ooo, Xx — + . 140, 625, ooo, ooo, X 2 


— 97, 656, 250, ooo, X 7 + . 74, 768, o66, 406, X 2 
e172 


— ,060.562,133,788, X = + .050,889,01 5,196, X ry 


— 43,878, 793,714, * = + &c. The co-efficients of theſe terms de- 


creaſe ſo ſlowly (eſpecially after the firſt twelve or fourteen terms) that, when 
the verſed fine v is very nearly equal to the right fine s (as is the caſe when the 
arch through which the heavy body deſcends is nearly equal to 90%, or the arch 
of 
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of a whole quadrant of a circle) it would be neceſſary to compute a vaſt num- 
ber of the terms of the ſeries in order to obtain its value exact to ſeven or 
eight places of figures; and, when v is quite equal to s (as is the caſe when the 
arch, through which the deſcent is made, is exactly equal to go”) the computa- 
tion of the value of the ſeries to that degree of exactneſs in that direct manner 
becomes wholly impracticable. But by the help of the differential ſeries above- 
mentioned its value may be found, even in this caſe, to that degree of exact- 
neſs without much difficulty; more eſpecially if we compute the firſt twelve 
terms of the ſeries in the common way, and then apply the differential ſeries 
to the inveſtigation of the remaining part of it in the ſame manner as in the laſt 
example. This we ſhall now proceed to do. 


Art. 19. The co-efficients of the firſt twelve terms of the ſeries 


a—== + 96. — 357 e — Ab — 40 + &c. are as 
PTY A = 1 = 1.000,000,000,000 ; 
2 2 - = 2 50, ooo, ooo, ooo; 
2 2 6 = IRR Ly yon ene 
. = = .097,656,250,000 
| 2 * = 074, 768, 066, 406; 
1 2 = = 060, 562, 133,788; 
2 = N = 050, 889,15, 196 
n= _ = 043,878, 793,714; 
1 - IT = 038, 565, 346,37 
K = 5 034,399,336, 4343 
L = _ = £4.031,045,401,131; 
_ * = 023, 287, 235,328; 


But when v is , as it is in the caſe of an arch of go?, = and all its powers 


will be = 1, and the twelve terms 

__ Buy — 2 E 1 Gu nu | 176 Keys 70 22 
. cc 
will be equal to their co- efficients a BT —D+E—P+G=—H+1-kK+L—M. 
Therefore in this caſe the firſt twelve terms of this ſeries are 


1.000, 


238 A METHOD OF FINDING THE VALUE 


1.000,000,000,000, — . 250, ooo, ooo, ooo, 
140, 62 5,000,000, — . 097, 656, 2 50, ooo, 
074, 768, 066, 406, — . 060, 562, 133,788, 
050, 889,015,196, — . 043, 878,793, 714, 
038, 565,346,037, — 034, 399,336,434, 
031,045,401, 131, — . 028, 287, 235,328, 
which are 1.33 5,892, 828,770, — . 514, 783,749, 264, 
= 821,109, 079, 506. 


Art. 20. The remaining part of this ſeries is 


++ +++ 


wy%* . op** po" Q2139 n u rss ves & 

r t. 
23.23. uu¹% 25,2 C. Ns + 27. 27. 29.290.p0% 31.31.0937 

hs 24.24.59 25.20. 28, 28.525 30. 30.330 32.3 245%? 


33-33-03 — 35.35.8903% 37˙37-T 35 
. 34.34.30 36.36.53® 38. 38.535 + &c. or 
24 6 


2 
025, 979,0) 5, 500, X . — 024, 019, 115,6 X 8 . 


23 30 
+ .022,334,101,169, X 5; — .020,869,976,759 & _ 


32 234 


+ 019, 585, 984, 48, * — — 018, 450, 8 10, 232, X 1 


+ . 01), 440, 01, 955, * = — 016,534, 184,679, x 
+ &c.,; which is = = x the ſeries 
.025,979,075,500, — . 024, 019, 115,661, — 
+ . 022, 334, 101, 169, 5 — 020, 969, 956, 759, f 


8 10 
+ 019,585, 984, o48, 7 — . 018, 450,8 10, 232, =; 


+ .01 7.440, 001,955, =; — 016, 534,184,679, 5 


+ &c. or, if we ſubſtitute x in this laſt ſeries inſtead of = = 2 x the ſeries 


023,979, 73, 500, — .024,019,115,06r, x 

+ .022,334,101,169, xx — . o20, 869, 976,7 59, x* 

+ -019,585,984,048, x* — .o018,450,810,232, 4 

+ 017, 440, 01, 955, * — 016,534,184, 679, * 
+ &c. Now the value of this laſt ſeries may be diſcovered by the application 
of the differential ſeries 
Fay bx . Dblxæ + ws 5 5111 1 3 Dv Dr = & ah 
nn 2, ACT at: Mia 7 as: re ng 
manner following : 


Here 
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Here à is = . 25,979,075, 500; 
þ = 024, 019, 115,661; 
022, 334, 101,169; 


> 

4 = .020,869,976,759 ; 

e = .019,585,984,048 ; 

F = .018,450,810,232 ; 

$ = .017,440,001,955; 
and = 016, 534,184,679. 


Therefore the differences of 5, c, d, e, f, g, and b, of the ſeveral ſucceſſive or- 
ders, are as follows: | 


Firſt differences, Second differences. 
þ ais . 01, 685,14, 92 00, 220, 890, 82; 
c — 4 = 001, 464, 124, 410; ooo, 180, 131,699; 
d—e = 001, 283,992, 11; 00, 148,818,895; 
7 —f = 012735,373˙75 3 .o000,124,365,539 3 
— = .001,010,000,277 ; : 4 


Third differences. 
oo, 40, 758, 383; 


Fourth differences. 


ooo, o31, 312, 804 0, 09, 445, 5793 
ooo, o24, 453,356; ooo, oo0, 8 59, 448; 
oo, o19, 374, 538; ooo, oo5, o78, 818; 
Fifth differences. 83 
ooo, ooa, 586, 131 3 IR ev 


.000,001,780,630 ; 


Therefore D* is = .001,685,014,492 z 
D* oo, 220, 890, 82; 


ww 2 ooo, o40, 7 58,333; 
DIT = . ooo, 09, 445,579; 
b“ = ooo, oo, 586, 131 
D'* = . ooo, ooo, 805, 501. 
Conſequently the differential ſeries 
bu D*xx D113 bin- Ds DY&* D j 
— — —  — — — — — . — — . — — &Cc. — 
2 11 7T+a Tic IT!“ iT I+x)* IT 3 
025,979,075, 500, 
* 
—ä—ÿ 024, 019, 115,661, X I+x 
— 001, 685, o14, 492, * == 
— O00, 
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ooo, 2 20, 890, o8 2, == 
ooo, o40, 758, 383, X = 
.000,009,44 5,579, X = 
ooo, oo2, 586, 131, & = 


; x7 
.000,000,805,501, & N 


This is the general value of the ſaid differential ſeries, whatever may be the 
value of x, or =, But in the caſe here ſuppoſed of an arch of 906, the verſed 


. VU . 
ſine v is equal to the ſine 5; and therefore , or x, is = 1, 


I 
Or —. 
2 


Therefore the foregoing differential ſeries is in this caſe equal to 


025,979,075, 500, 

024,019, 115,661, * = 
001,68 5,014,492, X 7 
ooo, 220, 890, o82, * — 
ooo, o40, 758, 383, 75 
ooo, oog, 445,579, X 7; 


000,002, 586,131, X 5 


.000,000,805,501, & 156 


== &c. = 235, 979,75, 500, — 012, 009, 55), 830, 


= 013, 517, 763,515. — &c. 


oo, 421, 2 53, 623, 
ooo, 27, 611, 260, 
ooo, oo, 547, 308, 
ooo, ooo, 295, 174, 


02 5,979, 075, 580, — 012, 461,311,985, &c. 


Therefore the ſeries 
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ur- d + tx*—fx* + gx* —bx" + &c. or 
025,979,075, 500 — .024,019,115,661, x 


+ 2, 334, 01, 169, xx — .020,869,976,759, » 
+ 019, 585,984, 48, x* — 018, 450, 8 10, 232, & 
+ 017,440, oo 1,955, * — 016, 534, 184,679, x' 


4 &c. is in this caſe = .013,517,763,515, — &c. Therefore a x this laſt 


$24 


ſeries, or V the ſeries 
235,979,075, 3500, — . 024, 019, 115,661, = 


* 
+ 022, 334, 101,169, — — 020, 869, 976, 759, 27 
+ 019, 585,984, o48, 1 — 018, 450,8 10,232, 7 
+ „017, 440, oo, 955, * — 016, 534,184,679, = 
+ &c, is in this caſe = X .013,517,763,515, — &c. ; that is, the ſeries 
| 224 226 
025, 979, o) 5,500, 1 — 024, 019, 113, 661, 7 
' 

+ -022,334,101,169, % — 020, 369,956, 59. 28 
+ .019,585,984,048, 2 018, 450, 8 10, 232, X 25 


36 | Li 
+ 017,440, oo1, 9555 1 016, 534,184,679, 5 | 
„ os | pets 250 vn 8535 93s ven 
+ &Cc., or A — + —— — + S — op = => + &c. is 
in this caſe = — X .013,517,763,515, — &c. = (becauſe v is in this caſe = 


s, and conſequently = is = 1) .013,517,763,515, — &c. But we before found. 


the value of the _ eye. of the ſeries 
A—= + ＋ — — + — — _ ＋ &c. to be in this caſe = 821,109,079, 
506. Therefore the value of the whole ſeries 


A——=+ ＋—＋ ＋＋ —= + &c, ad infinitum is in this caſe = 
821,109,079,506, + .013,517,763,515, — & c. = .834,626,843,021, — &c. 
of which the firſt eight figures. 834, 626, 84 are exact, the error being in the 
ninth figure 3, which ought to be a 2 inſtead of a 3, as would have appeared if 
we had computed another term or two of the differential ſeries. 


; . cv* pos of 0 
Art. 21. Since the ſeries a — — + - T + &c., or 


t. I. Aπ e 3.3. 3 5. 5. o 7. ov 22 Cog . | 
8 + 4-445 6.6.56 + F. 8.5 * 10. 10. + &c. is, in this caſe of 


Vol. III. | 21 an 
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an arch of 90, = .834,626,843, — &c., or ſomewhat leſs than .834,626,843, 
the product of that ſeries into * = will be = 7 * — * 834,626,843, — 


&c. = (becauſe v is in this caſe = 5) 7 Kr Xx 834, 626,843, — &c. 


= 1.570,796,326,794, &c. X r X. 834, 626, 843 
— &c. = r 1.3 11, 028,79, — &c., or ſomething leſs than r x 1.3 11,028,779; 


which is exact to nine places of figures, the more exact value of this quantity 


being 7 X 1.3 11,028,777, 146, &c. as appears by a computation made by 
Mr. STIRL1NG, in his admirable Treatiſe on the Summation of Serieſes, p. 58. 


Art. 22. This value of the product of 1. 570, 796, 326,794, &c. X — into the 
. 1. 1. A 3. 3 5.5 · 7.7. b 9. . EKD 
ſeries 1— 13 = FT N 3.8.5 r + &c., found by 
the foregoing proceſſes in this extreme and moſt difficult caſe, to wit, 


1.31 1,028,779, &c. X 7, exceeds its true value, 1.311, 028,77, 146, &c. X r 


by only. ooo, ooo, oz, Xx 7, or two thouſand-millionth parts of the radius 7; 
which is indeed a molt minute difference, and ſhews the great exactneſs and 
utility of this differential ſeries. 


Art. 23. Of the nine figures to which the number 1.3 11, 28,779, found by 
the foregoing proceſs, is exact, the laſt eight are owing to the differential ſeries. 


For if we were to multiply the value of the firſt twelve terms only of the ſeries 


BUY c bv K ¹ 


1. 1. Av 3·3. T4 e. LZ 9.2. E. ,ͤ . 
ig 2 * 4.4.0 6.6.46 + 8.8.46 10.10.59 Þ+ &c, to wit, the num- 


ber .821,109,079, 506, into 7 X r, or 1.570,796,326,794, &c. r, the product 
would be only 1.289, &c. X 7, which is true to only one place of figures, 
the ſecond figure being a 2 inſtead of a 3. This therefore is an eminent proof 
of the utility of the ſaid differential ſeries. 


Art. 24. In an arch of go* the verſed fine is equal to the radius of the circle, 
that is, according to the foregoing notation, v is Sr. Therefore by. art. 17. 
together with the foregoing computation, it appears, that the time of the de- 
ſcent of a pendulum, or other heavy body (moving freely from a ſtate of reſt 
by the force of gravity only) through the arch of a whole quadrant of a circle 
is to the time of the fall through the correſpondent perpendicular altitude, or 
the radius, as 1.311,028,779, — &c. Xr is to r, or as 1,311,028,779, — &c. 
is to 1. | 


Art, 25. Hence we may determine the proportion of the time of deſcent of 
a pendulum through an arch of go? to the time of its deſcent through an infi- 
nitely ſmall arch at the bottom of a quadrant, or rather (to ſpeak correctly) to 
the limit of the time of deſcent. through a very ſmall, but finite, arch at the 
bottom of the quadrant, to which the. ſaid time continually approaches nearer 
and nearer, as the ſaid ſmall arch is taken leſs and leſs, and to which it may 
be made to approach ſo nearly, by taking the ſaid ſmall arch ſufficiently ſmall, 
as to differ from it by leſs than any given quantity. For this latter time, or 
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limit, is known to be to the time of the fall of a heavy body through half the 
length of the pendulum, or half the radius of the circle, as the ſemi-circumfe- 
rence of a circle is to its diameter, that is, as the number 3.570, 796, 326,794, 
&c. is to 1. But the time of the fall of a heavy body through halt the radius 
of the circle is to the time of the fall through the whole radius as 1 to 2, or 
1.414,213, &c. Therefore, ex £quo, the ſaid limit of the time of deſcent of 
a pendulum through a very ſmall arch of the circle at the bottom of the qua- 
drant, is to the time of the fall of a heavy body through the radius of the cir- 
cle, or the whole length of the pendulum, as 1.570,796, &c. is to 1.414,213, 
xc. But we have ſeen in the laſt article, that the time of the fall of a heavy 
body through the radius of the circle is to the time of deſcent of a pendulum 
through the arch of a whole quadrant, as 1 to 1.311,028,779, = &c. There- 
fore the limit of the time of deſcent of a pendulum through a very ſmall arch 
at the bottom of the quadrant is to the time of deſcent through the arch of the 
whole quadrant as 1.570,796,326, &c. X 1 is to 1.414, 213, &c. X 1.311,028, 
779, — &c., or as 1.570, 796,326, &c. is to 1.414, 213, &c. X 1. 311,028,779, 
— &c., that is, by art. 21. as 1.570, 796, 326, &c. is to 1.414, 13, &c. * 
1.570, 796, 326, &c. X . 834, 626,843, — &c., or as 1 tO 1. 414,213, &c. & 
834,626,843, — &c., or as 1 to 1.180, 340, &c., or, in ſmaller numbers, as 1 
to 1.180, or as 1000 to 1180, or as 100 to 118, or as 50 to 59. 


Art. 26. This proportion of the times of the deſcent of a pendulum through 
an infinitely ſmall arch at the bottom of the quadrant, and through the arch 
of the whole quadrant, agrees pretty nearly with that aſſigned for them by 
Mr. Hu voxs, in the preface to his admirable Treatiſe on Pendulum-clocks, 
or De Horologio Ofcillatorio, which is that of 29 to 34. For 50 is to 59 as 29 is 
to 34.2, or 34+; or (neglecting the fraction +) as 29 is to 34; Mr. Huycens 
meaning, probably, in that place, not to expreſs this proportion as accurately 
as he could, but only as nearly as it could be expreſſed by ſmall whole num- 
bers. However, the numbers 50 and 59 expreſs this proportion rather more 
accurately than 29 and 34, and with pretty much the ſame degree of ſimplicity ; 
and therefore, upon the whole, are ſomewhat to be preferred to them. 


. 
— 1 


Computation of the ſeries 1 — 2 + a N + ra = + = — - + Sc. which. 
is equal to the Logarithm of the ratio of 2 to 1, in NAPIER's Syſtem of Loga- 


rithms. 
—  — — 


Art. 27. As another inſtance of the great uſefulneſs of the foregoing differen- 
tial ſeries, I ſhall apply it to the ſummation of the very flow ſeries | 
1247777 221 1 — 7 & c. ad infinitum, which is equal 
to the logarithm of the number 2, or of the ratio of 2 to 1, in NArrER“ 
Syſtem of Logarithms. 

2 12 Art, 


244 A METHOD OF FINDING THE VALUE 


Art. 28, It has been ſhewn in the 1ſt volume of this Collection of Tracts, pages 
245, 246, 247, 248, 249, that, if ł and q be any two quantities whereof & is 
the greater, and & be either equal to, or leſs than, 1, the infinite converging 


4 — 7 + Kc. will be to the infinite 


converging ſeries q—L 18 CL + - — 95 + &c. in the ſame 
n as the ratio of the binomial quantity 1+# to 1 is to the ratio of the 


inomial quantity 149 to 1, or, in other words, that the ſaid two infinite con- 
verging ſerieſes will be meaſures, or logarithms, of the ſaid two ratios, 


Art. 29. Now, when #1s equal to 1, the binomial quantity 1 +#& will be equal 
to1+1, or 2, and its ratio to 1 will be that of 2 to 1, and the ſeries 


1228.4 mae nee nes) of =—I+S=7F + &c. ad infinitum (which is its lo- 


r Þ..-.204..2:-2 
. 
1 


+ &c. ad infinitum, or to the ſeries 1—2 . - 4 > + 


&c. ad infinitum ; that is, the logarithm of the ratio of 2 to 1, will be equal to 
. . . . 1 1 1 1 1 1 I 
the infinite converging ſeries 1 — — + 727 + * + 7 + Kc. 
Art. 30. This ſeries does indeed converge, but fo very ſlowly, that it would be 
totally impracticable to find the value of it to ten, or twelve, places of figures 
in a direct manner, or by the mere computation of a ſufficient number of its 
terms, and the addition and ſubtraction of them, to and from the firſt term 1, 
according to the ſigns + and —, which are prefixed to them reſpectively. 
For, in order to obtain its value exact to twelve places of figures, or to the 
1, 00, ooo, ooo, oooth, or billionth, part of an unit, we muſt continue the com- 


* . I * . 
ion of the terms till we come to the term whic 
putation 7 — h will be 


the 1, ooo, ooo, ooo, oooth, or billionth term of the ſeries, that is, we muſt com- 

ute 1, ooo, ooo, ooo, ooo, or a billion, or million of millions, of terms; which 
is evidently impoſſible. But by the help of the foregoing differential ſeries we 
may obtain the value of the ſaid original ſeries 


1— 2 + === +=—T+F—TF+&toa very great degree of ex- 
actneſs, by computing only a moderate number of its terms, as, for example, 
thirty or forty terms. This may be done in the manner following : 


Art. 31. In the firſt place we will compute the value of the firſt fix and thirty 
terms of this ſeries to twelve places of figures, in the common way, by calcu- 
lating the values of the ſecond, and third, fourth, and other following terms of 
it, to the thirty-ſixth term inclufively, in decimal fractions continued to twelve 
places of figures, and then adding the values of the 3d and 5th, and jth, and 
other following odd terms (which are all marked with the fign +) to the firſt 
term 1, and then adding up the values of the 2d, and 4th, and 6th, and 8th, 
and other following even terms (which are all marked with the ſign —) into one 
ſum, 


garithm), will be equal to the ſeries 1 — 
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ſum, and ſubtracting this latter ſum from the former ſum. Theſe operations 


will be as follows : 
The firſt term 1 is 1. ooo, ooo, ooo, ooo; 


The 2d term = is = 0.500,000,000,000 ; 
| The 3d term 3 is = 0.333,333-333-333 3 
The 4th term 7 is = o. 2 50, ooo, oo, ooo; 
The 5th term - is = o. zoo, ooo, ooo, ooo; 
The 6th term + is = o. 166, 666, 666,666; 
The 7th term 7 is o. 142, 857, 142,857; 
The 8th term — is o. 125, ooo, ooo, ooo; 
The gth term = is o. 111,111,111,111; 
The 10th term = is = 0.100,000,000,000 ; 
The 11th term _ is = 0.090,909,090,909 3 
The 12th term = is = 0.083,333,333,3335 
The 13th term = is = 0.076,92 3,076,923 3 


13 
The 14th term _ is = 0.071,428,571,428 ; 
The 15th term 4 is = o. o66, 666, 666, 666; 


The 16th term = is = 0.062, 500,000,000 ; 
The 17th term — is = 0.058,823,529,411 , 
The 18th term = is = o. 055, 555,855,585 


The th term = is = 0.052,631,578,947 ; 


8 
The 20th term = 1s = 0.050,000,000,000 z 


The 21ft term = is = 0.047,619,047,619 ;. 


The 22d term —= is = 0.045,454, 545,454 3 


22 


The 23d term 2 is = o. 43, 478, 260,869; 


The 24th term = is = 0.041,666,666,666 ; 


5 The 2 ʒth term 7 is = 0.040,000,000,000 ;. 


The- 
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The 26th term 
The 27th term 
The 28th term 


is = o. og8, 461, 538, 461; 
is = 0.037,037,037,037 3 
is o. o3 5, 714, 285,714; 
is = o. 034,482, 58,620 ; 


is = o. o33, 333, 333,333; 
is o. 032, 258, 064, 516; 


The 2gth term 
The zoth term 
The z iſt term 
The 32d term = is = o. oz 1, 2 50,000,000 ; 


The 33d term — is = 0.030,303,030,303 ; - 


The 34th term = 0.029,411,7604,705 z 


= 0.028,571,428,571; 


— 


The 35th term 
And the 36th term 


iS = , 027,777, 777,777 
Therefore the ſum of the eighteen odd terms 1 + - 77 += += + = 
EIN I I I I I I I I I 7 
enen 
1. ooo, ooo, ooo, ooo, | 
+ 0.333, 333,333,333, 
+ do. zoo, ooo, ooo, ooo, 
+ 0.142, 857, 142, 85), 
+ b. 111, 111,111,111, 
5 ＋ 0.090,909,090,909, 
| + 0,070,923:079+923, 
+ 0.066,666,666,666, 
+ 0.058,823,529,411, ' 
＋ 0.052,631,578,947, | 
＋ 0.047,619,047,619, 
+ 0.043,478,260,869, 
+ 0.040,000,000,000, 
+ 0.037,037,037,037 
+ 0.034,482,758,620, 
+ 0.032,258,004, 5 16, 
+ 0.030,303,030,303, 
+ 0.028,571,428,571 = 


Su- AIRES -S- l- 8 


: 
; 
* 
8 
| 


non the? hs ACS. 
5 


2.427,05, 157, 692; and the ſum of the eighteen even terms 
4 
reren erer 


: 
: 
2 
f 


* Tay, «YL _—_— 
» 
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1 I n 

e 

o. zoo, ooo, ooo, ooo, 

o. 2 50, ooo, ooo, ooo, 
0. 166,666, 666,666, 

o. 1 2 5, ooo, ooo, ooo, 

o. ioo, ooo, ooo, ooo, | ; 
o. 83, 333,333,333, 

0.07 1, 428, 571, 428, 

0.062, 500,000,000, 

0.055»555»$55»3555» 

o. o go, ooo, ooo, ooo, 

0.04 5,454, 5453454» 

0.04 1,666,666,666, 

0.038,461,538,461, 

o. 035, 14, 285, 14, 

0.033»333»3332333» 

0.031,250,000,000, - 

0.029,411,764,705, 

0.0274771»111»71] = 
| 1.747,554,039,092. And conſequently the value of the firſt ſix and 
thirty terms of the ſeries 1 _ + => — 7 + == = + 7 45 ＋ Ke. ex- 


preſſed in decimal fractions to twelve places of figures, will be = 
2.427, 05, 157,692 — 1.747,54, 039, 92 = o. 679, 451, 118, 600. 
Art. 32. In the next place we muſt endeavour to find the value of the remaining 


++++++++++++++4+++ 


1 . . I 1 1 1 1 1 1 
part of the ſaid infinite ſeries 1 2 + 5 77 + 12 + 12 + &c, 
or the value of the -infinite ſeries ioom an ob ne mee wes os ĩ 8 
p19 FSA SN 
&c, by means of the foregoing differential ſeries 
jo by pu D142 51153 2 91114 5 DVS Ene b ale, Do &c 2 
I+* 1+aÞ i+a} 1+x\* 1+x\ i +2) i+x)/ 2 
inſinitum. This may be done in the manner following: 
Art. 22. In order to brine the e „ noo RSS. 
33 = "uu 39 40 + 8 + 43 44 


+ Kc. ad infinitum, to the form of the ſeries a — bx + c — dxf + en — fot 
+ gx* — bx! + &c. ad infinitum (to which the above-mentioned differential 
ſeries is equal), we mult recollect that it is the value of the ſeries 


$57 k33 39 $4 2 4 * 43 444 1 
4 + 1 + &c. ad infinitum, or of the 


— — — — —  — —— 


S7.- ͤ — pe” 2-0 T_—_ 
product of the multiplication of *“ into the ſeries 7 5 + —— + 1 — 
— + - MO. « + &c, ad infinitum, when k is = 1 ; or, if we ſubſtitute the let- 

88 ; F . | 
ter x in this quantity, inſtead of the letter #, the ſaid ſeries, 


37 
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* 


1 T r T 1 1 Tr OX LY | — . . 

> ks; wt nar wr” 2: 0 ad infinitum, will be the 
value of the product of the multiplication of & into the ſeries 

17 * 38 * 5 — 371 2373 —2 + &c. ad infinitum, when x is = 1; 
which laſt ſeries is of the ſame form with the ſeries a — bx + c — dx + ex+ 


— fx* + gx5 — bx? + &c. ad infinitum, to which the differential ſeries 


bs Dx? 91171 v1 Ds DYas bor : 
— — &c. ad IN» 


rer ie 1+ ed." 
finitum, has been ſhewn to be equal. OFL 
; IE 1 I I ; I 

Art. 34. Having thus ſhewn that the ſeries — = = + 883 + 3+. + 
I £ + &c. ad infinitum, is of the ſame form with the ſeries a — bx + c — 
To + 405 — fx* + g — bx + &c. ad infinitum, to which the differential 

i a bx Dbra* D'1z3 91174 bes DY.xs bv? ; 
ſeries a — — — _ ” —_  —_—_ a &c. is 
equal, we muſt now proceed to compute the value of the ſaid differential ſeries. 

Now, fince x is == 1, it is evident that *, *, x*, x*, *, x?, and all-the fol- 
lowing powers of x will alſo be equal to 1, and that 1+x will be equal 1 +1, or 
2, and conſequently 1+, 1+x3, 1+al%, 1 +aP, 1+, Ia, &c. will be 
equal to TT, 2\*, 24, Z, De, T, &c, or to 4, 8, 16, 32, 64, 128, &c, re- 
— and conſequently the differential ſeries 

* 


Dix? D373 D111,4 DVS DYx* D*? 


1 1 2 r = == Kc. will be 
to the ſeries 4 een "FW 
equal to 3 . &c. ad infini- 


4 

tum, which ſeries we muſt therefore now compute. 

Here @ is = = = 0.027,027,027,027 , 
. I i 

and þ is = 75 o. 026, 315,789, 4733 
and c is = = 0.025,641,025,641 ; 
and d is = 2 = o. oz g, ooo, ooo, ooo; 
and e is = = = 0.024,390,243,902 3 
and f is = 7 = 0.023,809, 523, 809; 
and g is = 7 = 0.023, 255,813,953 

and 5 is = = 0.022,727,272,727. 


Therefore the firſt differences of the co-efficients 5, c, d, e, , g, b, &c. to 
wit, —c, —4, d—te, e—f, f—g, g—b, &c. will be as follows; to wit, 
| beg 
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bc (= 0.026,31 5,789,473 — 0.025,641,025,641) o. 000, 674, 763, 832 
and c—d (= 0,025,641,025,641 — 0.02 5,000,000,000) = 0. 000, 64 1, 02 5, 6413 
and d—e (= o. oz g, ooo, ooo, ooo — o. o24, 390, 243, 902) = o. ooo, 609, 7 56,098 ; 
and e—f (= o. o24, 390, 243, 902 —- 0.023,809, 523,809) = o. ooo, 580, 720, ogg; 
and f—g (= o. o23, 809, 523, 809 — 0.023,255,813,953) o. oo, 553, 709, 8 56 
and g—b (o. o2 3, 255,8 13,953 — 0.022, 27,7, 27) = o. ooo, 528, 541, 226. 


Second Differences. 


And the differences of theſe differences, or the ſecond differences of the co- 
efficients 5, c, d, e, f, g, b, &c. will be as follows; to wit, 


3 - e[c—4d, or 5 20 ＋ d, will be 

(= 0. 000,674,763,832 — ©, 000,641,025,641) = =" 000,033,738, 1913 
And c- A4 - Ie, or c = 2d Te, will be 

(S 0.000,641,02 5, 641 — o. ooo, 609, 7 56, 98) = o. ooo, o3 1, 269, 5643; 
And d=e -, or 4 2e +Ff, will be 

{= 0.000,609,756,098 — 0.000,580,720,093) = 0.000,029,036,005 z 
And ef --, or e—2f+g, will be 

(= o. ooo, 580, 720, 93 — o. ooo, 553,709,856) = 0.000,027,010,237z 
And f—-g —[g—b, or f—-2g +6, will be 

So. ooo, 553, 709, 856 — 0.000,528,541,226) = o. ooo, oz 5,168,630. 


Third Differences. 


And the differences of theſe ſecond differences, or the third differences of 
the co-efficients 2, c, d, e, f, g, B, &c. will be as follows; to wit, 
b—2+d — {c-2d+e, or - 3e+3d=e, | 
will be (= 0.000,033,738,191 — 0.c00,031,269,543) = 0.000,002,468, 648 ; 
And c=24+e — d—2e4-f, or - 3d ＋ 36 — /, 
will be (= o. ooo, oz 1, 269, 543 — 0.000,029,036,005) = 0. oo, oo, 233, 528; 
And d- 20 f — ſe—2f+g, or d= 3e + 3f —g, 


will be (= 0.000,029,036,005 — 0.000,027,010,237) = o. ooo, ooa, oz 5,768 3 


And e—2f + = [f—2g b, or e- fg, 
will be (= o. ooo, o27, 10, 237 — o. ooo, oa 5,168,630) = 0.000,001, 841,607. 


Fourth Differences. 


And the — of theſe third differences, or the fourth differences of the 
co-efficients J, c, d, e, f, g, b, &c. will be as follows; to wit, 
b—3c+3d4—e —{:—3d + 3e—f, or b=4c+6d— 40 % 
will be (= 0.000,002,468,648 — 0. 000,002,233,538) = = 0.000,000,235,110 ; 
And c=3d+ gemf — ſa— 3e Tx, or 44 ＋6—47 + g. 
will be (= o. ooo, 02, 233,538 — o. ooo, oo, oa 5,768) = 0.000,000,207,770 z 
Vor. III. 2 K And 
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And 3E 2 ſe—3f+38—b, or 44. H- +6, 
will be ( o. ooo, oo, oz 5,768 — 0.000,001,841,607) e. ooo, ooo, 184, 161. 


Fifth Differences. 


And the differences of theſe fourth differences, or the fifth differences of the 
co-efficienis 5, c, d, e, ,, g, b, &c. will be as follows; to wit, 


1 +f —{i—44+ 6e—4f+g, or b— 5c + 10d — oe + 5f —g, 
Wi 
(= 0.000,000,235,110 — 0.000,000,207,770) = o. ooo, ooo, o27, 340 


ol t—44+be—af+g —{(d—4c+6f—ag+b, or c—5d+1ce—10f + 5g—b, 
Wi 
(= 0.000,000,207,770 — 0.000,000,184,161) = 0.000,000,02 3,009. 


Sixth Differences. ' 


And the difference of theſe two laſt differences, or the ſixth difference of the 
co- efficients , c, d, e, f, g, and b, will be as follows; to wit, 


b—5c+10d4—10e + - — c—5d4+10e—lof + 5g—b, or b—6c+ 154 


202-+15f—6bg+b, will be 
(= 0.000,000,02 7, 340 — 0.000,000,02 3,609) == 0.000,000,003,731. 


Art. 35. We ſhall therefore have p', or the firſt difference of the co-efficients 
J, e, 4, 8, hb, g. b, &c. of the firſt order, to vit, bac, 
—— 000, 674,763,832 
And p“, or +—2c+4, or the firſt difference of the ſaid co-efficients of the 
ſecond order, 
= 0.000,033,738,191 ; 
And bin, or b—3c+ 34—e, or the firſt difference of the ſaid co-efficients of 
the third order, 
= 0.000,002,468,648 ; 
And p, or þ—4c+6d—4e +f, or the firſt difference of the ſaid co-efficients 
of the fourth order, 
= O. ooO, ooo, 235, 110; | 
And ', or b—5c ＋ 10410 + =, or the firſt difference of the * co- 
efficients of che fifth order, 
o. ooo, ooo, o27, 340 | 
And p“, or b—6c+154—20e+ 15f—6g+b, or the firſt difference of the 
ſaid co-efficients of the ſixth order, 
= 0.000,000,003,731. 
. the differential ſeries * 


Dix 51122 911.4 pIvzsS bv æõ DYLz7 
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this 
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5 r Dit vnn p dpd dv 
this caſe be (S - 4-2 FT 57 1 2 — 5) 


= 0,027,027,027,027, 
— $,026,315,789-473 | 
2 
* 0.000, 6747532832 
4 
. 0.000,033,738, 191 s 
8 
— ©:000,002,468, 648 
16 
o. ooo, ooo, 235, 1 10 
= 32 
0.000,000,027, 340 
* 04 . 
0.000,000,003,731 
I 128 
— c. 
= 0.027,027,027,027, 
— 0.013,157,894,736, 
— 0.000,168,690,958, 
— O. O00, 004, 217,273, 
— o. ooo, ooo, 1 54, 290, 
— O. ooo, ooo, oo), 347, 
— o. ooo, ooo, ooo, 427, 
— 9.00, ooo, ooo, oag, 
TD &c. 
= 0.027,027,027,027 
- 0.013,330,96 5,060 
= 0.013,696,061,967. 
Therefore the ſeries a — bx + x? d& + .f Tg — bx" + &c. or 


er 


1 * ** I 1 I I 1 
„- - e or 3 — 3 1 5 et a 


— = — 25 + Kc. will be = o. 013, 696, 061,967 — &c. 


But we have found above, in art. 31, that the value of the firſt thirty. ſix 
terms of the ſeries 1 — = + 1 — —+S—++==—F + &c. ad infini- 
tum, is = 0.679,451,1 18, 600. Therefore the value of the whole of the ſaid 
ſeries will be = o. 679,451, 118, 600 + o. 013,696, 061,967 — &c. = 0.693, 
147,180,567 — &c, or ſomewhat leſs than o. 693,147,180,5 567; and con- 
ſequently the logarithm of 2, or of the ratio of 2 to 1, in NariER's Syſtem, 
is o. 693, 147, 180, 567 — &c, or is ſomewhat leſs than o. 693, 147, 180, 567. 

| Q E. I, 
2 K 2 Art. 36. 
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Art. 36. This number 0.693,147,180,567, is exact in the firſt ten figures 
0.693,147,180,5 ; the more accurate value of the logarithm” of 2 in Nay1en's 
' Syſtem of Logarithms being 0.693,147, 180, 559,945, as has been ſhewn in the 1ſt 
volume of this Collection of Tracts, called Scriptores Logarithmici, page 267. The 
difference between the numbers 0.693,147,180,567, and 0.693,147,180,559, 
is 0.000,000,000,008, which is leſs than o. ooo, ooo, ooo, oi, or one 100,000, 
ooo, oooth, or hundred - chouſand - millionth, part of an unit; fo that the value 


. . . I 1 1 1 1 1 1 2 -1 
of the infinite ſeries 1 45” Char ea 4 DWP — Sy + Kc. is exhi- 


bited to as great a degree of exactneſs by computing only forty-four of its 
firſt terms, and applying the foregoing differential feries to the ſummation of 
the remaining ones, as could have been attained in the common way, by com- 
puting all the terms to the term 0.000,000,000,01, or — — Which is 
the too, ooo, ooo, oooth term of the ſeries, or by computing an hundred thou- 
ſand million of its terms. This therefore is a ſtriking inſtance of the utility of 
this differential ſeries. 


Art. 37. I have endeavoured to find another differential feries, ſimilar to that 
above deſcribed, for the purpoſe of inveſtigating the value of an infinite ſeries 
of this form, to wit, a+bx+cxx + dx +ex* f g + &c. (in which all 
the terms after the firſt term @ are marked with the fign +, or are added to the 
firſt term a) when the co-efficients 5, c, d, e, J, g, b, &c. decreaſe very ſlowly, 
and x is very nearly equal to 1, and the terms of the ſeries decreaſe conſe- 
quently ſo ſlowly as to make the ſummation of it in the common way, or by 
the mere computation and addition of its terms, almoſt impracticable; but my 
endeavours have not been attended with ſucceſs. I may therefore, from my 
own experience, ſubſcribe to the truth of what is aſſerted upon this ſubject by 
the very learned and ingenious Mr. James STIRLING in his Treatiſe, intitled, 
Summatio Serierum, p. 17, to wit, that Series quarum termini ſunt per vices nega- 
tivi et affirmativi, ſunt magis tractabiles quam alters, ubi de Summatione agitur ; 
22 at firſt ſight one would be apt to imagine the reverſe of this propoſition 
to true. i 
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The Inveſligation of the foregoing differential Series ( which was ft 
publiſhed in the Philoſophical Tranſactiont for the Year 1777, Number 
XIV, page 187,) for finding the Value of an infinite Series of decreaſing 
Quantities of a certain Form, when it converges too ſlowly to be ſummed 
in the common Way, or by the mere Computation and Addition, or Sub- 


traction, of ſome of its initial Terms. 


Ant; i HE infinite ſeries which was the ſubject of the above-mentioned 

paper in the Philoſophical Tranſactions, was of the following 
form, to wit, a —bx + cxx—dx3 e - + gx*— bx" + &c. ad irfinitum, in which 
x repreſents any quantity not greater than unity, and a, 6, c, d, e, f, g, b, &c. 
are a ſeries of decreaſing quantities, and are alſo of ſuch a nature that their dif- 
ferences a—b, b—c, cd, d—e, e—f, f—-g, g-, &c. form alſo a decreaſing 
progreſſion, and likewiſe their ſecond differences a—2b+c, b—2c+4, c—2d+e, 


'e—2f+g, f- 2g 1b, &c, and their third differences, and their differences of 


every ſubſequent order. When this is the nature of the ſeries a—bx+ cxx—dx* 
Tex - + gx* - + &c. ad infinitum, it was afferted that, if the firſt terms 
of the ſeveral orders of differences of the co-efficients 5, c, d, e, f, g, b, &c. of 
the powers of x in the ſaid ſeries, were denoted by d, ou, bin, o, bY, p“, 
&c. ſo that o“ ſhould be equal to -c, and pd" = þ—2c+4, and fo of the reſt, 
the ſaid ſeries would be equal to the differential ſeries 


= I mo 140 ain 90 et ova adick 
all the terms after the firſt term are marked with the fign —, or are ſubtracted 
from the firſt term : and it was ſhewn, that this differential ſeries would always 
converge with a conſiderable degree of ſwiftneſs, even in the moſt difficult caſes. 
And inſtances were given of the great utility of this ſeries, by applying it to 
the ſummation of Mr. James GrEGoRY's, or Mr. LEIBNITzZE 's, ſeries for the 
quadrature of the circle, or for exhibiting the value of an arch of 45 degrees, 
in a circle whoſe radius 1s called 1, to wit, the ſeries 


* 7 4 7 _ = + 7 = + 1 —15 + &c., and of another ſeries, that 


occurs in the doctrine of pendulums, and converges almoſt as ſlowly as the 
former; neither of which ſerieſes could ever be ſummed to any tolerable degree 
of exactneſs in the common way, or by the mere computation and addition 
and ſubtraction of its initial terms. But the method of inveſtigating this dit. 
ferential ſeries was but ſlightly touched upon in that paper, to avoid making it 
too long. I now, therefore, propoſe to ſupply that omiſſion, and to explain 
the ſaid inveſtigation in as full and clear a manner as I can, preſuming that it 
cannot but be agreeable to thoſe perſons who are ſatisfied, by the above-men- 

8 tioned 


4 
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tioned examples, of the great utility of this ſeries, to ſee how it was diſcovered, 
and upon what principles it is founded. And this I am the rather induced to 
do, becauſe theſe principles are the ſame with thoſe of one of the moſt uſual 
methods of reverting an infinite ſeries, to wit, that which proceeds from the 
aſſumption of an infinite ſeries with undetermined co-efficients, as ay + Byy + 
c + Dy* + ty + &c. (or, rather, ay, Byy, cy*, Dy*, E), &c, without prefixing 
either of the ſigns + and — to the ſeveral terms gyy, c), o), E), &c, but ſe- 
parating them from each other only by a comma, becauſe it is at firſt uncertain 
which of the ſaid two figns is to be prefixed to each term ;) for the value of x, 
or the variable quantity contained in the given ſeries, and ſubſtituting it inſtead 
of x in the terms of the ſaid ſeries, and then determining the values of the co- 
efficients A, B, o, D, E, &c. and the ſigns + and — that are to be prefixed 
to the ſeveral terms , Cy*, ), Y, &c, after the firſt term , reſpectively, by 
comparing together the ſeveral terms, in the new and complicated equation 
produced by this ſubſtitution, that involve the ſame powers of x. Tor the 
principles of this method of reverſion have never been regularly demonſtrated, 
at leaſt in any of the books that have happened to fall under my obſervation, 
but have generally been taken for granted, as if they were ſelf-evident pro- 
ſitions, and -incapable of being proved; which yet is far from being the caſe. 
hey ought therefore to have been demonitrated, in order to avoid the unne- 
ceſſary multiplication of axioms, or firſt principles; as EvcLip has demon- 
ſtrated that any two ſides of a triangle are greater than the remaining ſide ; 
though, if that propoſition could not have been proved, its own intrinſic evi- 
dence would have been ſufficient to intitle it to be admitted as an axiom, This 
perhaps is more than can be ſaid of the evidence of the principles of the afore- 
{aid method of reverting a ſeries, notwithſtanding the writers on thoſe ſubjects 
have neglected to demonſtrate them, It is therefore the more neceſſary that de- 
monſtrations ſhould at laſt be given of them. And therefore I prefume that all 
lovers of juſt and careful reaſoning in theſe ſciences will be glad to ſee them 
demonſtrated in the following pages, * not with a view to deduce from 
them the ſaid method of reverſion of ſerieſes, but only the differential ſeries 
bs Dx D113 D111 DAs DYx® 9 e 


rr c. above- 
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deſcribed. Theſe principles are contained in the four following propoſitions: 


PROP. I. A LEMMA. 
—  — — CBD 


Arr. 2. Let x be a quantity leſs than t, ſo that its powers x, xx, , *., W., 
x*, &c. ſhall form a decreaſing progreſſion of terms. And let a, 5, c, d, e, f, 
g, b, &c. be a ſet of numbers of any kind, that form alſo a decreaſing progreſ- 
fion, ſo that þ ſhall be leſs than a, c than 4, 4 than c, e than d, and ſo forth. 
And let 4, 8, C, o, E, r, o, H, &c. be likewiſe a decreaſing progreſſion of numbers, 
ſo chat B ſhall be leſs than a, c than x, o than c, E than 5, and ſo on. And 
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let the terms of each. of theſe progreſſions of numbers be multiplied into the 
correſponding terms of the infinite ſeries 1 +#+xx+# + +.0* Ta +#"+ Kc. 
ſo as to form the two infinite ſerieſes 4+bx + cxx+dx* +ex* L N + &c. 
and a+Bx+cxx+ DT EAT FN TO + nal + Ac And let this latter ſeries 
A + By + cxx + Dx* + K* + &c, be ſuppoſed to be always equal to the former 
ſeries a + bx + cr + Ar + e + &c, while x is of apy magnitude between 
O and 1, which is its higheſt limit. Then will the numbers A, 3, c, p, E, F, 
G, uh, &c. in the one ſeries, be reſpectiyely equal to the numbers a, 5, c, d, e, 
f, g. b, &c. in the other ſeries, to wit, A to a, B; to 5, o to c, D to d, E to e, 
r to f, G to g, H to b, and fo on. 


DEMONSTRATION. 


4 


— — — — 
- 


Art. 3. It is eaſy to ſee that ifais=a, and 3 3, and c, and o = d, 


and ſo on, the ſeries a + Bx + cxx + Dx? + &c. will be equal to the ſeries 


a + bx + cxx + de + & c. But it does not follow, e converſo, that, if the ſeries 
A + Bx + cxx + D + &c. is equal to the ſeries a + bx + cxx + d + &c. 
A will be = a, and B =#, and © = c, and Þ = d, and every following co- 
efficient in the one ſeries to the correſponding co- efficient in the other ſeries. 
Nor would this be true if x were to be reſtrained to one particular magnitude. 
For, in that caſe, if any of the numbers in the progreſſion a, B, c, b, x, 7, o, x, 
c. were greater than the correſponding numbers in the other progreſſion a, 5, 
c, d, e, f, gi b, &c. and conſequently the terms of the ſeries a +. Bx + cxx ＋ D 
+ E. + &c. of which thoſe greater numbers were the coefficients, were greater 
than the correſponding terms in the ſeries @ + bx + cxx + du + ex4 + &c. it 
might happen that others of the numbers in the progreſſion Aa, B, c, b, E, r, o, 
u, &c. might be ſo much leſs than the correſponding numbers in the progreſſion 
a, b, c, d, e, f. g, b, &c. as to make amends for that exceſs, and produce an equas 
lity between the whole ſeries a ＋ Bc De EN TT N + mx) &c. 
and the whole ſeries a + bx + cxx ＋ d& + ex*+ fx +2gx*+hx" + &c. Thus, for 
example, if A was equal to a, and B , and r = , and 6 = g, and the co- 
efficient of every following term in the ſeries a ＋ X ＋ cxx +Dx* + ENMA＋ TN + ca 
THA + &c. was equal to the co- efficient of the term correſponding to it in the 
ſeries a + cx + e f + gax® +bx7 + &c ; but e was greater than c, 
and o than d, and conſequently cxx + Dx* than cxx + dx, and the four terms 
A + Bx + cx + ox than the four terms @ + bx + cxx + d; it might happen 
that E ſhould be leſs than e, and conſequently A than ex, and that the dif- 
ference of E and e ſhould be ſuch that the exceſs of ex+ above £x+ ſhauld be 


equal to the excels of cxx + D above cxx + dx*, or of the four terms a + Bx_ 


+ cxx + Dx? above the four terms a + bx + cxx + d; and conſequently that 
the whole ſeries a + B + cxx + Dx + ENA TT TO HA + &c. ſhould be 


equal to the whole ſeries a +6x n Ar + gx* +hx" &c. notwith- 
: 2 5 . 


vol. III. ſtanding 
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ſtanding the inequality of the terms cxx and cxx, Dx? and dw, BNA and 2x4 . 
But, when theſe two whole ſerieſes are conſtantly equal to each other during the 
whole time of the increaſe of x from © to 1, its higheſt limit, as is ſuppoſed in 
the preſent propoſition, ſuch a partial inequality of the correſponding terms in 
theſe ſerieſes is impoſſible ; and it is neceſſary, in order to this conſtant equality 
of the whole ſerieſes, that every term in the one ſeries ſhould be equal to the 
correſponding term, or term that involves in it the ſame power of x, in the 
other ſeries. This is what we are now to demonſtrate, | 


Art. 4. In the firſt place we are to ſhew that A, the firſt term of the ſeries 
A + Bx + Cxx + De + EAA + &c, is equal to a, the firſt term of the ſeries 
a + bx + xx + dif + 6x4 + &c. 


#* . ene 
Thus, tor example, morn bor bin are oa der bh Dink H 
1 I I 10 10 1 I I 
e non Sheen — c cnn, 
as in the other ſeries, And let æ be = 2, or .9. The value of e may be found in this manner. 
Since Caxx+ DA - cxx - dx is = er - EA, we ſhall have c ＋ Dx -c -Adx = exx=Exx, and (adding 


Exx to both ſides) exx = © + Dx — © — ds + Ker, and conſequently « = — + 


+ . 


A 


Now * 5 . 066, 666, and c is = 151 66255, and conſequently c — c is = .000, 


CC, 000,441 , I pa. o 
441, and —— is = — — = 000, 644. And p 18 = 16 = 9962, 800, and d is = 5 = 


$062,111, and conſequently Þ — d is = . ooo, 389, and 1 — 000, 432. And x 


is = 75 058,823. Therefore — + E is = .000,544 + . 000, 432 1. 058,823 = 
»059,799 ; that is, e will be = 059,799. Qs E. I. ; 

Now that this value of e will make ex* — ka“ equal to cxx + x3 — cxx = dx? will appear 
upon trial, as follows : ED | | 


Cxx is = — X 81 = 054,000; 
Da3 is = 7 * e729 = 045,562; 
cr is = — X 81 = . 053, 6423 


| ; h 
dx3 is = 7er * 729 = 40459279 3 
ex* is = 059,799 X .6561 = 403942343 
ka“ is = = * «6561 = 038, 5943 


Therefore Cxx + De! — cxx — dx3 is = ,054,000 + . 046.562 — 053,642 — 045, 70 = 

099 562 — 098,921 = 000, 641; and ca! — E is = . 039, 234 — 038,594 = 4,000,040. 

herefore ex* — EA“ is = ca + Dx3 — cxx — dx, and conſequently cxx + Dx? + ka“ is = 

exx + dx* + ea, and the whole ſeries a TRA TC TD TEA“ ＋ Fx5 + 6x*+nx7+ &c. is equal 

to the whole ſeries @ + bx + cxx + da3 + ea* + fas + ga® + ba? + &c. notwithſtanding the in- 

equality of their third terms c and c, and their fourth terms Dx* and d, and their fifth 
terms E and c. d E. D, > 


Now 
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Now this will be evident by ſuppoſing x to be = o, or conſidering © as the 
firſt magnitude of x, For in this caſe all the terms, Br + c + Db + EX I + 
&c. and by + cr + dr + ex+ + &c. in both the ſerieſes, that involve any of 
the powers of x, will become equal to o likewiſe ; that is, all the terms of the 
two ſerieſes, except the firſt terms, a and a, vill become equal to o, and each 
of the ſerieſes will become equal to its firſt term. Therefore, as the whole 
ſerieſes are ſuppoſed to be always equal to each other, their firſt terms will be 
equal; that is, A will be equal to 2. &. b. 


Art. 5. But, if it be thought an improper, or inaccurate, way of ſpeaking, 
to call o the firſt magnitude of x, or to ſuppoſe x ever to have no magnitude 
at all, we may prove the equality of A and @ by a demonſtration ex ab/urdo in 
the following manner: | + 


If A and à are not equal, let us ſuppoſe A to be the greater of the two, and 
the difference to be equal to m. Then will a be = a+m. Then, fince the 
ſeries a + Bx + Cxx + Dx* + EA + &c. is always equal to the ſeries @ + bx + 
oxx + dx* + ex# + &c. when x is of any finite magnitude leſs than 1; and the 
whole ſeries A + B + cxx + Dx*+ Ex*+ &c. (which conſiſts of terms connected 
together by the ſign +, or by addition only, without any ſubtraction of ſome 
of the terms from the others), is greater than its firſt term a alone; it follows 
that, when x is of any finite magnitude leſs than 1, the ſeries a + bx + cxx+ 
dx + ext + &c. will likewiſe be greater than a. But A is ſuppoſed to be equal 
to am. Therefore, when x is of any finite magnitude leſs than 1, the ſeries 
@ + bx + cxx + d + ex* + &c. will be greater than a+”. But it is evident 
that x may be taken of ſo ſmall a magnitude, that the ſum of all the terms, 
Sx, crx, dx*, ex#, &c, of the ſeries @ + bx + cx + dx* + ex* + &c, except 
the firſt, that is, of all the terms which involve in them the powers of x, ſhall 
be leſs than any given quantity. Let it therefore be taken of ſo ſmall a mag- 
nitude that bx + cxx + dx* + et + &c. ſhall be leſs than m. And let this 
magnitude of * be called k. Then it is evident that, when x is = &, the ſeries 
@ + bx + cxx + dx* + ex+ + &c. will be leſs than a+m. But it has been ſhewn 
that, if a is = 4+m,; the ſeries a + bx + cr + dx* + e + &c. will be always 
22 than a+m, as long as æ is of any finite magnitude leſs than 1. There. 
ore, when x is = &, the ſeries à + bx'+ cxx + dx* + ex+ + &c. will be greater 
than a+m. Therefore, when x is = &, the ſeries @ + br + cxx + 4x3 + ex+ + 
&c, will be both greater and leſs than a+ : which is impoſſible. Therefore 
A cannot be equal to a+m, or greater than 4. And in the ſame manner it 
may be ſhewn than à cannot be greater than a., Therefore they muſt be equal 
to each other. d. k. b. 


Art. 6. We now proceed to ſhew that n will be = 5, and c = c, and o = 4, 
and E = e, and fo on throughout the two ſerieſes. 


Now, ſince the ſeries a + Bx + Cxx + bx* + ex4+ &c. is always equal to the 
ſeries a + bx + xx + dx* + ex4 + &c, while x is of any magnitude leſs than 
1, and it has been ſhewn that a is = a, it follows that, if we ſubtract a from 
the firſt, and à from the ſecond, of gs ſerieſes, che remainders will be equal; 

| 2 L 2 that 
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that is, By + c + b + EX + &c. will be equal to bx + cx + de? + e. + 
xc. Therefore the quotients that will ariſe by a diviſion of theſe laſt quantities 
by x, will alſo be equal; that is, B + ex + bxx + 8x* + &c. will be equal to 
b + ox + dxx + ex* + &c. Therefore, by repeating the ſame kind of reaſon- 
ing, by which it has been ſhewn above that a, the firſt term of the ſeries 
A + Bx + exx + Dx* + Ex* + &c. was equal to a, the firſt term of the ſeries 
4 + bx + xx + A + ex* + &c, it will follow that B, which is the firſt term 
of the ſeries B + cx + Dxx + Ex? + r ＋ &c, will be equal to &, which is the 
firſt term of the ſeries þ + c + dxx + ex* + A + &c. d, k. D. 


Art. 7. And, in like manner, ſince A is = 4, and B is = b, we ſhall have 
Bu = bx, and A + BY = @a + bx, Therefore, if we ſubtrak a + Bx from the 
ſeries a + Bx + * + Dx3 + Ex* + F. + &c, and @ + 6x from the ſeries 
a + bx + xx + di + ex* + fs* + &c, we ſhall have cxx + Dx* + Ex* + Fx 
+ &c. = ox + dxf + ex* + fx* + &c; and conſequently (dividing both ſides 
by xx), © + be + Exx + Fal + &c. = © + dx + exx + Fr + &c. There- 
fore, by reaſoning in the fame manner as above, concerning 4 and a, it will 
follow that c is = c. d. k. D. 


Art. 8. Again, ſince A is a, and B 5, and e = c, we ſhall have a + 
Bx + cxx 4 + bx + cx; and conſequently, ſubtracting theſe quantities from 
the two ſerieſes A + BX + cxx + De + ext + Fx + * + &c. and @ + by + 
rxx + dx* + ex+ + ff + g + &c, we ſhall have ox? + EX + rx + ex*+ &c. 
= 4x3 + ex* + e + g + &c.; and, dividing both ſides by x3, D + Ex + 
Exx + 6x3 + &c, = d + ex + fax + gx? + &c.; and conſequently, by reaſon- 
ing in the ſame manner as above, concerning 4 and a, or, in the common way 
of ſpeaking upon this ſubject, by ſuppoſing x to be = o, we ſhall have v = d. 

' 1 0 d. E. b. 
Art. 9. And, in like manner, ſince 4 is = a, , c, and p =d, 
we ſhall have a + Bx + cxx + px? = 4 + bx + cx + dx*; and conſequently, 
ſubtracting theſe quantities from both the ſerieſes a + Bx + cxx + Dx* + Ex*+ 
Fx* + G + &c. and 4 + bx + ox + dxf + e r + ga? + &c, we ſhall 
have £x* + Fx* + O + &c. = e + fr +gx* + &c; and, dividing both 
ſides by *, E + Fx + G + &c. = e + fx + g + &c; and conſequently, 
ſuppoſing x to become equal too, E S e. d. E. b. 
Art. 10. And in the ſame manner it may be ſhewn that v muſt be = , and 
G6 = g, and the co- efficient of every following power of x in the ſeries a + Bx 

+ cxx + Dx? +8x*+Fx* + 6x6 HN &c, to the co-efficient of the ſame power of 
x in the ſeries a +bx cr + dx K- + g + bx" + &c. d. E. b. ; 
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PROP. II. A LEMMA. 


— — — — 


Art. 11. Let x be, as before, a quantity leſs than 1, ſo that its dowers x, xx, x*, 
*, x5, , x7, &c, ſhall form a decreaſing progreſſion of terms. And let a, 6, e, d, 
e, f, g, b, &c. be a ſet of numbers of any kind that form alſo a decreaſing pro- 

eſhon ; ſo that 5 ſhall be leſs than a, c than 6, d than e, e than d, and fo 
Firth. And let a, B, c, o, , r, G, h, &c. be likewiſe a decreafing progreſſion of 
numbers; ſo that B ſhall be leſs than a, c than s, p than c, E than o, and fo 
forth. And let the terms of each of theſe progreſſions of numbers be multi- 
plied into the 9 terms of the infinite ſeries 1 — x + xx - + x— 
* + x%—x7 + &c, ſo as to form the two infinite ſerieſes a—bx + cxx—dx? Te 
As - + &c. and a — Br c- Dx + EX — Fx + ox*— H + &c, in 
which every other term is marked with the fign —, or is to be ſubtracted from 
that which immediately precedes it. And let this latter ſeries a — Bx + Cxx — 
ox + Ex*— FX + 6x*— 8x7 + &c. be ſuppoſed to be always equal to the former 
ſeries a—bx+ oxx—dx* + ex*— . + gx*—tx"+ &c. while x is of any magni- 
rude between o and 1, which is its higheſt limit. Then will the numbers a, B, 
o, D, E, r, o, u, &c, in the one ſeries, be reſpectively equal to the numbers a, 3, 
c, d, e, f, g, b, &c, in the other ſeries, that is, a to a, 33 to &, © to c, o to 4, 
E to e, F to /, o to g, H to h, and ſo on throughout the two ſerieſes. 


DEMONSTRATION. 


Art. 12. It is evident in this caſe, as well as in that of the foregoing pro- 
poſition, that the converſe of the propoſition is true, or that, if a is 4, and 
B is b, and o to c, o to d, E to e, and ſo on of the following co-efficients of 
the terms of the two ſerieſes, the two ſerieſes themſelves muſt likewiſe be equal 
to each other, whatever be the magnitude of x; becauſe they will conſiſt of 
equal terms connected with each other in the ſame manner by addition and 
ſubtraction, or will be the differences of the ſums of equal terms, Bur it does 
not therefore follow that, if the two ſerieſes a — Bx + Cxx — Dx? + Ex* — R + 
6x*—Hx” + &c. and a- + cxx— d + ex*—fx* + gx*—bx" + &c. are equal to each 
other, every term in the former ſeries will be equal to every term in the latter. 
Nor would this be true if x were to be reſtrained to one particular magnitude. 
For in that caſe the exceſs of ſome of the terms a + cxx + Ex + O + &c, 
that are marked with the ſign +, or are added together, in the firſt ſeries, 
above the correſponding terms 4 + cxx + ex* + g + &c. in the latter ſeries, 
might be made up by the exceſs of other terms marked with the ſign + in the 
latter feries, above the terms correſponding to them in the firſt ſeries, or by 

| the 
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the exceſs of ſome of the ſubtracted terms hx, Dx*, rx, &c. of the firſt ſeries 
above the terms correſponding to them in the ſecond ſeries, ſo as to produce 
an equality between the whole ſeries A—Bx+ cxx - Dx*+ Ex*—F45 + 6x%—Bx7 
＋ &c. and the whole ſeries a -& + cxx—=dx? + ex*—fax* + gx*—bx"' + &c. But 
when theſe two whole ſerieſes are conſtantly equal to each other during the 
whole time of the increaſe of x from o to 1, as is ſuppoſed in this propoſi- 
tion, ſuch a partial inequality in ſome of the . ee, terms in theſe 
ſerieſes is impoſſible; and it is neceſſary, in order to the conſtant equality of 
the two whole ſerieſes, that every term in the one ſeries ſhould be equal to 
the correſponding term in the other ſeries. This is what we are now to de- 
monſtrate. | 


Art. 13. In the firſt place we are to ſhew that a, the firſt term of the ſeries 
A — Bx + Cxx — Dx + EA Fx* + C — ix? + &c, is equal to à, the firſt 
term of the ſeries a — bx + cxx — dx? + ex* — fob + g — bx) + &c. 


Now this will be evident, by ſuppoſing x to become = o. For in this caſe 
all the terms, Bx, xx, Dx*, B, &c. and br, cxx, dx*, ex*, &c, in both ſerieſes, 
that involve any of the powers of x, will become equal to o likewiſe ; that is, 
all the terms of the two ſerieſes, except the firſt terms A and a, will become 
equal to o, and each of the ſerieſes will become equal to its firſt term. There- 
fore, as the whole ſerieſes are always ſuppoſed to be equal to each other, their 
firſt terms, to which in this caſe the whole ſerieſes are equal, will be equal to 
Each other; that is, A will be = 4. Q. k. bo. 


Art. 14. And, if this proof of the equality of A and à be thought inſuffi- 
cient, or inaccurate, the ſame thing may be demonſtrated ex ad/urdo in the fol- 
lowing manner: | | 


If a and @ are not equal, let us ſuppoſe A to be the greater of the two, and 
the difference to be equal to m. Then will a be g 4 + m, and a —m = 4. 


Now it is evident that the ſeries @ — bx + txx — dx* + e — &c. is equal to 
the excels of its firſt term a, above the ſeries bx — cxx + d — ex* + &c, and 
conſequently is leſs than that firſt term: and in like manner it is evident, that 
the ſeries A — Bx + Cxx — Dx? + E &c. is equal to the excels of its firſt 
term A above the ſeries Bx — Cxx + Dx3 — EX + &c. Therefore, if the ſeries 
Bx— Cxx + Dx* — EN + &c. is leſs than n, the ſeries a — Bx + cxx — px? + 
Ex*— &c. will be greater than a — m. Now, ſince x may be of any magnitude 
between o and 1, let it be taken of ſo ſmall a magnitude that the ſeries 3x — 
cxx + px* — Ex + &c. ſhall be leſs than m. Then will the ſeries a — Bx + 
ox — Da? + Ex — &c, be greater than a — , and conſequently than 4. 
Therefore the ſeries 4 — bx + cxx — dx* + ex* — &c. (which is ſuppoſed to be 
always equal to the ſeries a — Bx + cxx— bx? + EX — &c. during the whole 
increaſe-of x from o to 1); will alſo in this caſe be greater than a. But it has 
been ſhewn that it is leſs than a, Therefore it is both greater and leſs than 
4, which is impoſſible. Therefore A is not greater than a. And in the ſame 
manner it may be ſhewn that à is not greater than 4. Therefore they are equal 
to each other. Q. E. b. 4 "At 
| | Art. 15, 
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Art. 15. We now proceed to ſhew that s will be , e e, D d, B e, 
and every following co-efficient in the one ſeries equal to the co- efficient of the 
correſponding term in the other ſeries. : | 

Now, ſince the ſeries a — BX + cxx— Dx* + Ex*— &c. is equal to the 
ſeries a— bx + exx — d + ex*— &c; and the firſt term, A, of the firſt ſeries, 
is equal to the firſt term, a, of the ſecond ſeries ; and the ſaid firlt ſeries is leſs 
than its firſt term, A; and the ſaid ſecond ſeries than its firſt term, 4: it follows 
that, if we ſubtract the whole firſt ſeries from its firſt term A, and the whole 
ſecond ſeries from its firſt term a, the remainders will be equal; that is, the 
ſeries Bx — Cx# + Dx? — Ex. + &c. will be equal te the ſeries bx — c + dx? 
en. + &c. Therefore, if we divide both ſides by x, we ſhall have the ſeries 
B — Cx + Dxx — Ex? + &c. = the ſeries „ - cx + dxx — ex3 + &c. There- 
fore, by ſuppoſing x to become equal to o, or by repeating the ſame kind of 
reaſoning by which it has been already ſhewn that A, the firſt term of the ſeries 
A — Rx + Cxx— Dx* + Ex+ = &c, mult be equal to a, the firſt term of the 
ſeries 4 — bx + cxx — dx* + ex* — &c, it will follow that B, which is the firſt 
term of the ſeries B — cx + Dxx — Ex3 + &c, mult be equal to 3, which is 
the firſt term of the ſeries þ = cx + d& — ex* + &C. Q. E. b. 

Art. 16. And, in like manner, fince a is = a, and B is = &, we (hall have 
Bx = bx, and A — Bx = 4 — bx, Therefore, if we ſubtract a — Bx from the 
whole ſeries a — Bx + Cxx — & + ka. — &c. (than which it is evidently: . 
leſs), and a — bx from the whole ſeries a — bx + cxx — d& + ex* — &c. (than 
which it is evidently leſs), we ſhall have cxx — Dx? + Ex4 — &c. cxx — dx*% + 
ex — &c; and conſequently, dividing both fides by xx, c — Dx + Exx — &c. 
= c d Tex — &c, Therefore, by ſuppoſing x to be = ©, or by reaſon- 
ing in the ſame manner as above, concerning 4 and a, we ſhall find e to be. 
S Qs Bo De 

Art. 17. Again, ſince A is = @, and B = &, and e = c, we ſhall have a — 
BY + Cxx = a— bx + cxx. Now the ſeries a — BX + Cxx — Dx3 + Ex* — r* 
+ 6x* — &c. is equal to the exceſs of the trinomial quantity A — BY + cxx 
above the infinite ſeries Dx? — Ex* + Fx5 — 6x5 + &c, and therefore is leſs than 
the trinomial quantity A — Bx + exx, and may be ſubtracted from it. And the 
ſeries a — bx + xx — dx + ex* — firs + g — &c. is equal to the exceſs of. 
the trinomial quantity a — bx + cxx above the infinite ſeries 4x3 — ex* + fx5 —- 
£x% + &c, and therefore is leſs than that trinomial quantity, and may be ſub- 
tracted from it. Subtract therefore the whole ſeries a — B; + cxx — px? +- 
EX — F + 6x%*— &c. from the trinomial quantity a — Bx ＋ exx, and the 
whole ſeries 4 — bx + oxx — d + e — fir ＋ g? — &. from the trinomial 
quantity @ — bx + cxx, which is equal to the. trinomial quantity a — Rx + cxx, . 
and the remainders will be equal; that is, the infinite ſeries Dx* EA ＋ px3—- 
o + Kc. wül be equal to the infinite ſeries dx* — ex+-+ I — ge + &c. 
Therefore, dividing both ſides by &, we ſhall have o — Ex + xxx — G + &c.. 
= d 5 ex + fxx — g + &c; and conſequently, by ſuppoſing x to be = o, 
N. = d.. d. E. D.. 


Art. 18. 
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Art. 18. And, in like manner, ſince a is = a, and Bis = 3, and © = c, 
and Þ = d, we ſhall have a — Bx + cx — Da3 = 4 — bx + exx — A; and, 
conſequently, ſubtracting theſe quantities from the two ſerieſes a — Bx + Cxx — 
Dx? + EA F + o — tix! + &c. and a — bx + c — d + ex*— n + g 
bhx1+ &c. (than which they are evidently leſs), we ſhall have £x%— Fx* + 6x%— 
Hx7 + &c. = ex* _— +gx*—bx* + &c. Therefore, if we divide both ſides by xt, 
we ſhall have the ſeries Ex — Fx ＋ C — H#*+ &c. = the ſeries e — fox g 
$xz+ &c; and, by ſuppoſing x to be = o, E Se. &. E. b. 

Art. 19. And in the ſame manner it may be ſhewn that r muſt be equal to 7, 
and o equal to g, and ; equal to h, and the co-effictent of every following power 
of x in the ſeries A — Bx + cxx— px? + EY — X + ox* — ix! + &c. equal 
to the co-efficient of the fame power of x in the ſeries a — bx + oxx — dx + 
exe — fx5 + g — bx" + &c. & k. b. 


PROP. III. A LEMMA. 


— —  —— — — 
— 


Art. 20. Let x be, as before, a quantity leſs than 1, fo that its powers x, xx, 
*, x*, x5, x*, x", &c. (hall form a decreaſing progreſſion of terms. And let a, 6, 
e, d, e, /, g. b, &c. be a ſet of numbers of any kind that form alſo a decreaſing 
"progreſſion ; ſo that 4 ſhall be leſs than a, c than , d than c, e than 4, and fo 
Erik. And let 4, B, c, D, E, r, o, u, &c. be likewiſe a decreaſing progreſſion of 
numbers; ſo that » ſhall be leſs than a, c than 3, p than c, E than bv, and 
ſo forth. And let the terms of each of theſe progreſſions of numbers be multi- 
-plied into the correſponding terms of the infinite ſeries 1, x, xx, *, &, x5, *, x7, 
'&c, ſo as to produce the two infinite ſerieſes a, bx, cxx, dxs, ex*, fa*, gxe, bt, 
'&c. and A, Bx, Cxx, Dx, Ext, Fx, Gx*, x', &c. And let the terms of the former 
of theſe ſerieſes be all added together, or connected by the ſign +, ſo as to form 
the ſeries @ + bx +cxx + d& + ex*+ fx* +gx*+bx'+ &c. And let this laſt ſeries 
be ſuppoſed to be always equal to another ſeries conſiſting of the terms 4, Bx, 
xx, Dx, ka, Fx*5, o, Ex", &c, connected together either by addition or ſub- 
traction, of whatever magnitude. leſs than unity the quantity x may be taken. 
Then I ſay, that the terms of this ſecond ſeries a, Bx, cxx, Dx*, Ex, Fx*, Ga, 
Nx, &c. muſt be all added together, or connected by the ſign +, as thoſe of 
the ſeries a + bx + oxx + dx? + ex* + fxs + gx + bx" + &c. are, or that this 
ſecond ſeries will be a + Bx + cxx + Dx* + EN + Fx* + C + Hx? +. &c. 
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DEMONSTRATION. 


——  — — — — 


Art. 21. For, if it be poſſible, let us ſuppoſe the ſecond term Bx in the ſecond 
ſeries to be marked with the ſign —, or to be ſubtracted from the firſt term a. 
Then, in the firſt place, it muſt be obſerved thata is = @. For, fince the 


ſeries a + bx + cxx + dx* + &c. is always equal to the ſeries a — Bx, Cxx, Dx“, —_—, 


&c, whatever be the magnitude of x under its higheſt- limit x, they will be 
equal when x is = ©, in which caſe all the terms of both the ſerieſes that in- 
volve the powers of x, that is, all the terms after the firſt term of each ſeries, 
will be equal to o likewiſe, and each of theſe ſerieſes will become equal to 
its firſt term. Therefore theſe firſt terms will be equal, or a will be equal to 4. 

Further, ſince 4 is = 4, and A — Bx, Cxx, Dx, RA, &c. is ſuppoſed to be 
= & + bx ＋ cxx + 4x9 + ex* + &c, and @ + bx + cr + dx* + ex* + Ec. is 
evidently greater than its firſt term a, it follows that a — Bx, cxx, Dx*, Ex#, &c. 
muſt likewiſe be greater than a, and conſequently than its own firſt term A. 
Therefore, if we fubtract 4 and a from theſe two ſerieſes, the remainders will 
be equal; that is, bx + cxx + dx* + ex* + &c. will be = — Bx, cx, Dx*, x(, 
&c. and conſequently, if we divide both ſides by x, 4 + ox + dxx + ex* + &c. 
will be = — , cx, Dxx, Ex, or to the exceſs of the ſeries cx, .Dxx, Ex, &c. 
above 3. Conſequently this ſeries muſt be greater than 3. And this will be 
the caſe (if the premiſſes from which it is deduced are true), of whatever mag- 
nitude leſs than 1 the quantity x be taken. But'it is evident that x may be 
taken of ſo ſmall a magnitude that the ſeries cx, Dxx, Ex, &c. may be leſs than 
any quantity how ſmall ſoever, even though all the terms of it ſhould be added 
together, or marked with the gn +, and, @ fortiori, if any of them ſhould be 
marked with the fign —, or ſubtracted from the others. Let it therefore be 
taken of ſo ſmall a magnitude that the ſeries cx, pxx, E,, &c. ſhall be leſs 
than 3. Then will this ſeries be both greater and leſs than 3: which is im- 
poſſible. Therefore the ſeries a — Bx, cxx, Dx, EX, &c. cannot be always 

ual to the ſeries @ + bx + xx + dx* + ex* + &c, whatever be the magnitude 

x, under its higheſt limit 1, as was ſuppoſed ; or the term nx of the ſeries 
A, Bx, cxx, Dx*, Ex, &c, which is ſuppoſed to be equal to the ſeries a + bx + 
cxx ＋ d + e + &c, cannot be marked with the fign —, or ſubtracted from 
the firſt term a, but muſt be marked with the ſign + as well as the term bx 
in the ſeries @ + bx + cxx + dx* + e + &c, to which it correſponds. And 
in the ſame manner it may be ſhewn that every following term in the ſeries 
A, Bx, Cxx, Dx, Ex, &c, muſt likewiſe be marked with the ſign +, in the 
ſame manner as the correſpondent term involving the fame power of x, in the 
ſeries @ + bx + c + dx* + ex* + &c, or that the ſeries a, Bx, cxx, Dx*, £x4, 
&c, in order that it may always be equal to the ſeries à + bx + cxx + dx? + ex* 
+ &c, muſt be 4 + Bx + Cxx + Dx* + E ＋ &c. ad infinitum. &. k. b. 


vor. II. 2 M PROP, 


fs + 
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PROP. IV. A LEMMA. 


Art. 22. Let x be, as before, a quantity leſs than 1, ſo that its powers x, xx, x3, 
e, &, *, x", &c, ſhall form a decreaſing progreſſion of terms. And let a, 6, e, a, 


e, J, g, b, &c. be a ſet of numbers of any kind that form alſo a decreaſing pro- 


eſſion; ſo that þ ſhall be leſs than a, c than 3, d than c, e than 4, and fo 
rth. And let a, B, c, b, E, r, o, h, &c. be likewiſe a decreaſing progreſſion of 


numbers; ſo that s ſhall be leſs than a, c than 3, o than c, = than p, and fo 


forth. And let the terms of each of theſe progreſſions of numbers be multi- 
plied into the correſponding terms of the infinite ſeries 1, x, æx, x*, *, x*, x5, x?, 
&c, ſo as to produce the two infinite ſerieſes a, bx, cxx, dxs, ex*, fx*, px*, bx", &c. 
and A, Bx, Cxx, Dx*, Ex*, rx*, o, Hx", &c. And let the terms of the former of 
theſe ſerieſes be connected together alternately by the figns — and +, ſo as to 
form the ſeries a —bx + cx dx ex*— fx* + gx*— bx* + &c, in which the 
third, fifth, ſeventh, ninth, eleventh, and all the following odd terms of the 
ſeries are to be added to the firſt term a; and the ſecond, fourth, ſixth, eighth, 
tenth, twelfth, and all the following even terms of it, are to be ſubtracted from 
the ſum of the former. And let this laſt ſeries be ſuppoſed to be always equal 
to another ſeries conſiſting of the terms a, Bx, xx, Dx3, Ex4, Fxs, ox, Hy", &c, 
connected together eicher by addition or ſubtraction, of whatever magnitude 
leſs than 1 the quantity x may be taken. I ſay, that the terms of this ſecond 
ſcries muſt be connected together by addition and ſubtraction, or by the ſigns 
+ and —, in exactly the ſame manner as the correſponding terms of the ſeries 
4 — bx + xx — dx + ex*— fxs + gx*— bx1+ &c. ſo that z muſt have the ſign 
— prefixed to it as well as bx, and cxx the ſign + as well as cxx, and Dx* the 
ſign — as well as 4x3, and Ex' the ſign + as well as ex, and ſo of all the fol- 
lowing terms, or that the ſeries 4, Bx, cxx, Dx“, Ex, Fx*, C, H', &c. mult be 
A — BY + CxX — D' þ Ex*— Fx + Gx%* — Hx? &c. 


DEMONSTRATION. 


Art. 23. For, if it be poſſible, let us ſuppoſe mx, the ſecond term of the 
ſeries a, Bx, Cxx, Dx*, EX, &c, to be marked with the fign +, or added to the 
firſt term Aa, though bx, the ſecond, term of the ſeries a— bx + c. AN ext— 
&c, is marked with the ſign —, or ſubtracted from the firſt term a. | 

Then, in the firſt place, it muſt. be obſerved, that a will be equal to 9. 
For, ſince the ſeries a — bx + cxx — dx* + ex*— &c. is always equal to the 
ſeries A + Bx, Cxx, Dx, Ex*, &c, whatever be the magnitude of * under its 
| higheſt 
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higheſt limit, they will be equal to each other when x is = 03 in which caſe 
all the terms of both the ſerieſes that involve any powers of x, that is, all the 
terms after the firſt, will be equal to o likewiſe, and each of theſe ſerieſes will 
be equal to its firſt term. Therefore theſe firſt terms will be equal to each 


other; that is, A will be = 4. | 

Further, fince A is = a, and the ſeries a — bx + cxx — dif er — &c. is 
evidently leſs than the firft term a, it follows that the ſecond ſeries 4 + Bx, cxx, 
b, Ex., &c. which is equal to the former ſeries, will be leſs than its firſt term 
A. Therefore, if we ſubtract the two ſerieſes from their firſt terms @ and a, 
the remainders will be equal; that is, the ſeries bx — xx + dx — ex* + &c, 
will be equal to the ſeries — Bx, cxx, Dx3, kx, &c. Therefore, dividing both 
ſides by x, we ſhall have 5 — cx + dxx — e + &c, = — B, Cx, Dxx, Ex“, 
&c, or to the exceſs of the ſeries cx, Dxx, Ex?, &c. above 8. Therefore the 
ſeries cx, Dxx, Ex*, &c. muſt be greater than B, whatever be the magnitude 
of x under its higheſt limit 1. But it is evident that x may be taken of ſo 
ſmall a magnitude that the ſeries cx, Dxx, EX, &c. (even though all its terms 
ſhould be connected together by the fign +, or added together), ſhall be leſs 
than any given quantity whatſoever. Let it therefore · be taken of fo ſmall a 
magnitude that the ſeries cx, Dbxx, EX, &c, ſhall be leſs than 3. Then will 
that ſeries be both leſs and greater than 3; which is impoſſible. Therefore the 
term'Bx cannot be marked with the ſign +, or added to the firſt term a, as 
was ſuppoſed, but muſt be marked with the fign —, or ſubtracted from a, in 
the ſame manner as the correſpondent term & in the ſeries a — bx + cxx — 
d + ex — &c, is marked with the fign —, or ſubtracted from the firſt 


term 4. Q. E. D. 

Art. 24. In the ſame manner it may be ſhewn, that the third term cxx of 
the ſecond ſeries a —Bx, cxx, Dx, Ex*, Fx“, 6x*, Hx', &c, muſt be marked with 
the fign + as well as cxx, the third term of the firſt ſeries a — bx + exx — dx? + 
ex*—fx* + g -D - &c. For, if it be poſſible, let us ſuppoſe that xx is marked 
with the fign —, or is to be ſubtracted from a — Rx, though cxx is marked 
with the ſign +, or is added to a — bx. | 

Then, in the firſt place, we muſt obſerve, that a is = 4. This has been 
ſhewn above, in the former part of this demonſtration. 


In the ſecond place we muſt ſhew, that B will be = 5. Now, fince the 
ſeries a — bx + cxx — d + ex* — &c, is ſuppoſed to be always equal to the 
ſeries 4 —- Br— cxx, Dx, BY, &c, whatever be the magnitude of x leſs than 
1; and A is equal to a; and the ſeries @ — bx + cxx — des + e — &Cc. is leſs 
than its firſt term @; it follows that the ſeries a — Bx — cxx, Dx, Ext, &c. 
will be-leſs than its firſt term A. Therefore theſe ſerieſes may be ſubtracted 
from their firſt terms reſpectively ;.and, if they are ſo, the remainders will be 
equal to each other; that is, the ſeries by cxx + dx* — ex* + &c. will be 
equal to the feries By + cxx, Dx*, Ex, &c, Therefore, dividing all the 
terms of both theſe ſerieſes by &, we ſhall have þ— cx + dxx — e + &c. = 
B ＋ Cx, Dxx, Ex3, &c. Therefore, if x'be ſuppoſed to be = o, in which 
caſe all the terms on both ſides of the _ that involve any power of x will 

2 2 be 
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be equal to o likewiſe, we ſhall have - cx + dxx — ex? + &c. = , and B+ 
Cx, Dxx, kx, &c. = B, and conſequently 3 = 6. | 

Now, fince A is = a, and B is = 6, and conſequently Bx = bx, we ſhall 
have a — BY = 4 — bx, But a — bx is leſs than the whole ſeries a = bx + cxx 
= &x* + ex* ＋ gx* — bx + &c, becauſe the ſeveral terms 4x3, fx*, bx“, 
&e. that are marked with the ſign —, or are to be ſubtracted from @ — bx, are 
evidently leſs than the terms cxx, exe, gx*, &c. which reſpectively preceed them, 
and are marked with the ſign +, or are added to a — bx, Therefore a — Bx, 
which is equal to a— ix, muſt likewiſe be leſs than the ſeries @ — bx + cxx — 
dx + ex. — , + g — bx? + &c, and conſequently than the ſeries a — Bx 
— Cxx, Dx*, Ex4, Fx, ce, Ex", &c, which is ſuppoſed to be always equal to 
the former. Therefore à — 5x may be ſubtracted — the ſeries à — bx + cxx 
— d + e — fx5 + g — bx" + &c, and 4 — Bx may be ſubtracted from the 
ſeries a — Bx — Cxx, Dx3, Ex*, Fx*, o, fx", &c; and, if they are ſo ſub- 
tracted, the remainders will be equal; that is, the ſeries cxx — dx + ex* — fox* 
+ g — bx! + &c. will be equal to — cxx, Dx*, Ex*, Fx*, ox5, ax", &c. 
Therefore, dividing all the terms by xx, we ſhall have c — dx + exx —fx* + gx* 
— bx &c. = — C, Dx, Exx, Fx3, Gx*, Hx*, &c. that is, the ſeries c d 
+ exx — fx3 + gx* —bs* + &c. will be equal to the exceſs of the ſeries Dx, 
Exx, Fx*, Ga, H, &c. above c. Therefore this laſt ſeries Dx, Exx, x3, o, 
Hx*, &c. muſt be conſtantly greater than c, of whatever magnitude leſs than 
x the quantity x be taken. But it is evident that x may be taken of ſo ſmall 
a magnitude that the ſeries Dx, Exx, Fx*, , xs, &c. ſhall be leſs than any 
quantity that may be propoſed, even though all its terms ſhould be added to- 


gether, or connected by the ſign +, and, à fortiors, if ſome of them are mark- 


ed with the fign —, or are to be ſubtracted from the reſt. Let x therefore be 
taken of ſo ſmall a magnitude that the ſeries Dx, Exx, Fx*, G, ax*, &c. ſhall 
be leſs than c. Then will this ſeries be both leſs and greater than c at the 
ſame time: which is impoſſible. Therefore it is not poſſible that the third 
term c of the ſecond ſeries a — Bx, cx, Dx", Ext, r, &, x", &c. ſhould 
be marked with the fign —, or ſubtracted from a — mx, conſiſtently with the 
ſuppoſition of the conſtant equality of the ſerieſes a — Bx, cxx, D, Ex, Fx, 
dd, ax", Kc. and à — b + cxx — dx + ex*— ff + gx*— bx" + &c. during all 
the increaſe of x from © to its higheſt limit 1. Therefore the term cxx in the 
ſeries A — Bx, cxx, Dx, EN, &c. muſt be marked with the fign +, or added 
to A — Bx, in the ſame manner as the correſponding term cxx in the ſeries a = 


bx ＋ e == dx* + ex* — &c. is marked with the fign +, or is added to a — bx. . 


. E. 0 


Art. 2 5. And in the ſame manner it may be ſhewn that the term vx in the 
ſecond ſeries muſt have the ſign — prefixed to it as well as the term d' in the 
firſt ſeries, and the term xx the ſign + as well as the term ed, and the term 
r the ſign — as well as the term fx*, and the term ox the fign + as well as 
the term g, and the term nx” the ſign — as well as the term bx”, and that every 
following term in the ſeries a, Bx, cxx, Dx, EN, rx, o, nx", &c. muſt be 
marked with the ſame ſign, either of addition or ſubtraction, as the correſpondent 
term, 
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term, or term involving the ſame power of x, in the ſeries a—bx + exx—dx* + ex* 
— fe* +gx*—bx", &c, or that the ſeries a, Bx, Cxx, bx, Bx*, Fx*, o, na, &c. 
muſt be a — B + cx — Dx + EX — xx TO — Hx? + &Cc. d. E.D. 

Art. 26. COROLL. It is eaſy to perceive, from the courſe of the reaſon · 
ings made uſe of in the foregoing demonſtration, that, if the terms of the firſt 
ſeries, to wit, a, bx, cx, + ex, fx", gx*, bx", &c. be connected together 
by the ſigns + and —, in any other manner whatſoever than thoſe mentioned 
in the foregoing propoſitions, and a ſecond ſeries conſiſting of the terms 4, 
Bx, Cxx, Da", EX, Fx*, G, ax", &c, which involve the ſame powers of x re- 
ſpectively as the former ſeries, be — ey to be conſtantly equal to the ſaid 
former ſeries during the whole increaſe of x from © to 1, the terms a, Bx, Cxx, 
Dx, £x*, &c. muſt be connected together by addition or ſubtraction, in ex- 
actly the ſame manner as the terms à, bx, cxx, du, ex, &c, or every term in 
the ſeries a, Bx, Cxx, bx, EN, &c, muſt be marked with the ſame ſign, whe- 
ther + or —, as the correſpondent term, or term that involves the ſame power 
of x, in the ſeries a, bx, cxx, dx, ex*, &c. Thus, if the firſt ſeries be 4 ＋ bx 
— (Xx — A — e — fx — g — bx" — &C. in which the ſecond term &x is 
marked with the fign +, and all the following terms with the fign —, the ſe- 
cond ſeries muſt be a + Bx c — Dy — E — F — G — H — &c. in 
which the ſecond term Bx is likewiſe marked with the fign +, and all the 
following terms with the ſign —. And, if the firſt ſeries be a + bx — cr 
dxi + ex* + for — g — bx7 + &c. in which every two. contiguous terms are 
marked with the ſign + and — alternately, the ſecond ſeries muſt be 4 + Bx 
— Cxx — D + Ex* + Fx — 6x* — H + &c. in which every two contiguous 
terms are likewiſe marked with the ſigns + and — alternately, as in the former 
ſcries. And the ſame will be true, if the terms a, bx, cxx, ds, ex, fox*, gx5, 
b, &c. are connected together by the ſigns + and —, or by addition and 
ſubtraction, in any other manner whatſoever. 


A ſhort ſummary of the ſubſtance of the four preceeding Lemmas. 


— — . — 


Art. 27. The ſubſtance of the four preceeding Lemmas may be expreſſed in 


theſe words: | ut 
If x be a variable quantity of any magnitude leſs than 1, ſo that its powers 
x, xx, *, +, , *, x", &c. form a decreaſing progreſſion of terms; and a, 5, c, 
d, e, ., g, b, &c, and A, B, c, b, E, r, e, n, &c, be two fets of numbers of any 
kind that alſo form decreaſing progreſſions, ſo that 4 ſhall be leſs than a, c than 
, d than c, and e than a, and lo Þrth; and B ſhall be leſs than A, c than 8, 
D than c, and x than o, and ſo forth; and the terms of each of theſe progreſ- 


Gons of numbers be multiplied into the correſponding terms of the ſeries 1, x, 
XX, 
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xx, X, *, x*, *, x", &c, ſo as to form the two ſerieſes a, bx, cxx, dx*, ex“, fx*, gx*, 
Lu, &c. and a, Bx, Cxx, Dx*, Ex*, Fx, Gx, xt, &c; and the terms of cach of 
theſe two ſerieſes are connected with each other by the ſigns + and —, or by ad- 
dition and ſubtraction; and the ſeries A, Bx, Cxx, Dx*, Ea“, Fx*, G', Hx?, &c. is 
always equal to the ſeries a, bx, cxx, dxò, ex, fx5, gx*, hu, &c, of whatever mag- 
nitude leſs than 1 the variable quantity x.be taken: I ſay, that, upon theſe ſup- 
poſitions, the firſt term A of the ſecond ſeries will be equal to a, the firſt term of 
the firſt ſeries, and the co-efficients of the powers of x in the ſecond ſeries a, Bx, 

CxXx, Dx, kx, Fx*, Gx*®, Hx", &c, to wit, B, c, p, E, P, o, n, &c, will be equal to 
the co-efficients of the ſame powers of x in the firſt ſeries a, bx, cxx, dx, en“, 
F, gx, bx", &c. to wit, 5, c, d, e, f, g, b, &c, reſpectively, that is, a will 
be equal to a, B to 5, c to c, o to d, x to e, r to ã, o to g, and x to , and 
ſoon; and the terms of the ſecond ſeries A, Bx, cxx, Dx, EW, rx*, G, Hxr, &c. 
will have the ſame ſigns + and — prefixed to them as the correſponding terms 
of the firſt ſeries a, bx, cxx, dxs, ex“, fx, gx, bx", &c. Thus, if the terms of the 
firſt ſeries a, bx, cæxx, dx*, ex, fx*, gx*, bx", &c. are all added together, or connect- 
ed by the fign +, fo as to form the ſeries a+bx+cxx + dxf + e ＋ A + gaf + 

bx" + &c. the ſecond ſeries a, Bx, Cxx, Dx*, EA, Fx*, &, Hx", &c. will be a+ 

By Cxx+Da*+ EN TF + 6x*+ x" + &c. in which all the terms are in like 
manner added together, or connected by the ſign +. If the former ſeries is 
a — bx + cx — des + e — fi + g — bx! + &c, in which the ſigns of the 
terms are alternately + and , the latter ſeries will be a — Bx + * — px? + 
Ex* * ＋ 6x* — Hx7 + &c. in which the ſigns of the terms are likewiſe al- 
ternately + and —. If the former ſeries. is a + bx—ixx—dx%—ext—fx5—g x) — 
bx" — &c. in which the ſecond term bx is marked with the fign +, and all the 
following terms are marked with the ſign —, the latter ſeries will be a + nx 
cx — DX — EK rA — G -H &c, in which the ſecond term Bx is in like 
manner marked with the ſign ＋, and all the following terms are marked with 
the fign —. If the former ſeries is a + bx— cxx — du + e ＋ forf — g — 
bx" + &c, in which the terms are marked with the ſigns + and — alternately, 
by pairs, the latter ſeries. will be A + BX — Cxx — Dx3 + & + Fx5 — G — 
Hx7 + &c, in which the terms are in like manner marked with the ſigns + and 
— alternately, by pairs. And the like ſimilarity of the figns of the correſpon- 
dent terms of the two ſerieſes, as well as equality of their co-efficients, and of 
the whole terms themſelves, will obtain in all other inſtances. 


Art. 28. Theſe things being premiſed, the inveſtigation of the differential 
ſeries above-mentioned, to wit, 


* bx Dres b pn Dbæs Dy D 


PROP.. 
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PROP. V. A PROBLEM. 


+ A 
+ + 4 . . 
* 


Art. 29. Let « be, as before, a quantity leſs than 1, ſo that its powers xx, 
, *, xi, , x, &c, ſhall form a decreaſing progreſſion of terms. And let 
a, b, c, d, e, f, g. b, &c. be a ſer of numbers of any kind, that form alſo 
a decreaſing progreſſion ; ſo that & ſhall be leſs than @, c than 5, à than c, 
e than d, and ſo forth. And let the law of the decreaſe of theſe numbers be 
ſuch that they ſhall not only form a decreafing progreſſion themſelves, but 
that their differences a—6b, 5 — c, - 4, d—te, e—f, f—g, g—b, &c, 
ſhall alſo form a decreaſing progreſſion, ſo that 4 — c ſhall be leſs than 
a—b, and — 4 than B—c, and d—e than — d, and e—f than 4— e, 
and f—g than e—f, and g—+ than f—g, and fo forth; and that the 
differences of theſe differences, or the ſecond differences of the original num- 
bers a, 5, c, d, e, /, g, b, &c, to wit, a—=2b ＋ c, b—2c +4, — 24 T e, 
d—=2e+f, e—2f +g, and f—2g + b, &c, ſhall alſo form a Ce 
progreſſion; and that their third differences, and their fourth differences, an 
their fifth differences, and their differences of every ſucceeding order, ſhall 
alſo form decreaſing progreffions. And let the ſeveral terms of the ſaid de- 
creaſing progreſſion of nambers, to wit, a, 5, c, d, e, F, g, b, &c, be multi- 
plied into the correſponding terms of the infinite ſeries 1—#x + x#—x# + a#— 
* + * — x? + &c. reſpeCtively, fo as to produce the ſeries #— bx + ch — 
dx + er — fu + gx* — by" + Kc. ad infnitum. And let it be ſuppoſed that 
in this laſt ſeries the quantity x 1s: not always of the ſame magnitude, but in- 
creaſes gradually from o till it becomes equal to 13 and that, during that 
whole increaſe of x, the ſaid ſeries a— bx + cr — dv + ext — ＋ * 
hx1 + &c. ad infinitum, is always equal to another variable quantity, which we 
will denote by z. It is required to convert the ſeries a — b + cr — dx* + 
ext —. + 4 — bx" + &c, into another ſeries, which ſhall always be equal 
to it, or to the quantity z, whatever be the magnitude of , but | whoſe terms 
ſhall decreaſe more ſwiftly than the terms of that ſeries itſelf, ſo as to exhibit a 
near value of the whole by the computation of only a moderate number of its 
initial terms, even in thoſe caſes when x is very nearly equal to 1, and the 
terms of the original ſeries. a = bx c dx + ex%— ＋ g —bxt + 
&c. conſequently decreaſe too ſlowly to make it capable of being ſummed in 
the common way, or by the mere computation and addition and fubttaction of 
a moderate number of its initial terms. 


SOLU- 
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s O Lure. 


AECEæEAññ ........—————§tà —-ęè 
Art. 30. In order to this purpoſe let us ſuppoſe the ſeries a = bx + cxx — dx? 
+ ex# — fxs + g — bx! + &c. to be equal to another ſeries whoſe terms ſhall 
be compoſed of certain numeral co-efficients, r, , R, s, r, v, w, x, &c, 
multiplied firſt into the terms of the ſeries 1, x, æõx, *, , x*, „, x, &c, re- 
ſpectively, and then into the terms of the ſeris 


I I 1 1 1 I 1 . . . 
d THe Fa Fa Tee Tf Tee Ge eben, that is 


: "7M I | I 2 
er 
1 1 e F N | ; 

wax® Xx7 &c; in which the terms are ſet down 
rene 


without the ſigns + and —, becauſe it is hitherto uncertain whether they are 
all to be added together, and marked with the fign +, or whether ſome of them 
are to be ſubtracted from the others, and marked with the fign —. Then it 
is evident that the literal parts of the terms of this new ſeries will converge more 
ſwiftly than the literal parts of the correſponding terms of the firſt ſeries a — 
bx + xx — dx + ex#— fx* + g — bx? + &c. which conſiſt only of the powers 
ol x; becauſe they are formed by multiplying theſe latter quantities, to wit, 

the powers of x, into the terms of the ſeries — 

I I I I I I 5 -4- 2 & => | 

„ d F F F N N, Trav deen ven decreaſe, in the 
proportion of 1 T4 to 1. Therefore, if the numeral parts r, G, R, s, T, v, 
w, x, &c, of the terms of the new, or aſſumed ſeries, decreaſe as faſt or faſter 
than the numeral co-efficients a, 65, c, d, e, /, g, b, &c, of the terms of the 
original ſeries, the whole terms of the aſſumed ſeries will decreaſe faſter than 
the whole terms of the ſaid original ſeries. We muſt therefore now endeavour 
to find the values of the numbers p, d., , s, T, v, w, x, &c, and to deter- 
mine their ſigns, or whether they are all to be connected together by addition, 
and marked with the fign +, or ſome of them only are to be fo connected, and 
the others to be ſubtracted from them, and marked with the ſign —, and which 

of them are to be marked with the former of thefe figns, and which with the latter. 


Art. 31. Now ſince —— is = 1 L* a E Kc, 


and = is I- 2K + 3xX—4X* + 5x4-=6x* + &c, 


and = is = 1-3 -＋ 6xx—108%+1 5x%= &c, 
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and _ is = 1—4x+10xx—204% + &c, 


a Satay 
and PEST. 5x-+ 1 5xx— &c, 


and = is = 1—6x+ &c, | y 
I 


and Tap is = 1— &c, 
we (hall have ax x Iz = -r Or- - - &c, 


and Rxx X == = Rxx=2Rx%+3Rxb—4R8x* + SRL -b + Bec 
and sx Xx 2 = sk .— 38K ＋ 63x*— 108x* + 1 55x'— &c, 
, "'ITXH) . 


and Tx4 Xx = TAT + 10Tx*—-20Tx" + &e, 


and vx“ x = vxaS—gvas +1 gv &c, 


and we“ Xx ——, = W-. + &c, 


= xx &c, 


and xx? x 
. I | 1 203 
3 — 
Therefore the aſſumed ſeries , a & Nr; Rr X = * * =” 
I I 6 I 7 I - , 
r*. X ===5 vas X == u X NT . & Y &c, will be equal 
to the following complicated quantity; to wit, 
J 
* = on = Frf—-aw + a. Kc. 
= [rRxx—2Rx* + 3&1 — 4K + SRX — RX + &c. 
EN — 33x4 + 55 — 10 ig Kc. 
=ſTx+ —4TXx5 + IOTx*—20Tx? + &Cc. 
VN —"Gva*+1 5vα - &c. 
= [wx* —- GW ＋T&c. 
+ xx” — &c. 
in which each of the horizontal lines of terms under the firſt quantity e, is 
marked with both the ſigns + and —, thus, +, becauſe it is hitherto uncer- 


tain which of thoſe ſigns ought to be prefixed to them. But this will be aſcer- 
tained in the ſubſequent parts of the proceſs, 


Vor, IIL ih | Art. 35. 
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Art. 32. Now, fince the original ſeries a — bf cxx— dx* + ex4 —fx3 g 

. . 1 1 
bx? + _ is equal to the aſſumed ſeries , d Xx Tra Nr X N $x* X 
1 


— &c, and this aſſumed ſeries is equal to the aforeſaid complicated ſeries, 
* 


At follows that the ſaid original ſeries a — bx + cxx — dx* + x4 — ff ＋ g — 
bx? + &c. will alſo be equal to the ſaid complicated ſeries; which, for the ſake 
of brevity and convenience, we will call the ſeries x. 

Art. 33. This equality between the original ſeries @ — bx + cxx — dx3 + ex. 
— fas - + &c. and the complicated ſeries u will afford us a ſet of 
equations by the reſolution of which we may determine both the values of the 
numbers P, Q, R, s, T, v, W, X, &c. in the aſſumed ſeries 


, QX X , lr X ===, S* X = NN de 
: +8" +a” Ta” TIM Ta 


was X = „% XXI + 5 &c, and the ſigns which are to be prefixed to 
I +X 


1+] 
the ſecond, and third, and every following term of the ſaid ſeries, by proceed - 
ing in the manner following. 


Art. 34. In the firſt place, ſince the complicated ſeries m is equal to the 
original ſeries @ — bx + coxx — dx* + &c, and this equality between the two 
ſerieſes ſubſiſts during all the variations of the magnitude of x from o to 1, 
(which is its greateſt poſſible magnitude), it follows, from Prop. 2, art. r1, 
that  » muſt be equal to a, or that the firſt term of the aſſumed ſeries: 


| n 1 I 
— — — 3 I N , 0 
7, Qx X 7 REY X = . sx * &c muſt bea. Q. E. 1. 


Art. 35. In the ſecond place, if the ſeveral terms in the complicated feries: 
u, that involve the ſame power of x, be conſidered as compoſing a ſingle term 
in that ſeries, ſo that Q ſhall be the ſecond term of the ſeries, and qxx, Rxx, 
with their proper figns prefixed to them (which have not yet been alcertain- 
ed), ſhall be the third term of the ſeries, and -Qx*, z, sv with their pro- 

r ſigns prefixed to them, ſhall be the fourth term of the ſeries, and ſo of 
he reſt, the ſaid complicated ſeries will anſwer to the ſeries a, Rr, cxx,. 
x3, EN, Fx*, oe, Hy", &c; of which it was ſhewn in Prop. 3, that its terms 
muſt be marked with the ſigns + and — alternately, or that it muſt be equal. 
to the ſeries a — Bx + Cxax— Dx3þpExt—Fx* + C H + &c, becauſe thoſe are 
the ſigns of the correſpondent terms of the ſeries a — bx + oxx — d& + ex — 
A + g — bat + &c, to which the ſaid ſeries a, Bx, cxx, oxi, kx“, Fx, ox*,. 
Nr, &c, is ſuppoſed to be conſtantly equal. It follows therefore, that in the 
complicated ſeries u, which is conſtantly equal to the feries a — bx.+ cxx —: 
dus + ex+— fxs + g — bx7 + &c. the ſecond term q x. muſt be marked with: 
the fign —. Therefore the horizontal line q qxx+ - ? - 
xc, in the ſaid complicated ſeries u, (which has hitherto had the two ſigns 
+ and — prefixed to it, in this manner, +, becauſe it was not NP 
| | | hi 
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| which of the two it was proper to prefix to it), muſt now have the ſign — pre- 
fixed to it, or muſt be ſubtracted from v, the firſt term of that ſeries. There- 


. 1 1 1 
7 — — — — Tx4+ 
fore in the aſſumed ſeries 2, o X - Tz * = $x* X == X 


* 


=p &c. (which is equal to the complicated ſeries M), the ſecond term 


QF X 22 (which is equal to the whole horizontal line q r + N 


G + Qxi— Qx* + qx7— &c.), muſt likewiſe be ſubtrafted from the firſt 
term v, and the two firſt terms of the ſaid aſſumed ſeries muſt be r 


Qx X = or (becauſe » has been ſhewn to be = a) a — Ex Xx = But, 


becauſe the complicated ſeries u is conſtantly equal to the original ſeries a — bx 
+ xx — dx + &c, it follows from Prop. 2, that dx, the ſecond term of the 
ſaid complicated ſeries, and which is the only term in it which involves the 
ſimple power of x, mult be equal to bx, which is the ſecond term of the ſaid 
original ſeries, and the only one that involves the ſaid ſimple power of x. 
Therefore & is = 3. Therefore the two firſt terms of the aſſumed ſeries 
I : 
P, a * N=. a Xt * * —_ &c. are a — bx X ——, or 


* 


bx ' 
— —. E. I. 
y I+x 7 95 


Art. 36. Thirdly, ſince the whole horizontal line ax — d + a — qt 
+ qax*— qQx* + ex'— Ke, in the 0 quantity M, 1s to be marked 
with the ſign —, or ſubtracted from the firſt term ; and this ſubtraction may 
be performed, or denoted, as well by changing the ſigns of all the terms that 
compoſe the ſaid horizontal line into the contrary ſigns, as by leaving their 
ſigns unchanged, and prefixing the fign — to the whole line, conſidered as one 
quantity; let the ſigns of its terms be ſo changed. Then will the complicated 
E. M be converted into the following ſeries, to wit, | 
1 
- rr 0x3 Hf - + off — of + &. 

AA — 28x) + 3A — 484 + 5Rx* — ER + &c. 
EIN — 38x* + s — los + 155%) — &c. 
+ſTx* — 4Tx* + or — 20 + &c. 
+ [Ve +1508) Nc. 
+ [wa" — 6ws? + &c. 
in which the figns of all the terms which form the higheſt horizontal line under 
the firlt term v, and which involve the letter , are aſcertained ; but thoſe of 


the terms in the other horizontal lines, and which involve the following letters 
R,$, T, v, w, x, &c, are ſtill undetermined. 
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Art. 37. Now, fince this complicated ſeries M is conſtantly equal to the ori- 
pinal ſeries a — bx + cr — dx + ex%— r + g — bx) + &c, it follows 
rom Prop. a, art. 11, that the reſult of thoſe terms of the ſaid complicated 
ſeries which involve the ſquare of x, muſt be equal to the term cxx in the ſaid 
original ſeries ; that is, & + Rxx muſt be = cxx. Therefore Q=+ R muſt 
be equal to c. But d has been ſhewn to be = 3. Therefore þ R mult be 
equal to c, that is, ö, with x either added to it, or ſubtracted from it, muſt be 
equal to c. But 3 alone is greater than c, becauſe the numbers a, 6, c, d, e, 
J, g, b, &c, are ſuppoſed to form a decreaſing progreſſion. Therefore &, with 
x added to it, muſt, 2 fortiori, be greater than c. Conſequently x mult not be 
added to 5, but ſubtracted from it, in order to make it equal to c; that is, 
b— x will be = c. Conſequently 4 will be =c + x, and R will be = b—e; 
and conſequently the third term of the aſſumed ſeries y, G X 7p Rxx X 
I T | I . 1 
== S* N b Tx% x d- &c, will be J = 4 x Rp or V- dx 
XxX 


== Or (putting D* -c, according to the notation uſed above in art. 1), 


Dax 


= 


Art. 38. It remains that we inveſtigate the ſign which is to be prefixed to 
this new term Rxx & — or ===, of the aſſumed ſeries. Now this may 
I TX 


1+x] 
be done as follows : 


Since 3 — x is = c, and conſequently bxx — Rxx is = cxx, or (becauſe. q is 
= ) a - Rx is = cxx, it follows that the ſecond horizontal line of terms 
in the complicated ſeries M under the firſt term y, to wit, the line Rxx — 
2Rx3 + 3Rx* — 4Rx* + 5Rx* — GR + &c. (which has hitherto had the two 
ſigns + and — prefixed to it, in this manner, +, becauſe it was not yet de- 


termined which of the two it was proper to prefix to it), muſt now have the 
ſign = prefixed to it, or muſt be ſubtracted from v, the firſt term of the (aid 


ſeries. Therefore in the aſſumed ſeries y, C * ——, A X ==, * x 


+x TTR 
1 


= \ Tx* X = &c. (which is equal to the complicated ſeries m), the 


third term Rxx X — (which is equal to the ſaid ſecond horizontal line of 


terms, Rxx — 2R%* + 3Rxt — ARX + gRx* — ER + &c.) muſt likewiſe be 
ſubtracted from the firſt term v; and conſequently the three firſt terms of the 


ſaid aſſumed ſeries muſt be y — c X 55 — 4 X ===. But we have be- 


fore ſeen that p is = @, and & is = 3, and x is = b—c, or v*, Therefore 


the 
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the three firſt terms of the ſaid aſſumed ſeries muſt be a— bs * ——— 


1 bs xx bs Dix 
* * or a — AR n= or 4 „ 


G E. 1. 


Art. 39. Fourthly, ſince the whole horizontal line of terms Rx — 2Rx* + 
3Rx* — 4Rx* + 5Rx* — GERN + &c. in the complicated ſeries M, is to have the 
ign — prefixed to it, or to be ſubtracted from the firſt term r and this ſub- 
traction may be performed, or denoted, as well by changing the ſigns of all the 
terms that compoſe the ſaid horizontal line into the contrary ſigns, as by leav- 
ing their ſigns unchanged, and prefixing the ſign — to the whole line, conſidered 
as one quantity; let the ſigns of its terms be fo changed. Then will the com- 


plicated ſeries M be changed into the following ſeries, to wit, 


P 
— d TO n . ＋ of — ox! + &c. 


— Rxx + 2Rx* — 3Rx* + 4Rx5 — 5Rx* + RX! — &c. 
+ [$3x* — 389 + 68x* — 10sx* + 158x* — &c. 
Ca — 4Tx* + 10Tx* — 201x! + &C. 

vr — 5gvx* + 15vs7 — &c. 

IWV — w,! + &c. 

+ AM — &c. 


in which the ſigns of all the terms which form the two higheſt horizontal lines 
under the firſt term r, and which involve the letters Q and x, are aſcertained ; 
but thoſe of the terms in the other horizontal lines, and which involve the fol- 
lowing letters, s, T, v, w, x, &c, are ſtill undetermined. 


Art. 40. Now, fince this complicated ſeries M is conſtantly equal to the ori- 
inal ſeries a — bx + cxx — dx? + e — fx +gx* — bx" + &c, it follows from 
3 4, art. 22, that the reſult of thoſe terms in the ſaid complicated ſeries 
which involve the cube of x, muſt be a quantity that ſhall be marked with the 
ſign —, or be ſubtracted from the firſt, term v, becauſe the term d in the ſaid 
original ſeries is marked with the ſign —, or ſubtracted from the firſt term a. 
Therefore thoſe members of the ſaid refult which are marked with the fign —, 
or are to be ſubtracted from the firſt term v, muſt be greater than thoſe 
members of it that are marked with the ſign +, or are to be added to the firſt 
term r, to the end that the whole reſult may be a quantity to be ſubtracted 
from the ſaid firſt term y. And it follows from Prop. 2, art. 1:, that this re- 
ſult muſt be equal to dx*%. Therefore the exceſs of thoſe members of the reſult 
which are marked with the ſign — above thoſe which are marked with the 
fign + muft be equal to &. Now this reſult conſiſts of theſe three terms, 
, zx, and sx; of which the firſt term, o', is marked with the fign — ; 
and the ſecond, 2Rx*, is marked with the fign +; and the third, $x*," is 
marked with the two figns + and —, in this manner, + s, becauſe. it is 


hitherto unknown which of thoſe ſigns ought to be prefixed to it. If therefore 
it 
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it ſhall appear upon examination, either that Qs alone is not greater than 2B, 
or that (if it is greater than 2K?) its exceſs above 2x 1s leſs than ds, it 
will follow that sx? muſt have the ſign — prefixed to it, in order fo far to in- 
creaſe the ſubtracted part of the reſult of the three terms , zx, and sx“, 
as to make its exceſs above the other part equal to 4 We mult therefore 
compare together the quantities , 2Rx*, and dx. Now, fince Cis = b, and 
R = 6—c, we ſhall have G = x, and 2Rx3 = 2A — 2cx%, But, becauſe 
the numbers a, ö, c, d, e. &c, are ſuppoſed to form a very flow decreaſing pro- 
greſſion, every two contiguous terms of which are nearly equal to each other, 
It is evident that c muſt be more than one-half of the preceeding number 5, 
and conſequently that 2c mult be greater than . Therefore 4 + 2c muſt be 


greater than 24, and & muſt be greater than 24 — 2c, or than 2 x H that 
is, Q mult be greater than 2r, and, conſequently, &“ than 2Rx*, But, though 
- is greater than 2R*, its exceſs above 2R&“ is leſs than . For, ſince the 
differences a — , c, c d, d—e, &c. are ſuppoſed to form a decreaſing 
progreſſion, as well as the numbers a, b, c, d, e, &c. themſelves, and conſe- 
quently the difference c— 4 is leſs than the difference 5 — c, it follows that 
2c — 4 will be leſs than þ, and 2c than þ+ d, and 2c — 3 than d. But 2c— 3 
is = b+2c — 2b => b — 2 * =S qQ—2r Therefore ¶— 2x is leſs than 
d, and a — 2R4* than . Therefore sx muſt have the ſign — prefixed to 
it, in order to increaſe the ſubtracted part of the whole quantity , 2rx3, and 
s, or — Qx*+ 2Rx?, $x3, ſo far as to make its 20m above the other part 
become equal to dx; ſo that we may now conclude that the whole quantity 
n, 2Rx*, ss, muft be marked in the complicated ſeries m in the following 
manner, — Qx3 + 2Rx3z— $x*, Having thus aſcertained the fign that is to be 
prefixed to sa“ in the complicated ſeries M, the magnitude of s may be deter- 
mined as follows: The exceſs of the ſubtracted terms qQ x? and s above the 
other term 2Kx* is equal to dx®; that is, & + SK — 2rx* is = dx*. Therefore 
e+$—2Ris = d; that is, 3 8 — 2 is = 4. Conſequently 3 +s is = 


22+d4=2X b—c+d = 2b — 2 +4, andes is g 5 — 20 + 4. There. 


fore the fourth term s, X ——; of the aſſumed ſeries 
1+) 


. 3 1 I | r a 
P, QX X 2 RTX X ==" _ X 77 Tx* X Tr vas * &c. is 
| "On I 3 28 
equal to ( — 20 + 4 * 'X — aircon +4 x =; or, if inſtead 
of 5 - 2c +4 (which is the exceſs of the difference 3 — c above the difference 
e—4), we ſubſtitute 5“ in this expreſſion, agreeably to the notation uſed 


above in art. 1, the fourth term of the ſaid aſſumed ſeries will be = = 
| I+x 


Art. 4t. It remains that we inveſtigate the ſign which is to be prefixed to 


this new term sx Xx b. or SD of the ſaid aſſumed ſeries. Now this 
may be done as follows. 


Since, 
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Since, in order to make the exceſs of the ſubtracted part of the compound 
quantity Q, 2Rx?, and s, or — d ＋ 28x?, sri, above the other part equal 
to dxs, it is neceſſary to prefix the ſign — to su, it follows that the whole 
third horizontal line of terms in the complicated ſeries u, to wit, * — 38 
65385 — 105x% + 1558x7 — Kc. (which has hitherto had both the figns + and — 
prefixed to it, in this manner, +, becauſe it was not yet known which of the 
two it was proper to prefix to it), muſt now have the ſign — prefixed to it, 
or muſt be ſubtracted from the firſt term v. Therefore in the aſſumed ſeries 

- e . 
P, OX X Too Bax N S&D X — Tx? X =p vx* X ==> &c. 


I+xX; 
(which is equal to the cotplicated ſeries uu), the fourth term gu! 


(which is equal to the ſaid third horizontal line of terms, * 38 + 65x%— 
105x* + 155x7— &c.) muſt likewiſe be ſubtracted from the firſt term v; and 
eonſequently the four firſt terms of the ſaid aſſumed ſeries will be | 


ml A K&N E ** X eb S* X == or (becauſe P has been ſhewn. 


to be equal to a, C to be = b, x to be -, or p., and s tobe = b— ac 


; bx. XX 4 x3 bx 
11 [ . 7 — + — — 


1 1153 
* D 
2 — — Q E. Ic. 


1+] TT 


Art. 42. Fifthly, fince the whole third horizontal line of terms in the com- 
plicated ſeries. M, to wit, sr — 38#* ＋ 68 — 108x* + 15x — &c, is to have - 


the ſign —- prefixed to it, or is to be ſubtracted from the firſt term » of that 


ſeries; and this ſubtraction may be performed, or denoted, as well by changing 


the ſigns of all the terms that compoſe the ſaid horizontal line into the con- 


trary ſigns, as by leaving their ſigns unchanged, and 2 the ſign — to 
N . 1gns of the terms be fo . 
changed. Then will the complicated ſeries u be changed into the following 


the whole line, conſidered as one quantity; let the 


ſeries, to wit, | 
"is IE e - + Qt d + G — ox! + &c. 
— RXX T 2Rx* — 3RN + 4R45 — gn + Gas? Kc. 
— s* + 384+ — 68K + 108x* — 155+ &c. 
={T— 4145 +10Tx* —20Tx* ＋ &c. . 
& [ve* — 5vif +15vx7 Nc. 
+ [wa —ows" Kc. 
+ [xx — Nc. 


in which ſeries the ſigns of all the terms which form the three higheſt horizon- 
ſt term r, and which involve the letters & R, and s, are 
aſcertained; but thoſe of the terms in the other horizontal lines, and which 


tal lines next to the fir 
involve the following letters T, v, w, x, &c, are ſtill undetermined. .. 
| | 4-; Art. 43+» 


_ 
oy 7 


19 
a 
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Art. 43. Now, ſince this complicated ſeries u is equal to the original ſeries 
a — bx + (x8 — d& ＋ ex* — firs + gx8 — bx? + &c. it follows from Prop. 4, 
art. 22, that the reſult of thoſe terms in the ſaid complicated ſeries which in- 
volve the fourth power of x, muſt be a quantity that ſhall be marked with the 
ſign +, or added to the firſt term r, becauſe the term ex“ in the ſaid original 
ſeries is marked with the ſign +, or added to the firſt term a. Therefore 
thoſe members of the ſaid reſult which are marked with the fign +, or are to 
be added to the firſt term v, muſt be greater than thoſe members of it which 
are marked with the ſign —, or are to be ſubtrafted from the ſaid firſt term, 
to the end that t e whole reſult may be a quantity to be added to the ſaid 
firſt term y. And it follows from Prop. 2, art. 11, that this reſult muſt be 
equal to a. Therefore the exceſs of thoſe members of the ſaid reſult which 
are marked with the fign + above thoſe which are marked with the fign — 
muſt be equal to ex. Now this reſult conſiſts of theſe four terms, A — 
3Rx+ + 38, and = ra, of which the firſt and third are marked with the 
ſign +, and the ſecond is marked with the fign —, and the fourth term, 
= ru, is marked with both the figns + and —, in this manner, +, becauſe 
it is hitherto unknown which of thoſe ſigns ought to be prefixed to it. We 
have therefore the equation + qx+4— 3Rx+ + 35x4 + rx. = ex for the deter- 
mination of both the ſign and the magnitude of 1. For, if & + 3sx* are 
equal to, or leſs than 38x, the fourth term Tx* muſt be added to them, in 
order to make them exceed zu; and its magnitude (which depends on the 
magnitude of r) muſt be ſuch as to make that exceſs equal to ex“. Alſo, if 
Qx4 + zs are greater than 38, but their exceſs above it is leſs than ex, the 
faid fourth term Tx+ muſt be added to & + 38, in order to increaſe that ex- 
ceſs ſo as to make it equal to *. But, if Q + 3sx* are greater than 3x4, 
in ſuch a degree that their exceſs above it 1s greater than ex*, the ſaid fourth 
term Tx* muſt be marked with the ſign —, or ſubtracted from the exceſs of 
Qx* + 38x+ above 3Rx4, in order to reduce it to an equality with ex. We muſt 
therefore compare together the quantities + qQx* + 3sx4, — 3Rx*, and ex“. 

Art. 44. Now, finceqQis = 3, and R is = b—c, andes is = b— 2c + &, 
we (hall have zu = 39 — 3c, and 3s = 34 — 6c -+ 34, and conſequently qx+*+ 
35x4 = bx+ + 3 — 6cx+ + 3dx% = 4bx+* — 6cx* + 3dx*, and 3Rx+ = 3bx+* — 

cd. Now, ſince 3 -c is greater than c —d, & will be greater than 2c — d, 
and 5 + d than 2c. And, fince the co-efficients a, &, c, d, e, /, &c. are ſup- 
poſed to decreaſe very ſlowly, or every two contiguous coefficients to be nearly 
equal to each other, it is evident that 24 muſt be greater than c. Thercfore 
S + d + 24 muſt be greater than 2c + c, or 6 + 3d than 3c. Therefore bx++ 
34x* will be greater than 3cx*, and 44x* + dx thin 30K + 3c, and (taking 
bc from both ſides) 44x* — 6cx* + 3dx* than 35* — gc; that is, && + 
35x+ will be greater than zur, and the excels will be equal to bx+ — goxt + 
34x*. This excels we muſt now compare with ex.. Now, ſince the nature of 
the numbers @, &, c, d, e, f, g, b, &c, is ſuppoled to be ſuch that they not 
only form a decreaſing progreſſion themſelves, but that their differences of 


every order do likewiſe form decreaſing progreſſions, it follows that their ſecond 
differences 
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ifferences 4 — 25 + c, — 20 + d, c—2d T e, d—2e +f, e— 2f + g, and 
7 3 &c, wal form a decreaſing progreſſion. Therefore b—2c+d will 
be greater than c — 2d ＋ , and conſequently - 2c + 3d will be greater than 
£ +6, and b— 3c + 3d than e. Therefore þx* — gc + adi will be greater 
than e. Conſequently Tx* muſt be ſubtrafted from bx*—3a%+ 3ax*, in order 
to make it equal to ex*; that is, S 3cx*+ 34x*—Tx* will be = . There- 
fore -g + 34x* will be = ex*+1x*, and Tx* will be = bx*— c + 34x%— 
ex*, and r will be = +—3c + 34—e. Therefore the fifth term of the aſſumed ſeries 
1 1 
1 


1 I I | 
P, Q X Þ x? RN X ia” X 1+” X Fa“ X Ta | 


was X == , is 3c F34—10\ x x* x — or 
ze zd N ; or, if, inſtead of 36 +3d—e (which is the firſt 


ITD 
1 T* 


term of the third order of differences of the co-efficients 5, c, 4, e, f, g, bh, 

&c, or the excels of the ſecond difference Sac above the following ſecond 

difference c — 2d + e), we ſubſtitute o“ in this expreſſion, agreeably to the 

notation uſed above in art. 1, the fifth term of the ſaid aſſumed feries will be 

211154 

77. 
Art. 45. It remains that we inveſtigate the ſign which is to be prefixed to this 


e — , or 22 of the ſaid aſſumed ſeries. Now this may 
9 . . f 


be done as follows. 
Since, in order to make the exceſs of the added part of the compound 
uantity Gt, 3Rx4, 3Sx4, and Tx*, or + G -A sx and rs, above the 
— * part of it equal to ex“, it is neceſſary to prefix the ſign — to Tx4, of 
to ſubtract it from p, it follows that the whole fourth horizontal line of terms 
in the complicated ſeries u, to wit, Tx*—4Tx*+ 10 —-20 * + &c. (which has 
hitherto had both the ſigns + and — prefixed to it, in this manner, +, be- 
cauſe it was not yet known which of the two it was proper to prefix to it), 
muſt now have the ſign —. prefixed to it, or muſt be ſubtracted from the firſt 
term v. Therefore in the aſſumed ſeries | 
r, & X —=; nv X amy on 7 „ Vat 3 wo 


* 


8 7 3 p ich is e 1 I 
wa* x = Xx" X T &c. (which " equal to the ſaid complicated * 
ries u), the fifth term Tx* x = . (which is equal to the ſaid fourth hori- 
zontal line of terms, Tx*— 4Tx® + lor — 20 * + &c.), muſt likewiſe be 
ſubtracted from the firſt term, and therefore muſt have the ſign — prefixed 
to it. Therefore the five firſt terms of the ſaid aſſumed ſeries will be 


Vox. III. 20 P—Cx 
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| I 1 | I | I 
— * = , ny X an_— 7" X or (becauſe p has 


been ſhewn to be = a, Q to be = b, x to be -c, or D?, s to be = b— 


b ( } 
2c+4, or pu, and T to be = b—3c+ 34—e, or o“) a T — Dom 'X 


51 2 e 5113 2 Data Q k. I. 
1+a)* IT TT 
Art. 46. The foregoing inveſtigations of the five firſt terms of the aſſumed ſeries 


1 1 1 1 1 
* 3 

P, * ur- Rxx * $x3 X = r“ X r vat * cn 
_ T 3 | . . 
w X . xx” x V &c, are ſufficient, I preſume, to explain the me- 
thod of reaſoning by which they are to be determined, and by which, if we 
will take the neceſſary pains, we may find as many more terms of this ſeries as 
we pleaſe. I ſhall therefore forbear to trouble the reader with the inveſtigations 
of any more terms, though I have, for my own ſatisfaction, inveſtigated the 
three following terms, to wit, 


0 a | 6 . 1 1 
vxs X — wa* x | and XX" X — and have found them to be 


I | i+a)* 
- x5 x* 
equal to Iþ—qc+64—qe+f) x = [b—5c+ 104—10e+ 5f—gl X —p 
17 


and ſc bc i d- 0 15 —og Y) x , or (according to the notation 


1+x} 
vs vs . 
pivgs Dx d ==, and that they are all to 


uſed above in art. 1,) to 


have the fign — prefixed to them, or to be ſubtracted from the firſt term v, 
I I 


" I 3 1 
as well as the terms qx * lr X r- YT i =p and rx X = 


of which the inveſtigations have been herein above ſet forth. We may there- 
fore conclude with certainty that the firſt eight terms of the above aſſumed 
ſeries are | 


ba Dixx p23 I b æõ bv bv 
- Ter Ter 1 Ia ö 1+a} 1+] 1+x 7 


ſeems reaſonable to conjecture that the ninth, and tenth, and eleventh, and 
vii G 11. =_— 
other following terms of it, will be — EA yung /'; D 


5 N * 1+x)}? * 
ably to the ſame law of continuation which we obſerve to take place in the firſt 
eig t terms. But that this muſt of neceſſity be fo, is what, I confeſs, I am 
not able to ſee clearly and diſtinctly in my own mind, and much lels to give a 

demonſtration 


&c, agree- 
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demonſtration of it. If a demonſtration of it can be given, it muſt be derived 
from a careful contemplation of the co-efficients of the terms of the compli- 
cated ſeries M, which, taken horizontally, are the ſeveral orders of figurate 


numbers. | 
Art. 47. This complicated ſeries u, when the figns of its terms are properly 
aſcertained, will be as follows, to wit, either 


P 
—ſw—ant ow =o ww Ft. Kc 
— ſrxx—2Rx* + JAA + 5Rx%* — 68x? + &c. 
— ſx — 3544 + 05x*— Los" -+ 1 $841 &c. 
—ſTx+* —4Tx* + 10Tx%—207Tx? + &c. 
— f — gva* + 15y)—&c. 
— ( — 6ws + &c. 
| — H — &c. 


in which the whole horizontal lines of terms that involve the letters q, R, s, 
T, V, W, X, &c, are conſidered as fingle uantities, and have the ſign — pre- 
fixed to them, to denote their ſubtraction from the firſt term ?; or 


» | 
— C T- r . — , ＋ or — or + Kc. 
— RA + 2R* — 3Rx* + 4Rx5 — 5RX + 6Rx7 — &c. 
— * ＋ 38 — 68x. + 108K — 1587 + &c. 
— xx. + 4Tx* — fr + 20Tx'— &c, 
— vx, + FV — FV + &c. 
| — WS + GW. — &c, 
14 — Xx” — &c. 
in which the ſubtraction of thoſe horizontal lines of terms from the ſaid frſt 
term v is performed, or denoted, by changing the ſigns of all their terms. 


This latter way of repreſenting this complicated ſeries is the proper one for 
determining the values of the co-efficients q, R, s, r, v, w, x, &c, as we have 
ſeen in the foregoing inveſtigations of them. 


2 0 2 A SCHOLIUM, 


+\ 
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r LL 1 UW. 


— A E——_—_—— 


Art. 48. By attentively conſidering the aforeſaid complicated ſeries M, we 


may perceive to what circumſtance it is owing that the aſſumed ſeries 


1 . 
x — = , — &c. converges faſter to its true, or compleat, 
* 


5 moon — — 


+ T7 
value, than the original ſeries 4 — bx + cxx — dx + &c. (to which it is equal), 
converges to its true, or compleat, value; or how it comes to pats that a given 
number of the terms of the ſaid aſſumed ſeries, as, for inſtance, eight terms, 
approaches nearer to its whole value, than the fame number of terms of the ſaid. 
original ſeries approaches to its whole value. 


Art. 49. For each of theſe ſerieſes is equal to the whole complicated ſeries 
M, which, in the number of its terms, is ifffinite. That ſeries therefore whoſe 
firſt eight, or any other number of terms, exhibit the accurate value of the 
greateſt number of the terms of the ſaid infinite, complicated, ſeries, will ap- 
proach the neareſt to its whole value, or will converge the faſteſt, | 

Art. 50. Now the original ſeries a— bs + cox — dx* + ef — firs + gif — 
bx1 + &c. repreſents the reſults of the ſeveral terms of the ſaid complicated 
ſeries that he perpendicularly under one another, a being v, and — r = —qy, 
and cx = + Qxx—Rxrx, and — dx = — Qx*+2Rx%—sx?, and ſo of the reſt. 
Conſequently the firſt eight terms of the ſaid original ſeries are accurately 
equal to the eight perpendicular lines of terms, or (to ſpeak more correctly) 
to the two ſingle terms y and — Q, * with the fix following perpendi- 
cular lines of terms, which are above ſet down; that is, the ſaid firſt eight 
terms of the ſaid original ſeries are accurately equal to ſo much of the ſaid in- 


finite complicated ſeries M, as is herein before ſet down. But the aſſumed ſeries 


3 
n - = — &c. repreſents the values, or reſults, of the 
i 1＋ 4 14 


ſeveral terms of the ſaid complicated ſeries u, that lie in the ſeveral horizontal lines 
of which it is compoſed. Now each of theſe horizontal lines of terms conſiſts of an 
infinite number of terms, and not of thofe only which are herein before ſet down, 
and which ſtop at the ſeventh power of x: and yet the true and accurate values 
of theſe infinite lines of terms are expreſſed by the correſponding terms of the 


aſſumed {{ I+x 1 72 172 3 1＋2 4 9 1+x is 


accurately equal to the whole infinite horizontal line of terms, — c + Qxx 
— f - d +of—Qo of — d ＋ G — d + &c. ad 
infoutum, and not ſimply to the ſeven firſt terms of it, to wit, — & + AR — 
G =- e + G - &, which are actually ſet down above in the ſaid 
complicated ſeries . Therefore the firſt eight terms of the ſaid aſſumed ſeries 

are 
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are accurately equal to all the terms that have been herein before ſet down in 
the ſaid complicated ſeries M, together with the infinite continuations of the 
ſeven horizontal lines of terms, under the firſt term p, of which the ſaid com- 
plicated ſeries is compoſed. Therefore the firſt eight terms of the ſaid afſume.| 
ſeries muſt approach nearer to the true value of the whole infinite complicated 
ſeries u, than the reſult of all the terms of the ſaid complicated ſeries which 
are herein before ſet down ; and conſequently than the firſt eight terms of the 
original ſeries a — bx | cxx — dx + &c, which are cours equal to the 
ſaid reſult ; that is, the eight-firſt terms of the aſſumed ſeries 


p — 1 3 — — X&Kc. or | 
I +x T* Te r q | 
* 1153 111 
12K (— approach nearer to the 


value of the whole of the ſaid aſſumed ſeries, or of the whole of the original 
ſeries a — bx + c — del + ex* — &c. (to which it is equal), than the firſt 
eight terms of the ſaid original ſeries. 


Art. 51. This reaſoning may be eaſily confirmed by trying it in a particular 
example, For, it, when we have found the ſeveral numbers r, G R, s, T, v, 
w, Xx, to be equal to a, 5, pt, pl, p', pr, p', b"", reſpectively, we ſub- 
ſtitute, inſtead of the terms 
e OE ond (which are equal to the 
+= Tea” 1+)" 1+af 1+” 14a Ff P 
whole infinite horizontal lines of terms contained in the aforeſaid compli- 
cated ſeries ), only ſuch parts of the ſaid horizontal lines as are actually 
ſet down above in the ſaid complicated ſeries, that is, only ſuch parts of 
them as extend to the ſeventh power of x, we ſhall find that the reſult of 
ſuch a compuration will be only equal to the firſt eight terms of the original 
ſeries a — bx ++ xx dx + e ff + gx* — bx? + &c. This will be evi- 
dent from the following example. epd . 

Art. 52. Let the original ſeries, whoſe ſum is to be computed by the hel 
of the Sorefaid differen ſeries, be est odd 
I tt * 3 22 11 e 
OUT OE EST j . J 


1 * * ax* x5 * * 7 — 
2 >} =o i = _— = = + &c, which is of the ſame 
form with the ſeries 4 — bx + oxx — di ＋ ext — ＋ px% bu" + &c. 


+ &c, or (putting x 


rr 25 27 


Here 
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þ  ='— 037,03), oz), o3), 


2 


Cc = 


2 


= 034,482,758, 620, | 


e = > = 030, 303, o30, 303, 


7 
1 
9 
" 5 — 032, 258, 064, 516, 
F 
33 
_ 


3 
7 — 028, 571,428, 871, 
+ wa. =. = ,027,027,027,027, 

* _ = .025,641,02 5,041, 


The differences of theſe numbers (beginning from the ſecond number = or 
037, 037, 03), o3),) are as follows: | 


Therefore D* is = .002,554,278,416, 
pu ooo, 3 29, 584, 311, 

D*** = , ooo, O59, 924, 420, 

br = .000,013,097,010, 

p“ = .000,003,701,894, 
= .000,001,1439,044» 


Firſt differences. Second differences, 
00, 554.278, 416, 000, 329, 584,311 
: ,.002,224,094,104, 000 366 Fro bo 15 
001 „955,034, 2 135 000, 223 432, 48 1 bl 
001,73 251 oo, 187, 200, 18), 
001, 544,401, 7 4 . 
001,386,001,38 * | 000, 158, 400, 158 
Third differences. Fourth differences 
000, 059,924, 420, EIS. | cot 
ooo, o46, 22 75409, Ne U ys, 
.000,036,2 32,294, dert © , mo , | 
ooo, o28, 800, oz8. 5 . 743 a 5˙ | 
: 5 HER | 
Fifth differences. Sixth differences. 
ooo, oog, 701, 894, | 
: .000,002, 562,850. «000,001,139,044+ 
: 


Conſe- 


D 


OI IE eee 


EE 


* 
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Conſequently the differential ſeries 


bs pt 2 bs 151 „ OP nc. 2 =; == c &c. is = 
6 ifs The ihe afef, AP (OO OPT Ns, 
| .040,000,000,000,000, 


* 
— „037,037,037, 037, * I+x 
02,554,278,416, X == 
— QOO2, 7 7 3 * 
41 
5 
— ooo, 329, 584, 311, X IP 


a+ 
— .000,059,924,420, X 1+x 


5 
— ooo, o13, 697, lo, * ==, 
6 


— ,000,003,701,894, * == ; 


A 
x1 


— . X — 
O00, 001, 139,044, 174 7 


— &C. 
This is the general expreſſion of the aid differential fries, whatever be the 


magnitude of x. Therefore, whatever be the magnitude of x, not exceeding 
1, (which is its greateſt poſſible magnitude), the ſaid differential ſeries will be 
equal to the original ſeries 

1 x 


xx x3 ** * * x7 
3 918 29 31 + 9 F 1 * 


— 


Art. 53. Now let x be taken equal to 1, which is its greateſt poſſible mag- 
nitude, Then will the firſt eight terms of the original ſeries 


1 * xx, x3 ** x5 * x7 


25 27 7 29 31 33 35 * 37 39 + 
I I I I I I I I 


or .040,000,000,000, — .037,037,037,037, 
+ .034,482,758,620, — . 032, 288, 064, 516, 
+ .o zo, 303, o30, 303, — . 028, 671, 428,571, 8 | 
+ .027,027,027,027, — . 02, 641, 02 5, 641, which are equal to 
.131,812,815,950, — .123,507,555,705, 
or . oo8, 305, 260, 18 5. 
And the firſt eight terms of the differential ſeries will be 


O40, ooo, ooo, ooo, 
— „037,037,037, 37, * D 


— — OO2, 


e I 


* 
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— 002, 554, 278, 416, 
— o, 329, 584,311, 
. 000, 059,924, 420, 


— ,000,01 3,697,010, 


IX MM & 
HCC l 


1 
— ,000,003,701,894, X 54 


— doo, oo f, 139, 44, X 1285 which are equal to 


o 40, ooo, ooo, ooo, — . 018, 518,518,518, 
ooo, 638, 569, 604, 
oo, o4 1, 198, o38, 
ooo, oo3, 745,276, 
ooo, o, 428, o31, 
ooo, ooo, o 57, 842, 

* ooo, ooo, oo8, 898, 
= . o4o, ooo, ooo, ooo, 019,202, 526, 207 
= 020, 797,473,793 


Art. 54. This laſt number, . 020, 797,473,793, Which is the reſult of only 
the firſt eight terms of the foregoing differential ſeries, gives the value of that 


whole ſeries, and conſequently of the. original ſeries 

I 1 1 1 1 1 2 . o 
— — — — — — — — — — 9 — 0 h 

ES + Et + TT 55 + Tis 3 + &c ip whic tat — 
ſeries is equal), exact to eight places of figures, the error being only in the 
ninth place of figures, where there ſhould be an unit inſtead of a 3, the more 


exact value of the faid ſeries being . 020, 797,471,914; whereas the reſult of 


the firſt eight terms of the original ſeries — — 7 ＋* 7 — 2 + Ke. is only 


equal to . O08, 30 5, 260, 185, which does net agree with the true value of the | 
whole ſeries even to a fingle figure, being only about four tenth parts of the 
ſaid true value. 5 


Art. 55. But, if, inſtead of computing the terms 
. 5142 * P f the 
RET NY T9 HT TIS IT © 
foregoing differential ſeries, or (becauſe R, s, r, v, W, x, are reſpectively 
equal to 4, o', on, ont, DT", p', D""*,) the terms 
a R 8x3 a v as 6 _ 


Wx 7 . 
_ —— — . — — = — — — which are equ 
1+x 1 +a} rah IS 1+ irg“ 1 +a)” u 
reſpectively to the ſeven horizontal lines of terms in the complicated ſeries , 
that involve the ſaid letters , R, s, r, v, w, X, together with their infinite 
continuations, we were to compute only ſo many terms of the ſaid horizontal 
lines 


1 


® 1 


= 
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lines as are herein before actually ſet down in the ſaid complicated ſeries u, 
that is, only ſo many terms as extend to the ſeventh power of , we ſhould 
find that the reſult of ſuch a-computation would be the very ſame number that 
aroſe from the computation of the fir{t eight terms of the original ſeries 
Soolt Sid 2 Lon , to wier, oo8, 305, 260, 185. 
Aan e 35; 0133+ $6 on 39 1230 

This computation may be made as follows. * 

Art. 56. Since x is in this caſe 1, its ſeveral powers xx, x*, x*, x*, x*, 
'#7, will alſo be = 1. Therefore the higheſt horizontal line of terms in the 
complicated quantity M, to wit, — Qx + Qxx — ox? + qxt—qx + oil — 
v, will be equal ro - & + a. —qQ - =- that is, to—q, or 
(becauſe Q is = b = ,037,037,037,037) to — . 037, 037, 37, o37. 

And the next horizontal line of terms in the ſaid complicated quantity, to 
wit, — Rxx + 2Rx* = 3Rx+ + 4R* — FRX ＋ Rx“, will be equal tows R 2R 
— 3R + 4R — R + 6R, that is, to TA TR ＋ R, or + 3R, or (bKauſe u is 
ü — D* — 002, 554, 278, 416) to + 3 X . 02, 554, 278, 416, or ＋ 00, 662, 

. | 
Aud the third borizontal line of terms in the ſaid complicated ſeries, to wit, 
— $3 + 384 — 68 + 10s — 1557, will be = — s + 38 — 68+ 108 — 
1 58s = + 28 + 45—15s = +68—15s = — 9s = (becauſe s 8= D = 
«000, 329,584,311) — 9 X 00, 329, 584,311, = — .,002,966,258,799. 

And the fourth horizontal line of terms in the faid complicated ſeries, to wit, 
== Tx* + 47x35 — 1o0T:xf + 20x, will be = -r + 4T— 10T + 20T = ＋ ar 
+ 10T = + izr = (becauſe T is = D = .000,059,924,420) +13 XK 
.000,059,924,420 = + .000,779,017,400. 1 | 
And the fifth horizontal line of terms in the ſaid complicated ſeries, to wit, 
-* + sv — 15vx", will be = = v + gv —15y = +41 -g — 
-I1V == (becauſe v is = D*” = .000,013,697,010) — 11 X . o00, 013, 697,010 
= — ,000,150,667,110. | 

And the ſixth horizontal line of terms in the ſaid complicated ſeries, to wit, 
— wa* + 6ws", will be = — w + 6w == +:5w = (becauſe w is = D 
ooo, oo3, 701, 894) + 5 X . ooo, oog, 701, 894 = + .,000,018, 509, 470. 
And the ſeventh horizontal line of terms in the ſaid complicated ſeries, which 
conſiſts of only the ſingle term — xx”, will be = = x = (becauſe x is = 0": 
= .000,001,1 39,044) — .000,001,139,044. | | | 

Therefore the firſt term » of the Lad complicated ſeries, together with the 
ſeven horizontal lines of terms which are ſet down under it, will be 


P 
# — -037,037,037,037, s 
| + +007,662,835,248, 151 19 

2002, 966, 258,799, r 

= 4 + 00, 79,17, 466, þ = 040, 155, 101, 990, 

— „sooo, 1 50, 667, 1 10, + 008, 460, 362,178, 

+ . ooo, o18, 509, 470, 
ooo, ool, 139,44, 


Vol. ni. | 3% oj 
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= (becauſe P is a= -+040,000,000,000,) - en nl! 

o4o, ooo, ooo, ooo, — . 040, 155, 101, 990, + . 

= 048, 460, 362,178, — eo, 158. „101,990, = Hos, 305, 260, 1883 
that is, the reſult of the firſt term v of the complicated ſeries m, together with 
ſo many of the terms of the ſeven horizontal hex of terms which are placed 
under it as are herein before ſet down, without regard to the infinite continua- 
tions of the ſaid horizontal lines of terms, will be equal only to. oo8, 305,260, 
188 ; which agrees, in all but the loweſt figure 8, with the number 008,305, 


260,1 85, which aroſe from the 1 of che firſt eight terms of the ori- 
1 1 


ginal ſeries 2— 2j 5 — 57 + IH EF + &c, It is * 


35 37 
8 that the whole ene of the differential ſeries 
| Dy ons 5144 Des — —— | 
4 — LE T IF a1 — — — N 
2 reiß er Wl 77 7 , or 
55 $x3 ** vx : 


e e e e e e, ies 
from its in the value of the ſeveral horizontal lines 'of terms in the 
ſaid complicated ſeries M, together with their infinite continuations; r 
to what was affirmed in art. 50. 


Art. 57. The whole artifice therefore of this method of approximating to the 
value of the original infinite feries @ — bx + ax — dr + ex? — fx5 + &c, 
whoſe terms decreaſe very ſlowly, conſiſts in finding a complicated ſeries, or 
ſyſtem of terms, to wit, u, that ſhall be equal to the propoſed feries, and 
which ſhall be compoſed of ſeveral other infinite ſerieſes (to wit, the ſeveral 
horizontal lines of terms that are placed under the firſt term »), which, from 
the nature of their terms (the co-efficients of the ſaid terms being the ſeveral 
orders of figurate numbers), admit of an exact fummation, and which like- 
wiſe form a decreaſing progreſſion of terms that decreaſe faſter than the terms 
A r any ſeries a - bx + cxx dxs + ex* — fa* + & WG. | 


End of the Scholium begun in art. 48. 


From the foregoing R we may deduce the two following Corol- 

Aries. 
Art. 58. COROLL. 1. Since the ſeries eur + x8 — dt + an-—f + 

c. is equal to the ſeries 

4 r e * &c, and the former ſeries 

is equal to the exceſs of 4 above the ſeries cx + d -en + fx* —= &c, 

and the 2 ſeries is equal to the exceſs of 4 above the ſeries 


2 Dr 8 * 


777 + = + = e it follows that the ſeries &x — 
_ * will be equal to the ſeries | 


Dixx DH1,4 Des 


. TH Tea * 5 += + r | . 
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Thareford, whenever we meet with a ſeries of this form, * ant + ax 
er + fx — 75 + b — &c. (in which the variable quantity x is involved in 
the firſt, or igheſt, term, as well as in all the reſt ;) and its terms decreaſe too 
ſlowly to make it capable of being ſummed in the common way ;- we may ap- 
proximate to its value by D a moderate number of che terms of the 


differential ſeries 


be _ bl 4 Ts * 
75e os = ++ = 8 755 8. 8 5 be, which * 
equal to it. 


Art. 39. COROLL. 2. Since the BEG KEE , s, T, v. W, x, of 
the powers of x in the aſſumed ſeries 1 
1 — = r =; e, are reſpectively equal to J, c, 
b—2c+4, b—3c+ 34 —e, &c, or 5, b., ol, buht, oi, be, pes, xc. et theſe 
latter letters bo ſubſtituted *inſtead of the rr in the complicated ſeries M. 
Then will that ſeries be as follows ; 


E | 
= bs 4 br. bx + I = bx + * — 3 "+ Kc. 
bur +208 — 207 + 450% — $D's* + 6D — &c. 

2D T 3D"x* -D, T 10D ô -15D""x" + &c, 
* Du + 45 —1 OD" "y5%+ 20D" "x7 &c. 

— D + 5D""x* D, &c. 

- Dire +, 6D"x" — &c. 

— Dx! + &c.- 

This Eee is equal to the original ſeries 2 — bx + cxx d + er — fxs + 

gx) + bir + &c. Therefore, by Prop. 2, we ſhall have the following equa- 


tions; 
iſt, 2 4a 


adly, bx 4x. 
| Sd P * — = 4 + cxx; and conſequently 
2 — pp ge. 
Athly, v — 3x3 i 
57 = & — 4x* ; and conſequently 
— 
P + A - + 2D — D = a, 
and r + A + 20'f = TTD, 
and dx T 2% = Ir + D, 
and dx = bx? — 2D + D. 1 
and d = b 2 + *. | » 
2 P72 sthly, » 
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5thly, v + 5x4 — 3D'x* + zo = A; + e; 
and conſequently * = 3D'x* + zor — D = ex-, 

and 65 - 3b* 7 3D — D. = e. | 
6thly, P—bx + 4035 D AD =D" = -,; and conſequently 
fx -I AD — EDA + AD -D = 42; | 
and Frs + Þ+ 4D'x* + 4D*"x5 = A I GDM DNA; | 
and fa* -A DIN- ＋EA D]] = I GDI D**x5 ; f 
and f +4D* ＋4D¹ = b+6D" +0"; 
and F = b—4D*+6D*—40** D. ** 5 7% 
7thiy, - $0*x*+ 10b˙¹α 100. 5Dο¹ -b = a+gx*; and 
conſequently bx*— 5D'x* + 100" *$%—10D""x* + 5D"x*—D"x5 = gx5 ; 25 
and 5 — 5b. + 10D — 100 + gp” — b 2 g. 
And Sthly, p—bx7+60D'x%—1 5D¹ + 200" "7 —1 5D GD -D 
| = A -b; and conſequently 
| bxr -I + 6D""—1 5D**$7+20D*""x7—-1 5D"x7 + 60"7—D"'7 = 43 
and be +> +60" + 200"? + 6D'#7 = a+6bx#" +150" T IFD +D"s" z 
and bx GD +20D"*x7 GD = bx" +15D""'#*+150%%7+D"'s" ; 
and þ+6D*-þ200"*+6D' = b+15D*+15D"" +0D"*; | 
and þ = b—6Dd* +1 5pr—20D"* +150 —6D" +D"?. 
We may therefore conclude that, if 5, c, 4, e, f, g, b, repreſent a decreaſin 
eſſion of numbers, and the nature of theſe numbers is ſuch that their dif- 
ences -c, -d, d—e, e—f, -g, g—b, alſo form a decreaſing progreſ- 
fion, and that the differences of theſe differences, or the ſecond differences of 
the original numbers 5, c, d, e, J, g, b, to wit, þ—=2c+d, c=2d+e, d—2e+f, 
e—2f+g, and f—2g+b6, alſo form a decreaſing progreſſion, and that their dif- 
ferences of the third, and fourth, and every ſubſequent order, alſo form 

decreaſing progreſſions ; and the firſt difference of the firſt order, to wit, c, 

be denoted by v, the firſt of the ſecond order, to wit, S— 2c, by o“, the 

firſt of the third order by p***, and the firſt of the fourth, fifth, and fixth or- 
ders, by Dp, p', o“; I ſay, we may conclude that, in ſuch caſe, the ſecond, 
third, fourth, fifth, ſixth, and ſeventh, terms, c, d, e, /, g, and b, of the ſaid 
original progreſſion 5, c, d, e, f, 7 5, will be equal to the following combi- 
nations of its firſt term 5, with the firſt terms, o, p, D*®, pe, D, Di, of 

its ſeveral orders of differences, reſpectively; to wit, | 

e will be = 3 Dr; 

d will be = þ—-2p* + pn; _ 

e will be = þ—3D* +30 — Dr: 
F will be = 6—-4D* +604 - 40%! + D; 


\ 
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g will be = b— 5D* 10b*— ob + 5D" —p"; 
and b will be = 4—6D* +1 5D —20D""" + IFD br. | 
The numeral co-efficients of the terms in theſe compound quantities are the 


unciæ of the terms of the ſecond, third, fourth, fifth, and ſixth powers of the 
binomial quantity @a+86. : N 


Art. 60. If, in imitation of the foregoing differential ſeries 


3 bu a. © as... D*vzs 898 tee. for find- 
I+x 1+a)* +a} I +a 1+a}? 1+) + al? ; 


ing the value of the original ſeries 4 — bx + cxx — dx? + ex4 = faf + g 
bx" + &c, when its terms decreaſe too ſlowly to make it capable of being 
ſummed in the common way, we were to attempt to find a like ſeries for 
the ſummation of the ſeries @ + bx + cxx + d + e + . g + bx7 + &c. 
(whoſe terms are all connected together by the ſign +, or are all to be added 
to each other), and were for that purpoſe to ſuppoſe the faid ſeries to be equal 


to the ſeries F | 
1 1 


I I 1 
r, QX X u, Row * * * =p Tx* * == lhe” — an ; 


(as we did with reſpect to the ſeries a — bx + cxx — dx3 + ex*— f + gx* —bx7 + 
&c. in the ſolution of the foregoing problem), and then to inveſtigate the values 
of y, G, R, s, r, v, &c, and the figns by which the ſecond, third, and other 
following terms of the ſaid affumed ſeries were to be connected with the firſt 
term v, we ſhould find that the ſaid firſt term y would be equal to a, and that 
the co-efficients &, R, s, T, v, &c. would be equal tob, 4 ＋ e, 5+ 20 + 4, 
5 ＋ 30 ＋ 3d Te, b+4c + 64 ＋ 4e +f, and fo on, and that all the terms of 
the aſſumed ſeries after the firſt term would be to be added to the ſaid firſt 
term, and conſequently, that the ſaid aſſumed ſeries would be 


E Na =; +ÞFz+d x =, +34; —= 
6 + * * X Fran * == 4% n x = 


+ S ＋＋ 40 6d + 4e +f\ x = . + &c. But this ſeries would (by reaſon of 
: 1+a) 


the divergency of the co-efficients 3, b +, „ +2c +4, 6+3c +34 +e, 
b + 4c + 6d + 48 +f, &c.) be found either to diverge, or to converge (till 
more ſlowly than the original ſeries a + bx + cxx + dx* + ex* + fx* + &c, and 
therefore would be of no uſe with reſpect to its ſummation. 


Art. 61. I have now, I hope, ſufficiently explained the manner in which 
the differential ſeries | | 
. owed ans web | not 

ir T+s 1+} 1+ 1+ i++) it) 
veſtigated, and the reaſon why a few of its terms give us the true yalue of the 
whole of it, and conſequently of the ſeries a— bx + cxx — dN + ex*— ff + 
gxs — bx" + &c. (to which it is equal), as nearly as a very great number of 
the terms of the ſaid latter ſeries. And in the preceeding mach I gave ſeveral 
| remark . 


— Ke. was in- 
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remarkable examples of its great uſefulneſs in this reſpe&. But, before I in- 
tirely diſmiſs the ſubject, I will beg leave to add one more example of its 
utility, in enabling us to find, to a very uſeful degree of exactneſs, the true 
value of a very awkward and troubleſome ſeries that expreſſes the magnitude of 
the arch of a circle by means of the exceſs of its ſecant above the radius of 
the circle, where ſuch excels is not greater than the radius, p Termonrd 


E * 
4 . 


Another example of the utility of the foregoing differential ſeries 
bx Dx? ones D Des bx DN 7 

J nr — rr" nn nr > Ang 
enabling us to find a near value of the ſeries a — bx + exx — dx + ex% — fi + 
g — bx" + Sc. ad infinitum, when the numeral co-efficients b, c, d, e, hf, g. 
.b, &c, decreaſe very ſlowly, and the quantity x is either equal, or nearly equal, 
to 1, in the caſe of an infinite ſeries for expreſſing the magnitude of a circular arch 
by means of the exceſs of its ſecaut above the radius of the circle. | 


e 


Art. 62. If the diameter of a circle be called d, and its radius r; and the 
exceſs of the ſecant of any arch in it, not greater than 60 degrees, above the 
radius of the circle, be called x, ſo that the whole ſecant ſhall be = r + ; 
and the mean proportional between the diameter of the circle and the ſaid ex- 
ceſs of the ſecant above the radius, or between d and x, be called y; the length 
of the ſaid arch will be expreſſed by the following infinite ſeries, to wit, 


2.2. 411 2 2.4. B+1.3 2 2.6, c+1.3.5 2 
* 3.3 * da . 2.4.5. * a+ * 2.4.6.7 * 75 + 
2.8. D+1.3-5-7 x 2 + 2.10. E+1.3.5.7.9 * 2 = 2.12. F+1.3-5.7.9.11 y"3 
2.4-6.8.9 J 2.4.0.8. 10.11 dio 2.4.0. f. 10. 12.13 FIT 


2.14. 6G +1.3+-$-7-9.I0.1 7 _ | ; EY 
8 CY — X — + &c; in which the capital letters a, B, e, 


D, E, F, o, H, &c, repreſent the co-efficient of the firſt term y, and the nume- 


rators of the co-ethcients of the following terms, as they ariſe ; 8 
a being equal to 1, or the co- efficient of the firſt term y; 
and B being equal to 2.2.a+1 (or 2Xx2X1+1, or 4+1) or 5; 
and e being equal to 2.4. B+ 1. 3, (or 2 X4X5+3,012 X20 +3, or 40+3) 
or 433 | 


and Þ being equal to 2.6.c+1.3.5, (or 2x6X43 +15, or 12X43 +15, 
or 516+15), or 531; . | | 


and 
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and x being equal to 2.8.D+1.3.5.7, (or 2XBX531+15X7, or 16 X 531 
+105, or 8496 +105), or 86013 
and r being = 2.10. E+1.3.5.7.9 (= 2 X 10X8601+105X9g = "0 6601 
+945 = 172,020 +945) = 172,965 
and 6 being = 2.12.7 +1, 3-5-7:9.11 (= 24X1724965+945 X11 = 4, 151, 
160 ＋T 10, 395) = 4,161,555; 
and n being = 2.14. 0 ＋ 1. 3.5. 7.9.1 f. 13 ( = 28 X 4,161,555 ＋ 10, 395 X13 
= 116,523,540 135,135) = 116,658,675 ; 


and ſo of the following capital letters 1, k, I, u, N, o, P, &c, if more of 
the terms of the ſeries ſhould be computed. And the additional parts of 
the numerators, (which come after the parts that involve the capital letters 
A, B, c, D; E, r, o, &c.), to wit, 1, and 1.3; 1.3.5; 1.3.5.7; 1.3-5.7.9; 
I+3-5+7+9-L1 3 1-3-$+7-9-11,13, &c, are the products of the continual multipli- 
cation of 1 into the odd numbers 1, 3, 5, 7, 9, 11, 13, &c. taken in their na- 
tural order. And the denominators of the ſecond and other following» co-etf» 
cients, to wit, 2.3, 2.4.5, 2.4.6.7, 2.4. 6.8.9, 2.4.0.8.10.11, 2.4. 6. 8. 10. 12.13, 
and 2.4. 6-8. 10. 12. 14. 15, &c, are the products of the continual multiplication 
of 1 into the even numbers 2, 4, 6, 8, 10, 12, 14, &c, taken in their natural 
order, and into the next 3 odd numbers, 3, 55 75 9» II, 13, 15 &c. 
reſpectively. | 

The Wende dens of this ſeries may be ſeen in my Elements of Plane Trigoe 


nometry, art. 333, pages 433, 434, 435 
_B60199 - 


5 
Art. 63. This ſeries is = y = + 2.4.6.7. 3 


22952 28 8 2 116588, 
2. 4G. 8. 10. 11. 4 + 2-4.0.8.10.12.13. an 2.4. 0. ir + &c. ad infinitum, 
CEL e . eee 
wid * 40 3304 > 34560 345 © 42,2404" 7 59% % 
$ 
aa SE + &c. ad PLES in which it is remarkable as all the co- 
efficients after - => the co-ethcient of the ſecond term L, are greater than 1, 


and, inſtead of — continually (as the co-efficients of the terms of the 
ſerieſes, whoſe ſums we inveſtigated in the preceeding tract, did, though but 
ſlowly), grow continually greater and greater. But this increaſe of the co-effi- 
cients will be more than * by the continual decreaſe of the literal frac- 
5 1 
tions 2 K,. =» 755 2585. 25 72 225 in the proportion of dd to yy, ſo as to make 
the terms of the foregoing ſeries decreaſe upon the whole, notwithſtanding the 
increaſe of their co- efficients. And, if we ſubſtitute 27 inſtead of 4 in the 
ſeveral denominators of the ſecond and other following terms of the ſaid ſeries, 


ſo that the literal parts of the ſaid terms ſhall be = 5 25 2, , 2585 25. L&C, 
inſtead of 2 7, 5 2 „ K. 2 = &c, we ſhall thereby convert the faid. 


di de 
| "I. 


- 
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ſeries into another, in which the numeral co-efficients of the terms will con- 
tinually decreaſe. For, fince 4 is = ar, we {hall have dd = 4rr, and d' = 
1674, and & = 6475, and & = 2567", andd” = 10247 and 4 = 40g6r®, 


and d'4 = 163847; and conſequently the ſeries 


bead 7; oy? + 0 $3197 by 860199 _ 172,965 + 216 an 116,658,675y" 


336a* 3455. © 42,24040 599-0400" 9,576, 800. 
cc. will iy IT to the ſeries 
. 2. 8601 5 172,965 yur 
9 c= © 40 * Jo x 167. 330 x 64 T: x7 3456x256 | 424340 X 10241 


41618882 116,688,582 * 
＋ Je 5578,50 x 16384958 tg 


7 8601 172, =, 4,161, * 
— « — G39 4 1 g 7 — 21 TEE A 
40r* 277 4173 43+25 397607 2,453,067, 840 2 


116 77 675 *¹ 
* &c, in which, it is evident, the co-efficients of the terms 


continually decreaſe. 
Art. 64. This ſeries is equal to y x the ſeries 


* — 8 + 49 _ 539 + 8601 y* 172,965 v2. + 4161,65 x5 ond 


| dert 2150970 © BBqg7gor 43,253,700” * 2,453,667,84078 © 
116 PLS © 226 
de D Kc. ad infinitum, or (becauſe y 1 is = (ax, or ems and, 
3y is = dx, or 2rx), to Vſiræ x the ſeries 
— e 43 * 4 531 * 8 8601 x 16 * e 
* 640rt 2150475 + 884,30 43,253,760 8 
e hl 116,658,675 x 128 747 | 
＋ "2453-007, . Þ+ KC. ad infinitum, or to v [27% X 
By * 435% $3147 1 172,965 x5 4,161,555 x5 
the ſeries 1 I2r + 16014 © 268873 ＋ 5529875 55795 14 © 1,351,680 r5 * 38, 338, 560 7 
os 5 5 — - + &c. ad infinitum, or (if we convert theſe co-efficients inte 
, , 0,400 
decimal fractions) to - [2rx X the ſeries 


I — 0.416, 666,666 Xx — 


* 


++ o. 268, 7 50, ooo * 1 e 
— 0.197, 544, 642 * _ 3 
Þ+ 0.155, 544, 704 X 2 
— 0.127, 962, 979 * - n 
+ 0.108,547,504 X £ 


| — = 0:0944183,603 X > 7 + &c. ad infinitum, in which ſeries 
the 


* 
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the numeral co-efficients of the terms continually decreaſe, though very ſlowly. 


This laſt expreſſion is that which it is moſt convenient to make uſe of in com- 
puting the gzagnitude of the arch of which r + is the ſecant. 


Art. 65. Now, in order to find the value of this expreſſion ir x the 
ſeries | | 


1 — 0.416,666,666, — 
| + 0.268,7 50,000, 
— .197,544,642, 

+ 0.155, 544, 704, 
— 0. 127, 962, 979, 


+ o. 108, 547, 504, 


Ma 3% 30% 3% 31% 


Y 


— o. o 4, 183, 60 , 5 


+ Kc. ad infinitum, (which is equal to the arch of which r+x 


is the ſecant), we muſt firſt compute the value of Zyx, and, ſecondly, that 
of the infinite ſeries 


1 — 0.416,666,666, 
+ 0.268,7 50,000, 
— 0.197,544,042, 
+ 0.155,544,704z 
— 0.127,962,979, 
+ . 1038, 547, 504, 


I > 21% 31%, l ele 


— o. o, 183, 603, 


— 


r 


+ &c. ad infinitum. The firſt of theſe operations, that of com- 


puting the value of , (27x to any propofed degree of exactneſs, will be always 
equally eaſy, whether x be a ſmall quantity in compariſon of the radius , or 
very nearly equal to it. But the computation of the foregoing infinite ſeries to 
any conſiderable degree of exactneſs, as, for example, to nine or ten, or even to 
four or five, decimal places of figures, in a dire& manner, or by computing. 
a ſufficient number of its firſt terms, and adding them to the firſt term 1, or 
ſubtracting them from it, according as they have the fign +, or the fign —, 

Vor. III. 2 prefixed 
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prefixed to them, will be exceſſively difficult when x is but little leſs than the 
radius , and the litteral parts of the terms, to wit, 


I and 255 &c, conſequently decreaſe but ſlowly. For, 


ſince (as we have ſeen) the numeral co-efficients of the terms decreaſe exceed- 
ing ſlowly, the whole terms will in that caſe decreaſe but ſlowly ; and an im- 
menſe number of them muſt be computed in order to obtain the value of the 
whole ſeries exact to ten places of figures. But by the help of the foregoing 


differential ſeries 

rr c. the fore- 

I+* T+x 1+} 1+ 1+ 1+ 140 - * 

going eight firſt terms of the ſaid ſeries will be found ſufficient to enable us to find 
the value of the whole ſeries, and conſequently that of the arch of which r+x 
is the ſecant, exact to four decimal places of figures, even in the moſt diffi- 
cult caſe of all, or when x is equal to the radius r, and the ſecant r+x is 
equal to twice the radius ; and conſequently the arch to. which it belongs, is 
an arch of 60 degrees. This we ſhall now proceed to ſhew. 


Art. 66. Let us (in order to abridge and fimplify the notation of the terms 
of the foregoing ſeries,) ſuppoſe the radius r to be = 1. And then the ex- 


preſſion V/ [2rx X the ſeries 
TY 1 — 0.416,666,666, 


＋ 0.268,7 50,000, 
— 0.197,544,642, 
+ 0.155, 544, 704, 
— 0.127, 962, 979, 
+ o. 108, 547, 504, 


„ I 1% 31%. l 31% le 


— 0.094,183,603. > + &c. ad infinitum, will become 


x XV Xx the ſeries 1 — 0. 416,666, 666, x 
+ 0.268,7 50,000, x* 
— 0.197,544,042, &. 
+ 0.155,544,704z a+ 
— 0.127,902,979, «* 
+ 0.108,547,504, 1 
— 0.094,183,003, #7 
+ Kc. ad infinitum, which is of the ſame form with 


the ſeries a— bx + cx — d& + ex* —fx* + ge — bx" + &c. ad infinitum, of 
| which 
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which it has been ſhewn in this and the foregoing Tract, that it is equal to 
the differential ſeries 


— 


bs D*.x* Ds 91174 Db Wes ba pYLz7 e. of infi- | 
E 8 1 fr 1 TP Tah 1+aP 1+a1* 1+ al? 


nitum. We muſt therefore ſuppoſe 
a to be = 1, or 1.000,000,000, 


and 3 to be = 0.416,666,666, 
and c to be = 0.268,7 50,000, 
and d to be = 0.197,544,042, 


and e to be = 0. 155, 544,704. 
and F to be = 0.127,902,979z 
and g to be = 0.108, 547,504, 
and 5 to be = 0.094,183,003, 


and muſt compute the differences of 5, e, d, e, f. g, and b, upon this ſuppo- 
fition, and the differences of thoſe differences, or the ſecond differences of 
5, c, d, e, f, g, b, and the differences of thoſe ſecond differences, or the third 
differences of ö, c, d, e, f, g, b, and their fourth, and fifth, and fixth, dif- 


ferences, in order to obtain the values of Di, bl, D*'*, p“, D', and p43; or the 
firſt terms of the ſaid ſeveral ſucceſſive orders of differences, Thele differences 


will be as follows : | 
b—c, or 0.416,666,666 — 0.268,750,000, is o. 147,916,666; 


and c—d, or o. 268,7 50, ooo — o. 197, 544,642, is = o. 071, 203,358; 
and d—e, or o. 197, 544,642 — 0. 155, 644, 704, is o. o4 1, 999, 9983 
and e—f, or o. 155, 544, 704 — 0.127, 962, 979, is = o. o27, 581,725; 
and F- g, or o. 127,962,979 — 0. 108, 547, 504, is o. 019, 41,475 3 
and g—b, or o. 108, 547, 504 — a. og 4, 183, 603, is = o. 014, 363,901 


Firſt differences. Second differences. 
0. 147,916, 666 5 0.076,71 1,308 3 
o. 07 1, 205, 358; o. 0 29, 205, 4203 
0.041, 999,938; 0.014, 418,213; 
0.027, 58 1,7253 o. oo8, 166, 2 50; 
0. 019,415,475 0.005, 051,574 


o. 014, 363,901; 


bird differences 
e Fourth differences. 


o. o47, 505, 888; 
o. 014,787, 207; 
o. o06, 251,963; 
o. 03, 114, 6763 


o. 032,718,681 
0.008, 535,244 3. 


2Q 2 PFPiſth 
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Fifth diff . 
ee Sixth differences. 
9.024, 183,437; 
0.005, 397,95) 3 o. 018,785, 480. 5 
Therefore p* is = o. 147, 916, 666, 
and D* 80 = o. 076, 711, 308, 
and p“ = o. 047, 505, 888, 
and Dp? = o. 032,718, 681, 
and Dp“ = o. 024. 183, 437. 
and D”* 8= o. 018,785, 480. 


And conſequently the differential ſeries 
WAS br Dax . 1 fea. 
r 1+ ir TTT 1+ ire 1+3) PN IO 
1 — 0.416,666,666, — 
xXx 


o —_ 0.147,916,666, TIP 


x3 

— 0.076, 711, 308, FF 
| 8 

— 0.047,055,888, == 


— 0.032,718,681, —, 
45 
— . oa4, 183,437, T 


; 17 
— 0.018, 785, 480, = ; 
ꝗ— &c. | 


This ſeries therefore will be equal to the ſeries a— by + cxy — 3 
* + g — bx! + &c. ad infinitum, or 1 Nw 
| 1.000,000,000, 
— 0.416,666,666, x 
+ 0.268,7 50,000, xx 
— 0.197,544,042, x3 
+ 0.155,544,704, a+ 
— 0 127,962,979, ** 
+ 0 108, 547, 504, & 
— 0.094,183,603, * 
a + &c. ad inſinitum, of which we are to find the value, 
in order to obtain that of the arch of which yx, or I x, is the ſecant. And 
this will be true, of whatever magnitude, not exceeding the radius 1, we ma 


ſuppoſe 
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ſuppole the quantity x, or the exceſs of the ſecant above the radius, to be 


taken. 


Art. 67. We will now ſuppoſe that * is equal to the radius 1, which is its 
greateſt poſſible magnitude. 


Then will , x3, x4, x5, af, x7, and all the following powers of x, be 
equal to 1 likewife ; and the foregoing differential ſeries 


I. ooo, oo, ooõ0, 
— 0.416, 666,666, —— 

Xxx 
17 * 
— . 076,711, 308, —_— 


** 
— 0.047, 505, 888, = 


2. 147,916, 666, 


— 0.032, 718, 681, 


— o. 024, 183, 437, TeD 
— 0.018, 78, 480, 


— Ke. will be = 
. I. OOO, oOo, ooo, 
— . 416,666, 666, X 2 


— 0.147, 916, 666, * = 
— 0.076, 711, 308, X — 
— o. 47, 505, 888, + 75 


— 0.032,718,681, X = 


— 0,024,183,437, X 85 


— 0.018,78 5,480, X 120 


— & c. = 
1. ooo, ooo, ooo, 


— 9.208, 333,333, 
— 0.36, 979, 166, 
— o. oo9, 588,913, 


— 0.002, 
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— 0.002,969,118, 
— o. o01, 22, 458, 
— do. ooo, 377,866, 
— do. ooo, 146, 761, 
| — Xe. | 
= 1.000,000,000, — 0.259,417,615, — &c. 
= 0.740,582,385, — & c. 
Therefore the ſeries @ — by + c — d + e — ff J. gx — bxt + &c. ad 
* infinitum, or $ | 
| I:000,000,000, _ 

— o. 416,666, 666, * 

+ o. 268, 7 50, ooo, xx 

— . 197, 544,642, & 

_ + . 155,544, 704, x+ 

— . 127, 962, 979, * 

+ o. 108, 547, 504, * 

— 0.094,183,603, * 

+ &c. ad infinitum, (to which the ſaid differential ſeries is 
equal), will, in this caſe, or when x is = the radius 1, be = 0.740,582,385 — 
&c, or ſomewhar leſs than 0.740,582,385, or (neglecting the five laſt figures 
of this number, becauſe it is evident from the foregoing procefles that they 
cannot be exact), 0.7405. 


Art. 68. But, when x is = 1, we ſhall have K x 2 =1X V2 V2 
= 1.414,213. | | 

Therefore the expreſſion x x V2 X the infinite ſeries 
1.000,000,000, 
0.416,666,666, x 
0.268,7 50,000, xx 
0.197,544,042, & 
0.155,544,704, x4 
0.127,962,979, x* 5 
0. 108, 547, 504, x* | 
0.094,18 3,603, * 

| + Kc. will, in this caſe, or when x is equal to the ra- 
dius 1, be = 1.414, 213 X 0.7405 = 1.047, 224, 7 26, 5, or (neglecting the 
four laſt figures) 1.047, 224; that is, the magnitude of a circular arch of 60 
degrees, or the third part of the ſemicircumference of the circle, will be = 
1.047,224, when the radius is called 1. And conſequently the ſemicircumfe- 
rence of the circle will be = 3 x 1.047, 224, or 3-141,672 ; which is exact 
in the four firſt figures 3.141, and differs but an unit from the truth in the 
fifth figure, which ought to be a 5, inſtead of a 6, the more accurate value of 
the ſemicircumference of a circle, of which the radius is called 1, being 


.141,592,053, &c. ; 
3+141,592,053z, 1 85. 


[+][+[+] 
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Art. 69. If we compute the magnitude of an arch of 60 degrees by the 
firſt eight terms of the ſeries @ = bx + cxx — dx? + e. — r + g — bx" + 
&c, or- | | 1 | 

1.000,000,000, 
— 0.416, 666, 666, x 
＋ o. 268, 50,000, xx_ 
— 0.199, 544,042, * 
＋ 0.155,544,704, “ 
— 0. 127,962,979, K“ 
+ 0.108, 547,504, * 
— 0.094,183,603, x? | 
+ &c, itſelf, in a direct manner, or without having re- 
courſe to the foregoing differential ſeries, we ſhall find the ſaid ſeries to be 

1. ooo, ooo, ooo, — 0.416,666,666, 
+ o. 268, 50,000, — 0.197, 544, 642, 
+ o. 155,544,704, — 0.127,96 2,979, 
+ o. 108, 547, 504, — 0.094, 183, 603, 

= 1.532,842,208, — 0.836,357,890, = 0.09 
and conſequently the ſaid arch of 60 degrees to be 

= 1.414,213 X 0.696,484,328, = 0.984,977,190 ; 
which is not exact even in the firſt figure .g. For, if we multiply it by 3, 
in order to find the value of an arch of 180 degrees, or the ſemicircumference 
of the circle, we ſhall find the product to be 2.954,951,570, which does not 
agree with the true value of the ſemicircumference, which is 3.141,592,653, 
&c, even to a ſingle figure. So that the exactneſs of the value of the ſemicir- 
cumference of the circle found before by the help of the differential ſeries 
3 bir IE D153 5 DM b D DYE) & 3 : 

*— 77 Tp 5 TIEN NT oo ne 
finitum, to wit, the number 3.141,672, to four places of figures, is intirely te 
be attributed to the ſaid differential ſeries, and affords a ſtrong proof of its 
utility. 


Art. 70. If, inſtead of taking only the firſt eight terms of the foregoing ſe- 
ries 4a — br + cx — de + ex — ff ＋ g —bi ＋ iff — ki + I = r + 
&c, and applying the differential ſeries to thoſe firſt eight terms, we were to 
compute thirty-two terms of the ſaid ſeries ; and, after finding the reſult of the 
firſt rwenty-four terms in a direct manner, (or by adding thoſe which were 
marked with the fign +, to the firſt term. a, and ſubtracting from it thoſe 
which were marked with the ſign —), we were then to apply the ſaid differen- 
tial ſeries to the remaining eight terms, to wit, the 25th, 26th, 27th, 28th, 
29th, 3oth,” gift, and 32d, terms, ſo as. thereby to obtain a near value of the 
whole original ſeries, after the firſt twenty-four terms; and, laſtly, were to 
add ſuch near value to the value of the firſt twenty-four terms before obtained, 
the value of the whole ſeries thereby obtained would be exact to many more 

| decimal 


484,32 8, 
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decimal places of figures than the value of it obtained above by means of 
only its firſt eight terms, and probably to nine or ten places of figures. But 
the trouble of forming and computing the ſeveral terms of this ſeries is ſo great, 
that I have, on that account, contented - myſelf with computing only the firſt 
eight terms of it, and applying the differential ſeries to them. But, if any of 
my readers, who is fond of theſe ſpeculations, ſhould have a mind to under- 
take the taſk of computing thirty-two terms of this ſeries, and applying the dif- 
terential ſeries to the laſt eight of them, in the manner juſt now mentioned, 
he would, | believe, find it convenient to uſe ſome farther abridgements in 
the notation of the numeral co-efficients of the terms of this ſeries, beſides that 
mentioned in art. 62, of putting the capital letters a, B, c, p, E, F, G, n, 
&c. for the numerators of the ſeveral numeral co-efficients, as they ariſe. And 
I conceive it would be convenient to uſe the ſame capital letters with an ac- 
cent placed over them, to wit, the letters A, , c', b“, E', F, &, n', &c, 
for the additional parts of the ſeveral numerators of the ſaid co-efficients, ſo. that 


A” ſhould be = I, 


and B 1.3. 

and c- = 1. 3. 8. 

and D' . 9.875 

and x = 1. 3. 5. 7. 9, 

and r = 1. 3. . 7-9. FI, 

and 6” = I. 3. 5. J. 9. 11.13, 
and R . 3 1, 


and fo of the reſt; in which caſe we ſhould have 

| f 34 
. 
. 
and k (= 1. 3. 5 
. .. 
and &' (= 1. 3. 5 
and n“ (= 1. 3. 5. 7. 9. 11. 13. 15) = 15 C, 

and ſo of the reſt; which is a very ſhort and convenient notation. And then 


the feries mentioned in art. 62, and which is equal to the circular arch of which 
r+x is the ſecant, to wit, the ſeries 


2.2. 441 yy 2.4. B+1. ” 2.6.c+1,3.c 2 
nr 
2.8. D+ Io 3+ $47 ” a 2.10, E+ 1+3-$+7-9 2.12. F 1.3.6.7. 9.11 2 
2. 4-6. 8.9 ny 4 + 2+4+-0.8.10,11 X 4 + 2.4.0. 8.10. 12.13 air 
2.14.6 11.3. 5.7.9.11. 13 3 . A 
+ 4.4.6.8. 10. 12. 14. 15 * 4 + &c, will be . 


9 4 
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—— » 1 243 * 2 2.6.c+58 : 1:8 | 
n * 2.45 a * 2.46.7 * * 
2. 8. Wies * 2 2. 10. R LD 3 2.12. iin“ * 25 * 


2.4-6.8.9 * 7 + '2 "46. 8.10.11 X 7 dro * 2.4.6.8. 10. 12.1 


| 2.14. G +127 
+ > ESSE Xð*ã — 5 + c; which is A ſhorter and more convenient 


notation than the former. 
Art. 71. This laft ſeries is =7 X the ſeries 


— — 


| 2.2, A+1 IM 2:4-B +34 y, $* 2.6.04 F _ g 
1+ 2.3 rn 2.45 1 7. + 2.4.6.7 * as whey 
ne. 8 hg 2. 3 1 y* 2-127. 11. 22 


+ 2<4.0.8.9 x % nr "2:40-8.10.11 ** "= 2.4.6. $.10.12.13 13 


+ Ke Tits ME. + &c, which (if we ſubſtitute. * nies of 


, and Ax inſtead of yy) will 32 8 * ar x the ſeries 


2.2.A+1 2.44B+34', "a 2. F x 
+ * XS D * 
io ; 2.10.8+9D/ _. 45 2. tz. p IIR xs 

Ly 2.4.6.8. 9 * ＋ = * 5 11 a ds + 2.4-60.8.10.12.13 X 75 a 


| 2.14.6 +13f” - _— 
+ ieee eien V (Fs & the ſeries 


2.1. 4 t LY 2.4. 5434 * 4.6.04 66 a3 
4 12 2•3 * 5 2˙4˙5 4* + 2.4.6.7 * $77 N 
2.3.0+7c/ * * + 2. 10. n * 2 x5 2. a P IEC 
+ 2.4-0.8.9 167% 2.4-0.8,10,11 3218 2.40.8. 10. 12,13 ** 64r% a 
2.14. +137” N 8 8 a 
.+ 2.4.0.8.10.12.14-15 * 12875 + & Mar X the ſeries 

2.2. A＋1 x 2.4.5 ＋ 340 2.6.c+5;8/ 

la 2. 3.2 * 2 r + 2.4•5· 4 * x + 4.4.6.7 F ag : | 

2.8. p+7c La% , _2-10,8+9b/ | . 2.12. I-“ 48 * 

+ 2.4-0.8.9. "16 * * + 2.4.6.8. 10. 11.32 ag + 2.4.6.8. 10. 12.13.64 x 75 1 


+1 / ; 7 E ; 4 * 
+ ITT n Ba pits F ＋ &c; or (if, for the ſake of brevity in the 


notation of the denominators of the co-efficients, we ſet down only the firſt 
and the laſt even numbers in every denominator that preceed the odd number 
in it, ſo that, for example, 2. &c. 8 ſhall ſtand for 2. 4. 6. 8, and 2. &c. 10 


mall ſtand for 2.4. 6. 8. ro, and ſo of Arend it will be l che 


22.471 222 2.4.38 34 2.6. 0 45% 422 
ſeries 1 ** 2.3.2 * r + 2:4+5.4 * = _ 3 ** 7 
2. Lori!“ 2. 10. E T 2:12.F+118/ . * 


| XL 2. &c. 8.9. 16 * nn + 2. &c. 10. 11.3. 82 E + 2. &c. 12.13.64 — 


| 2.74.6 T 1; 0 N | 1 
Y 2. &c. 14-15+128 * r — + xc which I take to be as convenient a n- 
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ner of expreſſing the value of the arch of which r+x is the ſecant, as can be 
found. | 


Art. 72. The firſt twenty-four terms of this ſeries, according to this nota- 
tion, will be as follows; to wat, 


2.2. AT t * 2.4. 8 T 34 ** 2.6.0 4 657 x? 
Fs 2.3.2 Ar r T 2.4+5+4 = + 2.4-0.7.8 % — 
2.8. pc “ 2.10 E+gp/ x, 2.12.F+11E/ * 
Dee end <7 
2.14. 6+ 14y/ 47 2.16. U 41567 4 2.18.1117 
= = . + 2. &c. 16. 17.256 * 2 + 2. Tc. 18.19. 512 
2.20, K +191 * 0 2.22. LT21K/ 111 
T Tac 2021. 1024 715 2. Tc. 22.23. 2048 77. 
2.24. 1＋23 L/ 47 2.26.n+25M' x13 
C + 2. &c. 24-25. 4996 * 774 + 2. &c. 26-27. 8192 7 
2.28. O 127 N80 Fang 2.30. y+29 0 * 15 
+ 2. &c. 28. 29. 16,384 710 2. &c. 30.31, 32,768 7¹5 
+ 2.3 2. Q r! x * + 2 34. KT 33 C0 * 
2. &c. 32.33.65, 5 36 % 2. &c. 34.35. 131,072 rl 
2.36. 6136 17 x8 2.38. 1437 6% 219 
T 2. &c. 36.37. 202,144 * 71 + 2. &c. 38.39. 524,288 = 
2 40.v+39T/ 1 + 2.42. w+41 v» * 
+ 2. &c. 40. 41. 1,048, 5 76 2. &c. 42.43. 2,097,152 pin 
| + 2.44. x +43 W * 4 + 2.46. Y+45 x/ 5p ods 
. Kc. 44.45. 4, 190, 0 % * 2. Ce. 46.47. 8,388,608 | 7 
+ &c. | | | 


Art. 73. Theſe'twenty-four terms exhauſt the alphabet of capital letters a, », 

e, D, E, r, o, H, &c, by which the whole numerators of the co-efficients of the 

terms of this ſeries have been denoted. Therefore, if we ſhould wiſh to carry 

the computation to more than twenty-four terms, as, for example, to thirty- 

two terms (as was above ſuggeſted), it would be proper to denote the whole 

numerator of the co-efficient of the 25th term, by the capital letter a marked 

with two accents over it, or a”, and the whole numerators of the co-efficients 

. of the 26th, 27th, 28th, 29th, zoth, 31ſt, and 32d, and other following terms, 

by the capital letters B,. c, D, E, F, 6, H, &c, with two accents over each 

of them, or by “, c“, o“, x”, F“, O“, n", &c, reſpectively, and, in like 

manner, to denote the additional parts of the numerators of the co-efficients of 

the 26th, 27th, 28th, 29th, zoth,' 31ſt, and 32d, and other following terms, 

by the capital letters a, B, c, p, E, PF, o, &c, with three accents placed over 

them, or by 4% 3“, c“, p“, x”, FV, o, &c, reſpectively, in order to 

diſtinguiſh them from the additional parts of the former numerators, which are 

denoted by the ſame capital letters with one accent placed over them, or by 

, 5, c', o, E/, F, o, &c. And then the 25th, 26th, 27th, 28th, 29th, 
goth, 3 iſt, and 329, terms of the ſeries will be as follows; to wit, 

, 4 + 2.48. 


FOREGOING DIFFERENTIAL SERIES. 


+ 2.48. 2147 vl . 
2. &c. 48.49. 16,777,216 1%. 


2.50. a” +49 2 ** 
+ 2. Kc. 50. 51. 33, 5544432 — 7 
2.52, B +51 4// 2 
* 2+ &c. 52.53. 67,108, 864 8 8 
2.64. c” +53 BY// ; 4 K 7 
+ 2. Kc. 54.5 5. 134,217,728 871 
2.56. 9% T 55“ * 
2. Tc. 56.57. 268,435,456 © N 
2.58. =//+57 vl! Pl 
2. Tc. 58.59. 536,870,912 
2.60. r'/ +59 &/f - 230 
+ 2, &c. 60.61. 1,073,74 1,824 71 
2.62, 6//+61 x/// 15¹ 


+ 2. Tc. 62.63. 2,147,483,048 * 7 


| . * 234 ' 1 MN 
or, (if we put A“ for the numeral co- efficient of , to wit, 


2.48. 2z+47Y* 
2. &c. 48.49. 16,977,216? 


and B*” for the numeral co-efficient of — wy 


7) 
2.50. A1 + 492* 
2. &c. 50.5 1. 33,5 84,432 
. 26 * 
and c for the numeral co- efficient of 2. to wit, 


2.52.31 + gra"! 
2. &c. 52.5 3. 07,108, 864 ? 


, to wit, 


- 7 
and p“ for the numeral co- efficient of — \ 


777 
2.64. CT + 5381 
2. &c. 54.55. 134,217,728 ; 
and E for the numeral co-efficient of 15 to wit, 
2.56. 514 55 en 
2. Kc. 56.57. 268,435,456 ? 


, to wit, 


. 9 * 
and F*” for the numeral co- efficient of — 8 to wit, 


729 
2.58, E71 + 671. 
2. &c. 58.59. 536,870, 912 
= 30 . 
and 6 for the numeral co-efficient of _ to wit, 


2.60, 71 + 6911 
2. &c. 60.61. 1,073, 741,824 


. * * 
and n for the numeral co- efficient of — = to wit, 


77. 
2.62, 1 L617 N 
2. &c. 62.63. 2a“ 
2 R 2 


A7, 
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4 ase Bs c.] pus? Es re ie 41 


oi, da ER rotten end 
0 4 7 | ; 
equal to 727 * the ſeries 
10 „ r Ges n 0 
AV —— += _ m4 tr... if we ſuppoſe 


the radius r to be called 1, to x** * the ſeries AY — B + c- Dx? + 
EWA —F" x5 + 6" x8$—1*7 x? ; which laſt ſeries is of the ſame form with the ſeries 
4 — bx + xx — dr + e — f + gx* — bs" + &c,, and conſequently may be 
ſummed by means of the differential ſeries above inveſtigated. 


Art. 74. But, if, inſtead of ſuppoſing the arch of which r is the ſecant, to be 
equal to 60 degrees, and conſequently x to be equal to the radius , and the 
literal parts of the foregoing ſeries not to converge at all, but to be all equal to x, 
or r, we were to take the arch of a much ſmaller ſize, ſo that the ſecant r+x 
ſhould be but little greater than che radius r, or that x ſhould be but a ſmall 
part of r, we ſhould find the ſeries converge with Tuch ſwiftneſs, that even the 
firſt eight terms of it (of which the numeral co-efficients have been above 
computed in art. 64, and found to be equal to 


1.000,000,000, 
and 0.416,666,666, 
and 0.268,7 50,000, 
and 0.197, 5445042, 
and o. 155, 544,704, 
and 0.127,902,979, 
and 0.108,547, 504, 
| f and o. 094, 183, 603, ) would be ſufficient to give us the 
value of the whole ſeries, and conſequently that of the product of its multi- 


plication into V/ ux, or the value of the arch of which r+x is the ſecant, 
exact to ſeveral places of decimal figures. Of this 1 ſhall here give one ex- 
ample in the caſe of an arch of 15 degrees, or the 6th part of the arch of a 
quadrant, or the 12th part of the ſemicircumference of a circle. 


— 
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A Computation of the length of an arch of 15 degrees in a circle of which the radius 
is called r, derived from the exceſs of the ſecant of the ſaid arch above the radius, 
by means of the expreſſion obtained above in art. 64, | 


Art. 75. It appears from art. 64. that, if v be the radius of a- circle, and 
x the ſecant of any arch in it, not greater thari 60 degrees, the arch cor- 


reſponding to the ſaid ſecant r will be equal to / [2rx x the infinite ſeries 


1,000,000,000, 

— 0.416,666,666, * = 

+ 0.268,7 50,000, x 

= 0.197,544,642, * 5 

+ 0.155,544,704z * 

— 0.127, 962, 979, X 5 

+ o. 108, 547, 504, * 2 

by 0.094,183,603, * 27 | 

+ &c. | | 5 


Now let the arch of which r is the ſecant, be an arch of 15 degrees, or 
the ſixth part of the arch of a quadrant. The value of , the ſecant of 
this arch, and conſequently that of x, or the exceſs of the ſecant above the ra- 
dius, may be found 1n the following manner. 


Art. 76. The tangent of any arch in a circle, leſs than the arch of a quadrant, 
is to the ſum of the tangents of any two arches into which it may be divided, in 
the ſame proportion as the ſquare of the radius is to the exceſs of the ſquare of the 
radius above the rectangle contained under the ſaid two leſſer tangents. There- 
fore, when the two leſſer arches into which the greater arch is divided, are 
equal to each other, or each of them is equal to half the faid greater arch, the 
tangent of the ſaid greater arch will be greater than twice the tangent of either 
of the ſaid leſſer arches, or than twice the tangent of half the greater arch, in 
the ſame proportion as the ſquare of the radius is greater than the exceſs of the 
ſaid ſquare above the ſquare of the tangent of half the greater arch ; or, if we 
put T for the tangent of the greater en. and 7 for the tangent of its half, we 
ſhall have T: 27 ;; rr: r-. Therefore 2rrt will be = rr -r, and 


conle- 
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| __ 
conſequently 2rrt + it T will be = rr T,, and _ + tt, will be = rr, and 11 


+ — + a will be = rr +5 = — . Therefore (extracting the ſquare- 


roots on both ſides), we ſhall have + = = — - 


rr - 
— = . © 


T 


Now, let the greater of the two arches, or that of which T is the tangent, 
be an arch of 30“, and conſequently the leſſer arch, or that of which 7 is the 
tangent, be an arch of 155 Then, becauſe the tangent of 30? is = r X 


74 
l — © * — — 83 
7p we ſhall have T = ” x T7, and conſequently 1* = 5 and 5 (= 5 


NX =) e 3. Therefore — will be =r x V3. 


Further, ſince T* is = 75 we ſhall have rr T* (= rr x x1 = 7 and rr 


4— 

4 4 p4 2 Toa 

T* + 14 (= 2 + 1+ => * = and conſequently —— 3 3 = 
T 

4— 
3 * rrT2 +14 
E x = = =) = 47, and | —— = ar. 
3 


. 8 
But we have ſeen that — is = 7 XVS. 


112471 rr hs {0 — 
Therefore / —— will be = 2r -T X/3, or rX 2—vV 3. 
"Ye IG 212477 rr 
But 1 183 v4 | 77 4 35 


Therefore t will be = r* 2—- Lz; that is, the tangent of an arch of 15 
degrees will be equal tor X 2-93. 
Therefore /t, or the ſquare of the tangent of 15 will be (= rr Xx 


2=vV31 = rr X 4—4V3+3) = rr x 74,3, and rr + 1, or the ſum 
of the ſquares of the ſaid tangent and the radius, will be (= rr + rr x 


T Ki X7—4V3 = rr X 1+79—4V3 = rr X b-4V3 


= rr X(8—4 X 1.732,050,807 = rr Xx 8—6.928,203,228) = rr X 1.071, 
796,772. Therefore the ſquare of the ſecant of the ſaid arch of 15, (being 
equal to the ſum of the ſquares of the tangent and the radius), will be = 
Tr Xx 1.071,796,772; and conſequently the ſecant itſelf will be (= r x 
af 1-071,7960,772) = 7 X 1.035,276,181; that is, r + x will be = e * 
1.035,276,181. Therefore x, or the exceſs of the ſecant of an arch of 15 de- 
grees above the radius, will be = r Xx o. 035, 276,181. d. E. 1. 


Art, 77. | 
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Art. 77. Having thus found the value of x, we muſt now proceed to com - 
pute the expreſſion /(2rx x che ſeries | 
1.000,000,000, 
— 0.416,666,666 


* 


"x 
+ 0.268,7 50,000, 
— 0.197,544042, 
+ . 155,544, 704, 
— 0. 127,962,979, 
+ o. 108, 5347, 504, 
— o. o 4, 18 3,003, — 

+ Kc. which is equal to the arch of 15 degrees. 


Now, ſince x is r X o. o35, 276,181, we ſhall have 2x (= Xx 2 X 
0.035,276,181) = 7 X 0.070,552,362, and 2rx = rr x o. oo, 55 2, 362; and 
conſequently  [2rx (r Xx 070,552,362) r X 0.265,616,945- 


And we ſhall have 
. X o. oz, 276,181 
3 . 


x? — — 
and 7 (So. 035, 276, 1817) = o. o01, 244, 408, 9 


and > (= 75 X = = 0.001,244,408,9 X 0.03 5,296,181) = 0.000,043,898z 


and © (=5 X = = o. ooo, o43, 898 Xx 0.035,276,181) = 0.000,001,548z 


rr 


= o. og 5, 276,181; 


= o. ooo, oo, 848 X 0.035, 276,181). o. ooo, ooo, o54 


* 111 


* 

* 7 
and - (N — = o. ooo, ooo, o5 4 X o. 035, 276,181) = o. ooo, ooo, ooi; 
* — = o. ooo, ooo, oo X o. og 3, 276, 181) o. ooo, ooo, ooo. 


Therefore the ſeries 
| 1.000,000,000, - 


— 0.416,666,666 X = 
+ 0.268,7 50,000 X 
— . 157,544,642 X 
+ 0. 155,544,704 X 
— 0. 127,962,979 X 


rinnen 


+ 0.108, 
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* 6 
+ 0.108,547,504 X 5 
7 
— 0.094,183,0603 * T 
+ &c. will be equal to 
1.000,000,000 — 0.416,666,666 X 0.035,276,181 
+ 0.268,750,000 X o. o01, 244, 408 
— . 197, 544,642 X o. ooo, o43, 898 
+ o. 155, 544,704 X o. ooo, oo i, 548 
— . 127,962,979 X O. ooo, ooo, o54 
+ o. 108, 547, 504 X o. ooo, ooo, oo i 
— o. og 4, 183, 03 X o. ooo, ooo, ooo 
+ &Cc. | 
= 1.000,000,000 — 0.014,698,408 . 
+ 0.000,334,434 — o. ooo, oo8, 671 
++ o. ooo, ooo, 240 — o. ooo, ooo, oo 
+ do. ooo, ooo, oo — &Cc. 
= 1. ooo, 334,67 — 0.014, 707, 86 + &c. 
| | = 0.985,627,588 + &c. 
Therefore ſarx x the ſeries 
1. ooo, ooo, ooo, 


— 0.416, 666, 666, — 


+ o. 268, 750, ooo, 75 

| pr 
— 0.197,544,042, = 4 
+ 0.155,544,704, 5 


— 0.1 27,962,979, 4 


£6 « % 


+ 0.108,547,504, 7 


— 0.094,183,603, a 
+ &c. will be = 
Xx 0.265,616,945 X o. 985, 627, 588 = 7 Xx 0.261,799,388. 
Therefore an arch of 15 degrees will be = & o. 261,799, 388; and, con- 

ſequently, twelve times that arch, or an arch of 180 degrees, or the ſemi-cir- 
cumference of the circle, will be = 12 Xx XM x o. 261,799,388 = ＋ x 
3.141,92, 656; of which number the nine firſt figures, to wit, 3.141, 592, 65, 
are exact, the more accurate value of the ſemi-circumference being 3.141, 592, 
653,589,793, 238, &c. & E. 1. 5 
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THE INFINITE SERIES 


#: of ar 
1717 7 EET TIES ESE &c. 


WHEN X IS VERY NEARLY EQUAL TO I, AND THE SERIES CONSEQUENTLY 


CONVERGES VERY SLOWLY», 
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A Method of finding, by the help of Sir Is AA NewTON's Binomial 


Theorem, in the caſe of Negative and Fractional Pow:rrs, a near Value 
of the inſinite Series, 
a* 74. - of % GN I ** 
x+-+—+-+--+-+-+F +&. 
+E+S+S+>+F+S+EFE 
when x is very nearly equal to 1, and the Series conſequently con- 


verges very ſlowly. 


— 


Article 1. THOUGH infinite ſerieſes of this general form, à + bx + cx 
+ dx* + £14 + ff + gx* + b i + Ar &c, or in which all the terms after 
the firſt term @ are marked with the ſign +, or are added to the ſaid firit 
term, are not capable of being ſummed, when their terms decreaſe very ſlowly, 
by the differential ſeries treated of in the two preceeding diſcourſes, yet they 
may often be ſummed with great exactneſs by other methods that are ſuited 


to the law by which the numeral co-eflicients of their terms are generated one 
7 


from the other. Of this the preſent ſeries x + 5 + < + - on - * 7 = = 
＋ 1 + Kc. ad infinitum, may ſerve as an example. For, when x is very 
nearly equal to 1 (than which it muſt always be ſomewhat leſs), as, for ex- 


| * 9 99 98 . . . 2 
ample, when it is equal to —, or ==, or — this ſeries will evidently converge 


ſo exceeding ſlowly, that it would require an immenſe number of its firſt terms 
to give us the value of the whole exact to nine, or ten, places of decimal 
figures; inſomuch that its ſummation in that direct method, by the mere com- 
putation and addition of its terms, to ſuch a degree of exactneſs, may well be 
conſidered as impracticable. But by the help of Sir Iſaac Newton's binomial, 
or, rather, reſidual, theorem in the caſe of negative and fractional powers, or 
of the reciprocal of a given fractional power of the reſidual quantity 1—x, 
- we may find the value of the infinite ſeries 


x + = = =+- += + = + = = - + &c. even in theſe difficult caſes, to 


any degree of exactneſs that we may chuſe. The manner of doing this I ſhall 


now proceed to explain. 
2 8 2 Art. 2. 
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Art. 2. If the capital letter A be put for 1, or the numeral co-efficient of 4 
in the firſt term x of the ſaid ſeries, and the capital letters 3, c, v, E, r, o, n, 
&c. be put for the ſeveral numeral co-efficients of x*, x*, *, x*, *, *, , and 
the following powers of x in the ſaid ſeries reſpectively, ſo that a ſhall be =.1, 
E==— ==, D==,z= L r= L O , nu =>, and every follow- 

2? 3 Fa 5 — 6 ? — 7 — 8 
ing capital letter to the numeral co- efficient of the following term of the ſeries 


+ correſponding to it, we ſhall have 2 x 4, ec = f 1 2 * e, 


” 6 : i L ' . 
== * D, 1 = 2 1 . and H = + X ©, and, in like man- 

Bog. 9 10 Ir 12 op 
der, I, k, Ly My Ny o, Ke. 8 9 * u, 16 K 1, fl x x, f * 1, ,l K 1, 


* x, &c, reſpectively; and the propoſed ſeries. 
„ ff. ; Rr R 
——_+ ++ +x.+ 6 fa, vi be = 


2 


15S FER. 111 l 
„ „ IHE += +5or + 
&c, ad infinitum ; in which ſeries the fractions Jo ” 5 =, - — &c, (which 


generate the co-efficients of the powers of x in the ſeveral terms BA, 
3 


. 


> ex, =D", 8 3 1 r, + 6", &c, after the two firſt terms x and 


; | 
2 A x*, or 2.0 are derived from —, or the co- efficient of the ſecond term 2 , 


by the continual addition of an unit to both their numerators and their deno- 
minators. | * 
Art. 3. This obſervation fuggeſts to us a method of finding a near value of 
the ſum of all the terms of this ſeries by the help of Sir Iſaac Newton's reſi- 
dual theorem, in the caſe of fractional and negative powers, or of the reci- 
procal of any fractional power of the reſidual quantity 1—x, which is always 
true, of whatever magnitude leſs than 1 the quantity x be taken. This theorem 
is as follows. | | 


Art. 4. If m and # repreſent any two whole numbers whatſoever, the quan- 


tity 2 — , or the reciprocal of the =th power of the reſidual quantity 1—x, 
I —axim 
or, according to Sir Iſaac Newton's notation of powers, the quantity 


1— — 2, will be equal to the following infinite ſeries, to wit, 


7 m m m m T2 | 
2 X X + — X TN. 


m+ 21 
2n 


+ 
212 


a+P ++ E+S+FÞ+7 e, ben x is almofequalto 1, 3 


m m+n m+Þ+ 2n m-+ 3n 
＋ yy X 274 X 37" X 4n X x* 
m m +1 m+2n m ＋ 3n m ＋ 4n 
* 3 Jn . 
+ 
＋ 2 X = X 2 X —— X 3 X —.— Xx * + &c, 


or 1 +=, ax + = pax + 3 cx + . Dx* + 1 A* + 


SSH r* + _ G x7 + 2 uy ** + &c. ad infinitum ;. in which ſeries the 


capital letters A, B, Cc, D,E, F, G, H, &c. ſtand for 1, and the co-efficients of 
x, , x, a4, x3, % % "x"; Kc. reſpectively. 
Art. 5. If we ſuppoſe m to be = 1, this ſeries will be = 1 + = ax + 
* ** + . c + 2 5 of +. 226 _ Ext + ihe x + I +6x ox + 
4 | a 


* 
"nn 


Hx" + 55 ad infinitum. N Las the quantity „or (according tas 


— 


- 


1 
Sir Iſaac Newton's notation), II 7, will be equal to the ſaid ſeries 
_ 1+* 1+2x 1+3zn 1 +4 1452 6 
14 ax + — i + 25 cx? + _ Dx“ + * EX + — x 


=> 16m ox + IF, ax" + &c. ad infinitum. 
Tn 8 
Art. 6. Now it is evident, that in this ſeries the generating fractions 
i+z= I T2 1+3 1T4˙½ 1＋ 5 1763 1772 N * 
= a3? — one? 9 > 1 * & c. are derived from — (the CO 
efficient of the ſecond term — Ax, or — X 1 * . 0 7 X x,) and from 


each other by the continual addition of x to both their numerators and their de- 
nominators. Therefore, though the. ſaid generating fractions muſt be always 
greater than they would be if 1 were ſubtracted from the numerator of each 


ef them, that is, than the fractions yy i, 8 — &c,. and conſe- 
2 3n 4% 5 On” Tn 8 


quently than the fractions 7. =, 75 =, 2, 4 —, &c. (which are equal to 


the fractions = = 25 75 =, =, 85 &c. reſpectively), yet the farther we go 


in the ſaid ſeries of generating fractions r ene g, ng eg 


=”, &c, the leſs will. be the proportions in which they will exceed the cor- 


reſponding: 


4n 5n 61 7% 


* 
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. . . I 6 
reſponding terms of the ſaid ſecond ſeries of fractions, , 2 oy 75 =, 75 


+, &c ; inſomuch that, if we go far enough in the ſaid two ſerieſes, we may 


find terms in the firſt of the two, or the ſeries of generating fractions, which 
ſhall approach as near as we pleaſe to a ratio of equality with the correſponding 


k . 6 


And, by taking the number u, or the denominator of the fractional index — of 


the reſidual quantity -1—x, of a very great magnitude in compariſon of its 
numerator 1, (as, for example, equal to 1,000,000,000,000,000,000,) we may 


make even the firſt terms of the ſaid ſeries of generating fra tions = =, 
1+3n 1+4n 1+5n 14067 1472 | 
- 7% 377 ner we I &c, approach as nearly as we pleaſe to an 


equality with the correſponding terms of the ſ.cond ſeries of fractions, 2 = 


2, = mY >, +, &c. And in this caſe it is evident that the infinite ſeries 


1 + — Ax + =_ Bxx + —_ Ca? 4 _ pi + S2 __ EXS + — . — LE ras + 


— 


* 6x7 + —.— ax* + &c. will be very little greater than the infinite ſeries 


| I 1 24 37 4" Tn 6 6n 

DASH — 1 Ex* + 87 Fx 7 G * + 
= nx + &c, or than the infinite ſeries 1 + 5 Ax + — Bxx + 7 Cx? + 5 
px+ + 7 EX + a Fa* + - Gx? + - u + &c, and may be made to ap- 


proach as near to it as we pleaſe, by taking the number u of a ſufficient magni- 
tude, Therefore, when u is taken of a very great magnitude, the quantity 

I | | 
1 or = » (which 1s always equal to the infinite ſeries 


1 142 1＋122 3 _1+3z I +4 1+5cz 
I = 43 + — Bxx De Cx fr 


* 
+ —— 6x7 + —— Ax* + &c, ad infinitum,) will be very little greater than 
: I 1 2 8 5 6 
the ſeries 1 + 5 +5 ax i + 2 of + 1 + 8 nab 17 
6x! + 2 ax* + &c. ad infinitum, and may be conſidered as equal to it. 
Art 7. But this laſt ſeries 1 + Ax + Buy + — cx? + 7 Dx4 + 4 
kx + F rx + - * + 4 H + &c. ad infinitum, is (= 1 + ＋ * I X* 


1 
T7 


x += + =+=- IN. 7 + We, ur is almoſt qual to 1. 319 


4 7 

I 1 
e eee e 
Sa I I 
* S RX 20M 


' +=>x Ex Ex IXIXEXSXIXS 
+ÞX=Xx£ EX TR XS Dx TT + &c. ad 
infuitom,) = 1 L LE LI Ke. adin 
finitum, Therefore, when # is taken of a very great magnitude, the quantity 
: 


* (= will be equal to the infinite ſeries 1 + — — + = by 08 —+= 2 += _ 

+ 2 + = + = + &c. And conſequently 3 I * OY 1 
we ſhall have 92 I = the infinite ſeries - + = + = + _ + - * 
65 8 += +> > + &c; and (multiplying both ſides by n) we ſhall ils n X 1 
. quantity . 1 the infinite ſeries x + — + - + - + = 

17 * 75 = + &c ; that is, the propoſed ſeries x + = + 8 + = * - 
+ > rip 8 7 of" &c. ad infinitum, will be equal to » Xx the 9 quan- 
tity 4/* — — 1, or to the product that ariſes by multiplying the exceſs of 


. the-nth root of the fraction —— or of the quotient of the diviGon of 1 by 1—x, 
above 1 into the great number z. Q. E. I. 


Art. 8. We muſt therefore, in the firſt place, ſubtract x from 1, which will 
give us the value of 1—x; and then we muſt divide 1 by the remainder, or 


1—vx; and the quotient of this diviſion will be equal to the fraction — . And 
2 5 | | when 
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when we have thus found the value of the fraction , we muſt, by a table of 


Logarithms, or in ſome other way, find the nth root of this fraction, which 
will be a number ſomewhat greater than 1, but exceeding it by a very ſmall 


difference, And, 4thly, from the mh root of the value of the fraction _ 


we muſt ſubtra& 1; and, laſtly, we muſt multiply this remainder by the great 
number 2. And this product will be equal to the propoſed ſeries 


** z as CES | 
r 71 r 1717 + &c. ad inſinitum. Q: E. I, 


An Example of the foregoing method of ſumming the ſaid infinite ſeries 
40 . 1 * . . . 
*+ + I+>+I++F+57 +57 +0. ad infinitum, when X is 
very nearly equal to 1. 


— — — — 


Art. 9. As an example of this method of finding the value of the infinite 

. a? x3 ** as 40 4 4 | 
_ + 1 8 _ 7 7 + * F + &c, when x is very nearly 
equal to 1, and the terms of the ſeries conſequently decreaſe very ſlowly, let us 
ſuppoſe æ to be g. And let us ſuppoſe x to be 1000, ooo, ooo, ooo, ooo, ooo, 
or a trillion, or the cube of a million. 


2 3 3 
Then we ſhall have 1 (= 1— = = —, and — (= 


6-15 


X 5 = 10. We muſt therefore now proceed to find the 1000, ooo, ooo, ooo, 


ooo, oooth, or trillionth, root of 10. Now this may be done by the help of 
Logarithms in the manner following. | 8 


The Logarithm of 10, or of the ratio of 10 to 1, in Briggs's Syſtem of 
Logarithms, is 1. Therefore the Logarithm of the trillionth root of 10, or 
of the ratio of ſuch trillionth root to 1, in the ſame ſyſtem, will be the trillionth 

art of 1, or o. ooo, ooo, ooo, ooo, ooo, oo 1. This Logarithm is too ſmall to 
found in the common tables of Logarithms, which go only to ſeven places 
of figures; and therefore the number correſponding to it cannot be found by 
the help of thoſe tables. But it may be found by means of a well-known pro- 


4 | perty 


* x® 1 |  #d < & 
x + > += + 7 + = Ty 7 * 999 1. 321 


perty of the logarithmick curve, in the manner following. Suppoſe a logarith- 
mick curve to be deſcribed, and on its axis, or aſymptote, a right line to be 
taken equal to the logarithm of the ratio of 10 to 1, or to that portion of the 
ſaid axis which is intercepted between any two ordinates to the axis that are to 
each other in that ratio; and let this right line, or logarithm of the ratio of 10 
to 1, be called 1. Then will the ſubtangent of the curve (which is every where 
of the ſame magnitude, ) be = o. 434, 294, 48 1, 903, 251, 827,651, &c. 


Now let an ordinate to the axis be taken in this logarithmick curve that ſhall 
be equal to the foregoing portion of the. axis, or to the logarithm of the ratio 
of 10 to 1; and likewiſe let a ſecond ordinate be taken in it that ſhall be 
greater than the former in the proportion of 10 to 1. Then will the former of 
theſe ordinates be equal to 1, and the ſecond of them equal to 10. 


' Laſtly, between theſe two ordinates, and near the leſſer of them, or 1, and 
at the diſtance of only 0.000,000,000,000,000,001, or the trillionth part of 
the logarithm of 10, or of the diſtance between the firſt and ſecond ordinates 
from the ſaid leſſer ordinate 1, let a third ordinate to the axis of the curve 
be ſuppoſed to be drawn. This third ordinate will be the trillionth root 
of 10. | | 


Now, by the nature of the logarithmick curve, the ſmall portion of the axis 
of the curve intercepted between theſe two contiguous ordinates, or the loga- 
rithm of the ratio of the trillionth root of 10 to 1, will be to the difference 
of theſe two contiguous ordinates, or to the exceſs of the trillionth root of 10 
above 1, very nearly, in the ſame proportion as the ſubtangent of the curve is 
to the leſſer of the ſaid two ordinates, or 1, that is, in the proportion of 
0. 434, 294, 48 1, 903, 251,827, 651, &c. to 1, or of 1 to 2.302,585,092,994,045, 
684,017, &c. Therefore the exceſs of the trillionth root of 10 above 1, or 


the quantity VS" 10— 1, or = — I, will be = 


0.000,000,000,000,000,001 X 2.302,585,092,994,045,684,017, &c. 
= 0.000,000,000,000,000,002,302,585,092,994,04 5,684,017, &c; 


and confequently a trillion times this quantity, or # * | * pom — 1, will be 
(= 1.000,000,000,000,000,000 7; 
X 0.000,000,000,000,000,002, 302,585,092,994,045,084,017, &c.) 
= 2.302, 585, 92, 994,45, 684, 017, &c. 


Therefore the infinite ſeries # + © + + T 5 & 


when x is = 2, will be equal to 2.302, 585, 092, 994, o4 5,684,017, &c. 
Q E. I. 
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Another Example of the foregoing method of ſumming the ſaid infinite ſaries, when x 
is very nearly equal to 1, and its terms conſequently decreaſe very lowly. 


* 


Art. 10. As a ſecond example of this method of finding the value of the 
infinite ſeries x ly <4 Sy £4 7 + Eee when is 
ine We 
very nearly equal to 1, and the terms of the ſeries conſequently decreaſe 
very ſlowly, let us ſuppoſe x to be = =, And let us ſuppoſe u (as before), to 
be equal to 1,000,000,000,000,000,000, or a trillion, or the cube of a mil- 
lion. 


Ge as (= 2 Bo Be SE, and = (= 
Then e bare « x(=1 5 * 5 2 — and — 


* 0 = 99- 12 


* We muſt now endeavour to find the trillionth root of — or 99 ; which 
may be done by the help of logarithms, in the manner following: 


The logarithm of 99, or of the ratio of 99 to 1, in Briggs's Syſtem, as 
* computed by Mr. Abraham Sharp, is = 1.995,635,194,597,549,915, &c. 
See above, page 120. Therefore the logarithm of the trillionth root of 99, 
will be the trillionth part of 1.995,635,194,597,549,915, &c, or will be = 
| 1-995:635- 1959-54905 Kc. 
1,000,000,000,000,000,000 
= 0.000,000,000,000,000,001,995,035,194,597»549,915, &c. 
This logarithm is too ſmall to be found in the common tables of logarithms, 
which go only to ſeven places of figures ; and therefore the number corre- 
ſponding to it, or the trillionth root of 99, cannot be found by the help of thoſe 
tables. But it may be found by means of a well-known property of the lo- 
garithmick curve, in the manner following: 


Suppoſe a logarithmick curve to be defcribed, and on its axis, or aſymptote, 
aTight line to be taken equal to the logarithm of the ratio of 10 to 1, or to 
that portion of the ſaid axis which is intercepted between any two ordinates to 
the axis that are to each in that ratio; and let this right line, or the logarithm of 
the ratio of 10 to 1, be called 1, as it is in Briggs's Syſtem of Logarithms. 
Then will the ſubtangent of the curve (which is every where of the ſame mag- 
nitude) be = 0.434,294,481,903,251,827,051, way 


Now 


SY $22 


, 7 
LTT er ee ee ee. 43 
Now let an ordinate to the axis be taken in the ſaid logarithmick curve, 


that ſhall be equal to the foregoing portion of its axis, or to the logarithm of 
the ratio of io to 1; and likewiſe let a ſecond ordinate be taken in the ſame 


curve, that ſhall be greater than the former ordinate, in the proportion of 99 
to 1. Then will the former of theſe two ordinates be equal to 1, and the 


latter of them to 99. : | 

Laſtly, between theſe two ordinates 1 and 99, and near to the leſſer of 
them, or 1, and at the diſtance of only one trillionth part of the logarithm of 
99, or of the diſtance between the ſaid firſt and ſec ordinates, or of only 


the ſmall quantity o. ooo, ooo, ooo, ooo, ooo, oo 1, 995, 635, 194, 597,549,915, &c. 
from the ſaid leſſer ordinate, let a third ordinate to the axis of the curve be 
ſuppoſed to be erected. This third ordinate will be the trillionth root of 99. 


Now, by the nature of the logarithmick curve, the ſmall portion of the axis 


of the curve — $oug between theſe two contiguous ordinates, or the loga- 
rithm of the ratio of the trillionth root of gg to 1, will be to the difference of 
theſe two contiguous ordinates, or to the exceſs of the trillionth root of 99 


above 1, very nearly in the ſame proportion as the ſubtangent of the curve 
is to the lefler of the ſaid two ordinates, or 1, that is, in the proportion of 


0. 434,294,481, 903, 261,827, 651, &c. to 1, 
or of 1 to 2. 302, 58 5, 92, 994, 045, 684, 17, &c. 
Therefore the exceſs of the trillionth root of 99 above 1, will be = 
o. ooo, ooo, ooo, ooo, ooo, oo 1, 995, 63 5, 194, 597,549,915, &c. 
* 2.302, 585, oga, 994, o4 5, 684, 017, &c. 
= o. ooo, ooo, ooo, ooo, ooo, oo, 695, 119, 8 50, 134, 589, 926, &c; 
tatis, o* 9001, on vb 1, will be 
= 0.000,000,000,000,000,004,595,119,850,134,589,926, &c; 
and conſequently a trillion times this quantity, or a N — — 1, will be 
= 1,000,000,000,000,000,000, 
X 0.000,000,000,000,000,004,595,119,850,134,589,926, &c. 
= 4-595,119,850,134,589,926, &c. 
CELDT 4 xx x3 x* x as a? ** 
when x is = 10 will be equal to 4.595, 19, 8 50, 134,589,926, &c. d. E. 1. 
Art. 11. It appears from the reaſonings uſed in the two ing examples 
of this method of ſumming the in FO Mex foregoing ples 
a> * ** 45 * a7 4 2 . 
erer TIP that its ſum is equal to 2 
2 T 2 times 
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times the product which ariſes by multiplying Briggs's Logarithm of the mth 
root of the fraction — into the number 2.302,585,092,994,045,684,017, &c, 
which is Napier's logarithm of 10, or of the ratio of 10 to 1, » being taken 
equal to a trillion, or ſome other ſuch very great number. But the product 
that ariſes by multiplying Briggs's logarithm of any quantity into the number 


2.302,585,092,944,045,684,017, &c, is Napier's logarithm of the ſame quan- 
tity. It follows therefore that the ſaid ſum mult be equal to z times the logarithm 


of the ſaid mth root of — in Napier's Syſtem of Logarithms, » being taken 
equal to a trillion, or ſome other ſuch very great number. But x times the loga- 
. 138 LS . . 
rithm of the »th root of — in Napier's Syſtem of Logarithms, when u is equal 
to a trillion, or ſome other ſuch very great number, is equal to Napier's logarithm 
of — as has been ſhewn in the Remarks on Dr. Wallis's Logarithmick Series, 
in the firſt volume of this Collection of Tracts, called Scriptores Logarithmici, 
pages 279, 280, 289. Therefore the ſum of the ſeries 
| „% „„ ** * , 
pier's logarithm of the fraction =_ or of the ratio of —_— to 1, or of the ra- 


tio of 1 to 1—x; which is agreeable to what was ſhewn in the firſt volume of 
this Collection of Tracts, in the before-mentioned Remarks on the Logarithmick 
Series invented by Dr. Wallis. The value of this ſeries might therefore have 
been found at once, without the aſſiſtance of the method that has been here ex- 


plained, by finding Napier's logarithm of the fraftion — or of the ratio of 


1 to 1— x, or by multiplying Briggs's logarithm. of the ſame ratio into the 
number 2.302, 585,092,994,045,6084,017, &c. But I had a mind to ſhew how 
a perſon who ſhould not have known that the ſaid ſeries 


£+S+S+ + 2 ＋ = * &c. was equal to Napier's lo- 


rithm of the ratio of 1 to 1 — x, might have found the value of the ſaid 
ſeries by the intervention of Sir Iſaac Newton's reſidual theorem, in the caſe 
of negative and fractional powers, in the manner above - deſcribed. And, I 
believe, that ſimilar applications of the binomial and reſidual theorems may be 
made for the ſummation of other ſlowly converging infinite ſerieſes, whenever 
the generating fractions (by the multiplication of which the numeral co effi- 
cients of the terms of ſuch ſerieſes are produced from each other) are formed 
by the addition of a given number to both their numerators and their denomi- 
nators. In our endeavours, therefore, to ſum ſuch ſerieſes, it will be proper 
to attend to the law of the generating fractions of their terms. 


5 
— — _ Art. 12, 


x += + 7 + = + = + 7 — - + He. ben x is almoſt equal to t. 325 


Art. 12. The value of the ſeries x += + = + = + - + 7 + 7 + =+ 
&c. ad infinitum, found above in the firſt of the foregoing examples, in which 
x is ſuppoſed to be = 2, to wit, 2.302,585,092,994,045,684,017, &c, and 


10? 


which (by what has been ſhewn in the laſt article) ought to be equal to Na- 
pier's logarithm of the ratio of 1 to 1—x, (or of 1 to 1 — 2, or of 1 to 175 , 


or of 10 to 1, agrees with the logarithm of the ſaid ratio, as found in Vol. I, 
of this Collection of Tracts, called Scriptores Logarithmici, page 268, by means 
of Mr. Mercator's ſeries, to wit, 2.302,585,092,994,04 5,668, in the firſt 17 
figures 2.302,585,092,994,045,6, the two remaining figures, 68, of the lo- 
garithm there found being ſomewhat leſs than the truth. And the value of the 


ſeries x +=+S + - — 7 + = + - + 5 + &c. ad infinitum, found above 


in the ſecond of the foregoing examples, in which x is ſuppoſed to be = ”, 


to wit, 4.595,119,850,134,589,926, &c, and which, (by what has been ſhewn 
in the laſt article), ought to be equal to Napier's logarithm of the ratio of x 


to 1=x, (or of 1 to 1 — N, or of 1 to 2 — B, or of 1 to =), or of gg to 


I, and conſequently to the ſum of the two logarithms of the ratios of 9g to t, 
and 11 to 1, agrees with the ſum of the ſaid two logarithms, as found in 
Vol. I. of this Collection, pages 267, 268, to wit, 2.197, 224, 577,336, 219, 366, 
and 2.397,895,272,798,370,526, or with the number 4.595,119,850,134,589, 
892, to 16 places of figures. 


N. B. The ſubſtance of this Tract was read before the Royal Society on 


the gth day of July 1778, and was publiſhed in the Philoſophical Tranſac- 
tions for that year, | | 
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A 
DISCOURSE 
ON THE 


REVERSION OF INFINITE SERIESES. 


Arr. 1. TN contemplating the nature of curve lines, and curvilinear areas, 


it often happens that the curve line, or curvilinear area, of which 
we have been inveſtigating the magnitude, appears to be equal to an infinite 
ſeries of decreaſing terms that involve in them the powers of ſome ordinate, or 
abſciſs, or other right line belonging to the curve, combined with certain 
known numeral co-efficients. Thus, for example, if, in an equilateral, or 
rectangular, hyperbola, the line drawn from the vertex of the curve at right 
angles to either of the aſymptotes, and parallel to the other aſymptote, be 
called a; and any portion of either of the aſymptotes, beginning from the cen- 
ter of the hyperbola, be called 4; and in the ſame aſymptote a ſecond portion, 
beginning likewiſe from the center of the hyperbola, be taken, that ſhall be 
greater than the former portion, but not more than double of it; and the ex- 
ceſs of this ſecond portion of the ſaid aſymptote above the firſt portion of it be 
called x, ſo that x ſhall not be greater than &; and at the extremities of the 
ſaid two portions, à and þ+x, of the aſymptote, two lines be drawn parallel 
to the other aſymptote, and continued till they meet the curve of the hyper- 
bola, the mixtilinear, quadrilateral, area intercepted between the ſaid two pa- 
rallel lines, the right line x (or the portion of the aſymptote lying between 
the ſaid parallels), and the curve of the hyperbola, will be equal to the infinite 
. aax ' aaxx a4 aazx* aaa aax* dan a . 

ſeries N NT 77 rr 72 77 + &c; or, in 
other words, the logarithm of the ratio of 5 + x to 5, in a rectangular hyper- 
bola of which the ſquare is a3, will be equal to the infinite ſeries | 

ar _aaxx 4 a4 aax* aax* ga a : . 

it is evident, will converge as long as x is leſs than, or equal to, 5, but no 
Vox. III. 2 U longer. 


+ 


| 
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longer. The inveſtigation of this ſeries may be ſeen in many books of Mathe- 
maticks, and, amongſt others, in my Elements of Plane Trigonometry, pages 


451, 452. . 

Art. 2. If we ſuppoſe the line þ to be equal to a, the foregoing ſeries will 

—b 

+ 725 — = + &c, ad infinitum 5 and conſequently the logarithm of the ratio 

of @ + x to a, in a rectangular hyperbola of which as is the ſquare, will be 
a3 ** a5 * ax 7 


- 5 - . a? PR 
equal to the infinite ſeries ax — — + * 1258 
&c. 15 


. Xx x3 a+ x5 
become ſomewhar more ſimple, and will be ax — 2 + 77 Jas T 7 


Art. 3. And, if we ſuppoſe the line @ to be called 1, the foregoing ſeries 
will become ſtill more ſimple, being in this caſe x — = + 2 — - Me ae 


5 
a® a7 a 


T+ 7 7 1 EX ad infiuitum ; and conſequently the logarithm of the ra- 
tio of 1 + x to 1, in a rectangular hyperbola of which 1 & 1, or 1, is the 
g | - a - = T9 © a x5 1 

1 will be equal to the infinite ſeries x — 72 + 7 + 1 T + = 
Art. 4. In like manner, it may eaſily be ſhewn, that, if is lefs than 1, the 


logarithm of the ratio of 1 to 1 —x in a rectangular hyperbola of which 
1 * 1, or 1, is the ſquare, that is, the aſymptotick area correſponding to that 


ratio in ſuch an hyperbola, will be equal to the infinite ſeries x + = = = + 
* K as x7 * 


Art. 5. And, if 7 be put for the radius of a circle, and à for the length of 
any arch in it, not greater than 45 degrees, and # for the tangent of ſuch arch, 


| . 1 . 43 #5 #1 40 
the arch @ will be equal to the infinite ſeries r I —— 1 ow 


on 433 


— + 8 5 + &c, which contains only the odd powers of the tan- 


gent 7. And, if s be put for the fine of any arch à in ſuch a circle, that is 
not greater than an arch of go degrees, or a quarter of the whole circumfe- 


rence, the arch @ will be equal to the infinite ſeries 5 + —— + —— + 


2.4.5. 


. I e? 


8 


REVERSION OF INFINITE SERIESES. 3238 


47 5 „* „ p * F* 511 . . 
- . + —= . = + &c, the terms of which ſeries 


are generated from each other by a ſucceſſive multiplication of the firſt term 
. . 1.1.5 3.35 J.. 7.7.5 9.9.5 
into the fractions Se Io” th” WP Ew 
of the odd numbers 1, 3, 5, 7, 9, &c, in their natural order, multiplied into 
the ſquare of 5, compoſe the numerators, and the products of the next two 
greater natural numbers, multiplied into the ſquare of r, compole the denomi- 
nators. This ſeries, we may obſerve, as well as that derived from the tangent, 
will contain only the odd powers of the quantity involved in-its terms. 


&c, of which the ſquares 


The inveſtigation of theſe two ſerieſes may be ſeen in my Elements of Plane 
Trigonometry, pages 424, and 428. 


Art. 6. Many ſuch inſtances are perpetually occurring in the doctrine of 
Curvilinear Geometry, and more eſpecially in that part of it which relates to 
the inveſtigation of the lengths of curve lines, of quantities that are equal to 
infinite ſerieſes that involve the powers of other more ſimple quantities, com- 
bined with certain known numeral co-efficients. And, upon theſe occaſions it 
is often deſirable, when we have diſcovered ſuch infinite ſerieſes, to be able 
to find the ſerieſes that may be conſidered as the reverſes of them, or that will 
expreſs the values of the former, or more ſimple, quartities, in terms involving 
the powers of the latter, or more complex quantities, which were equal to the 
ſerieſes firſt diſcovered. And this is called reverting the ſaid firſt diſcovered 
ſerieſes. Thus, for example, if y be put for the value of the infinite ſeries 


x+S+S+ ++ Þ+S+7F e, which is equal to the 


logarithm of the ratio of 1 to 1 — x, in a rectangular hyperbola of which the 
ſquare is 1 X 1, or 1, or to the aſymptotick area correſponding to that ratio, 
and we were to derive from this feries another ſeries that ſhould contain only 
the powers of the logarithm y combined with certain numeral co-efficients, 
and ſhould be equal to the firſt quantity x, ſuch a ſeries would be confidered 


as the reverſe of the firſt ſeries x + > + =+=>+=+ 2 + = + 7 + 
&c, and the finding ſuch a ſeries would be called reverting the ſaid firſt ſeries, 


Art. 7. It may, perhaps, be doubted, whether it is always poſſible for ſuch 

a ſecond, or reverſe, ſeries, that ſhall involve only the powers of the ſecond 
quantity y, and ſhall be conſtantly equal to the firſt quantity x, to exiſt : and 
I am inclined to think that, if the powers of x in the firſt ſeries were to pro- 
ceed irregularly, as, for example, if the firſt ſeries was ax + bx* + ox! ＋ d& 
+ ex"? + fx"? + gx"? + bx** '+ &c, ad infinitum, it would not be poſſible. But, 
when the powers of x in the firſt ſeries follow each other in their natural order, 
Mg gh ih = rag +a pate + . + gx" + bx* + &, ad infinu- 
2 U 2 tum, 
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tum, and in the ſeries ax — bx? + c — dx + er — fi* + gx) — b + &c, 
ad infinitum, and likewiſe, when the ſaid ſeries contains only the odd powers 
of x following each other in their natural order, as is the caſe with the ſeries 
ax + c + ex* + gx) + ix + lx" + ns + pr + &c, ad infinitum, and the ſeries 
ax — c + e — 88 + if — Is" + ur — pf + &c, ad infinitum; and the 
ſecond and other following terms of the ſeries are either all marked with the 
ſign +, and conſequently to be added to the firſt term ax; or are marked 
with the fign — and the ſign + alternately, and conſequently are to be ſub- 
tracted from, and added to, the ſaid firſt term alternately; I ſay, in all theſe 


caſes, it certainly is poſſible; as will be made appres in * ode; of the fol · 
e that molt frequently occur 


lowing articles. And in theſe caſes, (which are tho 
in the ſolution of Mathematical Problems), there have been two methods of 
proceeding delivered by Sir Isaac NEWTox for reverting ſuch a ſeries, or 
obtaining the value of the firſt quantity x, in a ſeries that ſhall involve only 
the powers of the ſecond quantity y, combined with certain numeral co- efficients. 
Theſe methods I ſhall now endeavour to explain. | 


t—5 — x—— ä — 


Of Sir Isaae NzewrTon's firſt Method of Reverting an Infinite Series, by the 
aſſumption of another Infinite Series with indeterminate co-efficients to the powers of 
the quantity involved in its terms. * | | 


Art. 8. Theſe methods may be beſt explained by applying them to particular 


ſerieſes. I ſhall therefore ſuppoſe æ to be a quantity leſs than 1, and y to be 
another quantity that, while x is of any magnitude leſs than 1, is always equal 
to the infinite ſeries ax + bx* + c + 4 + ex + ff + gx? + bx* + &c, in 
which the ſmall letters a, 5, c, d, e, f, g, b, &c, denote a ſet of numbers, 
or numeral co-efficients of the powers of x, that form a decreafing progreſſion; 
þ being leſs than @, and c than &, and d than c, and ſo on throughout the whole 
progreſſion ; and the terms of the ſeries are all connected together by the ſign 
+, or by addition. This is the ſimpleſt and eaſieſt ſeries to which we can ſup- 
poſe the ſecond quantity y to be equal, and therefore the fitteſt to be choſen 
as the firſt example of Sir Isaac NEwWTOx's methods of reverting infinite ſe- 
rieſes. Now, to revert this ſeries ax + bx* + c + dx+ + e + * + gx? + 
bx* + &c, or to find the value of x in a ſeries that ſhall involve only the 
powers of the ſecond quantity y, to which the ſaid firſt ſeries is equal, accord- 
ing to Sir Isaac NewrTox's firſt method of reverſion, we muſt proceed as 


Mows: | | 
Art. g. 
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Art. 9. In the firſt place, we muſt ſuppoſe, that in the ſaid ſecond ſeries, of 
which we are in ſearch, and which will involve in it the ſeveral powers of the 
ſecond quantity y, the ſaid = will follow each other in their natural order, 
as the powers of x do in the original ſeries ax + bx* + c + r + exs + fot 
+ gx" + bx* + &c, which we are to revert, And we muſt make uſe of the 
capital letters A, B, c, D, E, F, o, H, &c, to repreſent the numeral co-effi- 
cients, hitherto unknown, of the ſeveral ſucceſſive powers of y in the ſaid ſe. 
ries, ſo that the ſaid ſeries ſhall be ay, “, cy*, Dy4, E), ry*, ot, ny*, &c; 
in which the ſeveral terms are ſeparated from each other only by a comma, in- 
| ſtead of having the ſigns + or — prefixed to the ſecond term , and other 
following terms, becauſe it is hitherto undetermined which of the ſaid two figns 
ought to be prefixed to any of them; or whether it is to be added to, or to 
be ſubtracted from, the firſt term ay; or, in other words, we muſt aſſume the 


ſeries ay, By*, cy*, Dy#, f), ry*, oy, ny, &c, to be equal to the value of x. 


Art. 10. Having thus aſſumed the ſaid ſeries to be equal to x, we muſt, in 
the next place, multiply it ſeveral times into itſelf, ſo as to obtain its ſquare, 
and cube, and fourth power, and fifth power, and other following powers, to 
as great a number as is neceſſary for our purpoſe, or till we have obtained as 
many of theſe powers as we intend to find terms of the ſaid ſecond ſeries ay, 
B, cy*, Dy4, EY“, xy*, Gy", ', &c, in the reſult of our computation. 


Then, ſince the aſſumed ſeries ay, By*, , by*, xy*, rys, Gy?, ny*, &c, 
itſelf, is ſuppoſed to be equal to x; it follows, that the ſaid powers of the ſaid 
ſeries will be equal to the correſponding powers of x, or to &, *, x4; x*, *, 
x", *, &c, reſpectively. | 


Art. 11. In the third place, we muſt ſubſtitute the ſaid aflumed ſeries, and its 
ſeveral powers, obtained by the aforeſaid multiplications, inftead of x, *, *, 
at, x5, *, x", „, & c, reſpectively, in the original equation y = ax + bx* + 
cx ＋ dN + ex! + fx* + g + bx" + &c; by which means the ſaid equation 
will be transformed into another equation, in which only the powers of. y will 
be involved, and of which the right-hand fide will be a very complicated in- 
finite ſeries, which, for the ſake of brevity, we will denote by the Greek capi- 
tal letter T. And from this transformed equation we may, by juſt and proper 
reaſonings, and particularly by dividing all the terms of the equation by y, 
and then ſuppoſing y to decreaſe ad infinitum, or become equal to o, gradually 
determine both the values of the ſeveral numeral co-efficients a, B, c, b, E, r, 
G, H, &c, of the powers of y in the terms of the ſaid aſſumed ſeries, and the 
ſigns + and — that are to be prefixed to the ſecond term By*, and to. the 
third, and fourth, and fifth, and other following terms, cy*, 554, Ey, &c, 
of the ſaid ſeries, reſpectively; whereby we ſhall obtain the true value of the 
ſaid number of the firſt terms of the ſaid aſſumed ſeries, and conſequently the 
true value of the quantity x, as far as the ſaid number of terms im the aſſumed 


feries will expreſs it, Q. E. 1. 


Art. 12. 
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Art. 12. This is a juſt deſcription in words of Sir Isaac Newrox's firſt 
method of reverting the infinite ſeries: ax + bx* + c + d + e + fo + get 
+ bx* + &c, by the aſſumption of the infinite ſeries ay, ), cy, Dy*, , E), 
, ny, &c, with indeterminate co-efficients A, B, c, D, k, r, c, u, &c, 
to the ſeveral powers of y, contained in its terms, for the ſeries of which we 
are in ſearch, or which is equal to the firſt quantity x. But, to make this me- 
thod better underſtood, I will now proceed to raiſe ſome. of the firſt powers of 
the ſaid afſumed ſeries by actual multiplication, and afterwards will make the 
proper ſubſtitutions of them in the original equation y = ax + ba“ + ox + 
dx* + ex* + f + gx" + bx* + &c, ſo as to transform it into the equation y 
= the complicated ſeries T, in which only the powers of y will be involved. 


- 


The powers of the aſſumed ſeries AY, , cy*, Dy4, , Fy*, Gy", ny", Sc, raiſed 
by multiplication, 


Art. 13. The powers of the aſſumed ſeries ay, , cy, DY*, Ey*, Eye, Gyts 
Nye, &c, may be raiſed in the manner following: 


„ = ay, BY, cy3, p, 555 Fy*, Gy", Hy, &c. 
AY, BY, cy, Dy, xy", xy*, Gy", Hy", &c. 


* 


4% A5, 4c), 49) A), Ah, Ach, &c. 
ah, 39%, BCy*, Bby*, BEy", Bh, &c, 
Acy4, Bcy*, ch, ch, ch, &c. 
Aby*, 30, c“, 59, &c. 
AEy*, 807, ch, &c. 
Ar)“, BFy*, &c. 


ac, &c. 
4%, 24h, z4 ch, 24 “, 2A 2477, 240)“, &c. 
B*y*, 2Bcy*, 2BDy*, 2307, 2857, Kc. 
* = 4 c, 2cpy", 2cey*, &c. 
f oh, &c. 
4 &C, » 
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„ = , BY, of, DY*, *, he, c . Kc. 


49 24˙ 0%, 24˙ 0, 240, 24˙ %, 24 T5, xc. 
AB®)*, 2ABCy*, 2ABDy”, 2ABEy", &c. 

4c, 2acpy*, &c. 

A*B3%, 2A), 2ABCy*, 2ABDy", 2455), &c. 
By*, 2B*cy", 28*Dy", &c. 

sc, &c. 

Ache „ 2ABCy*, 24 ch, 2acby*, &c. 

B*cy?, 2c, &c. 

, 2. ABDy?, 2AcDy*, &c. 

B*Dy*, &c. 

A5, 2430, &c. 

A F/, &c. 


A 34˙ 0, 34 "Os 3AD)* 37, 3a't*, Tc. 
34390, 6apcy*, GABDY”, GABEy", &c. 


. 2 B3y*, 3aAc*y", 6acpy*, &c. 
35 , 3B *Dy*, &c. 
35 ch, &c. 


r , M, cs, Dy%, Eys, Fy*, oy", y', &c. 

4%, 34%), 34d h, 34 0, ga*ny*, &c. 

3A˙3 %, 6A), ba*BDy*, &c. 
43957 3A e, &c. 

343097, &c. 

A, 3439, 3A*BCY?, 3Aa*BDy*, &c. 

34397, 6A), &c. 

35, &c. 

5 A*cy5, 3 Abc), 3409, &c. 

. 34B*cy*, &c. 

A*Dy?,. 34*BDys, &c. 

iv; wa 

4 4A'BY*, 4, AA, AA, &c. 

7 6A, 12a*zcy", 124 &c. 

*. 44357, 6A c, &c. 
. | 12A B˙ , &c. 
ty py", &c. . 
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x = Ay, By*, cy*, Dy*, , , oy), my, &c. 


4%, 44%y*, AA , 4e, &c. 
643%, 1240 c), &c. 

| 4A*B*y*, &c. 

A*nY*, 4A. Ach, &c. 

N 643957, &c. 

A, 44a"pcy*, &c. 

a*Dy*, &c. 


10478), 20A“ Bc), &c. 
104307, &c. 


| 45%, ga*%y*, sa gay", &c. 
* = 


x = AY, By", cy, Dy*, , xys, Gy", Hy", &c. 


A%Y®, 5A, ga*cy%, &c. 
Iloa*s*%*, &c. 

Ah, 54390, &c. 
400, &c. 


* * b, 64 , xc. 
1543, &c. 


* AY, BY, O, Dy*, Ey*, Fy*, Gy", *, &c. 


407% 6A, &c. 
A*By*, &c. 


* = Aly", 7A ), &c. 
x = Y, , cy, Dy*, £35, Fys, 6y?, Hy", &c. 
x* — 40%, &c. 


Art. 14. If theſe values of x, and its ſquare, cube, fourth power, fifth 
power, ſixth power, ſeventh power, and eighth power, be ſubſtituted inſtead 
of x and its ſaid powers in the equation y = ax + br + c + dx* + ex + 
fre + gx? + bee + &c, the ſaid equation will be converted into the following 
equation, to wit, y = 

aAy, 
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| an, aBy*, acyy, aby, ary, 25), agy, any, &c, 

+ ba'y*, za, zbae, zb abt, aba, 24%, 2baoy", &c, 
by*%, 2bacy*, 2585, 28, 260, & c. 

Sc, den „ 2bcxy*, &c. 


509 &c. 
up ol + A, 3ca*ny?, 3c, 3c, 3ca'n, cs, bc, 
| ! Sean 6capcy*, 6caBDy!; Gas, &c. 
of cB*Y®, cc, bcacpy*, &c. 
zen*cy*, 3cn*Dy", &. 
zene)", &c. 


+ da, Aa, ada, Ada D, 44A , &c. 


ene 0 Gd, 12d, 12da*mDy*, &c, 
| } the) 4dan%, 6da*c'y*, &c. 
124a8*cY, &c. 
dzy*, &c. 
7 + , Se, gelecyt, \5ea80y%, Ke. 
„ emis} 7 D. Nin pi hos oe 29, .20ea"ncy*, &c. : 
| , * F * * | th m got 10 45, bc, 3 
„ + fa, cam dae le. 
PRE Io „ ige, ie 
+849 7gA*B)*, &c. | 
| + 549, &c. 


or, if (for the-ſake of homies in the references we may have occaſion to make 
to this equation) we put F for the whole e ſeries which: forms the . 


right-hand fide of this equation, into the equation y F. 


From this equation y = T we may derive the values of the co-efficients 
A, B, ©, D,Z,F, 6, M, &, and likewiſe determine the fi igns + and — that 
are to be prefixed to the ſeveral terms By*, Cy', D 5 . 75, 6y', B, &c, in 
the aſſumed ſeries ay, By*, cy?, * xy, * „ Gy?, y', &c, LM proceeding in 
the following manner. 


Art. 15. In the iſt place, let all the terms on both ſides of this n be 
& 1 P 


divided by o. And then we fhall have 2 = 


Vol. III. | 2X 


| 
| 
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0 "| 4A, any, c, &c. 10”; — 
or, 12 + Jah, 2A, &c. 
+ 6 &c. 


And this equation is APES to be always true, of how ſmall a magnitude 
ſoever the quantities x and y may be taken. Therefore (for the reaſons given 
above in a preceeding Tract in this volume, page 259, art. 5), it will alſo be 


true when y is S o. Bur, when y is = o, all the terms in this equation that 
involve y in them, will be equal to o likewiſe, and the equation will become 


I = g. Therefore a, or the co- 1 of y in the firſt term, ay, of the 
foregoing aſſumed , will be = —. * x. 1. 


Art. 16. Haring eee axis 1, let 1 14 aA —— 3 from the 
aa, ay, acy*, &c. 
oppoſite ſides of the laſt equation 1 = 4 + ba*y, 2bany*, &c. 
Fs : + caizy*, &c; and we ſhall 


_ _,apy, acy*, &c, 
have o = 4 Bat , 2bany*, &c, | 
+ ca, &c; and conſequently ſome of the terms on the 
- N. hanf ſide of this equation muſt be ſubtracted from the others; and the ſum 
thoſe that are to be ſo ſubtracted muſt be equal to the ſum of thoſe from 
—— they are to be ſubtracted, ſo as to make the reſulting value of all the 


terms on that ſide of the e * ＋ equal to the left-hand fide of the equation, 


which is o. Now this ty between the ſum of all the terms that are to be 
ſubtracted, and the ſum * all the other terms from which they are to be ſub- 
tracted, will not be affected by dividing all the terms by any number, or quan- 


"rity, wharſoever. It will therefore continue if all the terms ſhould be divided 


by y. Therefore, if all the terms be divided by "aw whole right-hand fide 
of the mma will ſtill be equal to o. We therefore have 


\ ap, acy, &c, 
0 2 + ba* 7 25 ABy, &c, 
+ ca, &c. 


But this equation is 11 to be i true, of how ſmall a magnitude 
ſoever the quantity 7 may | be taken. And therefore it will be true alſo when y 


is = O. But when y is = o, all the terms that involve y will be = © like- 


wiſe ; and conſequently the whole right-hand fide of the equation will be re- 
duced to the two terms aB + n. Therefore the two terms as + A“ will be 
= o. And Conſequently 28 muſt be ſubtracted from + 347, and marked 
with the fign —, and muſt alſo, be equal to a, and we hall have — 2 + 


o and; = as, wt p ==, 
3 pk 
5 


LY * * 1 * T7 
, ot * 44 + N I 1 


But 
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But we before found that a was = = 


Therefore n will be (= — — = X.a* 2 * — LR and conſequently 
the ſecond term zy of the aſſumed ſeries ay, , cy, , EY, Fy*, Gy", 
Hy*, &c, will be - X *. Q. E. 1. | 


And, ſince the ſign — is to be prefixed to the term as in the equation 
o = aB + ba*, and this equation is derived from the equation y = T, without 
undergoing any operation that can alter the ſigns that are to be prefixed to its 
terms, it follows that the fign — muſt alſo be prefixed to the term in the ſaid 
equation y = T, from which the ſaid term as is derived, that is, to the term 
ay in the higheſt horizontal line of the ſaid equation; and therefore it muſt + 
alſo be prefixed to the ſecond term, , of the afſumed ſeries ay, Byy,, Cy*, 
Dy*, Ey*, Fy*, dy“, ny“, &c, from which that higheſt horizontal line is de- 
rived by multiplying it into the co-efficient a, becauſe that multiplication can- 
not affect the ſigus that are to be prefixed to its terms. We may therefore 
conclude that the ſecond term, By*, of the affumed ſeries ay, By*, cy, , 


y', ry, Gy", Hy*, &c, will be equal 0 K and chat it muſt have the 
ſign — prefixed to it, or muſt be ſubtracted from the firſt term x Y. And 
conſequently the two firft terms of the ſaid aſſumed ſeries will be - * 
— XY, d. k. 1. | N 


Art. 17. By ſimilar reaſonings to thoſe by which we have determined the 
value of the co- efficient 3, and the ſign —, which is to be prefixed to the ſe- 
cond term By* of the aſſumed ſeries ay, By*, cy*, Dy*, Ey*, Fy*, cy, ', 
&c, it may be ſhewn that all. the terms in the complicated ſeries T, ſet down in 
art. 14, that involve y*, will be equal to o; and that all the terms in it that 
involve y*, will likewiſe be equal to o; and that all the terms in it that involve 
each of the following powers of y, to wit, y*, y*, 5, y*, &c, will in like 
manner be equal to o; and conſequently, that we fhall have the following 
equations for determining the values of the ſeveral co-efficients o, o, E, F, a, 
n, &c, and the ſigns + and — that are to be prefixed to the ſeveral correſpon- 
dent terms cy, Dy*, , ', Gy?, hy, &c, of the aforeſaid aſſumed ſeries ;, _ 
to wit, | | 

iſt, The equation ac), 2bany* + caiy*'= o, or (dividing all the terms by 
„% ac, 2bAB + ca o, or (becauſe the ſign — is to be prefixed. to the 
co-efficient B, and conſequently to the quantity a2), ac — 204 + ca Z o, 
from which we may derive the value of c, and determine the fign. + or 
which is to be prefixed to it; 40 & 3 bas 

2 X 2. And,, 
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And, 2dly, The equation any“, 2bacy*, 38), 3ca*ny* + daty* = o, 
or (dividing all the terms by y+*), ap,.2bac, B*, gca*B + da“ = o, from 
which we may derive the value of the co-efficient D, and determine the ſign + 
or — that is to be prefixe&to-it; =} Sd Hi, 8 8 


And, gdly, The equation az, 2bap, 2bpc, 3ca*c, 3can*, 4da"n + e 
= o, from which we may derive the value of the co-efficient x, and determine 
the ſign + or — that is to be prefixed to it; RR i * 


And, Athly, The equation ar, 254k, 253, bc*, JcA*D, GCABC, cg, 4dA c, 
6da*B*, gea*s + fa* = o, from which we may derive the value of the 
co efficient F, and determine the fign + or — that is to be prefixed to it; 


And, 5thly, The equation as, 2bar, 203k, 2bcD, 3ca*t, GcARD, zee, 
zen“, 444 Db, 12da*BC, 4dAaB*, geatc, io , AB ＋ ga? = o, from 
which we may derive the value of the co- efficient 6, and determine the ſign 
+ or — which is to be prefixed to it; | | 


And, 6thly, The equation au, 2346, 24Br, 24Cs, bD*, 3ca*r, Gramr, 
bcacb, zes D, zeec“, 4dA k, 12dA*BD, da, 12dan*c, dB*, gea*d, 
ade ne, lo 4 B, GFA c, IHA“, 7gA'B + ba* = o, from which we may 
derive che value of the co- efficient n, and determine the ſign + or — which 
is to be prefixed to it. e , e eee ee tt... Wa 


And in the fame manner we might obtain the like equations for determining 
the values of the following co-efficients I, K, L, M, N, &c, and the ſigns 
+ or — which are to be prefixed to them reſpectively. But it muſt be con- 
feſſed that, after the five or fix firſt equations, the labour of performing, the 
neceſſary ſubſtitutions of the values of the former co-efficients in every new 
equation becomes ſo exceſſively t as to make the reſolution of them almoſt 
impracticable. However, ſuch is the theory of this method of reverting an 
infinite ſeries; and it is practicable, and has actually been praftiſed in many 
inſtances, fo far as to obtain the firſt five or fix terms of the aſſumed ſeries. 


Art. 18. It is eaſy to perceive that, in the complicated ſeries T, in art. 14, 
the higheſt term in every vertical column of terms in the ſaid complicated ſe- 
ries, will involve a higher capital letter than any of the terms placed under 
it in the ſame vertical column, or than any of the other terms in the ſaid ſeries 
T that involves the ſame power of y. Thus, for example, in the zd vertical 
column of terms in the faid complicated ſeries (which confiſts of the follow- 
ing terms, to wit, acy*, 2bABy*, Tc, placed one under the other), the 
higbeſt term @cy* involves in it the capital letter e, and the other two terms 
2bazy*® and + cat'y*.mvolve only the preceeding capital letters a and s; 
and in the 4th vertical column of terms the higheſt term @Dy* involves in it 
che capital letter ; and the other four terms placed under it, to wit, 24acy*, 
n, gc, and + da*y*, involve only the preceeding capital letters a, B, 
and c. And the fame obſervation is true in all the following vertical columns 


bak F of 


„ 
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of terms in the ſaid complicated ſeries that are ſet down in art. 14, and muſt 
likewiſe be true in all the following vertical columns of terms, after thoſe which 
are there ſet down, to whatever number they may be continued, on account of 
the manner in which the ſaid complicated ſeries I was obtained. For the 
upper horizontal line of terms in the ſaid complicated ſeries T, to wit, the line 
aa, aBy*, acy*, any“, ay, ary*, acy', ay, &c, is formed by multiply- 
ing the aſſumed ſeries ay, By*, cy*, Dy*, EY, Fy*, Gy", ny“, &c, itſelf into 
the co-efficient a; but the following horizontal lines 4 terms in the ſaid com- 
plicated ſeries, are formed by multiplying the ſquare of the ſaid aſſumed ſeries 
into , and the cuhe of it into c, and the fourth power of it into d, and the 
fifth, ſixth, ſeventh, eighth, and other following powers of it, into e, f, g, , 
&c, reſpectively. And it is evident, that in every power of the ſaid afſumed 
ſeries, the co-efficient of any particular power of v, ſuch as 55, , y*, &c, 
muſt be the product of two or more co-efficients of the inferiour powers of y 
in the ſaid aſſumed ſeries, and therefore muſt involve in it ſuch of the capital 
letters as denote the co-efficients of thoſe inferiour powers of y in the aſſumed 
ſeries itſelf, which will be ſuch letters as preceed the capital letter which is the 
co- efficient of the ſaid propoſed power of y in the ſaid aſſumed ſeries. And 
therefore the higheſt term in every vertical column of terms in the ſaid com- 
plicated ſeries T, will always involve a higher capital letter than is contained 
in any of the other terms in the ſame column, or which are placed under it. 


Art. 19. And hence it follows that the aſſumed ſeries ay, By*, cy*, by“, 
B's Ey*, cy, Hy*, &c, may be continued ad inſinitum, or that an infinite 
eries of that form, (or which ſhall involve the ſeveral powers of y taken in 
their natural order, to wit, , 5, , „% , 5% 57, % % %, 5 „% &c, 
and combined with certain fixt numeral co-efficients a, 3, c, b, E, r, o, k, 
I, k, IL, M, &c,) may exiſt, that ſhall be conſtantly equal to the firſt quan- 
tity x. For ſuch a ſeries will evidently be always poſüble, if the equation y. 
the complicated ſeries F (which is derived from a ſuppoſition of its polliby. 
lity), is always poſſible, or involves in it no contradiction, Now, ** that the 
faid equation is always poſſible,” will appear from the foregoing article. For, 
in order that the ſaid equation may be poſſible, it is only neceſſary that it 
ſhould be poſſible for every ſucceſſive vertical column of terms in the ſaid com- 
plicated ſeries T to be equal to o, and conſequently (as all the terms in every 
vertical column involve the ſame power of y) for the numeral co-efficients of 
the powers of y in every ſucceſſive vertical column of terms in the ſaid ſeries 
to be equal to o, or for the ſum of ſuch of the ſaid co-efficients as are marked 
with the ſign —, and are ſubtracted from the others, to be equal to the ſum 
of all the other co- efficients which are marked with the fign +, and from which 
the former are to be ſubtracted. Now this is always poſſible, becauſe of the 
new capital letter which enters the higheſt term of every new vertical column 
of terms in the ſeries T. For, whatever may be the reſulting value of all the 
co-efficients of the terms in any vertical column of the ſaid ſeries F under the 


firſt, or higheſt, term of it, the value of the capital letter involved in the 
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higheſt term of it may always be made ſuch that the co-efficient of the ſaid 
bigheſt term ſhall be equal to the ſaid reſult of all the other co-efficients placed 
under it, and, being ſubtracted from the ſaid reſult, if the faid reſult is marked 
with the fign +, or added to the ſaid reſult, if the ſaid reſult is marked with 
the ſign —, ſhall make the faid reſult become equal to o. Therefore the values 
of the co-efficients a, B, c, b, 2, F, 6, H, &c, of the terms of the aſſumed 
ſeries , By*, cy, Dy*, Ey*, Fy*, Gy?, ', &c, and the ſigus + and — 
(which are to be prefixed to the ſecond term )*, and to the other following 
terms, of the ſaid ſeries), may always be made ſuch that the equation y = 
the complicated feries F ſhall be a poſſible equation; and, conſequently, that 
the ſuppoſition that the ſaid afſumed feries is equal to the original quantity x, 
- (whicty is the ſuppoſition from which the faid equation y = I was derived), 
Hall be a true ſuppoſition. d. E. v. - 


This is a demonſtration of what is aſſerted above in art. 5, when the ori- 
ginal ſeries to which y is equal, is of this form, to wit, ax + bx* + ©? + 
dr + er + fx* + gx? + bs* + &c, ad imfinitum, in which all the terms 
are connected together by the fign +, or are added to each other. 


Art, 20. I ſhall now proceed to illuſtrate this method of reverting the infinite 
feries ax + bx* + c + dx* + ex* T. + gx? + bx* + &c, by apply- 
ing ic to the logarithmick ſeries a + 7 + © + © + 5+ F+E+F + 
&c, ad infinitum, which was invented by Dr. Jonx WaLL1s, of Oxford, to 
exprefs Nae1tr's logarithm of the ratio of 1 to 1 — x. This is the ſimpleſt 
and eaſieſt ſeries I can think of, that is of the ſame form with the foregoing 
general ſeries ax + bx* + c + dx* + er + fx* + gx? + bx* + &c, ad 


' infinitum, and therefore is the fitteſt to begin with as an example of the forego- 
wg method of reverting a ſeries of that form. | | 


A reverſion. 


N 
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A reverſion of the logarithmick ſeries x + = + = 2 7 77 7 =+5 ++ 


he Sc, by the foregoing method, or by the obs of — Aae 5 3 = I 
5, Dy*, y', , cy, Hy", Ce, with the indeterminate . A, By 
1 D, E, F, 6, u, Ge, for the e 


{ ; ' g — " — * * 
- —  — — 7 


Art. 21. We have already ſeen. in att. 13, that, if x is equal to the infinite 


ſeries 2 . % h , M , W., NE we ſhall have xx = the 
compound cries 


IS 4 245%5, 24chl, 24998; 2 AEy*, 2AFy"', 2AGy*, &c. 
, 2BCy*, 2BDy*, 2BEy", 2307, &c. 
1 | c, 2cDy", 2cay*, &c. 
"TR... 4 * &c. 
and 4 S the compound ſeries” e e 

af * z 38%p, 34%", 3a*ny", game, ke. 
39, 6A), 6aBDy”, 643, &c. 
| By*, 3ac'y', bacry*, &c. 
35 *cy", 3B*Dy*, &c. 

— 380 %, &. 


e — 
[. 4%, 4% %, 44 , 4, &c. 
| 6a*B*y5, 12A*BCy?, 12A*BDy*, &c. 
448%", bac)", &c. 
12AB*cy*, &c. 

B., &c. 


hl x = = the compound ſeries 
49 5A, 5A%y, 5camy?, &c. 
i . LOA*B*y', 2oA*BCY*, &c. 
| | | oA, &c. 

and x* = che compound ſeries 
*** SA, 6A5cy*, &c. 

I 5A*B*y", &c. | | 

| and 


344 


and x! = 


1 
and 9 


„ tee on THe: 


= the compound ſeries 


{ A\yr, 7a &c. 
&c. 


che compound ſeries 


1. 


"7 . 22. Now, if theſe values of , and its n iR fourth power, 


att power, ſixth power, ſeventh power, and eighth power, be ſubſtituted in- 
ſtead — x yu its * powen, IA” in the equation y = 


CESS SES+ +. =+F + dec, ad infinitum, the ſaid 


es will be thereby converted into the OT I to wit, 
„ B's . , , ry, en, By", &c. 


* 
— 34 


FT 2 
s. a_— 


— — —_ —_ w 
. 


* 
- as - 1 
; k 
1 
» 
, 
* wy 


? 
GS FÞ£ 
N 


\ th 


+L, 4%, acy*, a, A A ach, Kc. 
, 0%, a, . ay, &c. 
1 0 E oy, oV, dc. 


1802 


; : 
45 =, &c. 


1 7 . FIT 4˙ a*Dy*, A r, Sc. 


4390, 2ABCY „24 7, 24 . &c. 
BI 
» AC} £ „ 2ACDy", { es 
B*Cy » B*Dy', 
sc., — 
* * , , way, 4, \ bee. 


E „zune, 5 p &c. 
| 9 2 > &c. 


＋ 58 A1; Ach, ay", &c. 


2A*B*y1, 4a"Bcy", &. 
2A*B3y*, &c. 


+ ==, A8, A, &c. 
7 2 4 &c. 


— 
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or, if we put T for the whole complicated ſeries 'which forms. the right-hand - 
fide of this equation, into the equation y = F. 


From this equation y = F, we may derive the values of the co-efficients 
A, B, c, D, E, F, o, H, &c, and likewiſe determine the figns + and —, which 1 
are to be prefixed to the ſeveral terms , cy*, Dy*, , ', cy, ', 
&c, in the aſſumed ſeries , , , Dy*, , xy*, Gy", 1h, &c, by pro- 
ceeding in the following manner. | | ' 


* 


. 
. . 
. 
4 


The Inveſtigation of the frſt term, ay, of the aſſumed Series, 


— — — 


Art. 23. In the 1ſt place let all the tegms on both ſides of this equati be 
divided by y, And we ſhall then have — = the compound ſeries 


; 2. L, =, &c. 
: . + — 4 — & | 
0 4 2y 2 
— ＋ &e. 
A, BY, , &c. \ 
or 1 2 + 2. aw, &c. 


But this equation is always true while x is of any 1 leſs than r, 
how ſmall ſoever the magnitude of x, and conſequently that of y (which de- 
pends on it, and increaſes and decreafes at the ſame time with it), be taken. 
And therefore (for the reaſons given above in a preceeding Tra& in this vo- 
lume, page 259, art. 5), it will alſo be true when y is equal to o. But when 
is = o, all the terms in this equation that involve y in them, will be equal 
to o likewiſe, and the equation will become 1 = a. Therefore a, or the co- 
efficient of y in the firſt term, , of the foregoing aſſumed ſeries, will be 1. 
E. 1. 


Vor. III. 2Y The 
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The Inveſtigation of the ſecond term, 8y*, of the aſſumed Series, 


— 


Art. 24. Having thus found that A is equal to 1, let r and a be ſubtracted 
4, By, Cy*, &c, 


A? R . 
from the oppoſite ſides of the foregoing equation 1 = 4 T + ABy*, &c, 
* | 3 ==, &c; 


and the remainders will be equal ; that is, o vill be 2 =, ABy*, &c, 
| | | + =, &c ; that 


is, the whole complicated ſeries that forms the right-hand fide of this equation 
will be equal to o; and conſequently ſome of the terms in it muſt be ſubtracted 
from the others, and the ſum of thoſe that are to be ſo ſubtracted, muſt be 
equal to the ſum of thoſe from which they are to be ſubtracted, ſo as to make 
the reſulting value of all the terms of the ſaid complicated ſeries, or of alt the 
terms that form the right-hand fide of the ſaid equation, be equal to the left- 
hand fide of the ſaid equation, which is o. Now this equality between the 


- ſum of all the terms which are to be ſubtracted, and the ſum of all the other 


terms from which they are to be ſubtracted, will not be affected by dividing 
all the terms by any number, or quantity, whatſoever, It will therefore con- 
tinue if all the terms ſhould be divided by y. Therefore, if all the terms of 
the ſaid equation be divided by y, the whole right-hand fide of the equation 


2, =, &c, 


will ftill be equal to o. We ſhall therefore have o = 2, A, &c, 
| | + =, &c, 
B, Cy, &c, 
8 062 + =, A, &c, 
+ 22. &c. 
3 


But this equation is always true while x is of any magnitude leſs than 1, 
how ſmall foever, and conſequently while y is of any magnitude, how ſmall ſo- 
ever. And therefore it will be true alſo when y is = o. But, whenyis = o, 
all the terms that involve y will be equal to © likewiſe; and conſequently the 
whole right-hand fide of the laſt equation will be reduced to the two terms 

B + 
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1 + 75 Tbereſore we ſhall % 2 += And confequently 2 muſt 
be ſubtracted from + 2, and marked with the gn —, and muſt alſo be 


equal to 2, and we ſhall have 0 = — + 4, and . 


But we before found that a was = 1. 


Therefore B, which is equal to 25 will be (= = = —3 and conſequently 
the ſecond term, , of the aſſumed ſeries ay, W, cy*, , , ry, cy", 
Hy*, &c, will be - Xx Y., or =, G . N 


And, ſince the ſign — is to be prefixed to the co-efficient à in the equa- 
tion o = B + = or o = —8B + = and that equation is derived from the 


equation y = T, without undergoing any operation that can alter the figns + 
and — that are to be prefixed to its terms, it follows that the fign — matt alſo 
be prefixed to the term in the ſaid equation y = FT, from which the ſaid 
term B, or — B, is derived, that is, to the term By* in the higheſt horizontal 
line of the ſaid equation. And therefore the ſaid fign — muſt alſo be prefixed 
to the ſecond term, By*, of the aſſumed ſeries ay, By*, cy*, py*, Ey, ry, , 
ny*, &c, which is the firſt, or higheſt, horizontal line of terms in the ſaid 
equation y = T. . E. 1. 1 „ 


We may therefore conclude that che ſecond term, By*, of the aſſumed ſeries 
Ay, By*, cy*, , , ry, cy", ny", &c, will be equal 0 , and that it muſt 


have the ſign — prefixed to it, or muſt be ſubtracted from the firſt term AY» 
or y, And conſequently the two, firſt terms of the ſaid aſſumed ſeries will be 
3 — 2. 2 2 1. 


* 


7 he fix Equations, by the reſolution of which we may find the next fix terms of the 
In 6 ( ente aſſumed Series. | ; 


Art. 25. By fimilar reaſonings to thoſe by which we have determined the 
value of the co- efficient B, and the fign —, which is to be prefixed to the 
| : 2 1 2 ſecond 
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ſecond term, 8, of the aſſumed ſeries ay, ny*, cy, y.“, xy", 3. oy”, ny, 
e, it may be. ſhewn that all the terms in the complicated Prtes , fet down 
in art. 22, that involve in them the cube of y, will likewiſe be equal to o, and 
that all the terms in the ſaid ſeries that involve in them the fourth power of y 
will likewiſe be equal to o, and that the following ſets of terms in it that in- 
volve in them the fifth, and ſixth, and ſeventh, and eighth, and other follow- 
ing powers of y, will, each of them, in like manner be equal to o; and con- 
3 that we ſhall have the following equations for determining the values 
of the ſeveral co-efficients c, 6; F, G, B, &c, and the ſigns + and — 
that are to be prefixed to the ſeveral correſpondent terms y, Ey 

Gy”, %, &c, of the aforeſaid aſſumed ſeries * wit, ee eee 


iſt, The equation cy, ABY + * So, or (becauſe 3 is to have the ſigu 
— prefixed to it) cy — ABy* + _ = ©, or (dividing all the terms by y) 


C— 43 + = = o; from which we may derive. the value of c, and deter- 
mine the ſign + or , which is to be prefixed to it, and conſequently is alſo 
to be prefixed to the correſpondent term cy* in the higheſt horizontal line of 
the complicated quantity F, or in the, aſſumed ſeries ay, , cy, , E, 
, i", &c. 

And, 2dly, the equation e, ah, , . + r = o, or (dividing all 
the terms by y*) p, ac, =, A's + - = 0; from which we may derive the 


value of D, and determine the fign + or — that is to be prefixed to it, and 
which conſequently is alſo to be prefixed to the correſpondent term oi in the 
higheſt horizontal line of the complicated quantity T, or in the afſumed ſeries 


AY, By", Of, by", xy", , , ny", &c. 
And, 3dly, the equation g)“, apy*, „c)“, *. a3, A, + 20. 
or (dividing all the terms by y*) E, ap, Bc, 4d, as, a%s + 7 ; from 
which we may derive the value of E, and determine the ſign + or — that is 
to be prefixed to it. — | 
And, 4thly, the equation xy*, Ah, 8, , Al, 248, 225 „ Ac, 
£3 


T, A + 22 = o, or (dividing all the terms by F*) F, AE, BD, 75 


4A D, 2ABC, =, A*c, ——, A*B + o; from which we may derive the value 
of r, and determine the ſign, + or —, that is to be prefixed to it, 
And, 
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And, gthly, the equation ch“, ary", Bey", e', „, 24 Ac, 
B*cy', A, 3a*Bcy', 4897, afcy?, 24%), A*BY), + = =o, or (dividing 


all the terms by **) + AF, BE, CD, Ax, 2ABD, 4c“, ws: Alp, 34*BC, 43% 


e, 24˙8˙, 48, + 7 = 0; from which we may derive the value of G, and 


determine the ſign, + or —, that is to be prefixed to it. 
And, 6thly, the equation ny*, Ac, Bry*, cxy*, = A*ry*, 2AB8)", 
2400) B*py*, Bc, a*sy*, 3A, — 34 * =, a 44'ncy*, 


243%, aicy*, 2 A + 5 = ©, or (dividing all the terms by *) 


* A * 
u, AG, BF, CE, T, A'F, 242 f, 2ACD, BD, c', 4, 34“, — — „ 34e, 


B+ a4 B* 


Ds AD, 4A®BC, 2s, a*c, =, n, + r = from which we may de- 


rive the value of un, and determine the fign + or — that is to be prefixed 
to it. 


— —— fix Equations, 


Art. 26. Theſe ſix equations may be reſolved in the manner following. 
The firſt of them is c — 4 + - = ©, or (becauſe a iS=1,andBis = — 4 


g 1 
4 o, or C = 3,91 whence it 


follows that © muſt have the ſign + prefixed to it, and muſt be = 223 · | 
Therefore the three firſt terms of the aſſumed ſeries ay, By*, * vy, By, ry, 
oy, B), Kc, will be) 2 + <=. x oy 1. 


(9X2 


The next equation is o, Ac, =, A += — = Oy or (becauſe A is 1, and 


Bis = — , and e is = +=} D+271 * =+ === + 


ASK K 1 „1 I 8 I T7> -þ 
: o, or D + 277 1 o, or D 27 yy 
= O 


* 


- 
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So, or DTT o, or D + —— =0, or Þ + 981 
—— = o, or D + 84 = 03 whence it fol- 
lows that p muſt have the ſign — prefixed to it, and muſt be = Fas- or 
Ty Therefore the four firſt terms of the aſſumed ſeries ay, , O, Dy%, 
E)*, FS, Gy?, ny", . "al be y 2 + 2; — —. | q. E. 1. ; 


The third equation is E, AD, Bc, Ad, AB*, a's, + = = o, or (becauſe 


A is t, and B = — 2, and . + = and o = — 


5 , 2. 3. 4 _ 2. 3.4 2. 3.4 + 5 O, 2. Zo 4 + 5 O, 
25 


734 27 75 ? 73. 2.75 N 


= 0; whence it follows that x muſt have the fign + prefixed to it, 


I 
2+ 3. 4+ G 


and muſt be = 27 7 * Therefore the five firſt terms of the aſſumed ſeries 
2 


: k 
Ay, By", c), ny, Ey5, 7 Gy”, 15, &c, will be 9 — 2 + oe Ns + 


. : E. 1. 
2.3.4.5 * 


5 | aw 63 2 2 A*p2 
The fourth equation 1s F, AE, BD, =, A*D, 2ABC, 7. 4e, =, AB, + 
AS b ; | p | , 
7 = 0, or (becauſe 4 is = 1, and B is =— => and c is = + ＋ and D is 


* 


Mo I 8 
2+3+4+5 + 2.2+3«4 T 5 2.3-4 


5 
K : — + 
: £ 4 I 4 " tn "gies: oy 7 
| 2.3· 4 2.3·4 2·3·˙4 2˙3·4 + 2•3· 4 | 2. 3· 4 2.3.4 1 r F + 2.2.3.4 35 | 
I 6 13 12 4 5 7 1 1 
+ 2.49 2·3˙4 + 2•˙3 · 4 , 2.3.4 2.3.4 q - f 9 4 + : 2.2.3. 45 + 2-4-9 . 2.34 


N * 7 + 2.3.4.5 · 6 ＋ E545 7 2:3+4+5.6 gens * ans - 2 — 3: 4 $0. 


2. So, or 7 re! So; whence it follows that r muſt haye the 


2.3˙4˙5˙0 
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Gen — prefixed to it, and muſt be = e Therefore the ür firſt terms 


of the aſſumed ſeries ay, By*, cy“, Dy", 9 ry*, 977, NY, xc, will be 


9 2 * 2.3 4.34 + 4.3.4.5 , 2+3+4+5.0 - E. I, 


The fifth equation is o, AF, BE, CD, A*E, 2ABD, 4c“, B*c, Ap, 34“, 
47 - * . * 
435, A*C, 2A'B*, A'B, + 5 = 6. (becauſe A is = 1, and Bis = — ,. 


' 
and c is = + 2 and D's =——, and i ＋ 


at's FE 4 — Ul 

2.3-4-5-6 2.3˙4˙5˙6 N e 2.3·2·3·4 4.345 2-34 4.3.3 44243 
1 1 5 

s LES EDESs = ©, or (omitting the eighth and 


ninth terms + — and — — which deſtroy each other, and the 13th and 


14th terms + — and — = which deſtroy each other,) 6 — > 2 5547 > 


2 1 1 1 if 
ee ee * Ta I ir 
0 27 I 
— — 7 e or G —— þ — 
3 F 757 wi?” "iy * *Y woe ; ＋ 34-56 F 735 


27 22 10 1 
47 7 „ % ee e . 


47 X 103 | 
203-450 25 — 77 74. 5.6 77 3 i 2.3. ** 6 * , ar 2.3«+4-5+0.7 


720 3 
— —- 2 0õũ, or — —— F=muoo; Bf it WIE that G6 muſt hay 
＋ T4567 : 2.3-4+5+6.7 have 


the ſign + prefixed to it, and that it muſt be equal to FFT Therefore the 


firſt ſeven terms of the aſſumed ſeries Ay, By*, cy“, Dy*, Ey*, Fy*, Gy?, hy, 
&c, will be y — 2 + 2— L + £m —£ — 


2.3. 2+3:4 2 3-4-5 2.344«5.0 + 2.3.4.5. 
. E. I, 


An the ſixth and laſt equation is H, AG, BF, cs, =, AF, 24BE, 2ACD, B b, 


—— * ” 
wal A's, 3A*BD, | , ZAB*C, 7 A*D, 44 Be, 2437, Abe, 


+ = O or a heb and B is = — 7» and "= + . 


"1 FIN © 1 2108 1 
Mere „and Fi = — 5 


2˙3＋ꝰ5 
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. 1 1 | 1 1 1 * 
IS pn A . - = . H — —Dꝛi—ů— — — — — — 
+ r + 2.3. 45· 0.7 + 2.2.34. 5 * 2.3.2345 + 7.1.3437 
1 1 2 2 


a — — — — — —— — — — — n & 3 
2.3.4.5 2.3.4.5 2.3- 2-3-4 4. 2.3.4 2. 2.3. 2.3 + 2.3.4.5 Y 2.2.3.4 + 


2. 2. 3. 2.3 4-2-3 64 2:34 2.2.3 AY 2. 3 | 2.4 2 8 4 

or (omitting the fourth term-+ gee and the fixth term — IPs 

which deſtroy each other, and the ſeventh term — 8 and the eleventh 
term + I" which likewiſe deſtroy each other) k + 8 + Irs 

aa 3 * * 
. een 2 25 + — + ＋ — + + — = 0, of (omitting the terms — 3 

+ 5 — T + ＋ which deſtroy each other) mn + — + ro 

nr 


go 30 2 I 8 28 
23456 © 6 3430 2.3 „ F 234-5678 28 


Tce e wat ee 
7 5 T 2 e TGA 
+ 222 = = 0 or = + ER = = o, or 8 + 
——— A 87. = o, or H + rn = 03 whence it follows 


that # muſt have the ſign — prefixed to it, and that it will be equal to 


Seeg, Therefore the eight firſt terms of the aſſumed ſeries Ay, By*, of, 


py, 9, 796 Gy”, Hy*, 1, K*, Ly", **, &c, wil be y — 2 + - — 


1 3 I 
2.3-4 T 243-445 2.3.4.5 · 6 + 2+3-4+5-0.7 nn Qs | 


Art. 24. In the ſame manner might be determined the values of the follow- 
ing co-efficients 1, x, L, M, &c, and the figns + and — that are to be 
prefixed to them. But the labour of making the ſubſtitutions of the former 
co-efficients in the terms of the new equations which we muſt reſolve for that 
purpoſe, increaſes ſo faſt (as we have already experienced) as to make the 
further proſecution of this method extremely troubleſome, and almoſt imprac- 
ticable. And further, in the caſe of the preſent ſeries it would be unneceſſary 
to take this trouble, if it were much leſs than it is; becauſe we know from 


other 


* 
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other grounds that the following co-efficients 1, K, 1, u, u, o, v, * &c, will 


1 3 —"». * 1 * 
n t fe 7. J 70 2.3. 4.56.7. 8.9. 100 WV 3.3-4:5-007.8.9.10.1 =, 
„ 1 S 8 "7 — —1 — a enn BH * 2 11 
2.3-4-5-6.7.8.9.10.1 1.12? T 2.3.4.5 · 6.7.8. 9. 10.1 1.12.13 * "1 2-3-4-5+6.7.8.9. 10.11, 12.73, 14? 


. . &c, or + 


- 


T 2.3-4+5-0,7-849-10.11-12.13.14o15? 2 © 2:3-4.5.6.7.8.9.10.11.12.13.14.15.10* . 
H I . —— 2— — 0 y . 
* cc a ee &c, ad in- 


finitum. For this has been ſhewn in the firſt volume of theſe Tracts, in the 
Appendix to the Remarks on the two Logarithmick Serieſes invented by Mr. Nieno- 

Las Msrcaror, and Dr. Jonn W aLtrs, where this ſeries is derived from 
Dr. WarTis's logarithmick ſeries, by the method invented by-Dr.'Hatuzr, 
which is an application of Sir Isaac Newron's binomial theorem; for ia that 
way of obtaining this ſeries, the law by which its terms are to be continue 


to any 3 number, how great ſoever, is apparent. See Vol. I, pages 
362, 3 3, & Cos „0 369. | YE 2 | 1 1 a | : 
bY the ant 1 9 10 11 14 | 2 - . 4 
End of the Reverſion of the Logarithmick ſeries x + = F — + CAS — K. 

| 5 + * r Pu OR LO > Mos a 7 7 
10 1 » ths > ot: 0181 * 1. 3 . FF 37 1 Ip ; * TW 5 
1 agilq ale » 2 ＋ 7 + Se, Bega 4 Page 1343: 1.5 | 0 
-ilg mog bist 513 | | wr 

: S : „ N . | 1 ; * * 1221 7 FO *- Cc) : _— 
313 ONE DO: ado bs T3 A210 I ks IC 3308, md \ 94 DOE) 


A N 006109 
Art. 28. We have hitherto ſuppoſed the original ſeries that is to be reverted, 
to be of this form, a r + of + d T er + fr + g &e, in 
which the powers of x follow each other in their natural order without any ins 
terruption, and the terms are all connected er by the fign +, or are 
added to each other. I' ſhall naw ſuppoſe the ſeries that is to be teverted, to 
be of this form, a — r + rn? - +: er - ge = + c in 
which, as in the former ſeries, the powers of -x follow each other in their na- 
tural order without any interruption; but the ſeveral terms that follow the firſt 
term ax, are not all connected with it by the fign +, or by addition only, but 


by the ſigns — and + alternately,” or are alternately ſubtracted from, and 


added to, the faid firſt term. 1 
222 *y N IL . 2 3% . A J 0 
„ a 8 « : 

, _ 


2 
Pp "WG 


Vor. III. 2 2 : 07 
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O the reverſion of the Series ax — b + c dx & ex = fo + gw - 
Sc, ad infinitum. . 


% 
. - * . . 
. - 


Art. 29. Now, in order to revert this ſeries ax — bx* + x7 — Ar + ons 
I + gu! — bx* + &c, ad infintum, it will be neceſſary (as it was in 
reverting the former ſeries ax + bx* + x? + dr + ex* + fe + gu! + bet 
＋ &c, ad infinitum) to aſſume the ſeries ay, , cy*, , , xy*, oy*, uy, 
&c, Gn which both the values of the co-efficients a, B, c, b, E, F, 6, R, &c, 
and the ſigns + and — that are to be prefixed to the ſecond term By*, and 
the other following terms cy*, Dy*, y, ry“, Gy”, ny*, &e, are hitherto 
unknown, and are to be hereafter determined in the courſe of the ſubſequent 
proceſſes), for the value of x, and to ſubſtitute it inſtead of æ& in the original 
equation y = ax — bx* + x — d + en — “ + px? — bx* + &c, ad 
infinitum ; whereby the ſaid equation will be transformed into another equation 
between y on the left fide of the mark of equality, and a very complicated in- 
finite ſeries, which will involve only the powers of 5, together with the co- 
efficients A, B, e, D, E, r, G, n, &c, and various combinations of thoſe co. 
efficients, on the right-hand fide” of it; or, if we denote the faid compli- 
cated ſeries by the Greek capital letter A, it will be transformed into the 
equation y = A. S | 
Art. 30. To find this complicated feries A, it will be neceſſary in the firſt 
place to raiſe the zd, 3d, 4th, 5th, 6th, 7th, and 8th, and other following 
powers (as far as we propoſe to carry the computation) of the infinite feries 
AY, By*, chi, , , y', cy, hy, &c. by multiplication. But this has 
been already done above in art. 13, and it has there been ſhewn that the ſquare, 
or 2d power, of the ſaid ſeries is = the compound ſeriesk 


4%, 24, 2Acy*, 24%, 245% 2AFy", 2AGy*, &c. 
7 B*Y*, 2Bcy*, 2BDy*, 2BEy", 2BFy", &c. 
c, 2cDy", 2c, &c. 

| D 9%, &c. 

&c; 


And 
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And that the cube, or 3d power, of the ſaid ſeries is = the compound ſeries 
( 38% ay, 3. 44 ., 3% z. bee. 
3a8%*, 6aBcy*, 6apy", GAY, &c. 
j | | BY*, 3ac*%y", 6bacny", &c. 
| | z8*cy", 38*by*, &c. 
| 8 3c, &c. 
&cz 


| 0 0 


And chat the fourth power of the ſaid ſeries is = the compound ' ſeries 


ay, 4A, 44*cy*, 4A, 4a'sy", be. 
f 64 39% I2a*Bcy?, 124 by » &c. 
4435, 6a", &c. 

12AB*cy*, &c. 

8. — &c. 

 &c; 


And chat the fifth p h power of the (aid ſeries is = the compound ſeries 
| 49, fa, gay, gay, &c. 
10489, 20A“), &c. 
oA“), &c. 
&c; 


And chas the aach power of he ſaid ſeries is = the compound ſeries 
4%, 6ainy7, 6aicy*, &c. 
{ I 5A%p*Y*, &c. 
&c; 


And that the ſeventh power of the ſaid feries is = IN ens” — 
1 Ayr, JA, &c. 
&c; 


And that the eighth power of the ſaid ſeries i is = the compound ſeries 
{ 45%, &c, 


&c. 


Art. 31. If the infinite ſeries ay, By*, cy*, dy“, y, ry*, cy”, Hy", &c, 
(which 1s equal to x), and theſe ſeveral powers of the ſaid ſeries (which are 
equal to a*, x*, *, x*, V, x", and x*, reſpectively) are ſubſtituted inſtead of 

xand &, &, de, af, of, x., and x*, reſ e 


by + * — 4. e —. fu. + gf — bs + &c, ad infinitum, the transformed 
2 Z 2 equation 
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equation thence reſulting, or the equation y = A, will be as follows, to wit, 
3 = the complicated ſeries 


GAY, 4, acy3, ab, ary, ary, acy), any*, Ke. 
S % 2bany*, 2bacy*, 2bapy5, 2baty*, 2bary', 2bacy*, &c. 
239, asc), 2bs0y*, 27, 26Bty"', &c. 


75 bc*y*, 2bcœM)//ꝗ, aden c. 

| | dee. 

F ea, . 3ca*cy*, 3ca*ny®, 3c, oa" 55 » &Cc, 

1101 can, GcA Bc, 6caBpy*, bcaBty*, &c. 

＋ ‚ 2 | cBiy*, 3EAC'Y?, acne „K&c. 
3 | 0 3cB 007, 3cB*Dy*, &c. 

* | 3cBcY", &c. 


| FR WR BYs, adac, 44a%Dy?, 44a'*ty*, &c. 
| | | 6d4"n%*, 12da"*nc)?, 12da*BpDy*, &c. 
— 44a8%*, 6da*cy", &c. 
| 12daB*cy*, &c. 

| $3 = ' 01 dH, &c. 

eas, sc, » geatcy', gceatpy*, &c. 

| 1 oA“, 20e A' Bc), &c. 

10e KB), &c. 

— { Fa, H', bfaScy', &c. 
bisl en - Igfa*8%y*, &c, | 

+184)", A, &c. 

— ba'y”, &c. 

| &c. 

From this equation y = A, we may derive the values of the co-efficients 


A, 3, c, D, E, r, o, H, &c, and hkewife determine the fi igns + and — that 
are to be prefixed to-the ſeveral terms by « SA , Dye, 0, ry, Gy?, ay*, &c, in 


the aſſumed ſeries ay, By*, cy3, 9), ay" A of „ 0 wy > &c, by proceeding 1 in 
the following manner, 
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The Inveſtigation of the firſt term, ay, of the foregoing aſſumed Series. 
— v... —— — 
Art. 32. In the ft place, let all the terms on both ſides of this equation be 
| > =, —— &c, 
2 522. 2bany? * 
| „ 
+ — „c. 
e. 


divided by y. And then we ſhall have 3 = 4 


— ba'y, 2baB)y*, &c. 
+ ca &c. 
&c, 


And this equation is ſuppoſed to be always true, of how ſmall a magnitude 
ſoever the quantities x and y may be taken, Therefore (for the reaſons given 
above in a preceeding Tract in this volume, page 259, art. 5), it will alſo be 
true when y is = o. But, when y is = o, all the terms in this equation that 
involve y in them, will be equal to o likewiſe, and the equation will become 
1 = 44. Therefore (dividing both ſides by a) a, or the co-efficient of y in 


the firſt term, ay, of the foregoing aſſumed ſeries, will be = 2. . k. 2. 


. . 
7 aA, aBy, acy, &c. 
15 0 


2 
— 
8 


The Inveſtigation of the ſecond term, ny*, of the ſaid aſſumed Series. 


— — 


Art. 33. Having found that aA is = 1, let us now ſubtract 1 and aa from the 
| aa, aBy, . aCy*, &c. 
oppoſite ſides of the laſt equation 1 = * ba*y, 2bany*, &c. i 
| + ca, &c; and we ſhall 
aBYy, vt 5 
A, 20ABy*, &c, 
have o =| Yd ca'y*, &c, 
&c; that is, all the terms on the right-hand 
fide 
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ſide of the equation will together be equal to o, and conſequently the ſum of 
thoſe of them which are to be marked with the fign —, and to be ſubtracted 
from the others, muſt be equal to the ſum of thoſe others which are to be 
marked with the ſign +, and from which the former are to be ſubtracted. 
Now this equality between the ſum of all the terms which are to be ſubtracted, 
and the ſum of all the other terms from which they are to be ſubtracted, will 
not be affected by dividing all the terms by any number, or quantity, what- 
It. will- therefore continue if all 'the terms ſhould be divided 
Therefore, if all the terms be divided by y, the whole right-hand fide 
be equal to o, and therefore we ſhall. have 


loever. 
equation will ſtill 


But this equation is ſuppoſed to be always true, of how ſmall a magnitude 
ſoever the quantity y may be taken. And therefore it will alſo be true when y 
But when y is = o, all the terms that involve y will be'= to o like» 
wiſe; and conſequently the whole right-hand fide of the equation will be re- 
duced to the two terms as — A. Therefore the two terms as — ba* will be 
Therefore the term as, from which the term ba* (which is marked 

with the ſign —) is to be ſubtracted, muſt be marked with the ſign +, and 
© muſt be equal to the other term'— #A*, which is to be ſubtracted from it; 


and conſequently B will be = =L, 


is = o. 


— O. 


acy, 
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&c, 


— A, 2A, &c, 
+ ca, &c. 


But we before found that A was = =, 


"Therefore B will be (= 
quently the ſecond term, m“, of the aſſumed ſeries ay, By*, cy, Dye, xy", ry*, 


A® 


oY 2s 2 
3 


Gy', hy, &c, will be = „ . . . t. 


And, fince the ſign + is to be prefixed to the term as in the equation 
0 = 4B — 4“, and this equation is derived from the equation y = A without 
any operation that can alter the ſigns that are to be prefixed to its 
terms, it follows that the fign + muſt alfo be prefixed to the term in the ſaid 
equation y S A, from which the ſaid term as is derived, that is, to the term 
agy in the bigheſt horizontal line of the ſaid equation; and therefore it muſt 
alſo be prefixed to the ſecond term, zy, of the aſſumed ſeries ay, By*, cy?, 
Dy*, Ey*, Fy*, cy“, ay*, &c, from which that higheſt horizontal line is de- 
rived by multiplying it into the co-efficient a, becauſe that multiplication can- 
not affe& the figns that are to be prefixed to its terms. We may therefore 
conclude, that the ſecond term, By*, of the aſſumed ſeries ay, By*, cy*, y., 


, 5), cy, ay", &c, will be equal to x and alſo that it muſt have 


undergoin 


= X — =S:; and conſe- 
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che ügn + prefixed to it, or muſt be added to the firſt term 2. And con- 
ſequently the two firſt terms of the ſaid aſſumed ſeries will be 2 + z * *. 
2 E. 1. 


The fox Equations, by the reſolution of which we may find the next fix Re of the 
ſaid aſſumed Series. | 


- 


————O>_—A_——————————— 


Art. 34. By ſimilar reaſonings to thoſe by which we have determined the 
value of the co-efficient B, and the ſign +, which is to be prefixed to the ſe- 
cond term, By*, of the affumed ſeries ay, y, cy*, Dy*, y, xy*, Gy", ny*, 
&c, it may be ſhewn that all the terms in the complicated ſeries A, ſer down in 
art. 31, that involve y*, will be equal too; and that all the terms 1n it that 
involve , will likewiſe be equal to o; and that all the terms in it that involve 
each of the following powers of y, to wit, y*, y*, , y*, &c, will in like 
manner be equal to o; and conſequently, that we ſhall have the following 
equations for determining the values of the ſeveral co-efficients e, o, E, r, o, 
H, &c, and the ſigns + and — that are to be prefixed to the ſeveral correſpon- 
dent terms cy*, y, Y, y', Gy”, Hy*, &c, of the aforeſaid affumed ſeries ; 
to wit, 


iſt, The equation acy*, 25A + ca*y? =o, or (dividing all the terms by 
397) ac, 2343 + ca = o, or (becauſe the ſign + is to be prefixed to the 
co-efficient B, and conſequently to the term 234), ac + 24aB + ca o; 
from which we may derive the value of c, and determine the fign + or — 
which is to be prefixed to it; . 


And, 2dly, The equation any“, 2bacy*, bn*y*, can, — day = o, 
or (dividing all the terms by y+) ab, 2bac, 4B*, gca*ns — da* = ©; from 
which we may derive the value of the co- efficient v, and determine the fign + 
or — that 1s to be prefixed to it ; 

And, 3dly, The equation ax, 24aD, zb, 3ca*c, 3cAB*, 4da*B + ea 
= o, from which we may derive the value of the co-efficient 2, and determine 
the ſign + or — that is to be prefixed to it; LE: | | 
And, qthly, The equation ar, 2Ak, 203, bc*, 3ca*D, 6cABC, cn, 44a*c, 
Gda n, cea*np'— fa* = o, from which we may derive the value of the 
co efficient r, and determine the fign + or — that is to be prefixed to it; 

* | Bend gr. Sg And, 
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And, 5thly, The equation ac, 25A, 203k, 230, 3cA'g, 6cABD, 3cact, 
3cB*c, 4d4a'D, 12da'sc, 4daB?, geatc, 10 A“, bfa's, ga” = o; from which 
we may derive the value of the co-ecfficient 6, and determine the ſign + or —» 
that 15 to be prefixed to it ; | 


And, Gthly, The equation au, 2340, 2bsr, 2bce, 5b, 3ca'r, GecABR, 
6cacd, 3cB*D, 3cBc*, 4da*s, i2dA 8D, 6da'c*, 12d B“, ds“, great, 20e “Rc, 
10ea*s*, GFA, 15fa%*, gas — ba* = o; from which we may derive the 
value of the co - efficient n, and determine the ſign + or — that is to be pre- 
fixed to it. | | 


And in the ſame manner we might obtain the like equations for determining 
the values of the following co-efficients I, K, L, M, N, &c, and the ſigns 
+ or — which are to be prefixed to them reſpectively. But it muſt, be con- 
feſſed that, after the five or ſix firſt equations, the labour of performing the 
neceſſary ſubſtitutions of the values of the former coefficients in every new 
equation becomes ſo exceſſively great as to make the reſolution of them almoſt 
impracticable. However, ſuch is the theory of this method of reverting an 
infinite ſeries; and it is practicable, and has actually been practiſed in many 
inſtances, ſo far as to obtain the firſt five or fix terms of the aſſumed ſeries. 


— — 


ah. 


Obſervations on the foregoing complicated Series A, in art. 41. 


——— — 


Art. 35. It is eaſy to perceive that, in the complicated ſeries A, in art. 31, 
the higheſt term in every vertical row of terms in the ſaid complicated ſe- 
ries, will involve a higher capital letter than any of the terms x under 
it in the ſame vertical row, or than any of the other terms in the ſaid ſeries 
A that involves the ſame power of y. Thus, for example, in the 3d vertical 
row of terms in the ſaid complicated ſeries (which conſiſts of the following 
terms, to wit, 4acy*, 2baBy?, and + ca*y*, placed one under the other), the 
higheſt term acy involves in it the capital letter e, and the other two terms 
2bapy* and + ca*y* involve only the preceeding capital letters a and, 3; 
and in the 4th vertical row of terms (which conſiſts of the following terms, 
to wit, ap, 2bacy*, 337%, 3ca*ny*, and — day, placed one under the 
other, the higheſt term aby involves in it the capital letter o; and the 
other four terms placed under it, to wit, 2bacy*, bB*y*, 3ca*By*, and — 
.da*y*, involve only the preceeding capital letters a, B, and e. And the 
ſame obſervation is true in all the following vertical rows of terms in the 
laid complicated ſeries that are ſet down in art. 31, and muſt likewiſe be 

4 true 


REVERSION OF INFINITE SERIESES. 361 


true in all the following vertical rows of terms, after thoſe which are there 
ſer down, to whatever number they may be continued, on account of the 
manner in which the ſaid complicated ſeries A was obtained, For the up- 
per horizontal line of terms in the {aid complicated ſeries A, to wit, the line 
4Ay, aBy*, acy*, aDy*, ar, ary*, ac, any*, &c, is formed by multiply- 
ing the aſſumed ſeries Ay, By*, cy*, , , ry, Gy", ay", &c, itſelf into 
the co-efficient a; but the following horizontal lines of terms in the faid com- 
plicated ſeries, are formed by multiplying the ſquare of the ſaid aſſumed ſeries 
into 6, and the cube of it into c, and the fourth power of it into d, and the 
fifth, fixth, ſeventh, eighth, and other following powers of it, into e, /, g, B, 
&c, reſpectively. And it is evident, that in every power of the ſaid aſſumed 
ſeries, che co-efficient of any particular power of , ſuch as 55, , y*, &c, 
muſt be the product of the multiplication of two or more co-efficients of the 
inferiour powers of y in the (aid aſſumed ſeries, and therefore muſt involve in 
it ſuch of the capital letters A, B, c, b, E, r, o, h, &c, as denote the co- 
efficients of thoſe inferiour powers of y in the affumed ſeries itſelf, which will 
be ſuch letters as preceed the capital letter which is the co- efficient of the ſaid 
propoſed power of y in the ſaid aſſumed ſeries. And therefore the higheſt 
term in every vertical row of terms in the ſaid complicated ſeries A, will always 
involve a higher capital letter than is contained in any of the other terms in 
the ſame row, which are placed under it. 


Art. 36. And hence it follows, that the aſſumed ſeries ay, By*, cy, Dy*, ty*, 
r), Gy", ny", &c, may be continued ad infinitum, or that an infinite ſeries 
of that form (or which ſhall involve the ſeveral powers of y taken in their 
natural order, to wit, 5, „, „, „, , „, 57, 5 „, , 3, „, &c, and 
combined with certain fixt numeral co-efficients Aa, 3, c, b, E, r, o, H, I, 


x, L, u, &c,) may exiſt, that ſhall be conſtantly equal to the firſt quantity x, 


For ſuch a ſeries will evidently be always poſſible, if the equation y = the 
complicated ſeries A (which is derived from a ſuppoſition of its poſſibiliiy) 
is always poſſible, or involves in it no contradiction. Now, * that the ſaid 
equation y = A is always poſſible,“ will appear from the foregoing article. For, 
in order that the ſaid equation may be poſſible, it is only neceſſary that it 
ſhould be poſſible for every ſucceſſive vertical column of terms in the faid com- 
plicated ſeries A to be equal to o, and conſequently (as all the terms in every 
vertical row involve the ſame power of y) for the numeral co-efficients of 
the powers of y in every ſucceſſive vertical column of terms in the faid ſeries 
to be equal to o, or for the ſum of ſuch of the ſaid coefficients as are marked 
with the fign —, and are ſubtracted from the other terms in every ſuch ver- 
tical column, to be equal to the ſum of all the other co-efficients in the ſame 
column, which are marked with the ſign +, and from which the former are 
to be ſubtracted. Now this 1s always poſſible, becauſe of the new capital 
letter which enters the higheſt term of every new vertical column of terms in 
the complicated ſeries A. For, whatever may be the reſulting value of all the 
co-efficients of the terms in any vertical column of terms in the ſaid compli- 
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cated ſeries A under the firſt, or higheſt, term of the ſaid column, the value of 
the capital letter, or co-efficients, involved in the higheſt term of it (the ſaid let- 
ter being a new letter, different from all the preceeding capital letters, and con- 
ſequently from all the capital letters involved in the other terms of the ſame ver- 
tical column that are placed immediately under the ſaid higheſt term), may 
always be made equal to the ſaid reſult ; and conſequently the ſaid co-efficient, 
being ſubtracted from the ſaid reſult, and marked with the fign —, if the ſaid 
"reſult is marked with the fign +, or being added to the faid reſult, and 
marked with the ſign +, if the ſaid reſult is marked with the ſign —, may 
always make the ſaid reſult become equal to o. Therefore the values of the co- 
elficients A, B, c, o, E, r, G, n, &c, of the terms of the aſſumed ſeries ay, 
By*, cy, pys, )', ), Gy", ny*, &c, and the ſigns + and —, which are to 
be prefixed to the ſecond term, y“, and to the other following terms of the 
faid ſeries, may always be made ſuch that the equation ** y = the complicated 
ſeries A“ ſhall be a poſſible equation; and, conſequently, that the ſuppoſition 
that the ſaid aſſumed ſeries is equal to the original quantity x (which is the 
ſuppoſition from which the ſaid equation & y = A” was derived), ſhall be a 
true ſuppoſition. Q. E. D. | 


This is a demonſtration of what is aſſerted above in art. 7, when the ori- 
ginal ſeries to which y is equal, is of this form, to wit, ax — bx* + ox — dx+ 
T — ff + gx) — bx* + &c, in which all the terms after the firſt term ax, 
are connected with the ſaid firſt term by the terms — and +, alternately, or 
are alternately ſubtracted from, and added to, the ſaid firſt term. 


Art. 37. I ſhall now proceed to illuſtrate this method of reverting the infinite 
ſeries ax — r + c — d + ex — r + gx) — bx* + &c, by applying it to 


the logarithmick ſeries x — = + _ —+ == = + Lt + Kc, 


at infinitum, which was invented by Mr. NicuoLas MzrcaTos, to expreſs 
Naritr's logarithm of the ratio of 1 + * to 1; This is the ſimpleſt and 
«eaſieſt ſeries I can think of, that is of the ſame form with the foregoing gene- 
ral ſeries ax — bx* + ox — d + ex* — fx* + gx?) — b + &c, ad infinitum, 
and therefore 1s the fitteſt to begin with as an example of the foregoing method 
of reverting a ſeries of that form. 


o * 


 Areverſiu 
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A reverſion of the Jogarithaick fries 2 4 77 * 7 — * 7 — K 
+ Fc, ad infinitum, by the foregoing 3 or 45, 2 aſſumption of the info. 
nite ſeries ay, , O, Dy*, , FY, Gy", ny", Sc, with the indeterminate co- 
efficients A, B, c, D, E, r, o, H, Ce, for the value of x. 


— ẽẽẽẽ _ 


Art. 38. We have already ſeen in art. 1 3, that, if x is equal to the infinite 
ſeries AY, ** 3 cy, dy !, EY *, Fy* = G57, Hy*, &c, we ſhall have 
xx = the compound ſeries 


49%, 2ABy*, 2Acy4, zam, 245), 2AFy', 2AGy", &c. 
| BY, 2Bcy*, 2BDy*, 2BEy", 2BFy', &c. 
1 ch, 20h, 2c, &c. 
- b, &c. 
5 &c 


and x* = the compound ſeries 

( A9 34'By*, 34"0y*, 34˙ 0, 3A"Ey", 34, &c. 
34590, 6aBcy*; 64 B D/, 645, &c. 

| BYy*, 34c , 6acpy", &c.. 

| | 3B8*cy', 3B*Dy*, &c. 

| gBc'y*, &c. 

; | &c ; 


and 4* = the compound ſeries _ | 
49, 44, 44 ch, 4A 0, 445 , &c. 
6439, zA ch, 12A* 4 „ &c. 
448 5, b6a*c'y*, &c, 
12AB*cy", &c. 
855, &c. 
&c;z 


and * = the compound ſeries 
, 495%, f, gay”, gary, &c. 
yg 10487, 20A*BcCy", &c. 
{ , 
* &c | 
3A2 and 
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and x* = the compound ſeries 
A 9%, 64'ny" „ Ga5cy*, &c. 
1 1.54A*p*y*, &. 


5 f | 0 3 
F and a i= the Cuinpuund leries 
f { Aly, 74e Ke. 
ee 
and æ = the compound ſeries 
[ 4%, &c. 
&c. 


Art. 39. Now, if theſe values of .x, and its ſquare, cube, fourth power, 
fifth power, ſixth power, ſeventh power, and eighth power, be ſubſtituted in- 
ſtead of x and its like powers, . in the equation y = 


S$—_—+—=——=+ 2—7 _ — 7 + &c, ad infinitum, the ſaid equation 
will be thereby transformed into the following equation, to wit, y = the com- 


plicated ſeries 

r . * „ WM., „, de, ey, M', Ke. 
—, 4, Ach“, 40)“, A), AF)“, Ach, &c. 

. | , , , 0, Bry*, Ke. 

| Vs iy SL o, , &c. 


— ——— 


L 4 .&c. 


, A*BY*, A, AD, A*ty", ary", &c. 
AB.), 2ABCy*, 243)“, 2ABEy', &c. 
, 4c, 2acpy*, &c. 


; 3 

Bc, B*py*, &c. 
ch, &c. 
| . ay, Ac, 495 AY, &c 
1 22 J's CY » Yy » 9, » 
22, 3A*BCy”, 3A*BDY", &c. 
ws AB%Y?, rl „ &c. 
3AF<xy", &c. 
— 2 &c. 

| | 4 
| 0 252 „ A#BY*, Ach, a, &c: 
* 24˙ 97, 4%, &c. 
1 2 : | 2A 327 3 &c, 
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| ==, A*, A, &c.. 
— , Pug 


+/L, A*By*, xc. 


— N &c. 


18 
+ &c. 


or, if we put A for the whole complicated ſeries which forms the right-band 
fide of this equation, into the equation y = A, 


From this equation y = A, we may derive the values of the co-efficients 
A, B, c, D, E, F, o, k, &c, and likewiſe determine the figns + and — which 
are to be prefixed to the ſeveral terms By, cy?, Dy*, Ey*, Fy*, Gy”, Hy", 
Kc, in the aſſumed ſeries ay, , cy?*, Dy*, _ D's Gy”, Hy*, &c, by pro- 
ceeding in the following manner. SO 


—_—___—__—_—cH—G__—— 


The Inveftigation of the firſt term, ay, of the foregoing «ſumed Series 


f 


Art. 40. In the 1ſt place let all the terms on both ſides of this equation be 
divided by y. And we ſhall then have = the compound ſeries 


32:32 
2 
FE 

7 Kc. 


A, By, c, Ke. 
—. ABYy*, &c. 


+ ——. &c. 


But this equation is always true, of how ſmall a magvitude ſoever we 
ſuppoſe y to be taken. And therefore ic will alſo be true when y is equal to o. 
But when y is = o, all the terms in this equation that involve y will be equal 
to o likewiſe, and the equation will become 1 = a. Therefore a, or the co. 
efficient of y in the firſt term, ay, of the foregoing ſeries, will be 1. 

Q. E. 1, 


Or 1 


9 


N 


* 
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The Inveſtigation of the ſecond term, B, of the ſaid aſſumed Series. 


Art. 41, Having thus found that 4 is equal 1, let 1 and a be ſubtracted 
„ 2%. ©9*, ic, 
— . ABy*, xc, 
1. er 
By, cy*,. &c, 


and the remainders will be equal; that is, o will be =} , am“, Kc, 
| . 


5 -, &c; that 
is, the whole complicated ſeries that forms the right-hand fide of this equation 
will be equal to o; and conſequently ſome of the terms in it muſt be ſubtracted 
from the others, and the ſum of thoſe that are to be ſo ſubtracted, muſt be 
equal to the ſum of thoſe from which they are to be ſubtracted, ſo as to make 
the reſulting value of all the ſaid complicated ſeries, or of all the terms that 
form the right-hand fide of the ſaid equation, be equal to the left-hand fide 
of the ſame equation, which is o. Now this equality between the ſum of 
all the terms which are to be ſubtracted, and all the other terms from which 
they are to be ſubtracted, will not be affected by dividing all the terms by 
any number, or quantity, whatſoever, It will therefore continue if all the 
terms ſhould be divided by y. Therefore, if all the terms of the ſaid equa- 
tion be divided by y, the whole right-hand fide of the equation will ſtill 


4 . &c, 
| „ rn 
be equal to o, and we ſhall have o = 9 E, E, c, 


2? 
+/=, &c, 


B, Cy, &, 
* — 
or o = =[E, ABy, &c, 


=, c. 


But this equation is always true while y is of any magnitude, how ſmall 
ſoever. And therefore it will be true when y is = o. But, when y is = o, 
all the terms that involve y will be equal to o likewiſe; and conſequently the 
whole right-hand fide of the laſt equation will be reduced to the two terms 
; * * 2 
3 — . Therefore we ſhall have o = s — =, that is, if — be ſubtracted 


from 8B, the remainder will be equal to o. Therefore 3 muſt have the Ggn + 
prefixed 


from the oppoſite fides of the foregoing equation 1 = 
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prefixed to it, and muſt be equal to =, and the laſt equation will be o = 
| 2 | 


4 
But we before found that a was = r. 
Therefore B, which is equal to 25 will be (= —_ _ and conſequently 


the ſecond term, , of the aſſumed ſeries ay, ny*, cy*, y', , Fy*, c', 
1, &c, will be = = X *, or Z. 1 


And, ſince the ſign + is to be prefixed to the co- efficient B in the equa- 
tion o 2 B — . or o 2 + B — — and that equation is derived from the 


equation y = A, without undergoing any operation that can alter the figns + 
and — that are to be prefixed to its terms, it follows that the fame fign + muſt 
alſo be prefixed to the term in the ſaid equation y = A, from which the faid 
term B, or + B, is derived, that is, to the term By* in the higheſt horizontal 
line of the ſaid equation. And therefore the ſame ſign + muſt alſo be prefixed 
to the ſecond term, y, of the aſſumed ſeries ay, By*, c, Dy*, 9, xy*, Gy", 
#y*, &c, which is the firſt, or higheſt, horizontal line of terms in the faid 
equation y = A. Qs E. 1. 


We may therefore conclude that the ſecond term, By*, of the aſſumed ſeries 
Ay, By*, , , , y, ch, ny*, &c, will be equal to =, and that it muſt 


have the ſign ++ prefixed to it, or muſt be added to the firſt term ay, 
or y. And conſequently the two firſt terms of the faid aſſumed ſeries will be 


3 +=. | QB. . | 


* 


— — .-—é—bL0l i ————ů— 


The fix Equations, by the reſolution of which we may find the next fix terms of the 
8 aid aſſumed Series. 


——— 


Art. 42. By ſimilar reaſonings to thoſe by which we have determined the 
value of the co- efficient 3, and the ſign +, which is to be prefixed to the 
ſecond term, 35, of the aſſumed ſeries ay, , c, by*, y', ry*, cy, By", 
&c, it may be ſhewn that all the terms in the complicated ſeries A, ſet down 
in art. 39, that involve in them the cube of , will likewiſe be equal to o, and 
that all the terms in it that involve in them the fourth power of y will like- 
wiſe be equal to o, and that the ſeveral following ſets of terms in it that in- 
volve in them the fifth, and the fixth, and the ſeventh, and the eighth, and 
the other following powers of y, will, each of them, in like manner be equal 

„ to 


* 


368 "A DISCOURSE ON THE. 


o o; and conſequently that we ſhall have the following equations for deter- 
mining the values of the ſeveral co-efficients c, b, E, r, o, H, &c, and the 
figns + and — that are to be prefixed to the ſeveral correſpondent terms 
e, Dy*, ), f), cy“, ny", &c, of the aſſumed ſeries ; to wit, 


1ſt, (Becauſe we have found that the co-efficient 3 is to have the ſign + 
prefixed to it, and conſequently the term Aazy? in the ſecond horizontal line 
of the equation y = A, muſt likewiſe have the ſign + prefixed to it, and 
therefore, when that whole horizontal line is ſubtracted from the upper line, or 
from its firſt term ay, the ſaid term AaBy* muſt be marked with the fign —), the 


equation C — AB + 5 = ©; from which we may both derive the value of 


c, and determine the fign + or — which is to be prefixed to it, and which 
conſequently is alfo to be prefixed ro the correſpondent term ey* in the higheſt 
horizontal line of terms in the complicated ſeries A, and in the aſſumed ſe- 
ries ay, By*, cy, Dy*, £y*, Fy*, Gy", h), &c, to which the ſaid higheſt hori- 
zontal line of terms is equal. This ſign will be found to be +, and the co- 
efficient c to be = =>, or — | 

2dly, Having found the ſign that is to be prefixed to the co-efficient c to 
be +, it follows that the term acy* in the ſecond horizontal line of terms in 
the complicated equation y = A, muſt be marked alſo with the fign + before 
the ſubtraction of that whole ſecond horizontal line from the higheſt horizon- 
tal line, or from the firſt term ay, and conſequently that after that ſubtraction 
jt muſt be marked with the fign —. And the term 7" in the third horizontal 


| LM | 
line of terms in the ſaid complicated equation will alſo be marked with the fign 


+ before the ſubtraction of that whole third horizontal line from the higheft 
horizontal line of terms, or the firſt term ay; and conſequently after the ſaid 
ſubtraction it muſt be marked with the fign —. And, becauſe the co-efficient 
B has the ſign + prefixed to it, the term 4 in the ſixth horizontal line of 
terms in the ſaid complicated equation y = A mult likewiſe have the ſame ſign 
I prefixed to it before the addition of the whole ſixth horizontal line of terms 

to the upper horizontal line of terms, or to the firſt term ay, and conſequently 
it will have the ſame fign + prefixed to it after the ſaid addition. Therefore 
the ſecond equation, or that by which the value of the co-efficient p, and the 
ſign + or —, which is to be prefixed to it, are to be determined, will be the 


equation D — AC — — + A'B — = = o; by the refolution of which we 
"en x 
ſhall find that Þ is = + I 


And, 3dly, if we pay proper attention to the figns + or — that are to be 
fixed to the ſeveral terms contained in it, we ſhall find the equation by 
which the value of the co efficient E, and the fign + or — that is to be pre- 
fixed to it, are to be determined, to be E — 4p — Bc + 4 + 43˙— 4B 
+==0; by the reſolution of which it will be found that E is = + ——. 
N | 3+3+4% 
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And, 4thly, we ſhall find the equation by which the value of the co. efficient 
'F, and "the fign + or — that is to be — to it, are to be determined, to 
be F — AE — 35 = + 4D + 2ABC + > = 4 — = + A's — - 

* 
2.3.4.5. 


And, sthly, we ſhall find the equation by which the value of the co-effi- 
cient 6, and the ſign + or — that is to be prefixed to it, are to be determined, 
to be G — AF — 3B — CD + mY + 2ABD + Ac“ + Bc — AD — 34*8C — 


AB? + a#C + 24%8* — 4's ur = ©; by the reſolution of which. it will be 


S o; by the reſolution of which it will be Pg that r is = + 


And, FEY we ſhall find the equation by which the value of the co-efficient 
H, and the fign + or — which 1s to be prefixed to 1t, are to be — 


to be u — 4 — BF — E — > + A*F + 2451 + 2ACD + BD + Bc — 


Ag — 34˙3 == —— — JAB — - ＋ a*D + 4A*BC þ 24'B — AC — 


EX . 26 al by the reſolution of which it will be found that # is 


=7 - 


— — — 
* 
* 
o 


The Reſolutions of the foregoing fix Equations, 


— — 


— 


Art. 43. Theſe irx equations may be reſolved in the manner following, 
The firſt of them is c — A + 7 o, en i” 1, and Bis = + =) 


1. .2.2,.5 _ A 2 3 2 


= o, or — — = o3 — it follow a c muſt have the —— 
prefixed to it, and muſt. be equal to 2 Therefore the three firſt terms 


of the afſumed ſeries Ay, BY', cy, 55, y', ry, Gy", Hy, Nee, will be y + 
L — 2. Q. E. Is 6 f ; 
Vo. 11, | . 3 B | The 


The next equation is Þ — 4c — © + 4's Ef or {becauſe 4 is = I, 


and B is = + , Rowe +2) 21 Dy 

WI . 4. I 

2 wp 225 gr 775 
4 3 6 FT 

= 8 : ' 7 Z+ 3+ 4 2. 3 * 263-4 , 2. 3.4 + 


== 0, or o — 2 =05 whence it follows that u muſt have the fign + 


prefixed to it, and muſt be equal to 2 Therefore The four firſt terms of 
the aſſumed ſeries ay, 3y*, O, * E), 5, ., W., &c, will be y ＋ 2 
4 - . . | | 


"234 
. » 1 
The next equation is £ — 4b — be + AC + aB* — 4's 1 7 = o, or 


{becauſe 4 is 1, and B = +' 25 and c = + 57 and p = + 770) ® 


1X1 1 * 1X1 ebe, 1K IX IX 1 
an en fx es a aca 
8 3 * N * TT 4 r + 

6 I2 I | 6 30 INS g 

— — — =O, or E 280 Ot 1 - 

—— — 228 i in 


1 $5 2.3. 4 25 24 | 
5 1 Nr 5 TEST EIT O, or 


= 0; whence it follows that x muſt bavethe ſign + prefixed to it, 


PI" 5 3. 4. 5 


and muſt be = TN Therefore the five firſt terms of the aſſumed ſeries 
AY, By*, c, DY#, He, V, c, ny, xc, will be y +E + 2 -+ + 
r 


The fourth equation is F — AE — — - + a*D + 240 += a 


FI er. | 10 7 2 | = 
—EE þas—> =o, or (becauſe a is = 1, and Bis = + =, and C is 
I 2 x N 1 1X1 1x1 

—, and Dis = + —,andEis = wg wo 
1 3 ” 2. 3. 4 Fay 2, I 2344-5 2.2534 
oth OE $.oc do dA CES and XIX1X 3XIXIXIX1I. 
2. 2. Jo 2· 3 2. 3- 4 2. 2. 3 3&* 8 2. 3 6 r 


— 
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rxrexixixt NIS INI Nini 2 1 
+ 2 755 8 e 3. Or Ys 2.3.4.5 2+4.0 * 


— + A- = o, or (omitting the fixth and 


. . 1 a , . 6 
eighth terms + — — - and ren, which deſtroy each other) F — | = of 7 ng 


3:3. +5 r Tas 6 © 23-45 re 1 [ . 
— — ; 2+ J+$ +5 2. — n + 2. 34 5 6 + 2: 3+4+-5.0 7 ＋ 2.4 T p 
4s 21 | 60 1 3 
_ 2.3«4+-5.0 + 2.3-4-5-0 + = 246” o * 2.34.5. 2.46 © * 


— O, Or F — 


29 2.58 — 20 30 
+ 2.3.45 8 3-4+5+0 - + 2:3+4+ 5· 6 2.3·4·5· 


— = =o: \ whence it follows that v muſt have the fign + prefixed to it, 


and muſt be = rr T ti the firſt ſix terms of the aſſumed ſeries 


4.3•4 


* lt 5 24 — 
T 2.3.4˙5 * 2.3•4˙5˙% | IP 5 
The fifth equation 1s r BE — CD o A* E 8 24B8D + ac + B*c 


= A&D = JA*BC — AB?, + A*C+ 24% B* — A'B-oþ 7 = 0, or (becauſe 4 


ay, W, h, W., wy", ye, i, w, Re, vill be 3 ＋ E + 2 4 25 


n 1 and ni 8 , and c is = Þ+ 75 and o is = +, and 5 i4= 


- „ 1X 1 r 1X I 
, and v is = 0 — aer EE 
* «445? + 3453) 234-56 Faggs 73 


IX1'X'1 * 2X1X1X1 + IXIX1 + INIXI'  IXIXINT 3X1X1XINT: 
2.34.5 2.2.3· 4 2.3·2.3 22.2.3 2+3-4 2.2.3 
IXIXIXI  IXIXIXINTI , 2XIXIXIXIXI IXIXIXIXIXE © 
2 2.3 + 2.2 3 2 + 
IXNIXIXTXEtNINE I I 2. 
— — — — ow O. or 8 — — — — —_— ah 8 ＋ 
7 55 i 8 9 2.3. 4-0 , 2.34445 


ting the eighth and ninth terms 125 : 5 8 — = — 2 a, 


and likewiſe the 13th and-14th terms + - and =; = _ deſtroy pack nei) 


e eee = 2:3:4+5.6 + 557 2. = XAT ET) 5 > ſt” 3-445.6 2.4” 
3B 2 | — 


2.4 
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"FN x Way 3 9 6 1-4 | 30 20 
2. 4 + 2.3 + 7 | N 2.3.4. 5 · 6 94 2.3.4.5 + 2+ Jo +4+5 -0 + 2. 7 5 6 
71 7 771 7 : 3450 © 75.4750 32 2.3.4 175 % 
| 47 5 7 47 5$X5x6 * 
* 7” 5.0 2.3.4 + 7 - + 2:3-4.6.6 n * * 


150 1 103 
* * 1 5. 2 2.3.4 5˙0 + 7 : 243.4+5.0 + *y | 


0 or — no; whence it follows that the 
2.315. 6.7 2.343 ·6.7 2:3+4+5-0.7 


co efficient 6 muſt have the ſign + prefixed to it, and muſt be = — 


"Therefore the firſt ſeven terms of the n ſeries ay, * , ©y*, Dy*, Bys, 
= 


Wi , 2 * kee, — 4 — of ; 7 SS = + 2+3-4 T 7345 8 * 2.3-4+5.6 P 
57 1 

—— . E, 1. 

2 3.4.5-60. Q ; 


And the fr and laſt equation is H'— 40 — BY — CE — + Af + 2ABE 


+ 2ACD + BD + 0 — A? infor” LORNA + a*D. + 


475 at 
4A*BC + 2A*'B3 — A*C — + A*B —7F= o, or (becauſe A is = 1, 


and der and c is = + * and D is = + 2, and E is = 


1 


= „and F is = . 
* 2 2.3. = | + Lr G 2:4-4.5.6 ? + 2 2.3. 4.5.6.7 
1 f 1 1 | 1 2 

TA 2.32 3•4· 252+3.4+2+3-4 T 222 3 + 2.3. 2-3-4 + 


4. 2+3+4 + 2. 2+J+ 243 2.3.4+5 2.2.34 2+2+3+2+3 4+2+3 4: 16 2.34 


te. + ＋ — — -T = o, or (omitting the fourth term — 


2.2.3 2.3 2.4 8 
1 1 
rg and — ſixth term + — TIT, which deſtroy each other, and 


the ſeventh term & = 7 and the eleventh term TOS likewiſe de- 


1 I 
* H 3 — —ͤ— — . e — 
ſtroy each other) 2.3-4-5.6.7 2. 3-4+5, 6.2 3 * 38 8 + 2.3.4.4 
233 23-442 134.3 2:34 4. THE el 8 2. 5 8 
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A 1 ME anon $2014 ect oO bs SG 
3. 3-4-4 2.3.4˙5˙5 2.3. 4˙5· 6 2.3.4·5·0 2.3 445-0 4. 16 2.3.45 · 0 
R 2.3-4-5-6.7.8 2.34557 © 2.3-4:5-6.7.8  2:3-4.5.6 
At ' G 71 115 5.0.7.2 
— _— — > 0, or —_ —— — 
+ 2.3.4.4 4-16 2.3 ) 2+3+4-5+6.7.8 2-3-4456 7 2-3-4-5.0.7.8 
„ ON 1 7! 1 115. 7.8 + 420 
2.4.8 * 2.3-4.5-0 * 2.3-4-5-6.7.8  2:3-4-5-0.7.8 2-3+4+5+0.7.8 | 
3. 6. 6.7 120. 7.8 8 71 6440 420 
— ́— — — — — — ic — — _ 
2-3-4:5-0.7.8 2.3.4˙5˙0.7·8 2 2. 3+4+ $+047.8 2.3-4+-5-0.7-8 2-3-4-5-0.7.8 
* 630 6720 na ai T7141 7140 = 0 
2:3 4-56.78 $:3-4- 6.6.38 OP 2:3+4+5+0.7.8 „ >. ? 


Or u — Lr. = o; whence it follows that the co- efficient u muſt have 


- N I 
the ſign ＋ prefixed to it, and muſt be = FTI Ts 1 Therefore the firſt 
eight terms of the aſſumed ſeries ay, By*, S, Dy*, , xy*, oy”, ny", 9, 


. 2 3 
ye, hn, my, Y, y, ), O, &c, will be y + © + 2 + + 


r a 
2.3.45 T 2-3-4-5.6 + 2.34.5 · U. 7 PF 243+4+5+0.7.8" ne | | 
Art. 44. In the ſame manner might be determined the values of the followin 
co-efficients I, k, L, M, N, o, P, Q, &c, of the powers of y in the faid * 
ſeries, and the ſigus + and — that are to be prefixed to them. But the labour 
of making the ſubſtitutions of the values of the former co-efficients a, , c, 
o, E, F,-G, H, &c, in the terms of the new equations which we muſt reſolve 


for that purpoſe, increaſes fo faſt (as we have already experienced) as to make 


a3 


the further proſecution of this method of reverting the ſeries x — = . 


7 + EE + . — ES + &c, ad infinitum, almoſt impracticable. And 


further, in the caſe of the preſent ſeries it would be unneceſſary to take this 
trouble, if it were much leſs than it is; becauſe we know from other grounds 


that the following co-efficients 1, k, 1, u, , o, P, Q, &c, will be equal 


x I I 
* * 2.3. 4.6.0.7. 8.9 ＋ Tee. + 2-3+4+5+-0e7.8.9.10.1 1? + 
I 


I I | 
Teo Egon? T 2.3-4+5+0.7.8.9.10.11,12.13 © +. 2. 3.4.5.6. 7. 8. 9. 10. 1 1. 12. 13. 1144 


I , | 
+ 2.3.4.5. 6.7. 8. 9. 10. 1 1. 12. 13.14.15 + 2.3-4-5-0.7.8.9.10.11.12.13.14-15.16? &c, or + 


Toto for + op + ome © pet ape + tees 


fnitum. For this has been ſhewn in the firſt volume of theſe Tracts, in the 


Appendix to the Remarks on the two Logarithmick Serieſes invented by Mr. Nic hot as 
2 66 5 | | McErcaror, 
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MzrcarorR, and Dr. Joun WALIIsũ, where this ſeries is derived from 
Mr. Mere aTor'slogarithmick feries, by the method invented by Dr. HaLtey, 
which is an application of Sir Isaxc. Newton's binomial theorem; for in that 
way of obtaining this ſeries, the law -by which its terms are to be continued 
is apparent, to whatever number of terms it may be ſuppoſed to be continued. 
See Vol. I, pages 347, 348, 349, Kc. 335 

| | "BH 
End of the Reverfion of the Lygarithmick Seties #— + ＋ — © + = — + 


s | * 
— es, begun in page 363. 


- 
— — — — — — — — — — 


Art. 45. We have hitherto conſidered the infinite ſerieſes ax + bx* + * + 
dra + ex + f + gx?) + bx* + &c, and ax — be? + cx — d + ex — fb 
+ gx7 — bx* + &c, in which the ſeveral powers of x, to wit, x, *, x*, x4, 
**, , x*, *, &c, follow each other in their natural order without any in- 
terruption, and we have ſhewn how they may be reverted by ſuppoſing each 
of them to be denoted by y, and by aſſuming a ſeries conſiſting of the ſeveral 
powers of y, taken likewiſe in their natural order, to wit, y, y*, , *, „, 5, 
397, „, &c, and combined with certain numeral co-efficients denoted by the ca- 
dital letters A, B, c, D, E, r, o, n, Which are at firſt unknown, but are to 
— determined afterwards in the courſe of the inveſtigation, to wit, the ſeries 
AY, By*, cy*, D, EY, ry, cy, my", &c, to be equal to x, and ſubſtituting it 
in x in the terms of the original equations y = ax + bx* + c + dx“ 
+ e + fx* + gx7 + bx* + &c, ad infinitum, and y = ax —b& + os) — d. 
+ e , + g — bx* + &c, ad infinitum. And we have demonſtrated 
in art. 19 and 35, the Tr of the ſuppoſition that the ſaid aſſumed ſeries 
is equal to the value of x in the ſaid original equations. And we have alſo 
itluftrated the faid method of Reverſion by applying it to the two logarithmick 
ſerieſes invented by Dr. WaLrtrs and Mr. Mercator, to wit, the ſerieſes 


** „ AVE » 3 ; 
* + 2 71 517 71711771 c ad infiritum, and x — = + 
„ „ , as af 


— ES _ = + &c, «d infiitum, and deriving from them 


means of it the two anti-logarithmick ſerieſes y — 2 + £ — £4 £_ 
by 1 . of it the . ada ne erieſes y 3 T 23 2 S378 
th. Coney 
725778 T7 2+3e4+ 5-0-7 2:3-4:5-0:7.8 + . dy + 7 * 2.3 + 25344 * 
* 2. POO E 4 | 
2.3-4+5 + 2+ 3» 4+ 5+ © ” 2. 3. 4. $+ 0.7 + 2. 3. 4. 5. 6. 7.8 + &. We ſhall next pro- 
ceed to conſider the infinite ſerieſes ax c + e + gu? +.i2% + Is” + nx? 
+ px** + &c, ad infinitum, and ax — c + er — x" + ix — I + * 


— P 
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Ks 
— fx” þ+ &c, ad infritum, which contain only the odd powers of x, to wit, 
* V, , &, 4% x*, x*, K, &c, combined with certain numeral co-efficients 
1 the letters a, c, e, g, i, I, u, p, &c, but in which the ſaid odd 
powers follow each other in their natural order, and without any interruption. 


Of the Series ax + c ex + g + 1+ len + 1 + r + &s 


ad infinitum. | 


Lg 


— . —— — 
1 


Art. 46. Now, to revert the ſormer of theſe two ſerieſes, to wit, the ſeries 
ar + cx + en + gr + #8? + l + ur + px* + &c, the value of which 
we will denote (as we did the values of the two former ſerieſes) by the letter 
it will be proper to ſuppoſe the quantity x to be equal to a ſeries involving in 
it only the odd powers of y in their natural order without any interruption, to 
wit, 5, % , 5, „, 3, 3% A &c, ſuch as the ſeries ay, cy*, , Gy", U, 
10 „ Ny „ ey"*, &c, inſtead of ſuppoſing it to be equal to a ſeries involving 
in it all the powers of y, the even ones as well as the odd ones, in their natu+ 
ral order without any interruption, ſuch as the ſeries ay, By*,. cy*, Dy*, 55, 
Fy*, dy, ny, &c, as was done in reverting the two former ſerieſes ax + Ir 
+ n + d +6x* + / + gx? + bx* + &c, ad infinitum, and ax — bx* 
+ 0x3 — dx* Tex — fx* + gx? — bx* + &c, ad infinitum. For, if we 
were tb ſuppoſe x to be equal (as before) to the ſeries , By*, cy, Dy*, Ey, 
Fy*, Gy”, hy, &c, ad infinitum, and were to ſubſtitute this ſeries inſtead of * 
in the equation y = ax + c + ex* + g + &c, we ſhould find that it would 
be impoftible for the transformed equation reſulting from this fubſtitution to 
be conſtantly true, however ſmall the magnitude of y ſhould be taken, without 
ſuppoſing that the co-efficients 3, and b, and r, and H, of the even powers 
, „, , , and the co-efficients of all the following even powers y**, y**, 5, 
e, &c, were, each of them, equal to o, and conſequently that the aſſumed 
ſeries ay, By*, cy*, Dy*, r), 1), cy, ny", &c, was in truth the ſame with 
the ſeries ay, cy, K), cy, &c, which contains only the odd powers of y. 


Art. 47. For, if we were to make the ſaid ſubſtitution of the ſeries ay, )“, 
cy3, Dy*, E), Fy*, Gy?, h, &c, inſtead of x_in the equation y = ax + c 
Tex + gi? + i TH + n#"* + p + &c, the transformed equation thence 
reſulting would be as follows; to wit, y = ; | 


4, 


- 
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| 0 aay, a, acy3, aby, ary, ary, acy, any, Kc. 
$ on [ ca, 3A BY?, gcc, 3ra*py®, goatsy", gra*ry*, &c. 
364390, 6CABCY®, GcABDY, GcaBgy*, &c. 
| + - cB3y®, 53cac*y), bcacpy*, &c. 
= n 36m b &c. 
2 | : 3cBC*'y", &c, 
. } . can, 5ea'ny", 5eatcy), geatny*, &c. 
| + 


10ea*B%y, 20ea*%cy*, &c. 
10eA*BYy*, &c. 

+ g4 907, 74357, &c. 

1 | | + &c, 


Art. 48. Now it is evident from the reaſonings uſed in the former part of 
this diſcourſe, that, in order to make this equation be always poſſible in all 
the variations of the magnitude of the quantity y from its greateſt poſſible mag- 
nitude to o, the co- efficient of y on the right fide of this equation, to wit, 
aa, muſt be equal to its co- efficĩent on the left fide of it, to wit, 1; and that 
the co-efficient of y* on the right fide of the equation muſt be equal to o; and 
that the co-efficient of q on the ſame fide of the equation, mult alſo be equal 
to o; and that the co-efficients of y*, and , and y*, and 57, and y*, and of 
all the following powers of y in the ſaid equation, muſt, in like manner, be, 
each of them, equal to o. Now the co-efficient of y* in this equation is the 
fingle quantity 2B. Theretore, in order to make this transformed equation be 
always poſſible in all the different magnitudes of y, it will be neceffary that 


ag ſhould be equal to o. Conſequently = or B, or the co-efficient of y* in 
the faid aſſumed ſeries AY, By*, Cy, t, Ey5, ry, gay l, Hy*, &c, muſt alſo 
be equal to o, and the two firſt terms of the ſaid ſeries will be ay and o x *, 
or only Ay. 


And, fince B is S o, it follows that 3ca*s muſt likewiſe be = o; and con- 
ſequently the compound quantity 2, 3ca*B (which is the coefficient of in 
the ſaid transformed equation), will be equal to ap, o, or to the ſingle quan- 
tity ad. Therefore, in order to make the ſaid co. efficient of in the ſaid equa - 
tion, to wit, the compound quantity ap, 3ca*s, be equal to o, it will be ne- 
ceſſary to make the ſingle quantity ap (which is equal to it) be equal to o. 


Conſequently =, or the co-efficient v in the aſſumed ſeries ay, By*, cy, by“, 
Ey*, Fy*, By”, Hy*, &c, mult alſo be equal to o, and therefore the four firſt 
terms of the ſaid aſſumed ſeries will be ay, o x , cy*, O X 9+, or only 

AY, . i 
Further, becauſe B and Þ are, each of them, equal to o, the compound 
quantity which is the co-efficient of 5", in the ſaid transformed equation, to 
wit, 


* 
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wit, ar, zea“o, GcABC, csi, 5eats, will be equal to ar, ze *, braxoxc, 
£XO, geo, or, ar, o, o, o, o, or ſimply to ar. Therefore, in order to 
make the ſaid compound co- efficient of 3“ in the ſaid equation, to wit, ar, 
3c, GcaBe, cB*, 5ea*s, be equal to o, it will be neceſſary to make the ſingle 
quantity ar (which is equal to it) be equal to o. Conſequently =, or F, the co- 
efficient of y* in the aſſumed ſeries ay, , cy, Dy*, K), )“, cy, ny', &c, 
muſt alſo be equal to o; and therefore the fix firſt terms of the ſaid ſeries will 
be ay, o, cy, o, ), oxy*, or only ay, cy?, )“. LE: 


In like manner, fince 3, and p, and p are, each cf them, equal to o, the 
compound quantity which is the co- efficient of ) in the foregoing transformed 
equation, to wit, an, 3cA*F, 6caBe, GcACD, 3cB*D, 3cBCf*, 52A'D, 2004a'Bo, 
10ea*s?, 7gA'B, will be equal to an, 3cA*XO, beAXoXE, GA & o, 3ZiXoXo0, 
ze xox&x c., 5ea*Xo, 20e ο , LlOga*Xo, 7gA Xx o, or an, o, o, o, o, o, o, 
o, o, o, or ſimply to an, Therefore, in order to make the ſaid eompound co- 
efficient of y* in the ſaid equation, to wit, an, 3ca*F, 6cABE, Gcacb, zch'dp, 
3cBC*, 5eAD, 202A*BC, IOCA'B?, ga*s, be equal to o, it will be neceflary to 
make the ſingle quantity ax (which is equal to it) be equal to o. Conſequently 
— or k, the co efficient of )“ in the aſſumed ſeries ay, By*, cy*, 9), Eye, F) 
Gy", ny*, )', Ky?, Ly", My)“, &c, muſt alſo be equal to o; and therefore the 
eight firſt terms of the ſaid ſeries will be ay, o, cy*, o., , o, 
qy, o or only ay, cy*, , oy". = 


And, in like manner, if we were to examine the ſeveral compound co- effi- 
cients of y?, yu, 5, y*, and the following even powers of y in the foregoing 
transformed equation, we ſhould find that all the quantities of which they were 
compoſed, except the firſt, or higheſt, terms ax, au, ao, a, &c, would in- 
volve in them ſome of the co-efficients 3, D, r, h, k, u, o, &c, of the pre- 
ceeding even powers of y in the aſſumed ſeries 4), , cy*, Dy, 5, xy*, Gy? 
ny*, , K), y, my*, Ny“, 0, py”, , & c, which are all equal to o, 
and therefore that the ſaid quantities would themſelves be equal to o, and con- 
ſequently that the whole of each of the ſaid compound co-efficients would be 
equal to its upper term ax, or au, or 40, or a, &c; whence it would follow 
that, in order to make each of the ſaid compound co-efficients of , 5, y**, 
, &c, be equal to o, it would be neceſſary to make their higheſt terms 
ak, au, 40, 4Q, &c, be, each of them, equal to o; and therefore the frac- 
tions, or quorients, =, =, =, = &c, or the co-efficients x, u, o, Q, &c, 


» 
656 0: s 


of the ſame even powers of y in the aſſumed ſeries ay, By*, c), ys, Bye, ry*, 
cy), uy*, 9, K) „ 1), , Ny, oy, ry, , &c, mult allo be, each 
of them, equal io o, an] conſequently the ſaid aſſumed ſeries would in truth 
become = ay, cy*, xy*, cy", 9, Ly", ny?, ry, &c, or would contain only 
the odd powers of y, taken in their natural order, without interruption, to wit, 
„ V, , „, 3, , , 5, Ke, ad mmfinitum, L E. D. | 

Vo. III. 30 Art. 49. 
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Art. 49. But, though the co-efficients B, b, r, h, k, M, o, Q,, &c, of y*, 
44, 5, , 1% y*, zu, y*, and the following even powers of y in the aſſumed 
ſeries ay, ., (%, 1%, , ry*, oy", ny", 9, xy", Ly", My", xy“, oy, ry, 
e, &c, are thus ſhewn to be neceſſarily equal to o, in order to make it 
poſſible that the ſaid ſeries ſhould be conſtantly equal to x in the original ſeries 
ax + c ＋ £35 + gx?) + ia + Ix + u + pn + &c, in all the different mag- 
nitudes of x and y, yet the other co-efficients of the terms of the ſaid aſſumed 
ſeries, to wit, the co-efficients A, c, E, G, I, L, N, P, &c, of y, 5, „, 57, 
9, yu, y*, y, and the following odd powers of y, will, or, at leaſt, may, all 
have finite magnitudes. : 


For, in the firſt place, we ſhall have 1 (or the co-efficient of y in the term y, 
which forms the left-hand fide of the transformed equation ſet down in art. 47) 
= AA, or the co- efficient of y in the term aa, which is the firſt term of the 
right-hand fide of the ſame equation; whence it follows that Aa will be equal to 


= which is of a finite magnitude. 


And, ſecondly, we ſhall have ac + ca* = ©; whence it follows that ac 
muſt have the ſign — prefixed to it, or that — ac + ca will be = o, and 
that ac will be = ca?, and conſequently that c will be = — = - X 2 = 
2. which is alſo of a finite magnitude. 


And, thirdly, we ſhall have as, 3ca*c, 3can* + ea* = o, or (becauſe s is 
equal to o, and conſequently 3cap* is equal to o likewiſe) as, 3ca*c, o + eas 
= o, Or at, 3ca*t + ea = o, or (becauſe c is to have the ſign — prefixed 
to it, and conſequently 3ca*c muſt likewiſe have the ſame ſign prefixed fo it) 
4E — 3ca*c + e = ©; whence it follows that as + ea* will be = 3ca*c, 


or that at +eX—vill be=3eX—X > or that as + 5 will be = $» 


and conſequently that x + 5 will be = ON z and therefore that, if —is leſs than 


3®, the quantity + = + S will be = &, and + x will be = — 5;, which 


a 
is of a finite magnitude ; and, if _ is greater than =, that — E + I or 


+ 2 — E, will be = Ai and conſequently + = will be = = + E, and Z 
will be = _-_ — Lr, which is alſo of a finite magnitude. 


And, fourthly, we ſhall have ac, gca*s, 6canp, gcac*, ges'c, geafc, 
10&A*B* + ga” = ©, or (becauſe 3 and p are equal to o, and conſequently 
GcaBD, and 3c8*c, and noca*s*, muſt be equal to © likewiſe) ac, 3c E, o, 
zeac“, o, sede, o + gA = o, or 40, ZA*r, ZAC, sec + ga? = o, or 
(becauſe the co efficient c was found to have the ſign — prefixed to it, and 
conſequently the term gea*c, which involves — c, muſt alſo have the ſign — 
prefixed to it, but the term 3cac“, which involves the ſquare of — c, 8 

- : ve 
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have the ſign + prefixed to it) ac, 3ca*n ＋ 3cac* — gea'c + g = o. 
Therefore, unleſs it ſhould happen that the four terms 364 + 3cac* — 
gea* + ga? are exactly equal to o, or that the ſum of thoſe of them which 
are marked with the ſign — is exactly equal to the ſum of thoſe of them which 
are marked with the ſign + (in which caſe the firſt term as would likewiſe 
be equal to o, in order to make the whole five terms 46, 3ca*t + gcac* — 

gea*c + ga? be equal to o), it will follow that, as the four terms 3ca*s, 3cac*t, 
gea*c, and ga? have, all of them, finite magnitudes, the exceſs of ſome of 
them above the others, or the value of the whole four terms 3ca E + 3cac* 
— 5e1* + ga?, mult alſo have a finite magnitude, and conſequently that the 
firſt term 46 (which is to be equal to that exceſs, and to be ſubtracted from it, 
in order that the whole five terms 20, 3ca*E + 3cac* — geafc + ga? may be 


equal to o) will alſo have a finite magnitude. Therefore =, or o, or the co- 


efficient of y' in the aſſumed ſeries ay, By*, cy, Dy*, ty, xy*, cy", ny, &c, 
will likewiſe have a finite magnitude, 


And, in like manner, if we were to examine the compound coefficients of 
, y*, , y*, and the other following odd powers of y in the aforeſaid tranſ- 
formed equation, we ſhould find that ſeveral of the terms that compoſe them, 
without reckoning the firſt, or higheſt, terms, would contain only the co- eſſi- 
cients A, C, E, G, 1, L, x, P, &c, of the preceeding odd powers of y in the 
aſſiimed ſeries ay, By*, cy, py“, Ey, ry, 6y?, my, 9, Ky”?, Ly"*, My“, ny, 
o), py, q, &c, which co efficients are all of finite magnitudes, and there- 
fore that the ſaid terms themſelves would alſo be of finite magnitudes ; and 
conſequently that (unleſs it ſhould happen that the fum of all thoſe terms 
which were marked with the ſign — was exactly equal to the ſum of all the 
other terms which were marked with the ſign +) it would be neceſſary, in 
order to make the whole values of the faid compound co-efficients of , , 
93, ys, &c, including their firſt, or higheſt, terms, be equal to o, that the 
firſt, or higheſt, terms of the ſaid compound co-efficients, to wit, the terms 
al, al, an, ar, &c, ſhould be of finite magnitudes ; whence it would follow 


I L AN P- 0 
that 2, 2, , —, &c, or 1, Ly x, r, &c, or the co-efficients of the ſame 


odd powers of y in the aſſumed ſeries ay, By*, cy*, , )“, ry, y', 1), 9, 
Ky®*, Ly", wy, xy, Y ry5, a. y*, &c, would alſo be of finite magnitudes. 


Art. 50. And therefore we may conclude, that, in order to revert the infinite 
ſeries ax + c + e + gx) ＋ Hin + x + A + &c, which is equal to y, we 
muſt ſuppoſe x to be equal to the ſeries ay, cy, h/, cy?, 199, 1% xy, xy3, 
&c (which contains only the odd powers of y taken in their natural order), 

and not to the ſeries ay, Ry*, cy*, Dy*, ty*, ry, cy", Hy", &c (which contains 
all the powers of y, the even ones as well as the odd ones, taken in their na- 
tural order), and muſt ſubſtitute the former of theſe two ſerieſes inſtead of x 
in the terms of the original equation y = ax + c + ex* + gx? + i + ix + 
m3 + r + &c, ad infinitum ; as was aflerted in art. 46. 

320 2 Further 
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Further Conſiderations in confirmation of the five foregoing Articles, 


— —  — — 


Art. 5 1. In the foregoing articles it has been diſtinctly ſhewn, that the firſt 
four terms of an infinite ſeries involving the powers of chat ſhall be conſtantly 
equal to the value of x in the infinite feries ax + c + ex* + gi? + in? ＋ IN 
+ nx? TRA + &c, however ſmall the quantities x and y may be taken, will 
be ay, cy*, ), and cy, or will involve the four firit odd powers of y; and it 
has been aſſerted that the following terms of the ſaid ſeries will, in like man- 
ner, involve only the following odd powers of y, to wit, y*, 5, 5, „s, &c, 
or that the ſame reaſons that produce this effect in the four firſt terms of the 
faid afſumed ſeries will produce it likewiſe in all the following terms of the ſaid 
ſeries. But, as the truth of this aſſertion may not be thought ſufficiently evi- 
dent without a more particular examination of the compoſition of the co-cth- 
cients of the ſeveral terms that form the vertical columns on the right ſide of 
the transformed equation ſet down in art. 47, than has been yet entered into, I 
flall now proceed to confirm the ſaid affertion by the following conſiderations. 


In the iſt place it mult he obſerved, that, if there be a ſeries, as ay, cy}, . 
xy*, Gy", , 1), xy", r), &c, that contains only the odd powers of y, or 
ſome of the ſaid odd powers, (whether the ſaid odd powers follow each other 
in their natural order without any omiſſion or interruption, or not,) and ſuch 
a ſeries be raiſed to its cube, and fifth power, and ſeventh power, and ninth 
power, and any other of its odd powers, the terms of which theſe odd powers 
of the ſaid ſeries will be compoſed will contain only odd powers of y. 


This will be evident from the manner in which the odd powers of the ſaid 
ſeries are obtained. | 


For, in the multiplication of the ſeries ay, cy*, ), cy“, 9), *, ny, ps, 
'&c, into itſelf, in order to obtain its ſquare, every ſeparate term in it is mul- 
tiplied into every other term in it, either once or oftener, which produces a 
new ſet of terms, in which the indexes of the powers of y are the ſums of the 
indexes of thoſe powers of y in the terms of the firſt ſeries ay, G, xy*, cy?, 
19, ihm, xy, vy'5, &c, by the multiplication of which they are produced. 
Eut the indexes ſo added together are, all of them, odd numbers; and the ad- 
dition of any two odd numbers to each other produces an even number. 
"Therefore the indexes produced by theſe additions, that 1s, the indexes of the 
powers of y in the ſeveral terms that compoſe the ſquare of the ſeries ay, c)“, 
1), Gy", 9, Ly"*, xy”, ry, &c, will all be even numbers. 


Now the cube of the ſeries ay, cy*, ), c)“, 90, 1, W)“, ry“, &c, is 
produced by multiplying the ſaid ſeries into the ſeries which is equal to its 
ſquare, which (as we have juft now ſeen) is a ſeries that contains only the even 

powers 


— 
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powers of y; and in this multiplication each term of the ſaid ſeries ay, O, x57, 
q, v, &c, is multiplied into each term of the ſeries which is equal to its 
ſquare, which is done by the addition of the indexes of y in the terms fo mul- 
tiplied into each other. But the addition of any 6dd number to an even num- 
ber muſt always produce an odd number. Therefore the indexes of the powers 
of y in all the terms of the ſeries which is equal to the cube of the ſeries ay, 
cy, E), c), ), 1). my, ry, &c, muſt be odd numbers, or the powers 
of y contained in the ſaid cube will be only the odd powers of y. 


In like manner, the fifth power of the ſaid ſeries ay, cy*, xy*, Gy, ), 1%, 
ny”, ry, &c, being produced by the multiplication of the cube of it (which 
contains only the odd powers of ), into the ſquare of it (which contains only 
the even powers of y), will contain only the odd powers of y; and the ſeventh 
power of the ſaid ſeries, being produced by the multiplication of the fifth 
power of it into its ſquare, will allo contain only the odd powers of y; and 
every following odd power of the ſaid ſeries, being. produced by the multipli- 
cation of the next preceeding odd power of it into its ſquare, will alſo con- 
tain only the odd powers of 9. & B. p. 


In the ad place, we muſt obſerve, that, fince the ſeries ay, c)., xy*, Gy", 9, 
yn, wy", py'3, &c, is ſuppoſed to contain all the odd 2 of y following 
each other in their natural order, the cube, and the fifth power, and the ſe- 
venth power, and the other following odd powers, of the ſaid ſeries cannot in- 
volve any odd power of y that ſhall not likewiſe be contained in the ſaid ſeries 
itſelf, | | 


And, zdly, fince the feries ay, cy*, E), oy, 9, Ly", xy”, ry, &c, con- 
tains all the odd powers of y, beginning from the firſt power y, and following 
each other in their natural order, it 1s evident that the cube of the faid ſeries 
will contain all the odd powers of y, beginning from , and following each 
other in their natural order ; and the fifth power of the ſaid feries will contain 
all the odd powers of y, beginning from), and following each other in their 
natural order; and the ſeventh power of the faid ſeries will contain all the odd 
powers of y, beginning from , and following each other in their natural order; 
and every following odd power of the ſaid ſeries denoted by any odd number 


called u, will likewiſe contain all the odd powers of y, beginning from y® 
and following each other in their natural order. 


And therefore, 4thly, it follows that there can be no odd power of y con- 
tained in the ſaid ſeries ay, G, ), oy", 9, 1% ny, py'5, &c, &c, (ex- 
cept the ſimple power of y, which is contained in its firſt term ay) that (hall 
not likewiſe be contained either in the cube of the ſaid ſeries, or in its fifth 
power, or in its ſeventh power, or in ſome of its other following odd powers. 


A Proof 
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A Proof of the poſſibility of the ſuppeſition that the aſſumed ſeries ay, ey, EY, cy", 19% 
Ly*", , Py'5, fc, is equal to x in the original equation ax + cx + ex* + gx? 
+# +" + ＋ p +&, = y. 


Art. 52. And hence we may derive a proof that it is poſſible for a ſeries of 
this form, to wit, Ay, cy*, EY, Gy", Y, ihn, *), ys, &c, ad infinitum, to 
exiſt, that ſhall be conſtantly equal to æ in the infinite ſeries ax + cx? + ex 
+ gx" + ix* + Is* + nx + px's + &c (the letter y being ſuppoſed to be 
equal to that ſeries), in all the different magnitudes of x from its greateſt poſ- 
ſible magnitude to o. 


For ſuch a ſeries may be conſtantly equal to x, if, when it is ſubſtituted in- 
ſtead of x in the equation y = ax + i? + ex ＋ gx“. ＋ ix + If + ne + 
pr + &c, ad infinitum, the transformed equation reſulting from ſuch ſubſtitu- 
tion is poſſible in all the different variations of the values of x and y from their 
33 magnitudes to o. And this transformed equation will be always poſ- 
ible, if, when we have ſuppoſed 1, the coœ efficient of y, which is the only term 
on the lefr-hand fide of it, to be equal to aa, or the co-efficient of y on the 
right-hand fide of it, all the other terms involving each of the following powers 
of y contained in the ſaid equation, to wit, y*, , „, 5, yu, ys, y5, &c, 
ſhall,- taken together, be equal to o, that is, all the co-efficients of * in the 
ſaid equation, taken together, ſhall be equal too; and all the co-efficients of 
, taken together, ſhall alſo be equal to o; and all the co-effrcients of 9“, 
taken together, ſhall alſo be equal to o; and all the co-efficients of each of the 
following powers of y, taken. together, ſhall alſo be equal to o. We muſt 
therefore endeayour to prove, that in the ſaid transformed equation it will be 
poſſible for all the co-efficients of y*, taken together, to be equal to o; and for 
all the co-efficients of y*, taken together, to be alſo equal to o; and for. all 
the co-efficients of 57, taken together, to be alſo. equal to o; and for all the 
co-efficients of every following power of y, taken together, to be allo equal 
to O. 

No this may be ſhewn by means of the foregoing obſervations, by reaſon- 
ing as follows : 


Art. 53. The right-hand fide of the ſaid transformed equation is formed by 
multiplying the infinite ſeries ay, cy, %, Gy", 19%, Ly", NY“, ry“, &c, into 
the co efficient a, and by multiplying the cube- of the ſaid ſeries into c, and 
the fifth power of the ſaid ſeries into e, and the ſeventh power of the ſaid ſeries 
into g, and the ninth, eleventh, thirteenth, and fifteenth, and the other follow- 
ing odd powers of the ſaid ſeries into the co-efficients i, /, , p, &c, of x“, 
x, x, 4, and the other following odd powers of x in the original ſeries 
ax + c + ex* + gx) + ia“ + K* + ur + px + &c, reſpectively. 

But it is (hewn above, in the firſt of the foregoing obſervations, that the odd: 
powers of the feries ay, O, ', cy", , Ly", N), ry, &c, ad inſinitum, 
will contain only the odd powers of y. 

Therefore 
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Therefore the whole right-hand fide of the ſaid transformed equation will 
conſiſt entirely of terms that contain only the odd powers of y. f 


Further, becauſe the ſeries ay, cy*, 1), cy“, 19%, Ly", xy, Py, &c, cons 
tains all the odd powers of y, following each other in their natural order, it is 
evident that the upper horizontal line of terms in the right-hand fide of the 
-ſaid transformed equation (which is formed by multiplying the faid ſeries 
into a, and which will therefore be aay, ac, ary*, ac, ah, ary", aN, 
aey”*, &c) will alſo contain all the odd powers of y, following each other in 
their natural order ; and conſequently, there can be no odd power of y contained 
in any of the horizontal rows of terms placed under the {aid upper horizontal 
row of terms in the ſaid transformed equation that is not alſo contained in the 


faid upper row of terms, "uh 


And, becauſe the cube of the ſeries ay, cy*, xy*, cy', 1), 1y"*, ny", py”, 
&c (according to the gd of the foregoing obſervations) will contain all the 
odd powers of y, beginning from , and following each other in their natural 
order; and the fifth power of the ſaid ſeries will contain all the odd powers 
of y, beginning from y*, and following each other in their natural order; and 
in all the following odd powers of the {aid ſeries the odd powers of y will fol- 
low each other, from the firſt, or loweſt, odd power upwards, in their natural 
order; it is evident that there cannot be any odd power of y (except the ſimple 

wer of it, or y itſelf) contained in-the higheſt horizontal row of terms in the 

id transformed equation, which will not likewiſe be contained in ſome of the 
other horizontal rows of terms in the ſaid equation placed under the ſaid 


bigheſt row. | 


Therefore every odd power of y, beginning with y*, or the third power, will 
be contained both in one of the terms of the higheſt horizontal row of terms 
in the ſaid transformed equation, which is aay, a, aty*, ac, ary?, 41%, 
ary”, ay, &c, ad infinitum, and likewiſe in one or more terms of the other 
horizontal rows of terms, placed under the ſaid higheſt row, in the ſaid equa- 
tion; ſo that the co- efficients of , y*, 57, , yu, y, y*, and all the follow. 
ing odd powers of y, in the ſaid transformed equation, will be compound quan- 
tities, or quantities conſiſting of two, or more, ſimple terms connected toge- 
ther by addition or ſubtraction. And in each of theſe compound co. efficients 
the firſt, or higheſt, term ac, or az, or as, or al, &c, will (for the reaſons 
ſer forth in the former part of this Diſcourſe, in art. 18) involve a higher ca- 

ital letter of the alphabet than will occur in any of the other terms of it. 
N os a9 whatever may be the reſulting value of all the other terms of every 
ſuch compound co- efficient, placed under the higheſt term, the new capital 
letter involved in the higheſt term, ac, ak, ac, ai, &c, may —_ be taken 
of ſuch a magnitude as to make the ſaid higheſt term equal to the faid reſulting 
value of all the other terms ; after which, by prefixing to the ſaid higheſt term 
that of the two ſigns + and — which is contrary to the ſign prefixed to the 
reſulting value of all the other terms, we ſhall make the whole of ſuch com. 
pound co-efficient be equal to o, as it ought to be. Therefore the —_ tranſ- 
9 orined 
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formed equation will be a poſſible equation; and the ſuppoſition from which 
the ſaid transformed equation was derived, to wit, that it was poſſible for an 
infinite ſeries of the foregoing form, ay, cy, xy*, cy“, %, 19", Ny", 751, &c, 
to exiſt, that ſhould conſtantly be equal to x in all the variations of its magni- 
- tude from its greateſt poſſible magnitude to o, will be a true ſuppoſition. | 

. E. D. 


——— — TRL — 


Of the Reverſion of the infinite Series ar + x3 + e + gx) + if ＋ Ix A* 
+ px'* + &c, by the aſſumption of the Series ay, &, ty*, c, 1%, Ly", , 
ry, Ce, ad infinitum for the value of x. | | 


— — 


Art. 54. Having now ſhewn that, if the infinite ſeries ax + cæ + er + gx7 
＋ i + Ix" + u + px'* + &c, be denoted by the letter y, it is poſſible for 
another infinite ſeries involving the odd powers of y, or of the following form, 
to wit, Ay, cy, E), Gy", 1, 1), Ny“, py", &c, to exiſt, which ſhall be 
conſtantly equal to x in all the variations of its magnitude from its greateſt 
poſſible magnitude to o, we will now proceed to revert the former of theſe ſe- 
rieſes, by ſuppoſing x to be equal to the faid ſeries ay, , xy*, cy", 1%, Ly”, 
NY, yy, &c, ad infinitum, and by ſubſtituting the ſaid ſeries initead of x in 
the equation Y = ax + i + ef + gu? Ti + Irn + 1 + p + &c, 
ad infinitum. And for this purpoſe we muſt, in the firſt place, raiſe the powers 
of the {aid ſeries ay, , Ey*, cy", 9, Ly", wy, 75, &c, by multiplication, 
in the manner tollowing : 


xs = Y, cy, xy, off, 1, ty", wy", py"; &c. 
s = ay, cy, xy, cy, 9), Ly", wy", ry, &c. 
4%, Ach, aty*, Ac, 4%, ALy*, any'*, &c. 
acy*, c'y*, ch, cc, )*, cry*, &c. 
AEy*, CEy", 295, ch, E1y*, &c. 
AGy", cc, EGy"*, G, &c. 
249, cy*, zh, &c. 
ALy**, 1%, &c. 
td; | ANy"*, &. 
A'y*, ZACY*, 249% 2AGy', zahl, 24“, 24N /, &c. 
3 c, 2c, 2c, 2c, 2c, &c. 


9, 2869", zz, &c. 
\ ; 6*y'*, &c. 
&c. 
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s '2>3/a% 0%, 27 rs: 1% 059% wn, , Te. 


AYP, 2A˙c )“, 24"Ey", 2A ch, 2A 0, 24%, „ 2a*8y*5, &c. 


Ac, 2ACEy*, 2ACGy"", 2ACly", aach, &c. 


AE'yY**, 2AEGy”, 24K)“, &c. 
a0 's, &c, 
*, 2acty!, 2acty* „ 2ACGy®*, 2AC1y?, 2ACLy"*, &c. 


* 


Ae, ee e 

cy, 2c), &c. 

a 40, 2ACEY?, 240 u, 2A, 2AE19**, &c. 
c*Ey**, 2c“, 2CEGy"*, &c. 

27, . 


A*Gy9, 2ACGy"", 2AEGy"?, 2400, gcc. 
c*Gy"?, 2c, &c. 

A*ly"*, z2Ac hh)“, 2AE195, &c. 

c*1y*5, &c. 

a*Ly?, z Ach“, &c. 

Ah, &c. 


| ed 34 . 34 , 3% %, 3a%y", 309, 3A*Ny"", &c. 
Ach, Ach“, baccy**, Ach, bAcLy®, &c. 
c', 3AE*y"*, GAE, 6425, &c. 


* 4 30 , 3œlοꝙο⁹οñ, 346%", &c. 
| 3039, 3c*1y'5, &c. 
SO“, &c. 
_ | E, &c. 
: &c. 
x * ., , By, cy", , Ly”, , , ee. 
49%, 3400, 347, 3A h, 34a%y"*, 34%, &c. 
34˙ , Ach, ba*coz®?, GAC) &c. 
ach“, 3A*E'y"*, GAE &c. 
34c̃*, 34 c“, &c. 
34Ack 9, &c. 
Ach, 3A, Ach, zac, 34 * &c. 
ZAC%Yy"?, bac*ry®, bac'cy*, &c. 
ch, JAcE*%y"*, &c. 
309)“, &c. 
Vox. III. 3 D 
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"nee 
A'EY, 
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ay), za*cry", 34's, 34a*z0y"*, &c. 
ZAC "Ey"", GACE'$"*, &c, 

EN &c. 

ag, 34*ccy"*, 3a*rcy"*, &c. 

zac), &c. 

any, ZA*C1y"*, &c. 

ALY &c. 


—_ 


5 AY, 44%0f", AA, 4 , 4, Air, &c. 
| 64%", aach“, 124 *, 12A*15"*, &c. 
P 103. 4Ach®?, battYy®, 124a*z0)"*, &c. 
124aCc*sty"*, 124c , &c. 
c%®, 12Acs*y**, &c. 

| 4c*Ey"*, &c. 
&c. 


x = AY, , By, Oy, 1, Ly”, ww, Yun, &c. 


498, 4 „4A h, 44409", 44% , 4, &c. 
1 64e, zal eh 124*co97, 124%*195, &e. 
4409", GENIE? aA &c. 

TRA O8y?, 124**G»"*, & c. 

44095, fach, &c. 


44c h, Kc. 


a, Ae Avery, 4e%,õF-, 40, Ac. 
6a*cly®, 12A 12A c, &c. 

4c h, 6A“) &c. 

het &c, 

cx, tc. 

* 4A hαν, 4%, 4A αον, &c. 
6a*c*ry®, 1247 cf h, &c. 

4AC*zy"5, &c. 

Ac, 4A ch, 44"%z0y"5, &c. 

6a**00", &c. 

4, ch“, &c. 

A*Ly*, &c. 

&c. 
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= * 


0 
„ . 


„ 2 AY, 2 , off, 1, n, w, 758, &c. 


4%, SA, 5A, 5afon®, ary, Kc. 

| oA , 20a*Qsy"*, 20a%oy"*, &c. 
och, 10429) &c. 
304*c*zy"*, &c. 

2 Fat za, &c. 
0, Ae, Ac, gafcoy®, &c. 
1 10A c, 204 c“, &c. 


K * 5 * N * A Ioa*cty'*, &c. 
£ Azzy”, 5 Ach“, 5 42 57˙, &c. 
ioa*c*ty'*, &c. 
kak CE , 5a*%coy*, Ke. 
n '&& As Rs &c. 
of. , baſcy*, GA, baoy", 64%", &c, 
1 N 5 1590, 30A EY, 304 c, &c. 

4 x Wm 1 | 5 
Wo A Io ae er Wes > » 2oalcYy®, 15a% 4," &c. 
; "x x8"; * 6oa*c*sy"*, &c. 
IS f 1 5a*c%"*, &c. 
| C TY 2 . 


=», L. N. . . uy", . e the 


49%, bac, ba*sy", ba%y", batiy*, N 
5 I 5A*c'y"*, 304*cxy*, zo c, &c. 
20A CN, 15A 5 &c. 

GOA CEN, &c. 


154%", &c. 


(aff, gat", S, sch, gay”, SA, te. 
104 , 204"cxy"", 204a%Xcy", 204a%1y"*, &c. 
Ioa*c'yn, oA), 204*tGy"), &c. 
z304A*c*ty"?, 3oa*c*oy"*, &c. 
5act%?, 30A f &c. 

ao Ach, &c. - 
cy, &c. 
&c. 
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A0, 6aic'y"*, GAC, batcoy?, &c. 

I 5a*y?, zoat'c'ty*, &c. 

5 20A cy, &c. 

A RU, 6A CY, 6A rννα, &c. 

I ga*c*ty"*, &c. 

A, 6afccy"”, &c. 

4%, &c. 

2 a'y, 7A, J, 1a%0y* „ % &c. 
Ha 21A, 42A απ¹αε, 42 Ac, &c. 
— — 35x", 214%%", &c. 
0g RN, &c. 
e. 41 ; 35 ο ., &c. 

2 „ 2 Ay, cy, 29, oy, I, uhu, wy, ry, &c. 
ay, 7 ay”, 74'Ey®, 74a'Gy*, &c. 

| ; « | 2140 . 424*cgy**, &c. 


P * 


35A ch, &c. 
A , TA, TAC Ey“, &c. 


Ek n gx 21 40%, Kc. 
4 A 7ACEY"*, &c. 
1 A*Gy*, &c. 
ha 49 SA, SA, SA &c. 

þ kg { — I 
> 2» BAN. he. 


„ = AY, Of, BY, ch, 1, n, ww, ri, &c. 
Tas bs Baa, bo, we. 
28A'Cy"3, 56A'cgy", &c. 
564%H"*, &c. 
4, 8A'cYy”, . 8A'cty"*, &c. 
* | 28A%%*, &c. 
CEA 1 A EY, 8 A'cey*, . 
A, &c. 
49 ga'cy*, gh, gay, &c. 
36A , 72AcEy*, &c. 
844"ciy"*, &c. 
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AYP, gay, 9A*Ey'", & c. 


36A, & c. 
a*y?, ome &c, 
r), &c. 


4, iloa*cy®*, n04%y"?, &c. 
2 = 0 


454"cay*, &c. N 


&c. 


* = Ay, ©, ', Oy", 59, Ly”, wy”, py's5, &. 


Ay, loa*cy"*, i10a*ry*, &c. 
45 c, &c. 
AP, ioa%*y"*, &c. 


AY, &c. 
a 114 * 114%)", Kc. 
"= { ; 650% 9", ke. 
| | Se. 


* H. O, By, o, 19%, ihn, wy", py", &c, 


49 114 0, &c. 
4 9“, &c. - 


&c. 


* 1 12 11 7 
= { A h, 124 0%, &c. 
&c. 


\x = AY, of Ey*, Gy”, 19?, | Ly”. NY 50, &c. 


4, 124 0, &c. 
ac, &c. 


&c. 
3 { 49%, 134 , &c. 
| | &c. 
„ = ay, c, Y, oy", 5), Ly", ny", ry, &c. 
44 — { : AY G5" &c. 
; &c. 
418 32 cy*, Ey*, Gy", 5), y, Ny”, ry“, &c. 
3 #0 | Ahn, &c. o 
* = { | &c. 


— 


UE 


3 


— wt X. : 


" We. 
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Art. ge. If the ſeveral odd powers of the ſeries ay, &y*, K), oy?, 9, Ly", 
**, ry, &c, juſt now obtained in the foregoing article, be ſubſtituted in- 
ſtead of x, *, , x", *, x", x, and x, in the equation y = ax + c + 
ex* + gx) + A ER TT nv + p + &c, the ſaid equation will be thereby 
transformed into the following very complicated equation, to wit, y = he 
compound ſeries 


any, acy, ary, acy%, ay”, aly", ary", ary*, Kc. 
ca 3c, gea'ry”, geafoy, 3c, gratly?, goa'ny®, &c. 
| TY gcac'y?, bcacty?, beaccy"*, beaciy®?, beacly®*, &c. 
| 0 cc, car, bearcy?,, GcA EH“, &c. 
GET | | 309, cc, 3cactly®®,, &c. 
TT | zz y, gcc, &c. 
6ccecy**, &c. 
t c *, &c. 
ea, tea*cy*, zes, gea*6y", ze“, geatly*, &c. 
3 Loea*c'y?, a0 20ea%oy"?, 20ca*cly"", &c. 
ola 10ea*cy"*, n0ea*8*y®, 20ea% toy", &c. 
; | zo, Zoe x coy*, &c. 
Sec, Zoe &c. 
8 | | 20eaC%ty*, &c, 
s ech, &c. 
ga, g, ga ngx%0y", 184%", &c. 
| 21g4*cxy"", 42ga*cty®, 42gacoy"*, &c. 
+ 3 N p 35g 218420, &c. 
| 105ga*c*ty*, &c. 
35ga*cYy"s5, &c. 
149%, gia'cy”, gia'ty”, gia'cy*, &c. 

+ 


— 


+ « 


» 
n 


36ia"c'y", 721ia'cey"*, &c. 

8$414a*©%"*, &c. 

In", ach, IIIA, &c. 

+{ 55¹ e: * &c. 
+ hn, IAA“, &c. 

pA, &c. 

+ &. 


Let the whole complicated ſeries that forms the right-hand fide of this equa- 
tion be, for the ſake of brevity, denoted by the Greek capital letter A. Then 
will y be = A. | | - 

Art. 56. 


REVERSION OF INFINITE SERTESES, 392. 


Art. 56. From this equation y = A, we may derive the values of the co-efficients 
A, ce, E, o, 1, L, N, v, &c, of the firſt, third, fifth, ſeventh, ninth, eleventh, 
thirteenth, and fifteenth, and the other following odd powers of y in the aſ- 
ſumed ſeries ay, , y', oy?, 1, Ly**, xy, ry“, &c, and may deter- 
mine the ſigns + and — that are to be prefixed to the terms cy?, EY, ch, 
19, Hu, xy”, and 1)“, and the following terms of the ſaid aſſumed ſeries, 
reſpectively, by proceeding in the manner Rowing, | | 


— 


The Inveſtiganion of the firſt term, ay, of the ſaid aſſumed Series. 


ung 


Art. 57. In the firſt place we will divide all the terms on both ſid v of the 
ſaid transformed equation y = A by y. And then we ſhall have 1 = the com- 


pound ſeries 
a4, acy, ary, acy, &c. 1,12 biel 2d2 0 
+ 49h, gca'cyt, gra'sy*, &c. | n 
1 zeac , &. 
* + eh, grafcy', Kc- 
| | | + g ph &c. a » he 
b + Kc. a a 


Zut this equation is always true, of how ſmall a magnitude ſoever the quan- 
tity y be ſuppoſed to be taken. Therefore it will be true alſo when is equal 
to o. But, when y is equal to o, all the terms that involve y will be equal 
to o likewiſe, and conſequently the whole right-hand fide of this equation will 
become equal to the ſingle term aa. Therefore 1 will be = 44, and conſe- 


quently Aa will be = 2. Therefore the firſt term of the aſſumed ſeries ay, 
, , Oy”, 9, 1%, w., py*, &c, will be — X 7. or 2 . L 


392 52 2 14 2940 C © URS K o N 1 H KR * 


Te Inveſtigation” of the ſecond term, c, of the ſaid aſumed Series. 


* oy | 
Art. 58. Secondly, ſince aa is equal to 1, let 1 be ſubtracted from the left. 
hand fide, and 4a be ſubtracted from the right-hand (ide, of the laſt equation 
| aa, acy*, ary*, ac, Kc, 
+ ca, 3ca* cyt, 3c E, &c, 
Zcac?y*, &c, 
+ ea, each, &c, 
+ 349 , &c, 


&c; and the two ſides 


of the equation will ſtill be equal. Therefore o will be equal to the compound 
acy*, ary, ac. &c, | 
+ ca, gcc, 3ca*sy*, &c, 
feries © 3cac*y, &c, 
$02 293 = 1» ea, 5eat* ff, &c, 
| + ga'y*, &c; and conſequently fome of the terms 
of the ſaid compound ſeries muſt be marked with the fign —, and ſubtracted 
from the others; and the ſum of all thoſe which are marked with the ſign —, 
and ſubtracted from the others, muſt be equal to the ſum of the others, from 
which they are ſubtra ged. 


And this equality between the ſum of the terms that are to be marked 
with the ſign —, and the ſum of thoſe which are to be marked with the fign +, 
will continue, if we divide all the terms by any quantity whatſoever, It will 
therefore continue if all the terms are divided by y. We ſhall therefore have 


ac, aty*, ac, &c, 
+ cal, 3ca*cy*, 3ea*ry?*, &c, 


NN * zcac , &c, 
N Tea, gea*cy*, &c, / 

[ + 3497 &c, 

&c. 


And this equation will be true, of how ſmall a magnitude ſoever the quan- 
tity y be ſuppoſed to be taken. And therefore it will alſo be true when y is 
:= ©. But, when y is = o, all the terms involving y will be equal to o 
likewiſe; and the laſt equation will become o = ac + ca*. Therefore ac 


muſt be ſubtracted from ca*, and marked with the ſign —, and the ſaid 
equation will be © = — ac + A. 


And, fince ac is to be marked with the fign — in this equation o = ac + 
c, or © = — e + cA?, arid the term ac in th's equation is derived from 
the term cy? in the aſſumed ſeries. ay, cy, xy, oy”, 1, Ly", xy", xy”, 
&c, by multiplying it into a, and then dividing it, firſt, by y, and, tecondly, 


by 
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| by yy, (none of which operations can affect the ſign + or — which is to be pre- | 
fixed to it), it follows that the ſign — muſt alſo be prefixed to the term c) in 
the ſaid aſſumed ſeries, and conſequently that the two firſt terms of the ſaid 


ſeries will be ay — c, or (becauſe A is = =) = _ oy; which 1s one of the 
things we were to determine. - _ 


And, as to the magnitude of the co-efficient e, that will be determined by 
the ſame equation o = — ac + ca. For, fince — 4 + ca is == ©, we 
| | 113 


. 
— 


ſhall have ca = ac, and conſequently o = — 4 - X A? == X'—| = 
= * 2 = g. Therefore the ſecond term, cy*, of the aſſumed ſeries ay, 
cyr, BY, oy, W, 1, wy", y, &c, will be = - * y?, and the two firſt 


terms of the ſaid ſeries will be — * ns” It bn Wa” > E. I. 
— 


be Inveſtigation of the Third Term, 255, of the ſaid aſſumed Series. 


—————c_C——— — — ⁰ — 


[5 


Art. 59. Thirdly, fince the term ac in the laſt equation o = the compound 
Fx "0 { ac, any, ac)“, &c, 
* ca“, 3e)“, 3c. — 
A. zeac h, &c, 
. rea, Seat, bo, 
+ g, &, © | 
L &c, is to. have the fign — prefixed to it, 
the ſame ſign muſt likewiſe be prefixed to the terms 3ca*cy*, and ge, in 
the ſame equation; but the ſign + muſt be prefixed to the term 3cac* in the 
ſame equation, becauſe the product of the multiplication of — e into — c is 
+ e. Therefore the ſaid equation, when theſe terms have their proper ſigns 
"ot ö — % a4, acy*, &c, N 
| | + A - 3CA*Cy*, ca H, &c, 
| . * | + 3cac*y*, &c, 
nnn will be o = 1. : broay” => rao; 
| 28 + g, &c, 
. &c. 


Ss 


Vor. III. ; 3 E | But, 
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But, becauſe ac is equal to ca*, the two terms — ac and ＋ ca? will deſtroy 
each other, and may therefore be left out of this equation. And then it will be 
ſ any, agy*, &c, 

— Zea, 3cA*Ey*,, &c, 
| + 3cac*y*, &c, 

+ ea'y* — gea*cy*, &c, 

+ ga'y*, &c, | 
4 | &c ; or the ſum of all the terms on the 
right-hand fide of the equation that are to be marked with the fign —, and 
to be ſubtracted from the other terms, will be equal to the ſum of the ſaid other 
terms, from which they are to be ſubtracted, ſo as to make the refult of all the 
terms on that ſide of the equation be equal to o, which is the other fide of it; 


And this equality between theſe two ſums will, it is evident, continue to take 
place, if all the terms are divided by any quantity whatſoever. Therefore, if 
all the terms are divided by yy, we ſhall have 2 
| | ak, acy*, &cz 
— Zac, 3cA*Ey*, &c, 
+ 3cac'y*, &c, 
+ ea — each, &c, 
N + gay, Kc, 
b | &c. | 
And this equation will always be true in all the variations of y from its 
higheſt poſſible magnitude to o. Therefore it will alſo be true when y is o. 
But, when y is = o, all the terms in which y is involved will be equal to o 
likewiſe, and the whole right-hand fide of this equation will be reduced to 
the three terms ax — gca*c + ea*, Therefore we ſhall. have o = at — 
gca*c + ea*, or (becauſe a is == and c is = 30 0 = 4 — 3c * —X = 
+ e X = or © = 4E — + = and (dividing all the terms by a) © = 


88 = 4 25 Therefore, if = is leſs than E, or e is leſs than =, the ſign 
+ muſt be prefixed to E, and the equation will: be 02 412 — — + Sand 


9 


+ 2 + > will be => and + E will be = 5— or ==. And in 
this cafe the third term xy*, of the aſſumed ſeries. ay, cy, , oy, 9, 1%, 
Nys, ry, bee, will be 2 —— * Fund conſequently the three firſt terms of 
the ſaid ſeries will be 2 — _ LN &. 2. 


And, if 25 is greater than i, or e is greater than =, the fign — muſt be 
prefixed to the term E in the equation 0. = — = + 27 t the. end that the 
5 ſaid 
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ſaid three terms x — 27 + 5 may be equal to o, (as they are ſuppoſed to be) 
and conſequently the ſaid equation will be o = — 2 ED + S Therefore the 


ſign — muſt likewiſe be prefixed to the third term, ), of the aſſumed ſeries 
Ay, c, Ey*, c, 9, Ly", ny**, ey"5, &c, and the three firſt terms of the 


ſaid ſeries will be ay = cy — E, or 2 — 25 *. 


And the magnitude of x will be determined by the ſame equation O2 1 
— 7 + 4 For, by adding x to both ſides of this equation, we ſhall have 


= - F. or K. Therefore in this caſe the three firſt terms of the 


aſſumed ſeries, to wit, ay, cy*, and xy*, or ay — cy — Ey*, will be 2 . 


ae — 360 
47 


Xx y*. a. E. I. 


- 
= | — = = 
” 4 
. 


The five Equations, by the Reſolution of which we may find the next Five Terms of the 
ſaid aſſumed Series. g 


—— 


Art. 60. And, in like manner, the values of the fullowing co-efficients 
8, 1, 1, N, P, &c, of the following odd powers of y in the terms of the aſſumed 
ſeries ay, , Ey*, cy, 9, 2 Nys, ry, &c, may be diſcovered, and the 


ſigns + and —, which are to be prefixed to the ſeveral terms y', 9, Ly", 
Ny”, and ey", in the ſaid ſeries, may be determined, by reſolving the ſeveral 


ſimple equations following; to wit, 

iſt, The equation ac, 3ca*s, 3cac*, grafc + ga” =o; 

And, 2dly, the equation 41, gca*s, seen, ces, ge-, loca, ge + 
181 

And, 3dly, the equation aL, gen? I, 6cacs, 3can* a zec⸗ E, 5ea*o, 20A, 
10e A 705, 7gA*E, 21fgA 5c“, gia'c, lan = o; 


And, 4thly, the equation ax, 3c L, 6cACT, GcAEG, 3ec's, 3ceE', gear, 
20e, 1oeAsB', 30e E, 5eAch, gA 0, 42gA*CE, 358440", gia" E, 36 A 


tia, na = O;. 
3 E 2 And, 


1 
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And, 5thly, the equation ar, gca*n, GcAcl, cart, 3cAG*, 3icfr, bocee, 
CE, seal, 200A*CI, 20EA*EG, 3oea*c*s, 30 A, 20A, ec, 7paft, 
4224 c, 21g45%*, 1052at+c's, 35g4a*&, gia'c, zi cx, Baia'c?, IIIA , 
58&1a%*, 132 -C r A = O. 
End of the Examination of the General Series ax + c ＋ er + gr +18 + 
lan + mm + pK + Fc, ad infinitum. 


— 


Art. 61. I ſhall now proceed to illuſtrate this method of reverting the infinite 

ſeries ax. + ca + ex* + gx!) + i + Is + nx + pxt* + &c, by applying it 
. . x3 3. * 3.5. x7 3.5.7. x? 3-5+7+9- 2 

* the circular ſeries & + 2.3 + 2:45 T 2.4.6.7 + 2+-4.0.8.9 2.4.6.8. 10.1 1 + 


3+5-7+9-1 1, x33 3.5.7.9. 11. 13- 475 * . . 
2.4.0. 8.10. 12.13 + 2.4. U. 8. 10. 12.14.15 + &c, 44 n. — * l 2 the 
length of a circular arch of which x is the fine in a circle of which the radius 


is called 1. 


r k;!.k⅛!.ñ;7?x5—⁊eñm 


X 7 
A Reverſion of the circular ſeries x + = + —_ + mx + EL + 


3+ $4749. x"? 3.5-7.9.11, 4% 3. 6.7.9•1 1.13. 42 5 i 
2.4 6.8.10. 11 TA; a4 2.4.6.8. 10. 12.14.15 + &c, ad infinitum, we 


— Wis * „ 231473 143 x5 | 3 
. 25 + _ 2916 3,77 © 16,240 r 


(which is equal to the length of a circular arch of which x is the ſine, in a circle 

of which the radius is called 1), by the foregoing method, or by putting y for the 

value of the ſaid ſeries, or arch, and aſſuming the infinite ſeries ay, cy*, EY, gh, 

9, Ie xy, py's, Sc, with the indeterminate co-efficients a, e, B, c, r, 1, 
"Ny Þ, Oc, for the value of the ſine x. r | 


— 
* 


Art. 62. We have already ſeen in art. 53, that, if x is equal to the infinite 
ſeries Ay, , EY, y', ), ) 0, py, &c, we ſhall have 
x* the compound ſeries | 
A, 3a'cy*, 347, 3a'0)*%, 3a h, ga* Ly, za, &c. 
3c) Ache, baccy”, 6aciy'3, Ach, &c. 
c3y*, 3A % „ batcy”*, 6A“, &c. 
15 ze, 3&0", 340%, Kc. 
zes yu, 3195, & c. 
| | 6G, &c. 
ee. 
&c. 
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and x* = the compound ſeries 

(a)*, 5 a*cy", 5 a*sy*,. 5 Ahn, 5 a*ry3, 5 a*Ly5, &c. 

| 104%**y?, 204*cxy"*, 20, zoafcry's, &c. 
_ T104'cly®?, 104%**%?, 20a%*z0y*, &c. 

_ goa"c*sy"?, 3oa'c*oy®*, &c. 

| $Acty?, 3oa*%crx'y*, &c. 

* 20 4 20aCc*ty"*, &c. 


| L cYyn, &c. 
and x7 = the compound ſeries 
- A, nay, naty", nao, 7A, &c. 
| 21A c, 424a%cty"?, 42A cy, &c. 
: 35a*cly*, 214%", (Kc. 
[ | 1054a"*c'ty"*, &c. 
p | 359 &c. 
and x* = the compound ſeries 2 


36A , zA ch, &c. 
84A ch &c. 
&c. 


{ ay, , gary”, gan”, &c. 


and x** = the compound ſeries 
4 9 11A h, 114a%y"*, &c. 
| 55A c, &c. 
&c. 


— 


and * = the compound ſeries | 
| { AY, 134g", &c. 
| ; &c. 


and x**.= the compound ſeries 
IE { f 495 „ &c. 
&c. 


Art. 63. Now, if theſe values of x, and its cube, fifth power, ſeventh 
power, ninth power, eleventh power, thirteenth power, and fifteenth power, 
be ſubſtituted inſtead of &, X, *, *, *, a., X, and x, reſpectively, in 
gd 35 63.4%" 2313 143*˙⁵ 
772 ” 11 1 afro © 7% 
&c, ad inſnitum, the ſaid equation will be thereby transformed into the fol- 
lowing equation, to wit, y = the compound ſeries | 


, 3 3335 
the equation Y S + 5 + 2 + 


A, 


gc, * Gy? 
, 15? 
(75 e A wr 7 Ly*, Ny"? 
4A® rx | : - g 
2 | 2 = &c. 
2, 2 - a ˖ 343 wy"s 
6 3 &c. 
1 


0 * & 


—* i SY , ==, 
2 011 
— 8 
5 « Zoo 3 AG3y's 
r. 5 3 
6 3 C 
| Ger Gy"s 
[3495 3 2. 55 yy 
= =, 3+5 A*E 3 
- 3. Ahn 3.754% 73 5 ; 5 
3 40 by —_— . Lys 
. z0AcEY Z 
— — 222 I 3 90 2 885 
3. „ 4 
| 2 deer a D A 
: 3. 10A 2513 \ 
- „ 40 — 
| 3-304a*c*xy*3 -- 5 
— 3-30A*c*Gy*5 G. 
| 3-5 Ac%y33 3 
3-30A*CE*y ns 
40 
| _— » &Cc, 
| ; 3-204038985 
[f 22. 5 2, 2 L . — — 
« 9 
112 21 - 7 —x M 
2 112 — : | 
$o21A5c* ths 5 wo my 
. : 2 * af — 
75 — 42A 
| * 4 112 ? & 
2 5. 2147 
1 112 Ke. 
| D 
12 . 
Ae & 
| 1 7 , N 35: N. 3 my EN 
1 . = 
1162 Kc. 
oo LID, 
35-3640 . &c. 


* Sen 25 
1152 2, &ce. 
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SAN S- II. 63.1 2576 , &c. 


N 2816 ? 2816 ? 
aufe e 

zA 21. Ia 

P { 132.312 13,913  ? kee. 


+ { 2 » &C. 


} 
Let the whole complicated ſeries which forms the right-hand fide of this 
transformed equation be, for the ſake of brevity, denoted by the Greek capital 
letter A. And. then we ſhall have y = the complicated ſeries A. 


* 
= 
% 
— 1 
- 
* 


The Inveſtigation of the firſ numeral co-efficient a, 


Art. 64. Now let all the terms of this transformed equation be divided by y. 
* R * 20 &c, 


1 by 


6y of Gy þ 
. &c, 
: "  &e; 
Cy", , &c,, 
==, ==, &c, 
+ EL, &c, 
1 


And this equation is always true, of how ſmall a magnitude ſoever we ſup- 
poſe the quantity y to be taken. And therefore it will alſo be true, when y is- 
= ©. But, when y is equal to o, all the terms that. involve y in them will be 
equal to o likewiſe, and the whole right-hand. fide of this equation will con- 
ſequently be equal to its firſt term 4. Therefore 1 will be equal to a, or the 
co-efficient A of the firſt term, ay, of the aſſumed ſeries Ay, Cy?, EY, y', 9, 
1 „ ̊, fi, &c, will be = 1, and the ſaid firſt term will be 1 X y, or q. 

8 Q. E. 1. 


T 
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The Inveſtigaticn of the ſecond numeral co-efſicient e, and of the fign, + or —, 
| | | that js. to be prefixed to it. 


Art. 6 5. Since à is = 1, let 1 be taken from the left-hand fide, and 4 from 
the right-hand fide, of the laſt equation 
| , 


&; and the remainders will be equal ; that is, 
„ Kc, | | | 


o will be = | 349 


: &c; and conſequently ſome of the terms on 
the right hand fide of this equation. mult be marked with the fign —, and ſub- 
tracted from the others which are marked with the fign +, and the ſum of the 
- former terms, which are marked with the ſign —, muſt be equal to the ſum 
of the other terms, which are marked with the ſign +. And this equality, it 
is evident, will continue if all the- terms be divided by any number, or quan- 
tity, whatſoever. Therefore, if we divide all the terms by yy, we ſhall have 
ez, "UG 
a 2 &c, 


o = "8.2 19d. * 
457 

. 

8 


And this equation is always true, of how ſmall a magnitude ſoever we ſup- 
poſe the quantity y to be taken. And therefore it will alſo be true when y is 
= ©. But, when y is equal to o, all the terms that involve y in them will be 
equal to © likewiſe, and conſequently the whole right-hand fide of the laſt 


equation will become equal to the two terms o + A . Therefore we ſhall have 


o = C + F. Therefore the term c muſt be ſubtracted from the term =, and 
conſequently marked with the fign —, and ' muſt be equal to it; and conſe- 
quently the ſaid equation will be o = - c + 75 ; whence it follows that, ſince 
A is equal to 1, c will be = . _ „ or — Therefore the two firſt terms ay, 
, of the aſſumed ſeries ay, cy*, xy*, c', 9, Ly", ny*?, ry, &c, which is equal 


to x, will be 1 * 5 —— * *, or y — 555 ory = 225. or y — — | iy BY 


2X3 


5 The 
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2 wy . | 55 (6.00 3" 7 3 , . | , 0 1 * 17 1 \ 
The Six Equations, by the reſolution of which we may find the values of the next 
44] Six Terms of the aſſumed Series. | 


x * . . s ' 
—ͤͤ — . —— 
* 


Art, 66. By fimilar reaſonings to thoſe uſed in the foregoing article, it will 
follow that the compound co-etficients of 55, , , yu, 5%, 5, &c, in the 
foregoing transformed equation y A, which is fer down above in art. 63, 
will; each of them, be equal to o, and conſequently that we ſhall have the 
following ſimple equations for determining the ſeveral magnitudes, or values, 
of the coefficients E, o, 1, L, N, , &c, and the ſeveral figns + and —, 
which are to be prefixed to them reſpectively, and which are likewiſe to be 
prefixed to the correſpondent terms , cy, , ), , py*5, &c, of the 
aſſumed ſeries , , H', oy", 90, 1%, ny, ry, &c, ad infinitum; to wit, 


3 34% '-‚ 3 I” 6 . . 
iſt, The equation x, =, = = 9, or (becauſe the co-efficient c is marked 


with the fign'—, and the term 350 muſt therefore be marked with the ſame 
ſign), B — 32 + = — o; by the reſolution of which we may determine 
both the magnitude of the co- efficient x, and the fign + or — which is to be 


prefixed to it, 
—— A*E 34c* 3. 5A“ 47 
And, 2dly, the equation 6, , =, 2 _ * _ 


of which we may determine both the magnitude'of the co-efficient G, and the 
ſign, + or —, which is to be prefixed to it; 


= 0; by the reſolution 


. 3A*6 GAcE 0 3. 5A 3. oA 5.7A% a9 
And, gal, Sn S.: Im , TIT : 12 os 
o; by the reſolution of which we may determine both the magnitude of the 
co-· efficient 1, and the ſign, + or — which is to be prefixed to it; 


TY . A* GAC 2 2 3.840 
| And, 4thly, the equation L, , , =, Zen -q 3 A'S , Ln 3-10 A*c3 


9 n 40 ? 
. „ 4 21A 3e 634% __ 58 e | 
5 = j, ARIES + 56 = 0; by che reſolution of which we may 


determine both the magnitude of the (co-efficient 1, and the ſign, T or , 
which is to be prefixed to it; 
3h Rt LE 3˙＋ Gacr Gato 30 gc 3. C41 3 .204aI06 


007 Shy, b. e gt ts IIR 
3.10a%s* z. 0 "3.5 act' FZ F. en 5.3% A 35.9 4 35.36 Ae 
F r 1132 7 41562 
Vo. III. 3 F LS —-7 
2816 
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. eo; by the reſolution of which we may determine both 


2816 13,312 
the 1 of the co · efficient x, and * ſign, + or —, which is to be 
prefixed to it; 
A*N Ger "Garr 346* 30% berg K ==, 
And, 6thly, the equation P, == or ws Joe ag. 15 , F. | 
20 — , 4+30 BOL. 3.3 Hen Z. 20 ͤ _ 2 . 3 
40 40 40 8 © th > 112 a 
. -logatc*s 5.25 a3ct 35-986 35- 222 3840 84 a%c3 63. 11 A 63.55 A0 
112 aaa "1 "ah 7752 1152 n 2816 ? 
231. 134 143A" , 
— = 0; by the reſolution of which we may determine both 
13,312 10,240 


the magnitude of the co- efficient , and the ſign, + or —, which is to be 
prefixed to it. 


| | 


The Reſolutions of the four firſt of the fix foregoing 8 | 


* — — a — — - 


Art. 67. The four firſt of theſe ſix 3 may be reſolved in the manner 
following. 


Te ft of them is x — 88 4 32 = 


22 ſince A has been ſhewn to be = 1, and c to be = = we ſhall have 


zac _ -TIXIXI X and 28. 2. . | D 

— = X == 5 == Mu T {Bhs Nes: and * =? and con 
8 1 of 40 1 

ſequently x — = 25 2 E — — * 5 En 1 Nr. 


Therefore = — — will ber 05; e the co efficient x muſt have 
the ſign + an to it, and the correſpotiding term zy in the aſſumed ſe- 
ries muſt alſo have the ſame fign + prefixed to. it, and E will be = —_ or 


—. Thereſprs the three firſt terms of the aſſumed ſeries AY, cy?, 25% 


DIS 5 
O, be, %, Wen, by, &c, will beg 2+ £5 won + po 
ay? cy b | 
EN A B. 1 59 | 150 * 


The 


REVERSFON OT INPINITE '$ERAESES, 49% 


= 33 
*+- 77 — => and * = bor 4 A, ©, ai: x. ve. G + 83 575 Þ+ 7555 == 


\The ſecond equation is 0, ge, 9D, ELIE fg o, or (if we ſubſtirute | 


—_ 227 nne ae +." — ++ ere 


— 4x6 e, 112 
e ride dS rm + 1 
r , ar'6 + as eg 
i 2 ron og a > oo + ns 6 


Therefore the co efficient 6 mult have the ſign — prefixed to it, and will be 
. And conſequently the four firſt terms of the N ſeries AY, 


— 2.3 756.7 
* 


cy*, Ey*, Gy", 95 , Ly", oy”, 50, Ec, will bey — 25 ＋ 27 45 23.8.7 


* 


ey 7 
or 9— 2 12 Ts Q. E. I. 


1 „ © 34*s. GaAex ci . Sore .na% 3549 
The third equation is I, =, =, 5. = = 1 . = = 0, 
or (becauſe a is = 1, and E is to have the ſign + prefixed to it, and c and 


| X WR 36 _ bon RY: 3-52 „oc 
6 are to be marked with the fign =) 1 = 6 — 7 T 4 es 
D , 35 —2 - FTT 
e wg. 9 6 Aan «tt M57": 7 i = Ss ar 
\ 1 — 1 0 
c is = —, and E is = o is = — 
(becauſe c is = 5777 A n DT. and < r 1 — 
2.3.4·5· 6.7. 2 2.3. 2.345 2.3. 2.3.2.3. 6 + 2.3+4+5+8 10 2.3.46 216 T 2.3+4.0. 
— | I MY 3-0.7.9 3-5-7-8.9 
o, or 1 — „ 1 . 
AY 2.3-4+5-6.7.8.9 2. 3.4.5.5 2.3«4-6:9 + 2.3.4. 5.0.7. 8.9 + 2.3-4+5-9+7-8.9 
2 5.2. 66.7. 9 . 22 o r 36 5 7.8.9 
2.3.4˙5˙U.7· 8. 9 * 2-3-4-5-6.78.9 — ? © 2.34q45-007-8.9 243-4-5-0.75.9 © 
5.7.8 . 43. .. 300. 2.9 35-315 =, 
2:3-4+5-0.7-8:9 © 2:3-4:5-0:7.8:9 © 2:3-4:5-007. * 2.3.45. 6.7.8.9  243-4-5-6.7-8.9 
353 — 1 280 I134 
2.3.4. 5. ö. 7. 8.9 2.3.4. 5·0•7. 8.9 2.3.4.5. 6.7. 8.9 2.3.4. 56.7. 8.9 
7560 18,900 J - ike + 19,720 
— — — — — — 0 or I — — 
2.3.4·5·6. 7.8.9 5 2.3.4. 5. U. 7. 8.9 T 2.3-4-5-0.7.8.9 | , 2.3-4-5-0.7.8.9 
2979 — — = ©. Therefore the co- efficient 
2,3-4-5-0.7.8.9 © 00D; D rep 2:3-4.5-0.7-8.9 | 
x I 
u ed to it, and muſt be = to + — 
MA ſt have the ſign + prefixed to it, and n * Lg.. and 


3 F 2 the 


+ 
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the five firſt terms of the aſſumed ſeries ay," , Y, , 19, M xy, py", 


3 a 7 | 1 6 
&c ill be — — — — 2 . Or — 2 — 4 
| 1. * 72 2.3 + 2+344-5 fs 2+3-4+5+0.7 + 2+3-4+5-0.7:8.9" Pl "OP 9 I, 4+ 5 
25 ' - . a . 2 — p 
= + 5 | = . 1. 


« 


34%1 Sc 348? 30 3+-5a%6 3.20 AICE 104% 
The fourth equation is L, , 5 . 2 Eh J — =— 77. 


- a6 $3 af ' 6 AT . 2 
Len, rene 1116 o, or (becauſe Aa is = 1, and the fign — 


is to be prefixed to the co- efficients c and 6, and the Gen + is to be prefixed 
to E and 1), L + E + = + ob 1 — 3.200 k 3.100 I. 


| 5 40 112 

e ee + 2 4 — = 

ee = — — =o, or (becauſe e is = , and E is 
G I I 

wg 8 ET 1 F 2. 2+Zo$+$+ 2+ 344-5 + 2.3. . 3. 3.3.4. 5. 2 5 

an e ee + a= 


or L. + = 1 — T 2-3. TT 8.5 1 — 4.3 2.3.4.5 · 6.2 woke 6.2.3 


5 —— RI . 2 * 
+ tata 2+ 3oqe 2. "Wl 2.4. 2.8, 2. 11 0, ι L 7 
2 4 2 = 


999.11 *-7 + 7.2.3. 10.11 Pp 8 
8 2. 2.3.4.8. 8.9. 10.11 


2.3.4. 5·6.7. 8. 9. 10.11 2.3.4. 5.6.7. 8.9. 10. 11 | _ 
3+ $+7o4+3- 100T1, 2 58.2. 1 LX re. , = 3$-$+3+7-9-5.11 
2.3-4+5-0.7.8:9.10.11  2.3-4+5-0.7.8.9.10,11 2. TR 15 Wy 9.10. 11 2.3.4˙5˙6.7. 8.9.10. 11 

63.3+5+3+7-9-5 — 11 1 
+ 2.3.4.5 · 6.7. 8.9. 10. 11 3 1 + 5 3 F tC 2. 3. 4. 5. 6.7. 8. 9. 10. 11 * 

4620 83,160 * 138, 600 + 103,950 
2:3, 4. 5.6.7. F. 9.10.1 2 2.3·4˙5˙6.7. 8.9. 10. 11 4.3. 4.5· CU. 7· 8.9. 10. 11 234.5. 0.7.8.9. 10. 11 

| 7,039,500 1,819,125 893,025 3 | 

+ 2+3-4-5-0.7-8.9.10.11 . ,2:3+4+3-0.7. 8.9.10. 11 2.3-4.5-6.7:8.9.10.11 1 
'1 G 36 2,042,481 2,040,885 
85 2 2. 3 8 + 2.3+4+5-0, 1 by 2.3.45 · 6. 7. 8.9. 10. 11 
1596 I I 


G 30 
2.3 8 + 2.3-4-5.0.7.8.9. EIT? * * 2.775 4.5. 0.7.8.9 2 213+ 2+344+5.6.7 
3 1596 


5 my g. 11 F 
2.3·4·5˙U.7 + 2+3+4-5+0.7.8.9.10.1t = 0, or 7. + 2. 3. 4. 5 6. 7. 8. 9. 10.11 
4.3.10. 11 3. 9. 10. 1 1596 
2. 3. 4 5, 6. 7. 8.9. 10.11 2. 3. 4. 5. 6. 7.8.9. 10. 11 2.3.4.5. G. 7.8.9. 10. 11 
i 55 1320 _2970 _ 1596 
2.3-4-5-0.7.8.9.10,11 + 2.3+4+5-0.7.8,9. 10.11  2:3«4:6-6.7:8:9.10.11 + 2.3-4-5-0.7.8.9.10.11 


* I 
— ©, Or L Bi + 


= 0, or L + 
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— 2971 *  ST.s 2970 Sy . 

= o, or b, + 2.3.4. 5.6.7. 8.9.10. 11 2. 3. 4. 5. 6. 7. 8. 9. 10, 1 . ET 
We. = o. Therefore the co-· efficient L muſt have the fign — 

2.3.45. 6.7.8.9. 10. 11 | > ** 


I 
prefixed to i. and muſt be 2: 3: 4+ J 6. 7.8. 9. 10. 11 
firſt ſix terms of the aſſumed ſeries ay, cy, , gyn, 9%, Ly*, W)“, ry, &c, 
1 22 = — 1 2. — — 4 — 
will beg 4.3 3.3•4.8 2. 3.4. 5.6.7 +. 2.3-4+5-6 7.8.9 2-3. 4. 6. 6. 7.8.9. 10.11 


3 Ey7 Gy? 17171 
ory abe U R. I; 


; and conſequently the 


Art. 68. The labour of finding the co-efficients of the terms of the aſſumed 
ſeries ay, , Ey*, Gy", 1, hn, Nye, ry, , Tyz*, &c, ad infinitum, by 
reſolving the ſeveral equations in which they are involved, increaſes fo greatly, 
as the terms advance, that, I believe, few Mathematicians have carried their 
inveſtigations of them beyond the foregoing fix terms. But from the law of 
generation which takes place in theſe fix firſt co- efficients, a, o, E, e, 1, U, to 
wit, „ that the ſecond and other following terms e, E, 6, 1, and 1, are de- 
rived from che firſt term a, or 1, and from each other, by the continual mul- 


2 . — . * T *2 I | 12248 Kh 
tiplication of the generating fractions 73 T7 G7 T and 75775? - of which 


the, numerators are all units, and the denominators are the products of the 
multiplication of ſucceſſive pairs of the natural numbers 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, into each other,” one is ſtrongly tempted to preſume that 
the following co- efficients x, v, x, r, &c, will be derived from the former 


. N and that y will be = 


according to the ſame law, or that x will be = 


17 1 and that x and r, &c, will be equal to U and 2 » &c, reſpective- 


ly. But this is only a conjecture : for it is, I believe, beyond the power of 
the moſt ſkilful and ſagacious Algebraiſt that ever lived, to diſcover, from the 
compoſition of the terms of the fifth, and ſixth, and other following equations 
that involve in them the new letters u, p, R, T, &c, and without actually re- 
ſolving the ſaid equations, what the values of the ſaid ſeveral new letters, or 
co-efficients, N, P, x, r, &c, will be. But in the preſent inſtance of the ſeries 

8 | 7 
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* l nx a ? 
y — — 72 — 2 * Eo + &c, the convergency of theſe firſt fix 
coefficients is ſo great that; in a practical view, we hardly need defire to. diſ- 
cover any more of them, or to find the law by which they may be derived 
from each other and continued to any propoſed greater number at our pleafure. 
For, if the circular arch denoted by y were of a very conſiderable magnitude, 
as, for example, if it were even equal to i, or the radius, or nearly rwo-rhirds 


of the arch of a, quadrant of che circle, the fix terms y — 7 2 . 
> 69? 15¹¹ 


8. 9 10,11 


„would give us the value of. the fine x ** to about the 


40,000,000th part of the dies TR —_ or 55 nd 3 = 1. X c 


— ͤ— r 8. G08, G00, 
3 N —_— 8.9. 10. 11 OY 39,916,800? * 5075s dels than 26 


thouſand millionth parts of the radius; bs about the 40 - millionth part of the 
radius. And, if the arch y were equal to — 85 or the 10th part of the radius 1, 


theſe ſix terms would give us che value of the fine x exact to che 40,000,000th 
part of the 100, ooo, ooo, oooth, or the 4, 000, ooo, ooo, ooo, ooo, oooth, or four- 
trillionth, or ſour - millionth of the millionth of the millionth, part x the ragius 
13 becauſe - — 75 or Ly”, would in this caſe T equal to "= WK" 1 5 3 
N 2 ; Or — SIFFOR X 8 | or : — 2 

—— 239,916, 800 100,000,000,000? 709 ———— — 


» On, 


nearly, — = 2 I therefore confider theſe firſt fix terms 1 
2.3 * raw 23.4.7507 1 2.3. 4·5· 6.7.8.9 I-34 $6.7.8.9.10.00 EF ; + 
s wt © 1 

hey 2 * 2 or jy e + H — of + h — 1%, & the 


aſſumed ſeries Ay, Y, EY, , 1y*, Ly", v2, py**, &c, ad, infinitum, which 
is equal to the fine æ of the given circular arch y in a circle of which the ra- 
dius is called 1, as being all the terms of it that need be known for any ule- 
ful purpoſe of Trigonometrical calculation. 
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An Application of the foregoing Series to the computation of the Sine of an tre 

| of one Minute. | +" rv 


4 . _ 
- . 9 = 


— 6 F 


Art, 69. The moſt remarkable purpoſe to which this ſeries y — — + = 
25 2 2 e 

24.3.4567 by 2.3-4+5-0.7.8.9 © 2-3-4+5-0.7.8.9.10.11 Ke, Or Z + 120 5949 
+ — 5 „K&ecc, has hitherto been applied by Mathematicians, has 
been to compute the ſine of an arch of one minute, or of the õoth part of a 
degree, or of the 360th part of the whole circumference, that is, of an arch 
that is equal to the 21,600th part of the whole circumference, or to the 
10, 8ooth of the ſemi-circumference. Now, if the radius be called 1, the 
length of the ſemi-circumference of the circle will be = 3-141,592,6 53» 
589,793,238. Therefore the length of an arch of one minute will be = 


DC — 3 — 0.000,290,888,208,665,721. Therefore if we were 


to compute the ſine of one minute by means of the foregoing ſeries y _ + 
7 * 1 | i 
208,665,721 ; and conſequently y* would be (= 0.000,290,888,208,66 5,721}*) 
= 0.000,000,000,024,613,782, and 8 would be (= — TS) 
= 0.000,000,000,004,102,297, and conſequently.y. — 2g. would be. (= 


0.000,290;888,208,66 5,721 — o. ooo, ooo, ooo, oo, 102, 29) = . ooo, 290, 
888, 204, 563, 424. Therefore the ſine of an arch of one minute, in a circle of 
which the radius is called 1, will be = 9.9888, 204, 563,424. And 
this value of it is exact in all its figures; becauſe, if we were to add to it the 
0 value of the third term 25 of the ſeries web & » 20 — 265 + A - 
bre i fi of the Not | 
& . dec, the higheſt figure of the faidvvalue could not enter before the 


aoth place of figures. For, ſince q is o. oog, 888, 204,863,424, Kc, it 
Mill be leſs than 0.0003/; and conſequently n will. be leſs than o. on, or 
o. ooo, ooo, og, and , or y* , muſt be leſs than 5 V o. ooo, ooo, og, or 
than 0.0900,000,000,024;61 3,982 * o. ooo, ooo, og, or than o. ooo, ooo, ooo, ooo, 
ooo, oo, 2 1 5, 240, 38; and conſequently 25 muſt be tels than aid. 
„ o DORITEG d VAIN 

©, ,000,000,000,000,002,215,240,38 * 5 

— 120 


or than 0.000,000,000,000,000,000,018,460,33; 


. of 
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of which 1 | the neten figure 1 enters only i in the 20th place of decimal 
fractions. Therefore the addition on the value of 2. 25 would not affect the firſt 
eighteen decimal places of ögures, eee eee of the value 
of the two firſt terms y _; ; but the value of the fine of one minute will 
be-expreſled by the ſaid 55 o. o, 290, 888, 204, 563, 424, as _— as it 
can de expreſſeg in eighteen decimal places of figures. 


Art. 70. There i is another way of e this ſeries 1 — 4 * - PUR 


120 
Ro” WA — 4 = Coat! 25 1 
pre — eg + Ke, I + = 7 5.7 T 45 10m . 


Kc, ad infinitum, by which it appears that = 0 of the continuation of its 
terms will be that which has been mentioned in the preceeding article, or that 
the ſeventh, and eighth, and ninth, and tenth; and other following terms of 
13 rs 17 by 1 
it will be 27; IT 15 „ 7 117 c, to whatever number of terms the ſaid 
ſeries may be continued. This method of inveſtigating it is given by that 
very learned and ingenious Algebraiſt, the late Mr. Thomas SIMPSON, of 
Woolwich, in his Treatiſe on Algebra, page 276 of the firſt edition in the 
year 1745, and in his Mathematical n. Ane in the your 1740, 


. 111. 


_ * —— — — — . 
F #323 
4 : 


1 


* 
+4 * \ . *"- 
o , þ — » 
os er es —w—w oa — —— — - . . " * 
= 7 F { 
: * - —2 


fe besten of the infinite Series ax — r' IT er; — g i' = K ＋ nets 
Sg. ae" + Sc, 2 Sir ISAAC Nzwron' s- firſt method of Rö! 5 
10 2 L I | 
„ ba. 


613 2+ © 


RY ** * OR 


. 1 , eit. 
Art 71. We come next to conſider the e clay ar — cr + ex%— gx + 
in - + mf px*5 + &c, (of which the ſecond term cx?, and the fourth 
term gx, and the ſixth, and eighth, and other following den germs Ds, 
&c, are marked with the fign —, and the third term ex”, and the fifth term 
i, and the ſeventh, and ninth, and other following odd terms nx", f, &c, 
are marked with the gu +)-and to ſhew how the foregoing method ol Re- 
verſion {which conſiſts in denoting the value of the ſaid ſeries by the letter y, 
and aſſuming an infinite ſeries conſiſting of terms that LS the powers of y 
combined with certain; indeterminate numeral corefficients, or the value of x) 

_ be applied tc to it. n 10,000 


AA 1 — 


F 8 8 "© AY "Y * 1 0 
deer 1 # # 4 — — 0.0 * SA. \ 2 4 * * to ds f 14111 3 8 — — —— 8 


. 
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Art. 72. From the reaſonings uſed in art. 45, 46, 47, 48, 49, 50, $1, and 
52, we. may conclude; that, in- reverting the infinite ſeries ax — A ex* 
en +1? — * + * — p + &c, as well as in reverti guthe infinite fe. 
ries ax + cx + ex* + gx? + A + Ix TAN + pa + &c, we mult ſuppoſe 
x to be equal to an infinite ſeries involving only the odd powers of , or of the 
value of the firſt ſeries, ſuch as the ſeries ay, cy. ty, cy, 99, 15˙ Ny, 75s, 
&c, and not to an infinite ſeries involving all the powers of y, the even 
ones as well as the odd ones, ſuch as the ſeries ay, ny*, cy*, y, %, )., cy“, 
ny", &c. And therefore I ſhall proceed to exhibit the manner of reverting the 
ſaid infinite ſeries, by making the ſaid ſuppoſition that x is equal to the ſaid 
ſeries Ay, cy*, E), cy“, v“, Ly®, xy; py, &c, and ſubſtituting the ſaid ſe- 
ries and its 3d, 5th, 7th, gth, 11th, 13th, and 15th, powers, inſtead of x and 
a, x*, af, *, x, , and xs, reſpectively, in the original equation y = ax. 
& +, ex* — gx + ix — . + nx — px + &c. This may be done in 
the manner following, | 


Art. 73. The odd powers of the infinite ſeries Ay, cy, xy*, cy, 19%, Ly"; 
Ny”, ry, &c, have been already railed in art. 53, and found to be as fol- 
lows; to wit, 


The cube of the ſaid ſeries has been found to he 2 

ay, 389%; 34%, 340%, 340, 34a Ly?, gary", &c. 

| zac", Ach, Acc, baciy'3, bacLy®, &c. 

| ch, 34 , GA, barry, &c. 

| 30% u, 3coy"", 34090, &c. 

5 3er, 3c*iy5, &. 
* 6CcEG)**, & c. 
E?y'5, &c. 
% 0 


and its fiſth power to be = 

, zA ch, 5A EY, ßArc‚ëmy ,, Au, gatty®5, &. 

& LoA*cy?, 204 ο n 20, 20a%19"5, &. 

Ioazciy:n, 104A3*%"3, 20A , &c. 

* | | ZOAIC?EY'3, 30a*c*Gy"*, &c. 

_ gacy®?, '20a*t'y"5, &c. 
20aC*ty5,” &c. . 

| cy, &c. 

$ | &c. - 
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and its ſeventh power to be = 50˙ 
| « wy, 718, any, h, Y, fe 
* f 21A cn, 42A α¼h/in, 42 Ac, &c. 
3 35e ˖ονα², 21459, &c. 
T105a*c*ty®, &c. 


a | 354%%®5, &c. 
| &c. 


and its ninth power to be | | 
AY", goon, ga'gy?, ga'oy?, Kc. 


36 ο , . 724'cay**, &c. 


Bzatc%y"s, &c. 


| | &c. 
and its eleventh power to be = a 
1 5 | C 4”, 114%", TA , &c. 
n 
&c. 


and its thirteenth power to be 
| ; | f 4, 134 h, &c. 
| &c, 

and its fifteenth power to be = 
. 5 { r 
; &c. 


Art. 74. If theſe ſeveral odd powers of the aſſumed ſeries ay, cy®, Eys, cy”, 
19%, Ly*, Ny, py, &c, be ſubſtituted inſtead of x, 73, x*, x?, *, „, x, 
and xis, or the correſpondent odd powers of x, in the equation y = ax — cx 
+ ex* — gx? + ix — K + u — pr + Kc, the ſaid equation will be 
thereby transformed into the following very complicated equation, to wit, y = 


KAY, 
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gay, ach, ary, acy, any”, ahh, ah, ary", &c. 
5 ca, 3ea*y*, 3ca*ry", 3ea*cy?, 3cah“, 3c , grafny®, &c. 
| | ZcAC?Y?, bcacty?, 6caccy*", 6caciy®, cc“, &c. 
5 cc, ZcAE?Y'', Ocaecy?, Gc AE“, &c. 
: 30, 3ccgy*?, 3cac'ys, &c. 
N ; | 300%, 3c, xc. 
4 rr 


R T 74 "(Wop I n iz *s ” A eps | A 
- ea5ys,. geatcy?,. 5eafny?, gea*oy*;. PO... „ N 1 
| L0ea*c%y*, 20eAICEy"", 2024ICGYy?, 202ATCT"S, &c. 
| LOCA®C3Y'',. 10CAFEY'?, 2004AFEGYy", &c. 
+42 | Zoe, nora*c*oy®, &c. 
| | geac'y'®, zoea*cny*, &c. 
| 20eaCc*sy"*, &c. ; 
[ | | ech, &c. \ | 
gay", mga", NN nga%oy, INA &c.. 
21ga30%”", 422A5Cxy", 42g450c0y"*5; &c. 
= 35gatcly®, 21g4%%, &c. 
IOGgatc'ty'5, &c. 
xt 4 352A*%Y"*;.&Cc 
149% gia'cy*, gia'sy*, giafcy*, &c.. 
11 


36i4a"c*%y", yz, &c. 

.843a%y", &c. 

Lan, LA, TIA, & c. 

-{ | | 551a**y"5, &c. 
; nay, 13na""cy*, &c. 

+ | . . Cy — 
4 

| &c. 


+ &. 


Let the whole complicated ſeries that forms the right- hand ſide of this 
equation be, for the fake of brevity, denoted by the Greek capital letter II. 
Then will y be = Il. | | 

Art. 75. From this equation y S Th we may derive the values of the co- 
efficients a, , E, 6, 1, L, , F, &c, of the firſt, third, fifth, ſeventh, ninth, 
eleventh, thirteenth, and fifteenth, and tlie other following odd powers of y in 
the aſſumed ſeries ay, , Hs, Gy, , Ly", wy, yy, &c and may deter- 
mine the figns + and — that are to be prefixed to the terms 5 1, oy), 19%; 
y ., and ry, and the following terms of the ſaid aſſumed ſeries, re- 
ſpectively, by proceeding in the manner following. 

3G 2 The 


= 
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© The Inveſiigation of the Firſt: Term, AY, bf. the Jaid-aſſumed Series, | 


Art. 76. In the firſt place we will divide all the terms on both ſides of the 
ſaid transformed equation y = Il by y. And then we ſhall have.3 = the 
compound ſeries 5 | — 


ga, , ary*, acy*, &c. 


+ ea, geatcy*, &c. 

IgA, &c. 

&c. 
But this equation is always true, of how ſmall a magnitude ſoever the quan- 
tity y be ſuppoſed to be taken. Therefore it will be true alſo when y is equal 
too. But, when y is equal to o, all the terms that involve y will be equal 


to o likewiſe, and conſequently the whole right-hand fide of this equation will 
become equal to the ſingle term aa. Therefore 1 will be = aa, and conſe- 


quently A will be = — Therefore the firſt term of the aſſumed ſeries ay, 


cy, ty, cy", I”, 1) „ NY, *, &c, will be — * Y, or =. Q x. 1. 


The Inveſtigation of the Second Term, cy*, of the ſaid aſſumed Series. 


Art. 77. Secondly, ſince a4 is equal 1, let 1 be ſubtracted from the left- 
hand fide, and aa be ſubtracted from the right-hand fide, of the laſt equation 


1 S the compound ſeries 
aa, acy*, az, ac, Kc, | 
— (4, ca c, ca EY, &c, 
Z3cac*y", &c, 
, geatey?, Kc, 
—| gay, &c, | 
| *&c; and the two fides of 
the 
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the equation will {till be equal. Therefore o will be = to the compound ſeries. 
[ acy*, ary, ac, &c, 


1 — ca*y*, 3ca*cy*, 3ca*ey*, &c, 
3cac*y*, &c, 


| x TIA, Sea, &e, 
—[ gay, &c, 
| &c ; and conſequently the ſum of all the 


* 


terms in the ſaid compound ſeries which are marked with the ſign , and ſub- 
tracted from the others which are marked with the ſign +, muſt be equal to 
the ſum of thoſe other terms from which they are ſubtracted, 


And this equality bggween the ſum of the terms that are to be marked 
with the ſign —, and the ſum of thoſe which are to-be marked with the fign +, 
will continue, if we divide all the terms by any quantity whatſoever, It will 
therefore continue if all the terms are divided by ). We ſhall therefore have 


0 


q ac, aty*, ac, &c, 


— A, 3ca*cy*, 3ca*ry*, Wo, 
gcac'y?, &c, 


| _ ſea Y, Sea“che, &c, . 
| Fs gag, &c, 
L &c. 


And this equation will be true, of how ſmall a magnitude ſoever the quan- 
tity y be ſuppoſed to be taken. And therefore it will alſo be true when y 18 
So. But, when y is = o, all the terms involving y will be equal to o 
ts a 8 ac TU, 
likewiſe; and the laſt equation will become © = ., Therefore "lt 
mult have the fign + prefixed to it, (becauſe the other term ca* is marked 
with the fign —,) and the ſaid equation will be © = + ac — ca? 


And, fince ac is to be marked with the ſign + in this equation o = ac — 
ca*, or © = + ac — A, and the term ac in this equation is derived from 
the term cy? in the aſſumed ſeries ay, cy*, EY, 6y?, 19?, Ly"*, xy, ry, &c, 
by firſt multiplying the ſaid term into @, and then dividing it, firſt, by y, and, 
ſecondly, by yy, (none of which operations can affect the ſign + or —, which is to 
be prefixed to it), it follows that the ſign + muſt alſo be prefixed to the term cy? 
in the ſaid aſſumed ſeries, and conſequently that the two firlt terms of the ſaid 


ſeries will be ay + cy, or (becauſe A is = — - + cy*; which is one of the 
things which we were to determine. | 


And the magnitude of the co-efficient c, is determined by the ſame 
equation o = + ac — ca. For, ſince + ac — ca is = ©, we (hall 
have 
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- cA3 c c 1 1 7 
have ac = c, and o (= — X47 =— 2 = —X I) = =. 


Therefore the ſecond term, cys, of the aſſumed ſeries AY, G, ny", e, 1; 
1%, ky”, xy, Ke, will be £ & 57, and the two firſt terms of the ſaid 


ſeries will be = x y + = * *, or = + 25 . 


be Inveſtigation of the Third Term, xy*, of the ſaid aſſumed Series. 


——__ — 4 - „„ 


Art. 78. In the laſt equation o = 
+ ac," ay ac, c. 
| ca, 3e, 3cA E07, Nc. 
9 | 3cact'ys, &c. 
+[ 245", 5eatcy?, &c. 


— (JA, &c ; we muſt obſerve that all the terms 
that involve in them the ſmall letter c are included under a vixculum, and the 
reſult of them is ſuppoſed to be ſubtracted from + ac, and conſequently is 
marked with the ſign — ; and that all the terms that involve in them the ſmall 
letter e are included under another vinculum, and the reſult. of them is ſuppoſed 
to be added to + ac, and conſequently is marked with the ſign + ; and that 
all the terms that involve in them the ſmall letter g are, in like manner, in- 
cluded under a third vinculum, and the reſult of them is ſuppoſed to be ſub- 
trated from +-ac, and conſequently is marked with the fign — : becaule the 
terms that involve c are derived from thoſe terms in the complicated quantity H, 
which are equal to c*, or — c&*, in the original ſerics ax — ca + ex* — gx? 
+ ix? — * + 1x3 — 2 + &c, and the terms that involve e are derived 
from thoſe terms in the ſaid quantity II, which are equal to ex*, or + ex*, in 
the ſaid original feries; and the terms that involve g are derived from - thoſe 
terms in the ſaid quantity II, which are equal to gx?, or — gx?, in the ſaid 
original ſerjes. But the equation will continue to be true, if, inſtead of ſub- 
tracting from + 4e the reſult of all the terms that involve the ſmall letter c, 
we (ſhould ſubtract from it the ſaid ſeveral terms ſeparately, having a due re- 
gard to the ſigns + and — which are to be prefixed to the ſaid ſeveral terms 
before their ſaid ſubtraction; and if, inſtead of adding to + ac the reſult of 
all the terms that involve e, we ſhould add to it the ſaid ſeveral terms ſepa- 
rately ; and, inſtead of ſubtracting from + ac the reſult of all the terms that 


involve 
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involve g, we ſhould ſubtract from it the ſaid ſeveral terms ſeparately, having 
- due regard to the ſigns + and — which are to be prefixed to the ſaid ſe- 
veral terms before their ſaid ſubtraction, We muſt therefore, in the firſt place, 
inquire what will be the ſigns to be prefixed to the ſeveral terms of thele three 
ſets of quantities involving the ſmall letters c, e, and g, before the addition 
of the ſecond ſet to + ac, and the ſubtraction of the firſt and third ſets from 


+ 40. 

Now, ſince the ſign + is to be prefixed to the term ac, it muſt. likewiſe be 
prefixed to the three terms in which the ſame co efficient c occurs, in con- 
junction with only the firſt co- efficient A, to wit, the terms 3ca*cy*, 3each?, 
and 5ea*cy*; but no ſign muſt be prefixed to the term 3ca*ey*, in which the 
co-efficient E occurs, becauſe it is bitherto uncertain which of the two figns + 
or — 1s to be prefixed to the co- efficient x, and conſequently to the terms that 
involve it. And the ſign + muſt, it is evident, alſo be prefixed to the terms 
ca, ea, and g, which involve only the firſt co-efficient a. Therefore the 
laſt equation, when theſe terms have their proper figns prefixed to them, will 
be as follows, to wit, 

+ ac, ary, aGy*, &c. 
(+ ca + gcc, 3ca'sy*, &c. 
| | + 3cac'y*, &c. 


oZJ ++ FUFF FO, Ke 
— (+ gay, &c. 
&c. 


Therefore, if, inſtead of ſubtracting the whole reſulting values of all the 
terms that involve c and g from + ac, we ſubtract the ſeveral terms themſelves 
from the ſame quantity; and, inſtead of adding the whole reſulting value of ail 
the terms that involve e to + ac, we add to it the ſaid feveral terms themſelves, 
the equation will become 4 

+ ac, aEy*, aq)“, &c, 
= CA — gcc, 3CA*Ey*, &c, 
— Jcae*»*, &c, 


mays + ea'y* + geatoy, &c, 
9 ga? 9 &c, 
&c. 


Now it has been ſhewn in the laſt article that ac is equal to ca. Therefore 
the two terms + ac and — A“ will deſtroy each other, and conſequently the 
equation will continue to be true if they are omitted out of it. And then it will 
7 aty*, acy*, Kc, 
| — gca*cy*, 3ca*ty*, &c, 
be o 1 

IFT! + gea*cy*, &c, 

| — g, &c, 
1 &c ; and conſequently the ſum of all th 
4 | terms 


7 
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terms in this equation which are to be marked with the fign —, and to be 
ſubtracted from the others, will be equal to the ſum of all the others, from 
which they are to be ſubtracted. | | 


And this equality between the ſum of all the terms that are to be marked 
with the ſign —, and the ſum of thoſe that are to be marked with the fign +, 
will continue if we divide all the terms by any quantity whatſoever. It will 
therefore continue if all the terms are divided by yy, We ſhall therefore have 

144 wh ris, A acy*, &c, 
LE 3CA*C, 3caA*ty*, &c, 
"F929 e 3cac'y*, &c, 
8 + ea* + sea, &c, 
| : WIE ga, &c, 
| &c. 

And this equation will be true, of how ſmall a magnitude ſoever the quan- 
tity y be ſuppoſed to be taken. And therefore it will alſo be true when y is = o. 
But, when y is = o, all the terms that involve will be equal to o.likewiſe, 

| aE 
and the equation will become o = q — gca*c 
+ ea, OFGE-— 3cA*C + eA* = o. 


But it has been ſhewn that A is = — and. that & is = = Therefore 3ea'e. 


2 * 5 E, and ea* will be = e X SESES and ax 
— Zee + ea, will be = as — 3 =, Therefore as — +5 will be 


will be = 3c x 


So, and conſequently x — 2 + vill be = 0... Therefore, if © is lefs 


than 25 , or é is leſs than =, the ſign + muſt be prefixed to x, and the equa- 


tion will be + 2— 5 + — = 0; and ＋ * ＋ 7 will be 255 and + ER 


vill be= 5 — 5, or ==. And in this caſe the third term xy, of the 
aſſumed ſeries ay, O., 5 G., b, 19%, ny", 5, &c, will be + s, or 


2 - ac 


+ Ws * I, and confequently the three firſt terms of the ſaid ſeries will 


be 2 + = X * ＋ ae X.y*... . B. 1. 


And, if = is greater than 3, or eis greater chan E, the ſign — muſt be 


a) 
; , 62 
prefixed to the term E in the equation E — 5 CH 5 = o, to the end that the 


ſaid three terms E — 25 + — may be equal to o (as they are ſuppoſed to be), 
abt a | and . 
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md conſequently the faid equation will be — Ex — x + 7 = 0. Therefore the 
fign — mult likewiſe be prefixed to the third term, ), of the aſſumed ſeries 
Ay, o), Ey', c), 9 Ly", y.“, py, &c ; and the three firſt terms of the 
aid ſeries will be ay + cy? _ xy*, or 2 + 2 — *. 


a 
And the magnitude of E will be determined by the ſame equation — x — 


. ＋ 2 = o. For, by adding x to both ſides of this equation, we ſhall have 


al al 


E 2 2— —» or -. Therefore in this caſe the three firſt terms of the 


aſſumed ſeries, to wit, the terms ay, cy?, and ', or ay + cy? — , will 


3 — 3c 


The Five Equations, by the Reſolution of which we may find the next Five Terms of the 
foregoing aſſumed Series. | 


— —— — —̃.H— 


Art. 79. And, in like manner, the values of the five following co-efficients- 
6, 1, L, N, p, of the five following odd powers of y in the terms of the aſſumed 
ſeries ay, cy*, Ey*, c, 9, 1%, Ny“, py'*, &c, may be diſcovered, and the 
ſigns + and —, which are to be prefixed to the ſeveral terms 6y', , 15%. 
ny”, and 1) „ in. the ſaid ſeries, may be determined, by refolving the ſeveral. 
fimple equations following ; to wit, l | 


iſt, The equation as, 3ca*t, 3cac*, grafc —ga' S o; 

And, 2dly, the equation 41, 3ca*s, Gcack, cc, self, roca'c}, ale + 
a 2 o | 

And, 3dly, the equation aL, 3ca'r, 6cacc, 3car*, 3cc*s, 5eate,. 2004a"cr,. 
10ea*c?, 7gA'E, 21gAa5ct, gia'c — A = 0; 


And, Athly, the equation ax, 3ca*L, 6cacr, care, 3cc*s, grom*; gest, 
206 , 10ea3E*, 30 , 5eACh, 7g, 42g CE, 35gatc?, gia't, 30 
Ac + A o; N 


And, 5thly, the equation ar, 3ca*n, 6cACL, 6cagt, 3cac*; 3cc*r, brane, 
ck, get, 20e 4 C, 208A*EG, oA“, zo , 20e AE, ec, gat, 
42gA ce, 21gA KE, 105gatc*t, 35gA*f?\, gia'c, 72iA'cE, B84ia'c?, IIIA, 
55la%*, 1324 — A2 0, g 

Vol. III. 3 H. Art. 80. 
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Art. 80. But in reſolving theſe equations it will be neceſſary to take great 
care to prefix the proper figns + and — to the ſeveral terms of them, as was 
done in reſolving the equation @t, ze, ea“ = o, or af — gca*c + &A5 
= ©, by which the value of the third term, Y, of the foregoing aſſumed 
ſeries, and the ſign, + or —, that is to be prefixed to it, were determined. 


End of the Examination of the General Series ax — cx ＋ ex — g + ia — 
dx" + nn - + Ac. 


Art. $1. I ſhall now proceed to illuſtrate this method of reverting the infinite 

ſeries ax — c + ex — gx?) + is — I + A — px%* + &c, by applying it 
L , 2 x5 of x9 r 

to the circular ſeries x — _ + Tx = — MMI + = + &c, ad 


#finitum, which is equal to the length of a circular arch, not greater than the 
arch of 45 degrees, or of half a quadrant of the circle, of which x is the tan- 
gent, in a circle of which the radius is called 1. g 


— — . —V QX—_________ 


A Reverſion of the Circular Series x — - os — — 5 — 4 + = — 
= + &c, ad infinitum, (which is equal to the length of a circular arch of 

_ which x is the tangent, in a circle of which the radius is called 1, provided the 
Jaid arch be not greater than 45 degrees), by the foregaing method, ar by putting 
y for the ſaid ſeries or circular arc, and by aſſuming the infinite ſeries ay, cy*, xy*, 
cy, 9, n, wy", py's, Src, with the indeterminate co-efficients a, c, k, o, 1, 
L, N, P, Sc, of the ſeveral odd powers of y, for the value of the tangent x. 


* — "_— 


Art. 82. We have already ſeen in art. 73, that, if x is equal to the infinite 
ſeries ay, Cy*, Ey*, Gy", ), Lyn, N, ry, &c, we ſhall have 
x* = the compound ſeries | 
49, 34*0p5,, 347, 3A ch, 3A", 3A LN, gay", &c. 
| g3ac'y', Ach, bacoyn, bacty?*, bACLy®*, &c. 
| | ch, gary”, batcy”, 64800 &c. 
4 zc'sy”, gc, 340 % „ &c. 
| ze, ze“, &c. 
8 | | bo“, &c. 
L | E &c. 
&c. 
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and w = the compound ſeries 

499, fsh, zA, gatoy't, gatly?, SA, &c. 

10A ch, 204 0, 20a%*cvoy"?, 204, &c. 
1oalc hu, 10A), 204a%6y"*, &c. 

, goa*c*ty'?; 30a*cicy'*; & W. 


| Ae, zock“, &c. 
| 20ACty®*, &c. 
e ; cy, &c. 

&c. 


and x7 = the compound ſeries 
4%, 7abcy*, ary, ya ft, ah,, &c. 
21A c A Ach“, 42a%coy5, &c. 
354 99, 2149, &. 
ro SAC, &c. 
35A ch, &c. 
&c. 


and x* the compound ſeries | 
49% ohn, gay”, gesch, &c. 
36A C, v2 h, &c. 
84A ch, &c. 


&c. 
and «„ = tlie compound ſeries | 
AY", IIA, 114895, &c. 
$54*©y", &c. 
Ie” 2 } nm 
and à = the compound ſeries d 
{ . AY", 134%“, Ke. 
| | &c. 
and & = the compound ſeries | 
| { 45, &c. 
: &c.. 


Art. 83. If theſe ſeveral values of x and its odd powers be ſubſtituted in-- 
a3 + 


ſtead of x and its ſaid odd powers themſelves in the equation y: = x — < 


+ So ²˙ re bas 15 + &c, the ſaid equation will be thereby 


transformed into the following very complicated equation, to wit, y = the- 
complicated. ſeries. 
3 H2 „ 


— 


/ 
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AY, cy, SM ; 6”, W, Ly", | , py, r 


| , 9: _ Rc. — — 9 3 Ms 8 — 8 
| 22 r. e 4 An wa 
| | * , =, Pay Gan 15¹⁸ as. 
: 1 | | y ; rot} — 3 3 P 
22. 3s — 
1 | | Wr 22 — — 7 = &c. 
f A | c 2,13 21 Is 
= 73 2 - 4 : —y a Shs. 
, a * 16 4 
| | F key &c. 
EZyts 


(28, aar, . 1 , —.— 1 . 
| — — 1 ar, Kc. 


, 
"9 : Er, og eee, Ke. 
+. -_ WOOL = 2 
— — , ee &c. 
? 1 
| | 520 — „ &c, 


a * 3 — — . — , & 
7 7 — 2 . 
21A5c* = 3 2 -: 15 

BR 4 * 1 , xc. 


2022, —— Ke. 


* a r 7 
105 A*c*xy*5 
, 5 
—. * » &c. 
8 . 
| | 22, ave, e, a Kc. 
* 

_— | pete | arg ES 
r 7 yi 

| | - 
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2 114% a z Kc 
* 3 


Te 


6 
HE 8 


11 

a a &c, 
+ { —, , 2—, &c. 

XX. 

— { —_— —— &c. 

1 | 8 

| | &c. 

Let the whole complicated ſeries which forms the right-hand ſide of this 


transformed equation be, for the ſake of brevity, denoted by the Greek capital 
letter II. And then we ſhall have y = the complicated ſeries II. 


The Inveſtigation of the Firſt 7 erm, AY, of the foregoing aſſumed Series 
Ay, O, , oy”, ', , wy", , &c. | 


— 


Art. 84. Let all the terms of the foregoing transformed equation q = II, or 
Ay, Cy", ty, oy", &c, 


— 


(2 EE EY, hs 


| 57 
| , xe, 


9 . &c, - 
| , ke, be divided by a. And we ſhall have 
e », of &c, 
[7 ga*cy* 34% 9* 
-; ER" ESI 


* 


- _ 


: ; 7 C, 
2 


bl 
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And this equation is always true, of how ſmall a magnitude ſoever we ſup-- 
poſe the quantity y to be taken, And therefore it will alſo be true, when y. 
is = © But, when y is equal o, all the terms that involve y will be 
: equal to o likewiſe, and the whole right-hand fide of this equation will con- 
| fequently be equal to its firſt term a. Therefore 1 will be equal to 4, or the 
co-efficient a of the firſt term, ay, of the aſſumed feries ay, cy*, Ey, Gy", 50, 
Ly", %, ry, &c, will be = 1, and conſequently the ſaid firſt term, ,, 
will be = 1 X, or y. . E. 1. | a 


r ⏑＋rL—L — 


© | The Investigation f the Second Tem, cy, of the foregoing aſſumed Series.. 


© | — — Rm 


Art. 8 5. Since 4 is 1, let 1 be taken from the left-hand fide, and A be: 


taken from the right-hand fide; of the foregoing equation | 
A, ch, ty, oy", Kc, | 


| [es 


3 42 258 8 
=, — , 3A*EY &c 


1 : 
1 


| | 45 e * 
x Bt 75 ., &c; and the remainders will till be 
„ ©, xy, oo &c, 

| =, 2, =, &c,. LEY 
2, ce, S 


equal; that is, o will be 
9 In 

** ul be. 

. — 5 , &c . and conſequently ſome 
of the terms on the right-hand fide of this equation are to be marked with the 
sign —, and ſubtracted from the other terms on the ſame fide of it which are 

to be marked with the fign + ;- and the ſum of the former terms, which are to 
be marked with the ſign —, muſt be equal to the ſum of the latter terms, 
which are to be marked with. the fign- +. | : 


And this equality between the terms marked with the fign —, and thoſe 
marked 3 fign +, will, it is evident, continue if alb the terms be di- 


vided 


4 


of 
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vided by any number, or quantity, whatſoever. Te will therefore continue if 
all theterms are divided by yy. We ſhall therefore have 


ſ C, EY", | Gy*, &c, 
2. —2 „ &c, 


J TE * - BOY &c, 
3 


— 7 &c. 
And this equation will be always true, of how ſmall a magnitude ſoever we 
ſuppoſe the quantity y to be taken. And therefore it will be true alſo when y is 


= ©. But, when y is equal o, all the terms involving y will be equal to © 
likewiſe, and the whole right-hand fide of this equation will be reduced to 


the two terms c and =, of which the latter term © is to have the ſign p22. 


- 


A3 


prefixed to it. Therefore we ſhall have © = c — 7 Therefore the co-effi- 
cient c muſt have the ſign + prefixed to it, and muſt be equal to 75 or (be- 


cauſe a has been ſhewn to be equal to 1) equal to —_— or to 7. Therefore 


the correſponding term, cy*, in the aſſumed ſeries ay, cy?, , oy, 9, iyn, N 15 
py”, &c, muſt alſo have the ſign + prefixed to it, and muſt be equal to 


> * *, or =; and conſequently the two firſt terms of the ſaid aſſumed ſeries 
vill be 1 x 9 + XN, ory +5. Q E. I. 5 


2 — 
— . 


The Iwvefligation of the Third Term, 2%, of the foregoing aſſumed Series, 


—— 


Art. 86. Since the fign + is to be prefixed to the term © in the equation 
mentioned in the laſt article, to wit, the equation | 


0 2 


7 


3 


# 4 | * 
424 - 4 PIscoVvnsyg on THE . 
| | „ e ie. 
[=, , , &, 
© = | 2 = * 
| + 2 5 2. Kc. 
1 | 5 ; | 
; _ — , &c; it muſt likewiſe be prefixed” to the 


terms — — and 5 and T. in which the ſaid co- efficient c occurs in: 
conjunction with only the firſt co- efficient a, or. 1, and its powers; but no 
fign muſt be prefixed to the term 2, in which the co- efficient E. occurs, 


. 


becauſe it is hitherto uncertain which of the two ſigns- + or — is to be pre- 
fixed to the ſaid co-efficient x, and conſequently. to the terms that involve it. 
And the ſign +, it is evident, mult be prefixed to the terms =, 2, and — 4 
(which involve only the powers of the firſt co-efficient a, or 1), while they are 
conſidered as members of the compound quantities comprehended under the 
vincula, of which compound quantities the firſt. and third are marked with the 
fign —, and therefore are to be ſubtracted from c, or: + c; and the ſecond 
is marked with the ſign +, and therefore is to be added to + c.. Now, when: 
theſe —— have the ſaid ſign + prefixed to them, the foregoing equation» 
will be | | 


Te, xy, oy, Kc, 


Therefore, if, inſtead of ſubtracting the compound quantities to which the 
fign — is prefixed, from + c, we ſubtract the ſeparate members of the ſaid 
compound quantities from + e; and, inſtead of adding the compound quan- 
tity to which the ſign + is prefixed, to + c, we add to it the ſeparate members 
of which the ſaid compound quantity conſiſts, we ſhall have 


0 = 
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N *, * * 4 


* * % 
_1 8 y L , . ” 
= 
10 Y 4 i * by 
= - 7 1 


10-217 | rpms bus 16 
4 . 3 

+ LP 7 TT F? \ te, 15 | 

"2 * „ 1 1 2 - y 20 


Lu 


But + c and — ae ee be left out of 
this equation; and then it will be 

| EY", , Kc, 1 188 

* 2 Er. 3 A &c, . G 
— 1 — "REP 

m 21 4 09 Ma W's r, 1G 4 67 ei + gi , cone arÞink 

wob 3! n oy 7 i. 221 c. d erf 247 01. harte od Sling: 

I fv T 


ere o ene 54 
nne bel 20): 35 25 e-4 „ 7,4 p N | 5 78 an 


011 tha * 


bus 5 + 4 * g . a , 4 * * 
- MIN I ary p . 
FS | 5 * * 4 2? ne F F por u# — 1 * 1 34 | . #3 WW 4 . f 74 „ is 
£7119: DIE {3 9 ck 6 N ' 
= * 
7 " * # a a 1 
WW, . 120 * % # . . 
: 7 . 1142 * — * 121 o ” 
A&1 a © =i 5 IE 1381 6.4 4 SM aer. 2 * 
- * ”, l 4, 9 7 5 »# 
a #7 - . | hs ae ' . OS 5 | 5 4 #3 $4 Tis # % 5 g 
n 7 + . 25 | | 
* z Ys 3 
x * | 
. 4.1 „ 
— bee. 0 
N 1 


And this equation will be —* of bow ſmall a — ſoever we up- 
poſe the quantity y to be taken. And therefore it will alſo be true when y is 
= ©. But, when y is = o, all the terms that involve will be equal to o 
likewiſe, and the whole *! fide of the equation will be reduced to _ 


three terms =, — —=+= Therefore the ſaid three terme 2 — 2 + £ 
vil de, or (ls ges 1) 8 = a +2 vill be = 0, or (be 


1 19 IF. 91 13 ©0134 * ns ve 1 1 
MO =£5 Sq \ 3: ew r 215 owt o . 1— 1222 — 


3 e er is = 0. Therefore the co-effi- 
SY cient 
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cient x muſt have the fign + prefixed to it, and muſt be = 5 Therefore 


the correſponding term xy of the aſſumed ſeries ay, , , oy", Fe uy, 
ll ey”, &c, muſt alſo have the ſign + prefixed to it, 25 muſt be 


= * 55 GN and conſequently the three firſt terms of the id aſſumed ſe- 


call ay +2 + . a LEI e „ 


—. 


The Invefigation of the Fourth Term, * I Fs the Eee 


— — 2 


O 


Art. 87. Since the fign + is to be ela aeg eres nt x, it muſt 


likewiſe be prefixed to the terms B), and Lack in the equation ſet down in 


the beginning of the laſt article, or before the ſubtraction and addition of the 
ſeparate members of che compound quantities: contained in the Jaid equation 
from, and to, the firſt term c, or + c,_, Therefore, after the. ſaid ſubtraction 
and addition of the ſeparate members of the faid 41. wry antities from, 
and to, the firſt term + e, the ſign — milt-be «prefixed tq the ſaid term 


2 237 in the ſaid equation. And therefore the: far] equation wHl, after the ſaid: 
fubtraQtions and additions of the ſeparate terms from A to ths term. + c, be 


as follows, to wit, en en hs, © 


+ e + wh Y e. * 4 
R , &,. 
| 5, =. 1 | 'S,. arty 2 


+ ® * 
i \ + « 9 9 4 * % * 
1 * 
141 1 6 þ4 # f : 
. 
* ” 
. .4 a C F 146 * - : * P 11 ff x 
— &, tens, 
* 
- 
- — bo 14 ” 0 — * EY « 7 
12 g - + * 5 * . 
f : 
T * 
\ 40 
* 


| Bur the em c and — £ deftoy exch eher, and fo dothe rems + 1 
— + * ad — theſe five terrhs may bebe on of the faid 


2 * 


e 


74 
- equation. 
y r 
: »* 7 


| 
f 


* 


A EV EIS ION OF INFINITE SERXIESES, 427 


equation. And then it will be q, &c, — IE — , Ke, 122 
&, — Go and (dividing all the terms by 9.) e, cc, — = — 
12 ey + Sf cy = 2 = 6, 10d Greg 510 b equi 1/0, s 


conſequently all the terms denoted by the marks of &c to be equal to © like- 


wiſe, becauſe rhey will e e PRs 2 + = — 


7 ©, or G — 4*˙ — xc* + e — 4 = o, or (becauſe 4 is 1) 6 x 
2 e o, or (becauſe c is = 26 6 — 742 3 


3 Fwy © NY o, , or (becauſe: x is = 3 3 


7x9 79 
126 „ . ; 
+= 09/07 0. FG © ry = ee = 9407.0 — 


7 = o, or Age Z = = ©. Therefore the co-efficient o muſt have the ſign 
+ prefixed to it, and ntvlt be = — 35 - and conſdhuttily the fourth term cy? 
of the aſſumed ſeries y, , W., &., iy, 19", wy", ry”, ke, muſt alſo 
have the fign. [+ prefixed to it, and vill be = 2 * 73 and the fout- furlt 


terms of the fd adamed babe wil be y Fe . . 


She ſ by the Reſolution of which we may find the next Four 
Terms of ti the foregoing . — Series, 


% 


20 289 a 2 my 


Art. 88. And, in * manner, the mh of the four following oel 
I, L, x, and „ of the four following odd powers of y in the aſſumed ſeries 
Ay, cy, * oy", 97, 1%, ny”; vy*5, &c, may be diſcovered, and the figns 
＋ and —, which are to be prefixed to them, and which are conſequently 
to be prefixed alſo to the GAY terms 1%, Ly", ny”, and ry, of the 
3 ſaid 


428. 4 *,, o. TAE 


ſaid ſeries, may be determined, by refolriog the os - equations lows 
ing; to wit, 


aft, The equation r, we, =D, = ji, wo, 2 we; - = oz by the 


refolution of which we may i both the ne of cats 15 
and the ſign, 4 or — which is to be prefixed to it; 2 


A*t GAC 3A. cen 40 8 0 A* 1 
And, "ads: the equation L, , ; OM 2 r 1098? 


Me: 
, , — o, by the reſolution, of which we may determine 
both the magnitude of the co-efficient 1, and the ſign, + of =, which i is to- 
be prefixed to it; | | 


And, 3dly, the equation , . = * = =, tee, 8 IC 
104385 Je gAC*. — 42 er . _ Are, 11 42 — 

8: 0 EF To > >a» 8 1 ? T7 =:0 5 
by the reſolution of which we may determine * * itude of the co- 
pon 85 L, and ne fign, + or —, * is to be 1 War 


And ably, the equation f, 22, Er, Fs, ar, i, e, f e, 
* „ 20 AO 2 e, 30 * 20 Pages, 2 — 2406 —— =, 
TIE” 4 , 5 Ng F n 5 Le 2 

Tor i 63 {4 
e, de BEE, Hen, ven, ue ute fg 6; v hs c- 
EAA of. which os may determine both the magnitude of the. co, efficient v 
and the fign, + or —, which is to be prefixed to it. 


U wi. ww www — * EO CE LEES — „ LE ͤN— — oy 
— —UI—FG 2 —_— — — — 2 — 1 — - —— . x —ꝛ—y—ͥ ͤ 


be * 8 _ os mne firegoing . Equations, 


NN \v wes 
— — . . — 
Art. 39. The two firſt of theſe four e be refolved i in the manner 
followinge.., >, - of} do elan 203 anten il ni ba $2 7 


"The ft ef them is 1, ==, > L ue, E., Ee, a2 


3 — 


r Boar Bo = 6; of (if 
we prefix the proper igns + and ende terms exrp hf 


0811003 „41 : 


- : 


* 
Ol 
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6gn of which we have not yet determined) r — EL bs 2 —5 4 * 


3 
302 6 
— — _ + - = 0, Of 1 — A*G — 2ACE _ + A + 24%c* — a'c 


9 2 | 1 : 
+ _ = O, OF becauſe A is. 1) 1— G — 20 — ＋ E 110 — C 


+ £20, x (eels 6/6 eee IX 3 + 
x +2. * == cb o, or 1 — 0 - Nr 
FA G + * 4 = 0, or (becauſe g- 8 33 


ee 1 = o, 
ON 12 0 4 — 402 — r . 


45x81 
83 17 21828 2 228! 315X1 
, 315 315 * 45x81,” ©, or — 315Xx45xX8 * DTT Fay 
61965 . 35855 vw 25110 2 . 
iz Ni Nr * iN er 5 775 * N o, — — 
81 * 310 . 310, | Fx 62. __ \_62 | | 
— 0, OL 1 = Q, Of 1 ew — Or. 1 — — 

NN FN NS Nh 


= , or 1 5 0. ee muſt have the ſign + 


prefixed to it, and muſt 2 = — = ; and conſequently the correſponding term 
„ of the affumed ſeries ay, G 5%, oh, 19%, Ly", 2 77 &c, muſt alſo 
have the fign + prefixed to it, and muſt be = * * N 155 and the 


2 
five firſt terms of the ſaid aſſumed ſeries vil be 1 +, * 58 . * 
. „ 
The vr 8 "ut i = 2. 21 „ , 1 1 E EY wo. 2 — 8 ==, 
2, we, * = o, or 3 we prefix am 3 * 9 all the 
em, but de bob term x) l —, gi B — — 2 — N 
+ Comodo SIE a KS = Soo So, or 1 — 4% — ae — 4b. 


5 1 i 
— Cs + 4 + 44"CE + 2470“ — 4 — 340 + 40 — = = ts, or (be- 
cauſe A is 1) - 1 — 2c — f — C's + O T 40 + 20 — . 30 
+ 0 
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+0 — 2 2 o, or (becauſe c is = -) L—T — * + 6 + 


. e E 
772 - ir o, or (becauſe — is =—) x I 


n | 48 2 . G 


ne or 1 — I 332247247 2. 


e — 


1 
. * 13 4 22 I1X27 


(#5 9 cn TN 27 © „nge 207 0, 


. 1 * 7 0, 07 L— 


— 2 5 En 
1 ++ 1 3 23 . me © J25X135 7 225X135 


en- „ 
- e eee e 
+ n e MR 
ö ps pi 3 


r 
n + — — ZE = 0, or (becauſe 6 is =), — 
1 * e eee HL. = * * —1 
n ne ee OO o, or 1 
1 + Fe er + = = o, or (becauſe 1 is = =) L — 
S . 
+: SED = o, or L — 2 = 05 or 1 — 827 ** 

| 257% , Of 1 — 575% = o, or L 
8 = So. Therefore the co-efficient 1 muſt have 


the 
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che fign + prefixed to it, and wuſt be = 32 and conſequently the cor 


reſponding term Ly"? of the aſſumed ſeries ay, cy, , 697, 1”, Ly", wy, 


1382 
, &c, muſt. alſo have the gn + prefixed 10 it, and mult be = J 


x * or 222, and the fix firſt terms of the ſaid aſſumed ſeries will be 


175925 — 
1 
1A 3 , . 1. 


Art. 90. The labour of reſolving the next two equations, by which the 
values of the co- efficients x and v are to be determined, is ſo great, that I 
ſhall content myſelf with having gone through the inveſtigations already Siren 
of the firſt ſix terms of the afſumed- ſeries ay, cy*, , c, % Ly*, wy, 


oy „ Ry TY, wy", &c, which we have found to be y + 2 2 þ en 4 


+ I and + 550 But Mr. ABRARAM SHARP, the — a 
the latter part of the laſt century, has given us the values of the next three 


nenn * i and 9, which. be makes to, be ++ Feng 


| _ 6,404, 582977 _ 
= 57287 , and + — 8671875 Sce his ſtatement of the ſeveral infinite 
ſerieſes int af th to the fines and tangents and arches of a- circle, in the fore-- 


going part of is preſent volume, page 130. 


Art, 91. Whether Mr. SHARP computed. theſe three. n the- 
three equatcns * welpe 0 this method of reverting; the, ſeries x — 


ox? x3 FAC. at. . #9; 951,67 LI, 

Td Tent 71 . 5 35 2 2 be, or 

thy Eine be at Aber edv Ihen vr. if he found them by 

reſolving thoſe equations, it is a ſtriking proof, in addition to the many others 

he has given us, of his wonderful patience de 

* ne of the moſt formidable afithen arithmetical e e 
; 181 97% 

Art, 92 But, what the law of the generation, or: continuation, of ' theſe 
terms one from another, is, and confequently what will be the values of the 
terms that come after thoſe which have been computed in the foregoing articles 
and by Mr. Sar, neither Mr. SHAake nor any other writer, or calculator, 
that I know of, has ventured to declare : e 18 mr e to 
farm a conjefture concerning it, Re; * 15 e. 


Art. 93. The foregoing ſeries for erna. ebe & hs rage Tr 
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a:cireular arch y in powers of its arch, to wit, the ſeries y + +2 2 +1 15 
+ = + *> ＋ &c, ad thfinitum, -may likewiſe be obtained in another man- 
ner by deriving it from the ſeries which expreſſes the length of the fine of the 
fame arch in the powers of the x which we have F above in art. 64, 


r 
65, 66, and 67, ro be y 23 a4 =} 2. pron x ow | 
2 * e 
2.3·4.5· 0.7. 8. 9. 10.11 + Arc, a ae or 9 25 * 120 Re PT 362,580 


nr — Ep „Sec, ad infirttum. For, if this ſeries be ſquared or multiplied 
into itſelf, we ſhall find its . 4 karren the 5 of the arch . to 


r ig x Ge r- I's 54 45 * 75 * te, * i 
—_ ry = 2 jw "x 289% * k Py LE 

. Or 2.34 2.3. 2355 , 3-3-4+5:6.748 | + FEAT 99.70 

37 — — "ST Kc, ad infinitum, in which the numerators of the name- 


ral co-efficients of the even powers of y, to wit, 2, 8, 32, 4 512, and 2048, 
increaſe in the proportion of 4 to 1, and the denominators increaſe by the mul- 
tiplication of the natural numbers 3, 4, 5, 6, 7, 8, 9, 10, 11, and 1a, taken 
in their natural order, the ſecond denominator, to wit, 2.3.4, being 
equal to the firſt denominator 2 multiplied by both 3 and 4, and the third 
denominator 2.3. 4.5. ö being equal to the ſecond denominator 2.3.4 multiphed 
into both 5 and 6, and the others 7 derived from theſe in the like manner. 
Now, if this ſeries (which is equal to the ſquare of the ſine of the arch y) be 
ſubtracted from the ſquare of the radius of the circle, that is, from 1 & 1 
or 1, the remainder will be equal to the ſquare of the co-ſine of che faind 
arch, . ef the 9 of 7 ſaid co · ſine will be equal to the infinite 


1 . — IJ — 
g +5 J N mp + Its 14175 ＋ 577775 — 7 * 
e 2. FO... eee - 4 
234 Ann DT AT ba _ 2:3-4-5-067, the 23 5G: 78.9707, Tn 


and conſequently the ſaid co-fine itſelf will be equal | to the ſquare root of this 
ſeries, which, if we e take the trouble of extracting it, we | ſhall hind | to be the 


| 9 | 
= pi TERED D 


= of the ei of the Fe * Apedel i in powers & , as well as the 
of the ſine itſelf ex preſſed in the ſame manner, we need only make the 
2 95 tion, in order to obtain the value of the tangent of the ſame 
cee in the ſame manner; to wit, as . 
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the üer . 4 r x 357 +* aim” = + 
eee 


2 | an * 

8 7＋ 8 De eee Dt 9 
radius, or 1, to the tangent of the ſame arch. And che ſeries obtained by this 
proportion, or (becauſe he * term of the — is an unit) by dividing 


mew = — yg y yu 
the ſeries y Tt 2. 7.45 3 + 5 7. - IIs n 235 


— Ogge es —; — I 
te, by lex —£ . 2 „ 2+3-4+ —T ud 2-3-4- $+6.7 2.3.45 6.7.8.9. 10 


—- 2.3-4-5-6.7 r * — &c, will be equal to the —_— of the ſame arch y. 


And this ſeries, or the quotient of this diviion, will be the ſeries.y + . + : 


„ Woe . 


tocegoing reverſion of the original feries * — = * SAP + 7 2 77 —+ © — 


: e ke, ad Abe: Theſe” ſeveral Algebri e may . 
formed in 1 manner following... I 


—— —— — — 


22 — — — —— ns ee — _ 8 K — 
— — — a WS - —— —„-„ i as 


© 7 - " 

4 c # % 0 » * 

T + | | — 
— - — bY F 2 


"% 


%. 3 +» . k 
- 2 & 

F k R a 
& % 4 So #4 : 4 10 
ob. III. 
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# ” a 


4 4A bebe en rl 


The Multiplication of the n — 2 * «re = WY 
. + Er, (which — to OY: ems. * Wwe 
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TALENT 


et. 1) Into ighelf. Ne gs pans. — 1 
! "4 ' 5 f - ö f 1 0 — 7 Y — | — = * ' | [14 71 | f | \ | = | 
S AE * ' 7 Solar * 10 22 Dun FIC) 
Jag tags agen © Haag = +6. 
ems 3 ; 3 2 — 2 — 
9 203 * 9 6.7 5 2-3-4-5-6.7.86 rp 4 eee 00 ne. 
PP 
25 2.3 * 2.3.45 2+3+4+5+0.7 * 2.3. 4·5· 07.8.9 2.3. 80 7968.5 +, 
U all al od liq ub af 3a. my — . —— ＋ &. 
— 2. 52-3 2 * — * 2.3. 2.3.4. 5.0.7 ">> ages, ; 
| * CH i BED NF. : OTOL = A ; . th Se: i 
bs 25 77 ” 3-45 5 * * 52. 3-45 15 . 2. 75s. *t * d. 
0 * 8 2289 I JT! $0 133 jo ** aral — Sc. 
2. * 7553-4567 2+3+-4+5+2+3+4+5 =P My 
eim enol 1 10 IF: iT o * hs 
. : s 4 — 
— N — 7 72 — bs * 
5 | wi 4g E 7 m 900% 
5 2.3.4.5. 0.7. . 9. 10. 11 + ke. 
22 n 827 — 20489 
1 23 23775 23＋775ʃ7 ® 2:3-4-5-6 7.8.9.10  3.3:45.6.7-8.9.10.11. =* &, 
or L = _ 6s | nM . 1.7” nt 20489" 
by 2. 23-4450 = 2.3˙45• * 4.3.4. 5.6. 7 8.9.10 2.3.4. 5. C. 7. S. 9. 10.1 1. 12 


ESE LL 2 
+ &c, or yy + — + —— 2 57755 + &c; which is therefore 


qual 26 the Square of the fine of the arch y in the circle of which the radius 
is Is 


It this ſquare be ſubtracted * the ſquare of the 8 or from 1 X 1, 
or 1, the remainder will be equal to the ſquare of the co-ſine of the ſame 
arch y. Therefore the ſquare of the ſaid co-fine-will be equal to the ſerig 


' wa _— 5125˙ z0 49% 
191 23 23-4450 + 243.4+-5-0.7 is T 2.3. 4·5· 6.7. 8. 9. 10.11.12 
27 Ky+ z29* 128y* 8125 
— Of 12 — — gy n | 
&c, 2 50 23.4 2.3.4. 5.0 4 5.6.7.8 2.3. 4.5.6.7. 8.9. 10 + 
20490 ls 2 — = _ 2.— 
—_ C, Or 1 * 
2.3. 4.5·0.7. 8.9.10. 11.12 P 977 277 313 14,175 777 7 407,775 


&c; and the co-ſine itſelf will be equal - Ay 3 of chis ſeries, This 
" Tquare-root may be extracted in the manner follow ing. . 
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2 * 
The Divifion of the Infinite Series y — 2 Er af t5 2.3.4. 9.8. . 


we ee + Ee, (hi v7 1: ei of Ap. rd 3) by. for 


$ £ + 2 + Lo = I: 
WAS, 6 3 2434 2. - + 5˙ a 253+ 4+5- $3-4+5-6.7.8 . y ge 10 + 
FE UE WP | 7 
order to obtain the tangent of 55 arch y. F 7 
The Diviſor, | | 
e Van 5 
1 Et Ent 7 * 2.3.4.5 5 A 2.3. 4-5. 6.7. f. 9 ee r 
4 The Quotient. | 
1 22 e W202 
IF 25 17 3345 2•3-＋5 P 23.45 · 0.7 + 2.3-4+5-0.7.8.9 ” 2-3-4+5-0.7. Bren El de. 
The Dividend. 2 


125 2 2 | 2 — nent = 
7 * 2.3 + 23:45 '2 r 2.3.4. 6-6. 7. 8.9 INTO * L + _ 


OS BE le 
2 2.3-4 7 4.5. + 2.3«4- $+6.7.8 2.3-4+5-6.7.8.9.10 * &c. 2. 


86 4 19 — 4 
+ 243-4450. * = Ke. 


rr 


12 
* 2 zi, 24 2. la 


avi DE + or ol Ta Ae... 
＋ 2.3 4 1 — 2+3-4+5+0.3.3 ; 2+3+ TAY 6.78.2. 3 — er 


* 1 160 320 - & 
+ 2.3·4·5 — —.— Pay 2.3.45. 0. 7-89 2+3+4+5+0. 7.8.9.10. 11 11 \+ 125 


er e + e. 


. | I-$-$5-2-54 2-3-4+5+2-3:4+5.6 1 
— + —— * 28 271 . 1 a 
7 9 | | PLS . 
. 8 — 4 2447 2 3-4 5 2. 
| | 1 2.3. 2 8775 8. 9 2 TIT + &c. 
23 2223 + Kc. 


E 2. 3. 4. 5· G. 7. 8. 9 De i 
* — 35 3, 792y** 2 ; | 
* + 2.3+4-5-0.7.8.9.10.11 xc. 


8.7222 * 
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Therefore 


A %% or urin 1112 437 
8 „ hs any 722105 
Therefore the. fries, 3. 175. Toa: t eee eee 


. $64,579 295 © 3" WC A 
— Nc, which is the quotient of this Aiviſion, will be equal 


to the tangent of the arch y in a TTY r 1 1s 5 radius. Ss . 1. 


r 1 4009 We | £7 
"on N 1693 oy 2228 
| "Ark 94, yur ere Foy 1 — 73.7587 +; 2:3-45-6.7-8.9 + 
35379292 — by bak the numeral. co· efficients of 95 terms to 


2.3.4. 5.6.7. 8.9. 10. 1 


their loweſt denominations, be changed into ther ſeries * * 2 +E TT = 


ding | 
5. $2. + 995, anne eo. if * 1 86, 87, 
145 x7 © 


88, and 89, b the reverſion of the ſeries # — 2 + f — © + =_- | 
an 9 Y — mnt n + 9 5 


— — — + e, ad infinitum, And this ſecond method of obtaining theſe 


firſt-Gx terns of the feries which ex preſſes the gth of the tangent of the 
arch y, is a ſtrong confirmation of the truth of the ſaid ſix terms, and a proof 
that ue bad not committed any arithmeticat miſtakes in the reſolution of the 
ſeveral ſimple equations by means of which. they were determined; which 
otherwiſe, Nach the variety of the arithmetical operations — 8 
ſolution of thoſe equations, there would be reaſon to ſuſpect. 


Art. PLL This ſ. eries 57 2 ＋ * 1 wy + &c, 13 one 


3's 35 155,925 
of thoſe whit h- were 3 * 1 deep and ſagacious Machematician, 
Mr. JAuzs GrEcory, of Aberdeen, and communicated by bim to Mr. Jour 
Cor kixs, in a letter dated on the 15th of February, 1670-1, which was 
pu many years ago, in the. Cammercium alicum, and again lately in 
the ſecond volume of this Collection of Tracts, intitled, Scriptores Logarithmi 
page 18. Only his notation is a little different from ours. For he puts 7, ted 
af 1, for the radius, and à, inſtead of 5, for the arch, of the cirele; and 7, inſtead: 
of x, for the tangent of the ſaid arch z and then fays that 7 will be = the ſeries 


+ al* 245 1 6299 
a + 7 * 5 * 378. ＋ 357 + &e, giving. ny vole the five firſt terms of 
the ſeries. A + pn SS 1 
9 4 K. 7 . IT ISLET *. J.. e. 
«7; 
> 4 - — — _ — — 
} 1 1 
Ti vor , 
Da — — — — ͤ—ũ——ä— — — — —— — — — — — 
CT ＋ . ” 
' 2.0 7 _ 2 4 IE 12 5 
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The ae ation = of tags Serkes Invented ly Mr.Jabunk Gareony, for ine 
the length of the Secant of a circular Heb, PRI of the Arcb and Radius. 


a. 


— 


7 85+ $1361 90 26,1 QONW> 10.9 fie ts 20) 16. 340990143 242 0! 
Art. 96. Mr. James Greber, i in the * letter to Mr. 1 gives 
us alſo a ſeries expreſſing the length of the ſecudt f a ci cular Toa in powers 


5 24 7 40 
of the arch and the radius, to wit, the ſeries 1 > + So + 3+ ET 


+ &c. This ſeries he a deduced from the feries he had*given for the 
tangent, to wit, the ſeries a + . + = + == * 555 + Kc, by ſquaring 
the ſaid ſeries, < or multiplying it into ill, and adding its quare to rr, or the 
ſquare of che radius, and extracting the {quare-root of the ae Thels een 


cions, may be penned, in the manner Jollowing. 


— — — — 437% 4 
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1 - 
| 182 
33. 
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4 TY 4 
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l 791 


ere. e e, - 


' {Gab 27% OG 3 1 


J 9 
T.. DI ee 
id i 35379 + &c, Cobb 5 ae to the foes of wha arch 2 i 4 


2.3.4.5... K. 9. 10. 11 
INE which © Ache radius ) inte ii. dw 21943 nee vlodr to 
47 
m ere, I Me" BON IN +/ ks 
3 5 7 ? 
2 Er > b 
| 5 90 | 
25 = 1 . 32 — a N 222856758 PT I 7 — 
| 1 4 wy 7 2.3 1255 7 —— Tag d; — — + NE nr * er 
6 
ne Ft r reg "IE TEE, pt A =, + as 
2 
* — 7 2 3. =; 87 e FRY + ae. 
= — — "+ 
8222 
e * 
12 222 2236⁷ 383.924 — 2560ts * 


*. 2.3 . 2.3.45 87 5 7 2.3. 75.7.8. 9. 10 2.3.4.5. 5.7. 8. 9. 10. 11. Theref 
Therefore 
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Therefore the ſquare of the tangent of the circular arch 4, in a circle of 
which the radius is rr will be equal to the infinite ſeries @* ++ one + 


e 7988 1 Eafhergat e e ge. 
2.3.4-5-6.7+ + . 3. 4-56.78. + 2, 3-$5-0- 7.8. Trop + 2.3-4-340. 7.8.9. 10. 11.12 * + Ke, 
— 22225 36a! 354,7924"*  \ 
22 . I-&5, ** n Ne TILT Wo 


1 ＋ 8.7.8.9 
—. arch, Peas chual to lde um vf che gares of the radius and the tangent, 
* 5 164 2 24® 
| | 7 | 
with be as e che * fries 7.4 7 +I F347 l + 
7936? | $52,9924” 8 i 1 
VET TY +4 2.3.4+5.0.7 39.1077 + 23.4.5. 6. 9. 10.11.12. 70 + gi of which if 
78 4 
wecextract che ſquare- root, 25 find ir to be he ſeries r ＋ 2 = + ——_— 3 
42 
4 1388 5 52 14 8 * W Wi 
274 T 2375.67.07 7 * e eee + Ke, 
0 + Fas 614® 2 45 4+ 54,5534” 
5 7 — =o 47 2 = T N — 55,805 — + &c ;. which 
— ich the ſeries gi ty: Mie. Janns GAG but with the ad- 
| Ado tyo- more terms. Thor HH action I Tquere root may be per- 
— Abllows. 11 
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Art. 97. This value of the ſecant of the arch 4, in a circle of which r is 
the, radius, may alſo be derived _ W to the moe 


the ſame arch, to wit, the ſeries FS * = + = 1 = + u 


2 ee e eee th Gn 


of the radius, by the ſaid ſeries. rr 
* © 


115 


Ar 3 L 3 


: — 
40 4 DISCOURSE ON THE: 
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- Se. l « 


2 47 OE 
i 2— 2 "4, 7 2", | | 5 
85 55 209 767 2.3 75 t 9.10.11, 7 
S110 atmdattsg 16 87 
The Quotient. | ak 
61a 13890 50, 2 10 * 2,02, 6% 


1 ＋ 2 = T A 1 . 27.5.7 + 2:3.4.5-0.7,8.77 + 2.3-4-5-0.7.8.9.10.19 


The Diviſor. 
=... Wn a® 4¹⁰ | ans 


2.3. 4. 5· 6.7. . 9. to. i 1. 12.7 + Ke. 


— 27 2 + = 2.3. yr 2.3.45 · b.. * 2.3.4. 578.7 7 2. 3. 4. 5. 6.7. 8.9. 10.7 + 2.3.4. 5· ö. 7. 8. 9. 10. 11. 12.11 Ke. 
The Dividend. | 

% Sf AA 

2 2.3-44* 2. 3.4.5. 6. “ 2.3.4.5. 6.7. 80 2.3.4-5.0. 729.107 * 2:3.4.5.6.7.8 9. 10.1 f. 1 2. 2 
ECT - & ; 45 4¹⁰ g's 2 
9 23.4.5 T 134500 2.3 1 2.3. +5. 5 8.76 * 2 3456739100 — 2.3.4--6.7. 9 TT” + Ke. 
+ * = + 2:3-4.204 Deer 6. l | ——_—— 2.710 ＋ &c. 
. * —— — — ke 
= 2.3.47 2:3-4-5-0.14 + 2. 56.7. © 2. 3. 4. f. 6.7.8. 9.1047 + 2.3-4-5.0.7.8.9.10.11.1 2.7 ke. 
+ 11111 * + — — Ke. 

2.34 2.3.4.2. 2.3.4234. 2.3.4. 5· 6.2. 3.4. 2.3.4.5. 6.7. 8. 2. 3. 4. _ 
n 61a 2 32 34 100b¹ 2410 

* — — — 
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4 6126 it ps. 614% ; + &c. 
24.45.00 © 2.3.4. 5. G. 2.70 2 —— 2.3-4.5.0.2.3+4.5.0.7%* | 
WMC... 118040" + $395 44% kk 

2.3. 775 6.7.8.0 2 $3-4:5-6.7.8.9.10.0 T 2.3.4.5.6.7.8:9.10.11.12.r" 
+ 138 5a? 1385 a% S 13854? os ths. 

2:3.4-5.6.7.8.7* 2.37.67 . 2.3.4.5. ö. 7. C. 2. 3. 4. 0 

* IRE $05 214% 631, 2 1a ; 
+ 2-3-4-5.6.,7.8.9.10.,0 © 2:3.4.5-0.7.89.10.1112.5" + & 
+ 50, 5214 50,5214 + Kc. 

24. 5-6.7.8.9.10.7 2.3. 4˙5·6.7. 8.9. 10.27 
4 g 2,702, 765 | 
* 2.3.4. 50.7.8, _m.® Tietz 5 
2,702, 08a 
+ . 8.9. 10. TAIT * 
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Therefore 
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might be reaſon to apprehend. 
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Therefore the ſecant of an arch called à in a circle of which the radius is 7, 
ee + po gab 61 138%, RS 
will be equal to the ſeries r + 27 T5533 + roma + x77 = 
Jo, 214 ,  2,702,7650% K „8 
73.8.7. 76 + 2-3-4-5-6.7.8.9.10.11, 12.5% + Kc, or 7 * 17 ＋ Je 


2222 0,5214% 540% 5 za 8 LJ 31-2 23 > 1 50 
ee RES» eee mv 
given by Mr. Jamzs GxEcory, _ PF ers; 


And, as theſe ſeven terms of the ſaid ſeries have been four ! by two different 
proceſſes, we may be confident that they are rightly aſſigned, or that ano miſ- 


takes have been made in the arithmetical operations uſed in the inveſtigation 


of them; which otherwiſe, from the great number of thoſe” operations, there 


— —„-— 


3 a* * as 1 620 ˖ bY :. 5 | 5 
Of the Series = + . 7 + — — f + Oe, which was invented 


by Mr. Jaxss GREGOR v for an expreſſion of the length of the Lagarithmitk - 
Secant of a Circular Arch, or the Logarithm of the Ratio of its natural Secaut 
to the Radius of the Circle, in powers of the Arc aul the RSιL-I 


= 
= — 


Art. 98. Mr. Jauzs Grzcory, in that letter to Mr. Corbis, dated in 
February 1671, mentions ſome other infinite ſerieſes of his invention, which 
relate to the lines belonging to the arches of a circle, but without any inveſti- 
gation or demonſtration. Theſe ſerieſes are as follow, 0 lab b 


The firſt of theſe ſerieſes is che ſeries 2 + + 2 + 2 + 725 


TOE e 
+ &c, which Mr. Gzzcoxr affirms to be equal to the artificial, or logarith- 
mick, ſecant of the arch a, by which we are to underſtand the logarithm of the 
ratio of the natural ſecant of ſuch arch to the radius 7, taken on the axis, or 
aſymptote, of a logarithmick curve of which the ſub- tangent (which, by the 
nature of that curve, is always of the ſame magnitude in all the different points 
at which tangents to the curve may be drawn) is equal to the radius 7, or the 
abſciſs, or portion, of the axis, or aſymptote, of the ſaid curve which is inter- 
cepted between two ordinates, or perpendiculars, to the ſaid axis, or aſymptote, 
of which the leſſer is equal to the radius 7, and the greater to the ſecant of the 
arch a. Now that the ſaid abſciſs of the axis of ſuch a logarithmick curve is 


25 20 7 


to Mr. Jauzs GAE v's aſſertion, may be ſhewn in the mannei tolſowing, | 


> 7 Art. 99. 
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Art. 99. Let the arch a be conceived to increaſe from o to its preſent mag- 
nitude, (which is ſuppoſed to be leſs than an arch of 45), with an uniform 
velocity, or by the addition of equal increments to it in equal times; and let 
one of the increments received by it in a very ſmall portion of time, as, for 
example, ig the ten- thouſand - millionth part of the time of its whole generation, 
be denoted by à, or the letter à with a point placed over it. And in the lo- 
garithmiek curve above mentioned, of which the ſub-tangent is equal to the 
radius r, let the ſame number of intermediate ordinates, or perpendiculars, to 
the axis, or aſymptote, of the curve, wanting one, to wit, ten thouſand mil- 
lion, wanting one, of ſuch-erdinates, be ſuppoſed to be drawn between the 
ordinate which is equal to the radius 7, and the greater ordinate which is equal 
to the ſecant of the arch a, or 10,000,000,000 X 4, which ordinates ſhall be 
equal to the ſeveral ſecants of the arches à, 24, 34, 4@, 54, &c, to the arch 


10,000,000,000 — 1 X &, reſpectively. It is evident that by theſe 
10,009,000,000 — 1 intermediate ordinates between the two ordinates which 
are equal to the radius r and to the ſecant of the arch a, the abſciſs of the 
axis, or aſymptote, of the curve that is intercepted between the ſaid two or- 
dinates, will be divided into ten thouſand million of parts, correſponding to 
the ten thouſand million of equal parts into which we — the arch 4 to 
be divided, ot by the continual addition of which we ſuppoſed the arch à to be 
generated... ot | 

Let z be the exceſs of the ſecant of the arch a above the radius r, ſo that 
r +2 (hall be equal to the ſaid ſecant : and let the ſmall Greek letter be put 
for the aforeſaid abſciſs of the axis of the logarithmick curve intercepted * 
tween the ordinates r and r ＋ 2. Then it is evident, that, while the circular 
urch a inereaſes from o to @, by the continual addition of the ten thouſand 
million equal parts denoted by à, the right line z, or the exceſs of the ſecant 
7 +#' above the radius , will increaſe likewiſe from o to z, by the continual 
addition of ten thouſand million very ſmall, but not equal, parts correſpond- 
ing to the ten thouſand million equal parts of the arch @ denoted by à; and 
the abſciſs , or the logarithm of the ratio of the ſecant r + z of the ſaid arch 4 
to the radius 7, or the logarithmick ſecant of the ſaid arch, will likewiſe in- 
creaſe at the ſame time from o to e, by the continual addition of ten thouſand 
million very ſmall, but not equal, parts correſponding to the ten thouſand 
million equal parts of the arch @ denoted by à, and to the ten thouſand mil- 
lion very ſmall, but not equal, parts into which the line z is divided. 


Now by comparing the very ſmall, but not equal, parts of the line z with 
the very ſmall, but not equal, parts of the abſciſs , we may, by means of 
the inverſe method of Fluxions, obtain the value of the ſum of all thoſe ten 
thouſand million of parts of the ſaid abſciſs 6, or the value of the whole of 
the ſaid abſciſs. | | 


Art. 100. In order to diſcover in this method the ſaid value of the whole 
abſcils , we muſt obſerve, that in every logarithmick curve the difference of 
two ordinates to the axis, or aſymptote, of the curve that are placed exceeding 
0 NF: E | near 


A 
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near to each other, will be to the correſ ponding little abſciſs, or portion, of 
the ſaid axis which is intercepted between them, in the ſame proportion as the 
leſſer of the ſaid ordinates, or (becauſe of their nearneſs to an equality wich 
each other), as either of the ſaid ordinate$, is to the ſub-tangent of the curve. 
This is a well-known property of the logarithmick curve, and is demonſtrated 
in all books of Mathematicks that treat of this curve; and, amongſt others, in 
the Diſſertation on Logarithms, contained in my Elements of Plane Trigonometry, 
publiſhed in the year 1760, in art. 200, page 224. T re, if we denote any 
one of the ten thouſand million ſmall, but not equal, parts, or increments, 
of the line z by 2, or the ſame letter 'z with a point placed over it; and the 


correſponding part, or increment, of the abſciſs by c, or the ſame letter v with 
a point placed over it, we ſhall have the following proportion, to wit, as the 
increment à of the increaſing ordinate r + z is to the correſponding increment 


o of the increaſing abſciſs e, ſo is the ſaid ordinate 1 ＋ 2, at the inſtant of 
time at which it receives the ſaid increment , to the ſub- tangent of the curve, 
or the radius r. Therefore the increment e will be equal to == Fg 1 
But it has been ſhewn in the foregoing articles, that » + z, or the ſecant 
of the circular arch à in a circle of which r is the radius, is equal to the infi- 
. NN 9% 5145 277% 80,5212 S. > 
nite ſeries 7 + 27 *. 2455 720r3 + Job * 3,028, 8007 * —— + &c. 
Therefore 3, or the fluxion, or increment of the ſaid ſecant ＋ 2, will be 
equal to the fluxion, or increment, of che ſaid infinite ſeries 4 2 + = *. 
619 2 94* 0. C 21 _ 540,89 ga 2 E * 
— hq 1 7508 — ago 3s - aha &c, that is, to the infinite ſeries 
. $X20%8. , 01208, ILNECS i 2 EIO0E. . 
ar 6.4 2475 6 2 — 8064 bo 3,028, 800r? + 95,800, 320r** &c, 
| aa 42 , O1a% 2” 74a 50,5214% 40. 55344 
r A + ren © an * e © eee + ee. Therefore, in 
order to obtain the value of the increment of the logarithm, or abſcifs,” 6, in 
a ſeries that ſhall involve only the powers of the arch @ and the radius r, to- 
gether with 4, or the increment of the ſaid arch a, we muſt, firſt, multiply 


- as , 54% 6124 27 50,6214 40, 65 34 On  - 
the ſeries © + F + ou + as + onto + geen Ke, (which 


is equal to 2, or the fluxion, or increment, of the ſecant 1 + 2), by che ra- 
dius, or ſub-tangent, 2, whereby we ſhall obtain the ſeries a4 * 


7 ; ; — 2 
+ 125558 + 5 + DS + &c, and then we muſt divide the ſeries 
5 | , , '; tg £ 


- Se Grate" 2716's” 0% 
ſo obtained, to wit, the ſeries a@: + + = + 7 + er * 


$4O15530% 1 eur ee x Gle*; \ 27763, | O20” 
7983, z6079 + Kc, by a 269 * now t Taber ＋ 358865 

. $30, 9524099 . by eh”: Ai MP7 TSMBNCG, E bat & #wod: 

+ ze, which equal to 7 + 4, ot the ſecant, of ee, 
And 
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And the' quotient of this diviſion will be equal to =, or to 75 or to che 


barten, or increment, of the abſciſs 7 — 6 the: ſecant - om; or 


to its ratio to the radius r. This *. 27 will be the ſeries > + ＋ 75 + 75 


+ 2 e + — + &c, Therefore this ſeries will be equal to 6, 


or to the fluxion, or increment, of -the abſciſs o, which correſponds to the ſe- 
cant r ＋ , and is the logarithm of its ratio to the radius r. I herefore the ſaid 
abſciſs o itſelf, or the ſum of all the ten thouſand million of parts into which it 
is ſuppoſed to have been divided, will be equal to the ſum of all the ten thouſand 


million of infinite ſerieſes = * = + = + oy w—_— — _— + =, 17 &c, 


which correſpond to the faid ten hound une of parts of the e fal abſciſs c, 
or to the ten thouſand million of —_— of the arch « denoted by à; or, 
in the language of the Doctrine of luxions, the flvent of the fluxion, or in- 


crement, & will be equal to the fluent of the fluxional ſeries 2 ＋ = 


1747 624% 13824" 4 
CO nw + 7 — + &c, ad infinitum, 2 conſequently to the 

infinite ſeries 2 4 A + 22 + — 2 + + - ma 
u 7dr © Oxgugrt FITS 12 X 155,925,507 

| -— _ 
de ke dai "IP = 2; toon tag + anon © 5 8 + 
13 M7 $916" we 

17 oor + N £ 75 27 742 = Pe T5200 © i0ggon © 93525 07 + &cz 
that is, the abſciſs - irſelf, or accord ng to Mr. Janes GREGOR T's expreſſion) 
the logarithmick, or artificial, ecant of the circular arch a, in the circle of which 
r1s\the radius, or the logarithm of the ratio of the natural ſecant of the ſaid arch 
to the radius of the circle, taken on the axis, or aſymptote, of a logarithmick curve 


gane is equa] to the radius 7, will be equal to the infinite ſeries 
+ + A+ + gn + Er + &. . 5 

8 E by 25207 * 28,3509 dee _—_ 
n divide the numerator and denominator of the numeral co. efficient, 

55 of the fifth * n their common diviſor 2, we ſhall have 


eo = the infinite ſeries < 2 + — 12 ＋ 72 2 + 2 yo _ + &c, 


262077 | Thing? 97,75 
in which the numeral coefficients of of the terms are reduced to their loweſt 
denotninations. 


© Art, 101. The foregoing, diviſion of the ſeries hich s tht , 1d the 
ſeries which is equal to T 2, in order to obtain the value of the fraction 


=, (which is equal to 7, or the increment of the abſciſs c), in powers of 
the arch 4 and radius 7, together with the increment 4 2 may be 


performed in the manner following. 
ba“ | | The 


Go 


8 


— 


The Divi if the a, Serits as 


549» 40,5530%% 
75983, 360 
9 75 21480 


40, 5 3a" 
* 
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: ; + e 


+ Ge, Þ the infoite Series ro = 
n ot. 


* 


2 , Got 
—Y 1 


- * 


The Quotient. 
203 1622 2 27208 12238 „„ 2 
2 * 6rd T 7200 120rs T Tas "504077 1 + 39,910, _ ＋ &c. 
S791 I ee ee he in 
i 80,7212 
2 + £4 e A a,» 
? IST A The. Dividend. 
= 618% 4 2279's 5 
aa 2 224 r e + + {qu 335 + bes 
4% 56127 pr qe 50,5212 
e e e 8 ＋ 7828.808755 + &c. 
3 Iz 33,055a%  2,147,0340"% 

7 ** r e FT © ibs + c. 
Ry 12 4 1 ; = : I 
e ++ A 

„ 164% 80% —— 178 
8 + 120 . Fe + 36 2,580rf) + THE 3949 164800740 + 6. 
J 1645 Joe? a + — we 4. 
1207 | "288ort” 
* 17,728a% 122297 2 2 . 
| + 352, 80 + 39,916,800 % + Kc. | 
4 272 136091ö 


— + d + 120.98 + Kc. 


ͤ— — 


6a 790, 21:a"%a 
e 


. Wage 4 
+ 39,916,5cor%? + _ 
35 3+" 929"'S 
+ 39.946, 80 7 &e, 


» , 
- 


= - 
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—= as 24% , 16a%s 272% bes 


LEED — | + &c, which 1s obtained by the foregoing operation of Diviſion, 
are reduced to their loweſt denominations, it will be converted into the ſeries 


aa % , 24% 11a'%a G2 138 2¹̃ 8 ; | 
39 Ta tant © aloe © Toons f ©: wick in ene in 


preceeding article to be the quotient of the ſaid diviſion. 


Of the Series e + fn + 2 + 8% e; which was invented by 
Mr. Janus GA KON for the expreſſion of the length of the logarithmick Tangent 

of @ certain Circular Arch, or the Logarithm of the Ratio of its natural Tangent 
to the Radius of the Circle, in powers of the Radius, and of another certain Arch 
having a known relation to the fnrmer. | 


8 4 
- - 
— meer . _— JJ 
* 
— „„ — _ 
= * N g 5 


* 
— _. - — % · 2 — — 0 — — — —_— — — — 


Art. 102. The next ſeries given us by Mr. JaMzs Gzxcorr in that letter to 


Mr. Col LIxs of February, 1670-1, is the ſeries 4 + += + _ + 


7er r + &c, which he affirms to be equal to the artificial tangent of a cer- 
tain arch in a circle of which v is the radius, that is, to the logarithm of the 
ratio of the natural tangent of the ſaid arch to the radius of the circle. This 
circular arc he ſuppoſes to be greater than the arch of half a quadrant of a 
circle, or (if we ſuppoſe -q to denote the arch of a whole quadrant) greater 


than £, but to be leſs chan 3, or the arch of a whole quadrant; and he de- 


notes it by the letter 4; and then he makes e equal to 24 — g, or the exceſs 
of twice the ſaid-arch"@ above the arch g of a whole quadrant. And, with 
2s 6107 
| 298 © Togo Tt 
75556 - + &c, will be equal to the artificial tangent of the arch a, by which 
we ate to underſtand the logarithm of the natural tangent of the ſame arch, or 
the logarithm of the ratio of the ſaid natural tangent to the radius r, or an 
abſciſs, or portion, of the axis, or aſymptote, of a logarithmick curve of which 
the ſub-tangent. is equal to the radius 7, that is intercepted between two ordi- 
nates to the axis of which the leſſer is equal to the radius r, and the greater is 
Equal to the tangent of the arch @; which tangent, it is evident, muſt be 
greater 


this notation, he affirms, that the infinite ſeries „ + C + 
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greater than the radius , becauſe the arch 4 of which it is the | 

_ than an arch of 45 degrees, of which the tangent is equal to us 
the circle. 

This propoſition of Mr, James Gazcorr may be demonſtrated Nbg man- 


ner following, 
I 


| 


— — 


* 4 Q * 
FTI 8 "EA 1 th. 
” — 
* 
1 W * * 
* 
= 
- % 
— 
9 
: 
% ' 
i 
N 
if . 
- * 
, 
1 


y * 
\ 
tl. % 
N a. ”  —_— =. . #4 =. 9 _—_— * — 1 ä 18 1 * Ja 


Art. 103. Let AEDBCA be aſemi-circle, of which C is the center and 
AB is the diameter. Divide the ſemi-cumference AEDB into two equal 
parts in the point D, and the quadrantal arch A D into two equal parts in the 
—_ E. Aud let the arch A F be greater than A E, but leſs than AD. 
rom the arch AE take the arch Ef equal to EF. And from A draw the right 
line AH rouching the circle in A ; and from the center C . the right lines 
CFb, CEG, and C F H through the points f, E, 22 long them till 
they meet che tangent A H in the points 6, G : NRC 
the right line 71 rouching the circle in 7, — — 
CH in the point I. 
Let the radins A C be denoted by the letter 2, and the arch A D of the 
whole quadrant A C D be denoted by the letter g, and the arch A F be de- 
noted by the letter a; which is the notation uſed by Mr. JAuESs Gaecory, 


Then, in the firſt place, wa mull . rf will be equal to 
2AF - AD, or 28 — 9. | 


For EF s=AF—AE=e—Z; and Ef is = = EF, 2 
Vor. III. 3 M | is 
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« Ms bets. zi 27 doi ? __ Ly « }r paws ew Inoy Ertl 490 ares 
e mere FF, o EP + Ef will de = 1 
+2 = L—=2a—gq. ö n 51 © 
| "hreſhe Ff will be the arch which Mr. Jaws Gar denotes by the 
letter e. ieee 
Now, ſince the arch A E is equal to the arch E D, and the arch Ex is 
equal to the arch E F, it follows that, if we ſubtract EF from AE, and E F 
from E D, the remaining arches will be equal to each othef, that is, the arch 
AF will be equal to the arch DF, and conſequently will be equal to half the 
ſum of the two arches Af and DF. But the ſum of the two arches Af and 
DF is the complement of t e arch FF to the arch A D of the whole quadrant. 
Therefore the arch AF is equal to half the Se of the arch F/ to the 


* 
o 
8 ** 


arch of a quadrant. Therefore (by what is proved in bobks of Trigono- 
metry, and amongſt others, in the 23d Propoſition of my Elements of Plane 
Trigonometry, pages 63, 64, and 65), the radius CA will be to Ab, the tan- 
gent of the arch AF (which is the half-complement of the arch FF to the arch 
of a quadrant), in the ſame proportion as the ſum of the ſecant CI and tan- 
gent fl of the arch FF to the fadius. But, cauſe: the arch AF is equal to 
the arch DF, which is the complement of the arch AF to the arch of a 
quadrant, the radius A C will be a mean proportional between the tangents of 
the two arches AF and A/; and conſequently/A H, the tangent of the arch 
AF, will be to the radius AC, in the ſame proportion as the radius A C is 
to Ab, the tangent of the arch Af. Therefore the tangent. A H will be to 
the radius A C in the fame proportion as the ſam of the ſecant CI and tangent 
Fl is to the radius AC, or the ratio of the tangent A H to the radius AC will 
be equal to the ratio of CI + fl to AC, Therefore, if we can ſhew that the 
logarithm of the ratio of CI TVI to AC, taken on the axis, or aſymptote, 
of a logarithmick curve of which the 8 equal to the radius AC, is 
| _ . . (01.588 e tel + 279e® . . 

equal to the inner ſenen «+25: 7-796 DDD ccc, it will 
follow that the logarithm: of the ratio of the tangent A H of the given arch 
A F to the radius A C, taken on the axis of the ſame logarithmick curve, will 
alſo be equal to that ſeries. AA 6 legs A don ad 401 I 01s Ad gun 


: 


Sl 1 | 23 O03 «i IT DN a 4 1 110 9d! = 4 129 1 
Art. 104. Now “ that the rithm of the ratio of the ſum of the ſecant C I 
und tangent FI of the arch FF to the radius A C, taken on the axis, or 


aſymptote, of a logarithmick curve of which the ſub-tangent is equal to the 


r ius A C, or r, is equal to the ſeries e + —9 + = o 20g oo nay 
$11 0 A 15 A P2121, 903. ud e r? 247 Fogo? 72,70 
+ Kc, may be demonſtrated. in the manner following. WT 
Let the arch / F, or e, be conceived to inereaſe from o to its greateſt mag- 
nitudę F Fe by the continual addition of a very great number, as, for example, 
ten thouſand million, of very ſmall and equal parts, each of which is denoted 
by #, or the ſame letter e with a point placed over it. And let all the tangents 
© f the ſeveral arcs e, 20, 2, 46, ze, &c, to 10,000,000,000 — 1] x e, be ſup- 
41 17 III poſed 


* 
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poſed to be drawn; and likewiſe all their ſecants. Let K and F be tu of 
theſe arches that differ from each other only by the ſmall difference, or ãnere- 
ment, e, which is repteſented by K and let CP and C T. be their ſecants, 
and F P and FT their tangents. And let PV be af right line drawn from P 
at right angles to CI. Then will P T be che increment of che tungent FP 
correſponding to the little arch K &, and TV will be the increment; of the ſe- 
cant CP correſponding to the ſame little arch K K, and to the increment PI 
of the tangent FP; and conſequently PT + TV vill be the contemporary 
increment of CP + fP, or of a line that is equal to the ſum of both the 
lines CP and FP. | | 


Now, ſince the angle C/ T in the triangle Cf T is a right angle, and the 
angle PV T in the latle triangle PV T is likewiſe a right angle, and the 
angle CT, or VP, is common to both thoſe triangles, it follows that thoſe 
triangles muſt be ſimilar to each other! Therefore P T will be to P Vas 
CT is to C, and T V will be to PV as FT is to Cy, and PT will be to 
TV as CTO f T. From this laſt proportion it follows, componendo, that 
PT TTV will be to TV as CT. TVT is to FT. But, by the ſecond of 
the three foregoing proportions, we have TV to PV as FT is to Cf. 
Therefore, ex. quo, we {bal} have P T + TV o PV as CT. +FfT to Cf, 
or (becauſe CP 1s very nearly equal to CT, and f P is very nearly equal to 
FT): as CP./+ fP-to: CJ; that is, the increment of a line that is equal to 
the ſum of the tangent 7 P and ſecant CP will be to the little line PV, in 
the ſame proportion as the ſaid line, ot as the ſum of the faid ſecant and tan- 
gent, is to the radius Cf. It follows therefore from the property of the loga- 
rithfnick curve mentioned above in art. 100, that, if we deſcribe a logarithmick 
curve of which the ſub-tangent is equal to the radius Cf, or CA, the ſum 
of all the ten thouſand milſion of littie lines PV that correſpond to the fame 
number of equal parts into which the arch FF, or e, is divided, will be equal 
to the abſciſs of the axis, or. aſymptote, of ſuch logarithmick curve which is 
intercepred, between two ordinates to 4he ſaid axis of which the leſſer is equal 
to the radius Cy, or C A, and the. greater is equal to the ſum of the ſecant CI 
and tangent / L of the ſaid” arch FF, or e. We are therefore to demonſtrate 
that the ſum of all the 10, ooo, ooo, ooo little lines PV that correſpond to the 
fame number of ſtmall and equal arches K into which the arch / F, or e, is 
{ 224. 9ST Cie h rie Li FLAY te? 
ee ee e 
oF fd roh 10 c „ 0 16274 2d | 


Alt. 10g. Now, ſince the arch K & is extreamly ſmall, it may be conſidered 
as a right line cutting the hine C, or CV, at right angles in the point æ; and 
conſequently the two ttiangles CP V and C Kk may be conſidered as equi- an- 
gular and ſimilar. Therefore EV will be to K K as CP 'is to Cæ; that is, if 
we put u for the abiciſs of the! logarithmick curve above deſcribed, which is 
intercepted, between two ordinates to the axis of the ſaid curve that are equal 
to the-raglins C/, or CA, and to CI + FI, and which we have ſhewn to be 
2 


LENO 3 equal 


114 1 
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equal to the ſum of all the 10,000,000,000 little lines PV correſponding to 

the ſame number of ſmall and equal parts contained in the arch FF, or e, we 
hall have the increment PV of the ſaid abſciſs v, co nding to the little 
arch K I, bear the ſame proportion to the ſaid little ps op the fecant CP 
bears to the radius C K, or CA; or, if we denote the faid increment of che 


abſcifs v by v, or the fame letter v with. a point placed over it, we ſhall bave v 


to 2 as the ſecant CP is to the radius. CA, or r. ye v will be = = 
2 2. | | 
II 


But it has been ſhewn above in art. 96, and 97, that, if 4 be put r. the 
| of any circular arch not greater than an arch of 45 degrees, in a circle 
of which the py | is r, the ſecant of the ſaid arch will + equal to the infinite 


2 614 2774 50,5214"? - $49455340, 
feries 1 4. + ] r GR PO 
Therefore, if che wh FK, or 7 E, or e, be not greater = 45 5 47 
ſecant CP, or C1, will be equal to the infinite ſeries + © —+= 5 + —- 
2770 $0,52 1272 A $53e"* 
+ r Toi 7 een + Kc. We muſt e ſubſtitute 
this laſt ſeries inſtead of the ſecant Cc p in the fraction = ns is equal 


to v. And then we ſhall have 5 (= 5, X-th fatea rf + 7 = + 2 Wc 


Tor 
27744 % FO, $2129 + 54 g ny " Giets 
Foo4? 3,528, 800r9 


SO + &,) = + STI 
27 |; go, 5 216"% 540, 55 30 a 
| bong” T 3, 52d. Cr N 55, 06,3 * &c. Therefore the ſum of all the 


10,00, ooo, ooo little lines PV, or v, which compoſe the whole abſciſs v, and 
correſpond to the 10, ooo, ooo, ooo ſmall and equal parts, denoted by e, into 
which the arch FF, or e, is ſuppoſed to be Gr pr will be equal to the fum 


of all the 10,000,000,000 ſerieſes & + = = + = + _ + = + 


EE + ST + &c, which aden to the ſaid 10, ooo, ooo, ooo 


ſmall and equal parts, denoted by e, into which the ſaid arch F F, or e, is ſup- 
poſed to be divided; or, in the language of the Doctrine of Fluxions, the 


fluent of the fluxion v will be equal to the fluent of the fluxional feries e 


as Fee 610% 277 $Og21800% _ - 

YES + po + pope © RD + ERS + ee But the fluent 
of v is v, or the abſciſs of the axis of the aforeſaid logarithmick curye inter- 
cepted between two ordinates to the faid axis which are equal to the radius Cy, 
r CI and the tangent FI ; and the 


fluent of the fluxional ſeries * at == + Wha + Sk + 
549455 


95,800, 3207” 
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$40,553ePs „ ens! 6 1 41 6607; eee 
SS + &c, is the feries e + _ + TI. + * 
Gre? 


Eee 4 een et I Kc, or . 4 6 + 75 
+ 11 X 3, 028, 800 13 * 95 — . de, or „ br + 241 + 8040 + 
27769 „ 4,681 % wn EN . 
—Ex + + IF} —z + &c. Therefore v, or the abſciſs of 
the axis of a logarithmiełk eurve of vhieh the ſub-tangent is equal to the ra- 
dius C A, or r, that is intercepted between two ordinates to the ſaid axis of 
which the leſſer is equal to the radius C A, or r, and the greater is equal to the 
ſum of the ſecant CT and tangent Fl of the arch / F, or e, will be equal to 


p 0 . | 617 | #5 156 SY 
the infinite ſeries e + = + — + = + 4 +, EDTA + 


EE Spe — ; | 
TITS. + de; or the logarithm of the ratio of the ſum of the N 
and the tangent FI of the arch FF, or e, to the radius C A, or r, taken on 
the axis, or aſymptote, of a logarithmick curve of which the ſub-tangent is 


equal to the radius C A, or r, will be equal to the infinite ſeries „ = + 
e3 6107 2770 | * o, tent den oy” 155 — eh 
77 ＋ roger? ＋ 77,5100 ＋ 57818 088 "oP 8 * asg 
Art. 106. But the ratio of the ſum of the ſecant CI and tangent FI of the 
arch FF, or e, to the radius C A, or , is equal to the ratio of the radius C A, 
or r, to Ab, the tangent of the arch AF, which is the half-complement of the 
arch FF, or e, to A D, or the arch of a quadrant ; and the ratio of the radius 
CA to Ab, the tangent of the arch A/, is equal to the ratio of A H, the 
tangent of the arch AF, to the radius CA. And conſequently the ratio' of the 
ſum of the ſecant CI and tangent FI of the arch FF, or e, to the radius CA, 


or r, is equal to the ratio of A H, the tangent of the arch A F, to the radius 
CA, or r. Therefore the logarithm of the ratio of A H, the tangent” of the 


arch AF, to the radius CA, or r, taken on the axis, or a ote, of a lo- 
garithmick curve of which the ſub-tangent is equal to the radius C A, or 7, will 
INOEE 4 8 6187 277 Fo gz ten 
Nr WET ſeries e + mz + at 5 + 72,5760 + be 
+ . "> — + &c, agreeably to Mr. Jas GrEGorY's aſſertion, but with 


the addition of two more terms of the ſeries than he has given us. d. B. 5. 


Art. 107. I have been the more diffuſe in demonſtrating this aſſemion of 
Mr. JAMES GREGOR, becauſe I found the ſubject uncommonly ſubtle and 
difficult. Another demonltration of it has been given by the learned Dr. 
SamveL HorsLEY, now Biſhop of Rocheſter, in his edition of Sir Isaac 
NzwrTow's Works, in five volumes, quazto. See vol. 1, pages 304, 305, 


Axt. 24 ; 
Art. os 
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Art. 108. And it may likewiſe be demonſtrated in the manner following. 
en 9 4 ' 14 . | | "GEL 7 e 
1 — $7 | | { ** . 
r bs” — —— .. OY PREP Es leroy g K * 
Another Demonſtration of the foregoing Propoſition. 
a 9 4 - « 8 1 — 4 " . - ; 24 | * | | , 
0 — — — eeeeeaeaawd | 


If the arch FF, or e, be ſtretched out into a right line, or if a right line be 
drawn that is equal to the ſaid arch, and the ſaid right line be divided into a 
very great number, as, for example, ten thouſand million, of ſmall and equal 
3 every point of diviſion in the ſaid right line another right line 
de drawn at right angles to the former, that ſhall be equal to the ſecant of the 
correſponding arch of the circle ADB CA, or of the arch which is equal to 
he poypen of the firſt, or baſe, line at the end of which the ſaid line equal to 
the laid ſecant is erected ;—and a curve line be ſuppoſed to be drawn through 

| the upper extremities of theſe 10,000,000,000, or other greater number, 
of lines perpendicular to the ſaid baſe line, and equal to the ſecants of the 
aforeſaid arches; the quadrilateral, mixtilinear, figure ar will be contained 
between the ſaid. biſe-hne (hich is equal to the arch F F, or e), the right line 
perpendicular to the ſaid baſe-line at its beginning (which will be equal to 
the radius CA, or r), and the right line per k to the ſaid baſe · line at 
the end of it (which will be equal to the ſecant CI of the arch fF, or e), 
and the curve-line joining the upper extremities of all the ſaid right lines 


which are perpendicular to the ſaid baſe-line, and equal to the ſeveral ſecants 


CP of the ſeveral arches & K, is called be Figure of Secants. 


— 1 r 
ie inne 1951 


pace eK iber 91 „J. is 2112 10 2098062 
Art. zog. Now the fluxion, or infinitely ſmall increment, of the area of this 
figure will be a little rectangular parallelogram of which the baſe will be equal 
to the fluxion, or little increment, of the baſe. of the ſaid figure, and the alti- 
tude will be equal to the ordinate, or perpendicular, to the ſaid baſe. But the 
fluxion, or increment, of the baſe of the ſaid figure is equal to the fluxion, 
or increment, of the arch F F, or e, or to the little arch K &, or 2; and the ſaid 
ordinate,” or perpendicular to the baſe of the ſaid figure, is equal to the ſecant 
CP. Therefore the fluxion, or increment, of the area of the ſaid figure will 
be equal to the little rectangle CP X . But CP, or the ſecant of the arch 
IP os . 8 : I ds Hos rr: tons. „% 2 
FK} or e, is equal to the infinite ſeries T + = + 4 + = + 
05621892 1 MF)... 19 Th SE RE FI j 
mene 5, which 
x the fluxiong/r increment, of the area of che ſaid figute of ſecants, will be 
e ee, 56 ee ene J , 
equal to. the infinite ſeries 7 Af nt Ne 806477 ＋ 3,528,860 * 


* 
F * |? I 
3 * 5 4 LF? . 


, 


2 58 + &c; and conſequently the fluent of the little rectangle CP x s, 


or 
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of the area of the ſaid figure of ſecants, will be equal to the fluent of the ſaid 
fuxional ſeries fe. Z + £5 + . ef + Pa ee 
bes hai i, o be init ſeries re + pe + fg . pl Fer, 
go, z ten + R $40,553e"? —— &c, of re + = + = + = + 


I”. Tr75,cadoan | 13 X:95,809,320r** | 
2776? 90, ter 41,58 e“ 
face © Je T 5,888,375 f ec. 
Art. 110. But, by art. 274, page 368, of my Elements of Plane Trigono- 
metry, the area of the figure of ſecants correſponding to the arch /F, or e, 
of the circle ADB CA, of which CA, or r, is the radius, is 7 to the 
logarithm of the ratio of the ſum of the radius C A, or r, and the fine of the 
ſaid arch F F, or e, to the co- ſine of the ſame arch, or to the logarithm of the 
ratio of the ſum of the ſecant CI and the tangent fI of the ſame arch / F, 
or e, to the radius C A, or 7, in an equilateral hyperbola of which the central 
ſquare is equal to the ſquare of the radius C A, or ann a, 


[ 24 = 

50,5215 a3 SHY; e dud ro dhieitodns; Ls 
—— + 2 ISRE an + dee, vil be equal to the logarithm of the ratio 
of the ſum of the ſecant C | and the tangent /I of the ſaid arch F, or 4, 
to the radius C A, or 7, in an equilateral hyperbola of which the central 
ſquare is equal to the ſquare of the radius CA, or T. 


4 5 
a» 


ee ag). to anagnas tidy (WA e ee ebene eie 
.. Therefore the infidite ſeries re, 4. . f 2 +, as in, + 


Art. 111. But the logarithm of any given ratio in an equilateral hyperbola 
is equal to the rectangle contained under the fide of the central ſquare of the 
ſame hyperbola, and the logarithm of the ſame ratio meaſured on the axis, 
or aſymptote, of a logarithmick curve of which the ſubtangent is equal to the 
fide of the ſaid central ſquare, as is ſhewu in my Elements of Plane Frigono- 
, e TEA ER PII Ir} 


ne o1coigtingaol-vas 
e „ 61e“ + 25568 


Therefore the infinite ſeries re + - + La —_— 


$0,5210 41,887 x ela. ob rant ati we 
„Fr. (which has been ſhewn to de equal to the 
logarithm of the ratio of the ſum of the ſecant CI and tangent FI of the ſaid 
arch F F, or e, to the radius C A, or r, in an hyperbala of which the central 
ſquare is equal to the ſquare of the radius C A, or 7), will be equal to the 
rect angle contained under the fide of the faid central ſquare, or under the radius 
CA, and the, logarithm of the ſame ratio of Ct + VI to CA, meaſured on 
the axis, or aſymptote, of a logarithmick curve of which the ſub-tangent is 
equal to the ſide of the ſaid central ſquare, or to the ſaid radius CA, or x, 

& Therefore, 


. « 1 2 __ 4 K 4 1 = 9 7 > - ” * 1 
s > 0 'A _ SCOVUR . Ac: * . 4 = 4 


Therefore, if we divide of ü Gals e 2b e e 3; 
Therefore, if we divide the faid infinite ſeries re + r + — hs tha 


2770 4.» $0,5218" | 41,5872 2 | 
72, 707 * 39,916,800 7 T 95,800, 320 rf + &c, by the diu C A, or r, the quo- 
| 6127 27% ¼ ( 


. L 1 3 er 6 
tient, Which ein be the infinite ſeries e + Sr 
Fo, gazien 4,81 2 , TOES” | 
e + $259; + Ke, will be equal to the logarithm of the ſame 
ratio of CI + fl to CA, meaſured on the axis, or aſymptote, of a loga- 
rithmick curve of- which the ſub-tangent 1s equal to the radius C A. 


Art. 112. But, becauſe che arch EF is equal to the arch E F by conſtruc- 
tion, and conſequently the arch A, or AE — Ef, or = — Bf, is equal to 
the arch DF, or E D— EF, or = — E F, it follows that the arch AF will 


lement of the arch FF, or e, to the quadrantal arch A D. Therefore, by 
Prop. 23, of my Elements of Plane Trigonometry, art. 68, Pages 63, 64, and 
aid arch Af, will 


arch FF, or e, to che radius CA. Therefore. the infinite ſeries e + F + 


e ier 27% % zie 4,5818072 
7 © rot e © Jie © Je ee e, ill be equal to 


the 1 of the ratio of the radius C A, or 7, to A B, the tangent of the 
arch A | | | e 03 1 


Art. 113. But, becauſe the arch Af is equal to the arch DF, which is the 
complement of the arch A F to the arch A D, or the arch of a quadrant, the 
ratio. of A H, the t of the greater arch AF, to the radios CA, will 
be equal to the ratio of the radius CA to Ah, the tangent of the leſſer arch 
Af; and conſequently the logarithm of the former ratio, meaſured on the axis 
of any logarithmick curve, will be equal to the logarithm of the latter ratio, 
meaſured on the axis of the ſame logarithmick curve. 

infinite ſeri E 

ne infinite ſeries e + = + an Þ + 728780 75 
+ ems Kc, which bas been ſhewn to be equal to the logarithm of 
the ratio of the radius C A, or r, to the tangent Ab of the leſſer arch AF, in 
a logarithmick curve of which the ſub-rangent is equal to the radius C A, or r, 
will alſo be equal to the logarithm of the ratio of the tangent A H of the 
greater arch AF to the radius C A, or r, in the ſame logarithmick curve, of 
which the ſub tangent is equal to the radius C A, or v; agreeably to the affer- 
tion of Mr. James Grecory, but with the addition of two more terms of the 
ſeries than he has given us. . k. D. 

| The 
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The Inveſtigation of a Third Series given by the ſame Mr James GEO, for 
expreſſing the length of the Circular Arch e, or 24 — q, in the powers of v, 
(or the Logarithmick Tangent of the Arch a), and of the Radius r. 


| | 


Art, 114. Mr. Jamzs GEO, gives us alſo in the ſame letter to Mr. 
CoLLins, dated in February, 1670-1, another infinite ſeries, which exprefles 
the length of the arch FF, or e, or 24 — , in powers of the foregoing loga- 
rithmick tangent of the arch A F, or 4 — of the 1 of the ratio of the 
natural tangent A H of the ſaid arch A F, or 4, to the radius CA, or r, in a 
logarithmick curve of which the ſub ge is equal to the radius C A), and 
of the radius r. This ſeries is in Mr. Gn ROOR L's notation (who puts 7 for 

6177 


the value of the ſaid logarithm), # — 2; + _—_ —— += 17 — &c, 


and therefore according to the notation uſed above in art. 105, where the ſaid 
i _ | a on v3 6197 277 


and it may be derived from the ſeries 8 + 6 + 75+ ae + = + 


Df ” — + &C (which is equal to v, or the ſaid logarithmick 


tangent), by reverting the ſaid ſeries in the manner above-deſcribed, or by 
afſuming the infinite ſeries AV, , , Fo Is Bos r, f, Kc, for the 


value of the arch / F, or e, and ſubſtituting it inſtead of e in the equation v = 


PR es 61 7 27 7e 50, 521671 41658103 | 
(+ Gt 7 ven © Tag © 5978,68 ＋ 57,780 3207 ＋ &G and 


then deriving the values of the ſeveral indeterminate co-efficients A, c, E, G, 
I, L, Ny, , &c, and the ſigns + and — that are to be prefixed to the ſeveral 


a1 is . 
terms Is =, . r, =, A =>, &c, from the transformed equation 


ariſing from ſuch ſubſtitution, Theſe operations may be performed in the fol- 
lowing manner, 


— 


vob. III. 3 N | 4 Re- 


| A DISCOURSE ON THE 


_Gte7 — vo, zie! 
 41,5816%3 


Reno Tt Se, which * if T is put Ps the P'S, of a Circle, a a for the 


length of an Arch in the ſaid Circle, that is greater than an Arch of 45 degrees, 
but leſs than an Arch of go degrees, and q is put for the length of an Arch of a 
Quadrant of a Circle, or of 90 degrees, and e for the length of an Arch that is 
equal to 24 — q, or to the exceſs of twice the Arch a above the Arch of a Qua- 
drant)), is equal to the Logarithmick Tangent of the Arch a, or to the Logarithn 
of the Ratio of the natural Tangent of the ſaid Arch a to the Radius r, in @ Lo. 
garithmick Curve of which the Sub-tangent is equal to the Radius r, by the fore. 


c , Gv7 1 1 


going Method, or by aſſuming the infinite Series AV, , , . r. , 


13 pos | | 
=>, = Sc, with the indeterminate numeral Co-efficients a, c, x, 671, t, 


N, P, Sc, of the ſeveral odd powers of v, for the value of the Arch ©, and ſub- 


 ſtituting the ſaid infinite Series inſtead of e in the equation v = e +5 _ a 


24 
855 27e 80, 52 1em 41,58 163 
56467 + 77,5757 Te. 39,916,800 1 + 855 800, 320 + c. 


: - . . . cu KEY Gy! 199 Lott 
AR 115. Since e is equal to the infinite ſeries av, , , , , =, 
N pats 


==". = „Kc, we ſhall have e equal to the cube of the ſaid infinite ſeries, or 
to the compound ſeries 


5 2 xd, 2 — , 3A*699 ga mv"! — 
, N „ &c. 
pw! 6bacev? G6acoyt $4 
| A ISR os Man a &c. 
cy? A GarGy®?, 
0 : > ——. my &c. 
C2? pal, C2Gq913 
— : 710 3 &c. 
CE 
| =, &c. 
8 &c. 


And 
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And e =. the 5th. power of the ſaid infinite ſeries, or to the compound ſeries 


| (on ES, e, Wi, Ae . 


. eee Hts 204 &c 
3 — —  —— = 
-1 t : ; 75 70 I 3 
toad cht 10A ⁰⁰ & 
* 746 —_—— E. 


oc 
&c. 


| 4 | —— 3 kc. 
L &c. 
And # = the 7th power. of the ſaid infinite ſeries, or to the compound ſeries 


6 T 1 6 13 
aw, — . — „ &c. 
7 1 78 


21A5c*y%7 — & 
e 


* i Bo, &c. 
"TI &c. 
And “ = to we gin power of the ſaid infinite ſeries, or to the compound ſeries 


9071 8 13 
2 ; e 


15er 9 5 | . 36470303 a 


Etna | er. N | | | &e. 
And 4 5 = to the I uh p power of the ſaid infinite ſeries, or to the compound ſeries 
* * Fas — 
A DV , &c. 
And e S to the 3th rower of the ſaid infinite ſeries, or to the compound ſeries | 


58 2 — | | Auvnns, &c. 
of [ &c. 


I SJ 


21 
* 
” 


# #4 


An 116. No let" theſe ſeyeral' values of e and its odd powers &, e“, 
&, e, en, 23-85; &c, be fubſtitured _—_ 2 e and its ſaid odd powers 


Rey” Vis — v = 6+ = — + 255 + = by — 1 


e 67 angie? | 
70,916,007 32 . And the ſaid equation will be thereby 


transformed into the following very complicated equation, to wit, v = the - 
com _ {cries 


— — 


3 N22 Av, 


A DISCOURSE ON THE. 


5 of 3 Es 101 a Ns i | 
AV, 2+ df '9 3 , —, —— 2 722 5 &c, 
HT. 1 er Zr — 3a%v? 34L¹ 
© A ——— „ 
34% 1 Gacrr? AD Ac 
6x® 9 67% ? 6929 X72 671 , &c, 
cy - qarfo"t Gare? 
+ < | _ ” a ' &c, 
| | 3 c2G973 
. : ; 679 3 —— 3 &c. 
| | 213 
| A E&c. 
. &c. 
: ſ A595  gatco? 5a*ne rao gatre3 
Tier ue er vr Ke. 
| __ 1043c%y®% 204IGEv"* ' 20436073 & 
X | Jr or 
- 10A*c3I9"T" 8Þ 10438%9%3 xc 
+3 | 241 4 24 _ = y/ 
| 8 — 2 
Kc. 
c | 
« | &c. 
614% GNA GN X , Gtx ja%ons & 
5040r® "Togor? eee eee 
| GIN 21A. 61 X 4245, & 
+; „ 
| | . 6rxzgra*c7 
3 &c. 
&c. 
2 Malern 22 
| 74% 72,5705 ?, ' 72,5767, ? Ke. | 
+ 297 x 3647c%3 c 


72, 576 
&c. 


Sate — x — * 
&c. 


%% 
* — &c. 


— Oo 


# 1 al 
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Let the whole complicated ſeries which forms the right-hand ſide of this 
transformed equation be, for the fake of brevity, denoted by the Greek capi- | 
tal letter L. And then we ſhall have v = the complicated ſeries L. | 


— 


The Inveſtigation of the Firſt Term, av, of the foregoing aſſumed Series av, 
5 cv3 py ov! 199 ff yols pyty xc 


OS OR — f — ye. ne 


Art. 117. Let all the terms of the foregoing transformed equation v = E, or 
c. Ev av & 

AV, * Ms . 3 C. 
4 3%, 34% gu? 
W dec. 


3 , Ke. 
* a | gabco! 
z &c. 
+{ 24%" 249 ? 
&c. 
614797 
+{ 8848 dec | 
. &c. be divided by v. And we ſhall have 
co? xv o 
Az pr £2 1 8 &c, 
A** qa*co* . 
| 57 G64? Gor : Ke. 
2 5. &c. , 
* 45“ A*cys & 
WA 
0 &c. 
61A7⁰e & 
+ * % i 
8 &c. 


And this equation is always true, of how ſmall a magnitude ſoever we 
ſuppoſe the quantity v to be taken. And therefore it will alſo be true when v 
is = ©. But, when v is equal to o, all the terms that involve v will be equal 
to o likewiſe, and the whole right-hand fide of this equation will conſequently 
be equal to its firſt term 4. Therefore 1 will be equal to A, or the co-efficient 

. 2mm A of 
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cv3, v5 abr 199 Ln N 
A er the firſt term, av, of che aſſumed ſeries av, — = - =" = TE =>? Bo 


. & c, will be = 1, and conſequently the ſaid firſt term, av, will be = 
I X v, or v. . 1. Is 


* > 


— — 


The Iwveftigation of the Second Term, Or, of the foregoing aſſumed Series. 


— mm 


Art. 118. Since 4 is = 1, let 1 be taken from the left-hand ſide, and A be 
taken from the right-hand ſide, of the foregoing equation 


a+ 0 
„ , E- uc, 
er, , , Kc 
* , &c. | 
&c. ; 
1 4 8A N 
+4 24%? 24% * 2 
&c. 
614796 Kc. 
+{ Toqor?? te 
| N.. * | 
; + &c. And the remainders will be equal 
to each other; that is, o will be = 3 © ie ˖ 
cv* v 6 | 
r &c. | 
4 ga*cy* 3a%v® J 
6? 6 2 Gem oo X 
E-, &c. | 
Kc. | 
A ca%uv* | 
+ 1] a? ae 2 . | 
&c. 
614A & 
+ Sogor®? 
&c. 
+ &cz and — ſome of the 


4 terms 
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terms on the right-hand fide of this equation are to be marked with the fign —, 
and ſubtracted from the other terms on the fame fide of it which are to be 
marked with the ſign + ; and the ſum of the former terms, which are to be 
marked with the ſign —, muſt be equal to the ſum of the latter terms, which 


are to be marked with the ſign +. ; 
And this equality between the terms marked with the fign — and thoſe 
marked with the fign +,. will, it is evident, continue if all the terms be di- 


vided by any number, or quantity, whatſoever. It will therefore continue. if 
all the terms are divided by wv. We ſhall therefore have 


„ out 
4 . , &c. 


r 
AT ga*cyu* 3A EW & 
„„ 0 6, 
24,4 
et Ke. 
© = { 489% C gA*co* & ” 
| +4 2455", 24 
&c. 
6147 
+ 5040r® ? & * 
| &c. 
L + &c, 


And this equation will always be true, of how ſmall a magnitude ſoever we 
ſuppoſe the quantity v to be taken. And therefore it will be true alſo when v 
is = o. But, when v is = o, all the terms involving v will be equal to o 
likewiſe, and the whole right-hand ſide of this equation will be reduced to the 
A3 


6x2 
to it. Therefore we ſhall have o = = + = Therefore the firſt term - muſt 


have the ſign — prefixed to it, or muſt be ſubtracted from 85. and muſt be 


equal to RY or (becauſe a has been ſhewn to be equal to 1) equal to _ -F 


two terms and = of which the latter term — is to have the ſign + prefixed 


or to — Therefore the co- efficient e muſt be equal to the fraction = and 
the correſponding term, =, in the aſſumed ſeries av, =, =, I, =, — 


— Ts &c, muſt alſo have the fign — prefixed to it, and muſt ba equal to 


_ > or t0 C ; and conſequently the two firſt terms of the ſaid aſſumed ſe- 
N | r Tbe 
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The Inveſtigation of the Third Term, , of the foregoing aſſumed Sertes, 


* 
* — * 


Art. 119. Since the ſign — is to be prefixed to the term 3 in the equation 
mentioned in the laſt article, to wit, the equation 
r c Ew? 8 : c. 


—ů [—PmGͤGHũ 


A 


| , &c. 
8 4 ga*cyt 
0 4 [ 245 3 &c. 
| ; &c. 
61A 
+ | op = 
| &c. 5 
S - + Kc, it muſt likewiſe be prefixed to hs 
terms 2. , an — e, in which the ſimple power of the ſaid co-efficient c 


occurs in e with only the firſt co · efficient a, or 1, and its powers; 
but the Ggn + muſt be prefixed to the term $35, in which the ſquare of © 


occurs in conjunction with only the firlt co-efficient a, or 1, becauſe the multi- 
plication of — o into — c 3 + Cc*; and no ſigns muſt be prefixed 


nod 2 
two ſigns + 8 251 — is to be e to the two co-efficients x and o in the 
higheſt line of the ſaid equation, and conſequently to the other terms, as mo 
in the ſaid equation which involve them. And the fgn +, it is hi 
muſt be prefixed to the three terms G5. 5 SD; ang LL . E, in the ſaid equation, 
which involve only the powers of the firſt - AK, A, Or 1. Now, when the 
ſign + is prefixed to theſe three terms and to the term , and the ign — 


is prefixed to the three terms = „, an din, the foregoing equation will 


to the terms , and —- _ becauſe it is hitherto uncertain which of the 


be as follows, to wit, 


8 
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F — 2. —— — bo &c. 


FE = 2 wh - &c. 


But — © and + ; deſtroy each other, and therefore may be left out of 

this equation; and then it will be . 
R G44 

4 | ——_— 5 —_— „ &c. 6 ey 8 1 "4 


—, Ez, &c 


| &c. 


Therefore (dividing all the terms by vv) we ſhall have 
Vox. III. 30 


A4 Dre an THE" 


4 R : 6 i ; 4 — — 
, "as ; 3 be. [ 
4 K ; ly 
8 — . ? » & c. 
* a EM — 
1 E | ” / 
o= | 1 » 
AY A > 1 
| + —;—— * Fr: * N 
by ; 
| + ——A &c. : * | 
r | 


And this equation will be rue, of how ſind » a * nitude ſoe ver ce — 
the quantity v to be taken. And therefore it will alſo be true when v is = o. 


But, when v is = o, all the terms that involve u wilt be equal to o likewiſe, 


and the whole right hand ſide of the ſoregoing equation will be reduced to 4 


three terms — — 5 + = Therefore the ſaid Poa? p—be + += 


renn = will be = a and con- 
fequently (multiply ing all the terms by 150 1 = — th. 2 will. be = o, or 
| | 

(becauſe a is = F 


26 
| I 
* 0s Or E —- = +% 8 or * — 2 „ 0, ors 2 is. 
= o. Therefore the co- efficient E muſt have the ſign + prefixed to it, and 


muſt be = Tot Therefore the correſponding 1 term, I 1 of che aſſumed ſeries: 
av, , 25 _ . , , = , &c,amuſt alle have whe. lign + prefixed: 
to it, and muſt be = _ X = or = and .conſequently..the three firſt terms. 
of the (aid aſſumed feries will be v—& + = ee "BE IO 


REVERSION OF ENPINITE SERTESEY, (6567 


The Irveftigation of the Fourth Term, 2 , of the foregoing aſſumed Series 


* 
. 
n 
* — "IE ab. * 
= l —_ 


: Art. 120. Since the fign + is to be prefixed to the co-effiient E, it 8 
likewiſe be prefixed to the terms = and W in the equation ſet down in the 


foregoivg article after the divifion * all by terms by v', to wit, the equation 


18” 5. | on 
; —_ ——_—z &c. 
| RED 2 3 af &c. 
ib | 4 , &c. 
4 er. 
245 2450 ? &c. 
+ ==, &c. 


&c. And chen the ſaid equation will be 


| * A &c. 
r 
„ | . 
340% 
o =. + 
” 614a7* 
| . 
| ＋ Togo? me 
l &c. 


Bur it has been ſhewn that the three terms + FE IE + =; are equal 
to o; and therefore they may be left out of the ſaid equation. And then it 
' 
vin be o = A, be, + ppm + hems Bic — r, — + oe cs bc, 
or (placing the o on the right-hand fide of the equation), - IT &c, — 
Th 6 n 
＋ zacte* Ke, — = » &c, + == &c, = Oz in which equation the 
302 | _ ſeveral 


— * 4 


4 
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ſeFeral terms that are not ſet a but are repreſented by the marks of &c, 
will contain higher powers of v than its ſquare, or v'. Therefore, if we di- 
vide all the terms of this equation by v, (which cannot affect the equality of 
its oppoſite ſides, or the equality of the ſum of thoſe terms on the left-hand fide 
of it which are marked with the fign — to the ſum of the other terms on 
the ſame left-hand fide of the equation which are marked with the fign +, 
which makes the difference of the laid ſums, or the whole left-hand fide of 


the equation, be equal to o), we ſhall have =; Kc, + 395 + e To xc 


6147 


5470 
2 &c, + — &c, = 0; ond in this equation all the terms. that 


are not ſet down, but are repreſented by the marks of &c, will contain ſome 
of the powers of v, though the five terms here ſet down are free from them. 


Now this equation will always be true, of how ſmall a-magnitude ſoever we 
ſuppoſe the 1 v to be taken. And therefore it will alſo be true when 
is = ©. it, when v is = o, alk the terms involving any of the powers 
of v will become equal to o likewiſe; that is, all the terms. reprefented by 
| the ſeveral marks of &c, will. become equal to o; and conſequently the ſaid 


equation will be + 5 I - — | — _— = 0. Therefore (multi- 


27 © $6 
plying all the terms £ r*), we ae 3 + — + 2 — + 
o, oro E r 2 += o, a . 4 
r Dar e an 
+ === 0,or 6 +> Pn tet eee a 
. Reb o, or 
1 2 = 250 © + i o, or 6 +I + 


— = o, or 6 + — = ©. Therefore the co-efficient o muſt have the fign. 
E prefixed to it, and muſt. be equal to =; and conſequently the ſame ſign 


'— muſt be prefixed to the correſponding term, =, of the aſſumed ſeries av, 
2. , K. A, a, r, e bee, and: the faid term will be = 584 * 
2. 1 and therefore the four firſt terms of the ſaid aſſumed ſeries will 


kv cv vd © vs 61v? 
de ob bas 3” ag 2 Q E. 1. 


The. 
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x 
A FS 


n. Three W by the - Mido of which we may fad 4 the next Os? 
Terms of the foregoing aſſumed Series. © 


Art. 121. And, in like r manner, the values of the three following coefficients 
1, L, and x, of 'the three following odd powers of v in the aſſumed ſeries 


Av, — = _ I's . , = = = &c, may be diſcovered, ae the figns 


— 150 —, ech are to be prefixed to them, and which are conſequently 
to be prefixed alſo to the correſponding terms —- — , an and A; of the ſaid 


ſeries, may be determined by reſolving the Pot ſimple equations following, 
to wit, | 


1 *G GA c $c4a% 104%* 61 N 7490 29074 
iſt, The equation I, ——, 76 9 7? — 24 er. 


1 5040 12457 

A*G ci 5a% C 61A 2774. "Ix 

or 1, , ACE, >> TINS —_ + — or (becauſe 4 is 1) 
6e : 

I, _ cs, =, £, 3, "© + 2 =0; by thereſolution of which we may 

determine both the magnitude of the co-efficient I, and the ſign + or —, 

22 is to be prefixed. to it, and conſequently to the correſponding term, 


= — of t the foregoing aſſumed ſeries. 


3¹¹ bee e S | ꝛ0 % ton 
Ke 2dly, The equation x, . . 1 Fn * 3 


61 94% 61 u 277 x gafc $0, g 4 EY a A c*n. 
geo ? "5040 i* - 22,000 39,916,800 © hn 
% geen ga*c? Gi Ge 272 80,21 K be 2 
_ 36.0. _oat?® 2g” 12 ago 7 ng 39,916,800 o, of ( uſe 4 Is 
I * cx = Le — 618 610“ 27% See e 
S 1), L, * £02 7 2 24 5 1a? 720% 240? 8504 + 39,910, boo — 93 by 
the reſolution of which we may determine both the magnitude of the co- effi- 
cient L, and the ſign + cr —, which is to be prefixed to it, and.  confequently: 


to the correſponding term, — „of the foregoing aſſumed ſeries. 
| ns Gact bars 3.8 I . 23 20436 


And, 3dly, The equation u, = „, =, 7 2 
to az“ 30A Ace- 61 x 74% 61 X 42A5CE | , 277 ws 277 X 3647® 
24? 24 -* 24% 5040? -, 5040! > —_w— oj —— 


50,521 x 114%: 
309, 16% % 
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$0,521 X 11 41 A*L cg er- 2. eco 
39,916,800 + 95,800, 320 e e eee ee e hn Sebi. 
. en gact brats e, 1K > nap 27747 g$0,5214% 41,5815 


_— TW 


=? 7? 24 720” 190 T4 * Bobg? 2016 *. 3,028,800 . 95,800,200" 
| 2 2 2 2 * 
= ©, or (becauſe a is = 1), v, =, Ct, EG, . 


on SR 02 8 6. a0” 
=, 8, , 88, 28 —_——- + 1,581 = 0; by the reſolution of 
920? 120? 144? 3054 2016? 3,028, 95,800, 320 ; * 


which we may determine both the magnitude of the co· efcient u, and the fign 
+ or —, which 1s to be prefixed to it, and conſequently, to the correſponding 


urn e x95 ov! 1½ Ee Nu 
term, , of the foregoing alumed ſeries ab, , . . T. , 
vi; &c.. | | | 


The Reſolution of the Fin of the Three foregoing Equations, 


— YC EI CR 


: * 


| 3 Eri 
- Art. 122. The firſt of theſe equations ĩs I, =, CE, =, 25 =, — 4 2 
= oz or (if we prefix the proper ſigns + and — to all the m—_ _ the 


firſt term 1, the ſign of which nn 12 2 — 0 — 5 + 
2 , 5& Gre , 227 =) 1 * 
22 N o, or (becauſe e is * 1 6. 


FTT 
Een eee 
= > "ay OE NECES 5 
EEE EERES ET SE t6 a 
+ = 0, or 1 — = + ee x. — hw o, or 
xt IEEE + 


A. — — LARA 277 — — 
= 0, or] 7 e e ©, or bake ' £— 
A 


1 r 

OO + — ow + Tags = pe of ＋ 7 = 

hy = 1167 
£ 324 X 1080 


2 


G _”” 9288 277 
2 24 WW? 72,570 


REVERSE ION OF EN FENITE $ERTESETD * 


1161 167 _ "7" JEN 
$24 Xx 1080 + —— - RNA 2 5 * * 49990 * 72,576 AX 
0 1 337 _ Wal 309 >= 2 * ONS BY | ' N00 
IP 78 116 * + 72,5706 © 0, 91 * -- 20 38,880 * 12,570 


12,960 
—*« ar"! — 2 — — _ — rages d 2 o, or 2 


43X 576 27 12,960 950 277 
1 — — 
570.X 7958 © 125576 =. o. Me + 57 1 2,960- © 3 12, 960 7255 76 
11,808 277 


= 0, or 1 8 * ro 2 . OF 1 — _ | 2 


. 2A 1 — — 4 — NES -. . HOUR 
72,570 _—_—_— 2 30x12, + 727576 1 18 * 12,960. 


. F _ — —- St. 4 = 6 ak 2 


1 — — 41. 277 
— — — = o, or (becauſe 6.is ==: 
7 nu l $. % 8 5 77555 » or ( | £5 
. . S eee 
+ — 55 0 ＋ = +I 3 or ar. 10,080 x 2 5,920 10,080 x 25, 920 
Ker TS I 27: 
. „ 10,080 x 25,920 10,00 x 25,920 + DAP 
* F 75 576 © 9 1008 25595 TIED. in wg 
4985 AL. "oy 1277 2 _ | 
252 X 2592 724576 * or t x, T2 3 7 72+576 N Or 1 $3 X 2592 + 


— — 2 R 
72457 _ o, or 1 14 X 2592 Þ+ 72557 74576 8 N + 724570 my Oh 


— 2 = o. Therefore the co-efficienr - 


1 72,576 ＋ 7785 = 2 


1 muſt have the ſiga + prefixed. to it, and muſt be equal to 12555 mad cdn- 
ſequently the correſpondent term, 2, of the aſſumed. ſeries av, <=, = 075 


+* o, Or IL 


7 7. 7+ ? 7 

oY =, 8 7 — „ &c, muſt alſo have the ſign + prefized to it, and will be 
= 2; x . x ©. or LC, and the five firſt terms of the ſaid aſſumed ſeries. 

wall g * 27 = — + >. B. 1. | 


247% row 72,5 75 


Theſe are all the term of chis ſeries that have been given us by Mr. Jauss 
GAEGORE, 


* 


The 
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The Reſolution of the Second of tbe Three foregoing Equations. 


© » 
= 
, [ 
| OY 7 as , — — * ' ＋ 
1 k * — — 4 
* by oy F 4 
— 


— 


* 1333 8 n ON = x* ( 50 ccr 
Art. 123. The ſecond of theſe equations is 1, 2 ce, 7, . 25 5, 


C 61K _ - 7 alk DTS OS. 423% 155-230 4 
, EF i 2 8 2 0, or (if we prefix the proper ſigns and 


— do all the 0 WI the firſt term L, the ſign of which is not yet deter- 
*. 50 en Fe 618 61e® 277c 


mined L „ DOG TIE NY WO 7 HE, 
„ + > * <5 2 „ ln?" ＋ 750. 77 - 8064 


Size o, ' 1 & . 3 k 

+ age o, LS = 505 1 + 2 — _ + — + * 4 — 

1 8 . 277 " $0,521 

35 12 & 216 + 720 + 360 * 240 6 * 0064 + 39,946,800 3 + = ET 6 

＋ - br 222 822! Ke 

{ 104 72 24 36 1 720 2 48384 309,916, 800 —= O, Or 
1 G x2 E 6G 101 = 61 277 

L — — — — — — — — 8 1 — — — 

gu FG + 3+ 5 24 72 23592 4.3 5. * $0.40 48384 7 

39,910, 800 5 by 2 7 ＋ 5 + 4 C = Fe —y 2592 720 + Bogo © 


277 80, 21 got. 50 5 bin 
48384 55.510,88 a has : 2 73 * N 24 2592 2 778 + 
61 277 TY 3 


277 1 
$649 45 39,076, * +; TS 2 5 720 4 4593 
61 277 80,621 203 5G 


s 4 eee 
8 8640 © 79387. 7 39-94 6,809 o, or a 7.7 7 ＋ 25 282 i ee 92 


61 222 . | 29E $ 
bs 18384 ＋ 707015, 2» or 1. 2 2 + _ 720 _ 2592 T 


a; Fn ir o. or + A T — EE LE + 
— e , r L 2 — . f 2 — 
598 87 Serbe AH, + RE o, or N + == += = 
n eee + 
e + Taps > TESTS Dn Ee ae 


277 50,521 


nk Ss 1 292 + 1197 277 
48384 39,916,800 


E * 
: , + 5 2 2 * 2 720 27 6640 48384 


50,521 1 G * 298 399 277 80,821 
eee 2 7 FT 72 N 38 © 5575888 


= 0, 


* 
* 
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on 2 1 1 298 | 277 $0,521 Gar 
gs 4 * e A. + 79k e e 


* * l 24 | * 8 + 25, 95 N. + 39,916, Gs 0; Pr ** TH 
| ne, 3 * a) ATIX 254929 21 — 2 — 
264 2 720 + 25,920 x 48,384 25,020 x 48,384 * 39,916,800 © Ps L + 

3.8 vo DE Oy 67430 2e 7 aca. 

| 4 * +2 7520 520+ 26,920 x 48,394 75,920 x 46,394 * 39,910,800 er L +; 


6, 68 = Ws 
1 5 47 * 27 g2l _- = 05 Or 1 — r 


=; 2 oF 7 720. 25,920 x 48,384: 39,918,900 


0 "ag 2996 — — = * 
e eee 55 r L 


e 2—2 Ca. RE + 
15 x 48,307 © n = br TT F e TT Ys 


90.521 1 87 0,821 5 
5 L- _ — — — : 
N £28 * 8 RE” * ut 2 720 135 x 48,304 A e | 29, 


: | ANIM + |: BE $0,521 G 
or L — 2 = — — — — — 4 - — 
* 7881 Ti Sk "Fx aan 35,948,805 © o, or + x 4 


RE OT NE Dae 1 . 
+ ee ga. Ci 3516888 © = ©, N 18 24 RO EM 


7 || (FD . = | "2 
| 8 


29 21 * 
720X 24 1 5 7 8180 Foo 05 K + - 86 of * 1152 Tir 177280 1777280 


E 22 A i 
725, N * Os or , + A + I152 X 17,280 »- 1152 X 17,280 7, 


431 2 —— 25 17,280 1 33,409 
CC 


SS Ee. 0 16 
745176 | UU 285 * „ eee Taye” 
E 2 — 2 — 40 32 e — f 
8 5.9, o T NN 7659700 £ & 39915800 = 0 Ot 


"I R T 5 gogger 


" ** 7. Sy R — 125,700 39,916,800 © rr 2, oa) 


2 90, 521 12 14 
8 * 17,280 725, 760 0 + 24 17,280 — + 
50,521 G 7 2 CRISS 


py x = O, Or L — — —_ — — — 
39,916, * © 24 640 725,760 39,9 16, 800 


I G 7 Xx 725,760 _ 431 x 8640 50, 5 21 0 
2 © 24 5540 725,75 86540 725,760 © 39,916,800 . 7 3 
_  $,080,320 be 3,723,840 $0,521 = o, or L + 3.x x <4 
8640 x 125,760 8640 X 725,700 39,916,800 2 24 
8, 804, 160 $0,521 I G 1, 100, 620 50, 621 


87e r 725,85 ＋ 39,916,366 f T r 7278 7555 
Vol. III. 3 P = o, 


474 1, 3&7, DISCOURSE ON, TRE 


2 110, 2 a2 1, * 8 
= or of +. 3 — 27 7 775. ee e er „ + mn 

| 26,684 50, 521 G „t 50,621 
7,8 erde = r „ + 23 977775 2 ae 


1 8 1019 50.921 1 
ear 5518888 r — LE | 


61 1019 $0,521 6x 101 


a, — 3 DIY © — — 
$040 X 7 "723,700 . = * 970,80 * Io : ee Roxy + 
50, 521 2 "oo gfe by pn | 90 621 N 
: 39,916,605 — * 0, 1 * 7 17595575775 12586 8725,76 Ses. 


= = 3 FIR 123,258,240 1 + $0,521 0 
2 120,960 * 725,60 120,900 x 725,760 weer 12 or 


ee ee eee ——.— 
e n 1 e g enge 
— 5 — a o, or + _ e _ | 


* 222 $0,521 | becauſe 277, 
— Or L. 4 1 4 — — 25 — 1 15 — 
x K * hs 2.X 72,576 Me 39,916,800 293) < * { 3 * HK 


8 9 222 O — — 82 22821. 

fore che 'coceſicient L — have ney 3 1 to it, and muſt be = 
50, 521 . 

95915, 


cus 2 1% Lui urs = pv's > " 
ries AV, 193? 74? 785 , 77 3 775 77. 7149 Ke, muſt allo bare the ben — 


and conſe vent the correſpondent _ 25 of the aſſumed ſe. | 


9 * 4 © 2 — 
prefixed to it, and will be equal to - — 1 "F mi the fix fit terms of he 
5 ; F 7 — x i 4 
aid ſeries will be 4 7 — bs AE Aa- | 
„ £40 0 324% r 


— — : E. I. 
Fogerse b 5 E.. 4 
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. 


be nie of the Lot „ the Three "OM 2 pes 


: 


" 
i c—_— * — — 
o = —_—— — 


. 20 0 1 4 . N 1 
— Ot 
s., "TS 4 * 972: 0 e835 1 +3 Ja 
| LY 
Art. 124. The laſt of theſe. three equations is u, = C1, £6; =, =, £, 
c ge » gc*s $<. 616 616... — 2 r 4 
=; TU ar bn To? 120 144 8064 20786 3, 28, 800 95,800,320 e, Or | 


(if w we prefix the proper. ſigns + and — to all the rerms, "Wie the firſt term x, 
the * of which. is not yet determined), N —— CI — EG . 


E 
+ 2 N + CASES e e 
eee e 
r . 
Taxes * Ke ae ere + Ke ene 


— PY I £ — 2. Go fs | 
FER 72 SE * 3 * — TT 720 7 3 70f 4 


© 


906 5578 © 2117121800. + NT... "ov, * 5 * 2 8 

— 148488 * 2 $5 277%, — | 

—_— Txt ＋ ＋ ＋ 770 77 31,104 8 | 115 N — 

- S052 __ 22. 4 .- — . — a a 2 — 1 a 
21,772, 0 95,80, 320 Choo _ 7 = 4 2 = 


2 dt 
_= 


2 5810 alle 227 1. $0520 . 5 — 
720 3888 720 * 72,575 27 21, 7725800 + Gy GENS, 


PE” Pe $6 TR... 2 =O ++ 1 e 


1 720 r 720 3838 724579 277 4 
eee — 8 Þ 3255 
＋ 558078 9 95 8 "FI 7p £0 I 729 = 26 — + 5564 


277 __ _$04521 | 414681... 
725576 24, 772, 800 95,800, 320 
** * 8064 


r 1 


20X 2778. 277), f , 42481 
3 — 3888 20x Bobg ' * 20 966% K 72,576 74576 © 41,772, 800 ＋ 5565565726 1 2 95 x 
E end OS ___. 


476 rr 


90, 521 41,58. = I, rl 296 — 1 
21,772, go 95, co, 30 Gy. VE = + 24 a7 720 T 3 3888 
2524 277 50, 5 21 4t, . | Wo I 
* ꝙ— — — Of N — — — ow FG 
20 x 8094 724576 © 21,772,800 93,800,320 | 6p 2 + 24 © * 
200 — e * 277 $0,521 41,581 


720 3 Tx 8064 © 3888 + 22,576 21,772,800 95:800,320 F 
r e525 
"ol 24 720 3 * 3888 x 72,576 3888 & 72,576 21,772, 800 


2 
7 * 55 8 05 9 Wn + G 2 28 * ! 7 a 7558 
+ 808 _——_ I 4 De Sas I ©, TOs 555 
e e == +» 
e +2 F 
E 5 5.855575 = 0, or 4 = F 78 pl "as + 


7 — 3 — _ 7 * 1 22 T 
m_—_ — . * 2 320 Ys or u 3 G + — +. 


&— 217,72 FE * Fl 95,800,320 320 = o, of * 5 5 7 EG * 
2390. x... 6318 439X 21,772,800 . _ . $0,521 2 ½½%½ 868 * YEA 


720. QA _—_ eee eee 95,800,370 * 
i DAD. — e Gaim. 2.878.259. 200 NE 
or N =" + 24 00” 720 + = 8 | e FP 
1 41,581 _ IT — 

217,728 K 21,772,800 55,800,370 = 0, MP - 7 * 24 1 + 720 += 801 


- 6318 - = 1,641, 57% 088 41,581 _ 


="0, or * — = * 1 E ED 


40,320 217,728 K 21,772,800 * 95.350320 4 720 
r © ang = 6 ok = +, 3s 
ee e ere de dee 
; ws 20 + = So = — 3 — 85 255885 — * * — 2 
* w + _ EOS a a cr 
Eo fmms +6 e, Lat = 6 
er 15 — 2 — — = — EG 7 = 7 5 855 7 — — = 
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1 27 — _ _ 31 33g@oqt © 
3 7 wh ＋ 7³⁸ * e Ne + 


415887 2 1 = x* 631 49342 
95,300, 320 as or hs 7 Ez 0 * * 72 * 3 7 7788 


4 41,581 _ or — — 29G {in . 631 1 6621 
Ta 55,800,320 1 5 2 att To TT 3 40,320 21,772,800 
2 


41,581 = 0 = _631E . 
———— Or N — — = — — — — — 
1 95,800, 320 Os f ts F > 49,380 ""75257,600 


8 of 
+ Grays . . 80 


; e . | 2 =] -M n 300 
3 77” nnn 772575600 95,800, 320 | = wy 
296 | | 638 » —— — 41,581 — 2 | * 
720 * == 967,680- | 72575888 tg $800,320 © o, ot * = * 7 "720 
967,680 5831 1288 2207... 44,581 EAI - 
+ FO 967,080 1728 x 967,680 752 $1,600 + MEETS Oy ora == + 
1 967,680 __ __ _. 1,090,368, 2292 4581 | a 
7 77 * 1728X967,680 1728 x 967,680 - / e 95 05,355 © = 9 
| Tl "1. + #5 — 12088. .:. I EE 1 _ „ * 
„ 77 "7,257,600 ese . ary 
reeſe 4.Q____—Ag38 - S203" 30 rot. | 
+ 24 720 216 x 967,680 © 732 57,600 95, + and =. 0, 200 1 + = 
_  . NE... os 1 Eh ag 
780 27 x 967,680 772575 95,800,325 enn "=P 720 
. o 2207 41,881 =. A 
9 987,680 7,257,600 * Wee rut 0, OE x 2 "78s 
- AT 1s _4l381__ | 3 E IS on Sax aacadn.? 
732 5 72000 ＋ 538001370 95,800, 7 MAY 7 . e 48 
2207 & 967,680 41,58r. 315,289,600. 
— CES — — 0 Or — = I; 
957,680 x 7,257,000 8 * 95,800,256 +, 2 357,686 x 7,2577000 
., 3 
"9673080 x 7,757,600 " 95,800,320 © . e * * 
ell WD 81 . 
25s r 5 r* Nagy "1 _ — — 


431,369,920 41,881 1 * 8 d 
530960 X 7,257,000 eee 7 755 73,130 8e 
41,581 * 0 Ps cog 41,581 : 
—— — Or N = ay ' 
5,880,370 = o, OI N — = pu py — — 2 1 155885 eee ©, 
r 0 e 1 83 
Or — — — — — — — 0 or © — — 
8 35M * 24 729 630Xx . * 95.800, 320 LR * — 2 + 24 
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7 7 — 210 X 72577500 + 95,800,320 106 O, or N nw 2 + 24 | 720 — 
19166 41,881 — 39, 
— — O, 
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557885 558570 o, or N . 2 3100 + 95,800,320 
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CE . 6 41, 1 3 
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795833. 00 N 105885, 400 1 dee 55,333,688 K + 
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— — — = N. — —— = — 4 8 — 
05,800,320, O or. 95,800,320 + 95,800, 320 0, JV % 95,800, 320 9. 


Therefore the co- efficient. x muſt have the figa + prefixed to it, and muſt be 
A... - 3 and conſequently the correſpondent term, = of the aſ- 


equal to — 5 
Lk 3 7 * v33 15 E 
fumed ſeries Av, bo y Leh 5 , IN. &c; muſt alſo have the 


' 87 19 r 
of the faid aſſumed ſeries will be AV — 8 — . 2 * rs 


Nor 8 l a1 PTE I 

— or UP ETA 

"og i | += TI e 9 e 39.916,8 Does + 955 8859 
| "Cas. 


Art. 125: It is remarkable chat ths numeral co-efficients, 1. 5 5 
5 24” 54. 


2 | 55817 
ha, a and 1 of the firſt ſeven: terms of the: ſeries. AD — 


ev3 ED Lot 1 Nu 34 | _ 

— += als Pp A eee + 22a = Tag . 
2 ich *7 20. =o r, * : | 

— 5%s 4+ 2 Kc, obtained by the foregoing | re- 


953800, 3207¹¹ [I if . 30 i 
| F verſon 


7b 30,976,007 
29! t FIJI) 1 24 


f 7 A as C\ = - # 4 
19 7 9 2 9 . * r 4 5 1 . 
£ i . 1 : '3 , 4 + * (11 * 1 » it} * 5 C 
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is 2 277% 1 
vexſion of de ſeries 7. +; * += + Foot J, 16 ©. 


af: + + ke, are preciy the lune w ui the WR coefficients of the 
8 22. 


— + oy *+ &c, which has . reverted; far fecond 


and other following terms of the firſt ſeries, or that which has? Veen bere re- 
verted, are all of chem marked with the ſign +, or added tothe firſt term e: 
and in the ſecond ſeries, or that which has been obtained by the reverſion of 
the firſt ſeries, the ſign + is prefixed only to the third, and fifth, and ſeventh. 
terms; and the ſign — is prefixed to the ſecond, and fourth, and fixth terms. 
This is the only inſtance I have ever met with in which the co-efficients of the 
terms of the ſeries obtained by the reverſion of another ſeries are the ſame 
with thoſe of the correſponding terms of the reverted ſeries. Nor is it at all 
evident to me, that this equality of the numeral co-efficients of the correſpond- 
ing refths of theſe two ſerieſes will take Place in the eighth and other follow- 
ing terms of them, though it is natutal to | confjefture.that. 1 it may do ſo. 


— 77 G1e7 27769 1 
of he kee o7 the Bris f. Sis We ns 
ad Tim bas Ot 2! Dai 5 3 | och 04 11 

erg ee 2 he n 
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Of anther Series invented by Mr. James GAROOR v, which expreſſes the length of 
the exceſs of a Circular Arch a, "that is greater than 45 degrees, above an Arch 
of 45 degrees, in powers of the Logarithm of the Ratio of the Secant of the ſaid 


Arch, to the-Secant of an Arch of 4.5 degrees, in a Logarithmick Curve, of which 
' the Sub-tangent is equal to the Radius of the Circle in which the Arch a is taken. 


ao 
— — "> 
. 


Aft. 126. Nr. . — has given us alſo, in the ſame letter to 
Mr. Jonx CoLtins, dated in February, 1670-1, another Logarithmick Series, 
of which it may be proper to take ſome notice in this place. He ſuppoſes r to 
be put for the radius of a eircle, and q for the length of an arch-of a quadrant, 


or an arch of 90 degrees, in it, and conſequently, £ C for the length of an arch 
of 45 degrees, or half a quadrant; and à to be put for the length of an arch 
greater than , or 45 degrees, but leſs than g, or go degrees. And he further 


ſuppoſes 


- 
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ſappoſes 3 to be the logarithm of the ratio of the ſecant of an arch of 45 de- 
grees, in the ſaid circle, to the radius of it, in a logarithmick curve of which 
the ſub-rangent is equal to the radius r, and s + Ito be the logarithm of the 
ratio of the ſecant of the arch @ (which is greater than 45 degrees, and of 
which the ſecant muſt conſequently be greater than the ſecant of 45 degrees) 
to the radius r in the ſame logarithmick curve. And upon theſe ſuppoſitious 
he affirms that the arch à will be equal to the ſeries £ + 1 — - + 2 — 
een | Re | 
Art. 127. The ſmall letter- s ſeems to me to be fitter to denote the ſecant 
itſelf of a circular arc than the logarithm of the ratio of the ſecant to the ra- 
dius. © And therefore I ſhall ſubſtitute the Greek capital letter ZE inſtead of it. 
And then Mr. James Gxtcorv's Propoſition will be as follows, to wit, 
„That, if q denote the length of the arch of a quadrant of a circle, or of an 
ce arch of go degrees, in a circle of which r is the radius, and - conſequently 
« denote the length of an arch of 45 degrees, or of half a quadrant, in the 
« ſame circle ; and, if à denote the length of an arch in the ſame circle that 
« is greater than E, or 45 degrees, but leſs than 2, or go degrees; and, if 
6 the Greek capital letter Z be put for the logarithm of the ratio of the ſo- 
cant of the arch T, or 45 degrees, to the radius r in a logarithmick curve 
« of which the ſubtangent is equal to the radius r, and EZ + be put for the 
* logarithm of the ratio of the ſecant of the arch à (which is greater than L, 
c or 45 degrees, and of which the ſecant is conſequently greater than the ſe. 
& cant of C, or 45 degrees,) to the radius 7 in the ſame logarithmick curve, 


« the ſaid arch @ will be equal to the infinite ſeries £ + 12 * x i 


o 


+ &c. 


EN 


4 . 


A neceſſary Reftrifion of the foregoing Propofition of Mr. James GRESO T. 


Art. 128. This Propoſition is evidently ſubje& to one reſtriction, though it 
has not been mentioned by Mr. Jamzs Gazcory, namely, that the arch 2 
| muſt not only be leſs than an arch of go degrees (as is ſuppoſed by Mr, Gzs- 

Vor. III. wht ache dor 
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oon v,) but fs much lefs than ſuch an arch that the terms of the ſeries L +? 
— 2 1 75 * 5 + = _ == + &c, ſhall continually decreaſe, and con- 
ſequently that / ſhall be leſs than the radius r. We will therefore inquire what 
will be the magnitude of the arch à when it is the greateſt poſſible, or when / 
is equal to r. | | | 


Art. 129. Now / will be equal to r when the ratio of which is the loga- 
rithm, in the logarithmick curve of which r is the ſubtangent, is equal to the 
ratio of which r is the logarithm in the ſame curve. But the ratio of which x, 
or the ſubtangent of the ſaid logarithmick corve, is the logarithm in the ſaid 
curve, is the ratio of 2.718,281,828, &, to 1, as has been ſhewn in the firſt 
volume of this Collect ion of Tracts, called, Scriptores Logarithmici, page 360. 
Therefore I will be equal to r when the ratio of which J is the logarithm, is 
equal to the ratio of 2.7 18,281,828, &c, to 1. But, becauſe 2 is the loga- 
rithm of the ratio of the ſecant of an arch of 45 degrees to the radius , and 
' £ +7 js the logarithm of the ratio of the ſecant of the arch à to the radius r, 
it follows that 4 muſt be the logarithm of the ratio of the ſecant of the arch a 
to the ſecant of an arch of 45 degrees, which latter ſecant is equal tor x V2. 
Therefore / will be equal to the radius r, when the ratio of the ſecant of the 
arch a tor Xx Vis equal to the ratio of 2.7 18, 281,828, &c, to 1, or, (if we 
put the capital letter S for the ſecant of the arch a,) when Sis tor X V 
a8 2.718, 8 1,828, &c, is to 1, or when 8 is g N V N 2.718,281, &c, 
or Y Xx 1.414,13 X 2.718, 281, &c, or 7 X 3.844, 228,327,853. But, when 
the ſecant S of the arch à is = 7 x 3.844, 228, &c, the ſaid arch itſelf will be 
fomewhat greater than 74 degrees and 55 minutes, and ſomewhat lefs than 74 

egrees and 56 minutes, as will appear from a table of ſines and tangents. 
Therefore / will be leſs than the radius r, only when the arch à is leſs than 
74 55'; and conſequently the foregoing Propofition of Mr. Jamzs GREGORY 
can be true only when the arch a is leſs than 74* 55 Q E. I, 


Art. 130. And we may further obſerve, that the ſeries £ + 2 — 7 +'S, 


— = . — + &c, will not converge with any conſiderable degree 
of ſwiftneſs, or ſo as to be of much uſe in calculation, unleſs be much leſs 
than the radius v, as, for example, equal to only a tenth part of it, or leſs; 
and conſequently unleſs the arch « be much leſs than an arch of 74* 55', as, 


for example, equal to 55 or 60 degrees. — — 
| | | s 

| Bur, when the faid ſeries L4+1=>+ - * = + = — n Kc, 
does converge, the foregoing Propoſition of Mr. James Grtcory, which af- 
firms the ſaid ſeries to be equal to the arch a, may be demonftrated in the 
manner following. | EM FO. | 


* — 


”- 
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Preparations for the Demonfration of the foregoing Propoſition of | 


Mr. JaMEs GREGORY. 


Art. 13 1. To facilitate the conception of the meaning. of this ſubtle Pro- 
poſition, let ADB CA (in the figure hereunto annexed) repreſent a ſemicircle, 
of which C is the centre, and A B is the diameter; and let A D in this ſemi- 
circle be the arch of a quadrant, and A E an arch of 45 degrees, or half the 
arch AD, and AG an arch greater than A E, or 45 degrees, but leſs than the 


K 


NHD oth 2 O 2d Mr. 58 5 
arch A D, or an arch of go degrees, and even than an arch of 74 55 to the 
end that / may be leſs than the radius A C, or 7, and that the ſeries - + 7 
_= + 5 — 25 - = _— + Ke, may converge. From the extremity 
A of the diameter A B, draw the line AK touching the circle in A, and from 
the center C draw the lines CE and CG through the points E and G, and 
continue them till they cut the tangent AK in H and K. Then will A H and 
CH be the tangent and ſecant of the arch A E, which is equal to 45. degrees, 
and AK and E K will be the tangent and fecant of the greater arch A G. 
The arch AD, in this figure, will, according to the foregoing notation, be 
. denoted by g, and conſequently the arch AF by 1, and the arch AG (Which 
is greater than A E, but leſs than A D,) will be denoted by 3; and the ra- 
43771 3 Q2 dius 
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dius C A will be denoted by r, and the ſecant C H (being equal to the ſquare. ' 
root of the ſum of the two equal ſquares of CA and AH, or to the ſquare. 
root of rr + rr, or zrr,) will be gr x Vz; and the ſecant C K of the arch 
AG, or a, will be denoted by the capital letter S. 


Now let a logarithmick curve be ſuppoſed to be deſcribed, of which the 
ſub · tangent ſhall. be equal to the radius CA, or r. Aad in this curve let two 
ordinates, or perpendiculars to its axis, or aſymptote, be taken, that ſhall be 
reſpectively equal to the radius C A, or 7; and to the ſecant C H, or r V2, 
or, (if, for the ſake of avoiding the ſurd number V2, we ſuppoſe c to be = 
„ /2,) to the radius CA, or r, and to the ſecant C H, or c. And let the 
abſciſs, or portion, of the aſymptote intercepted between theſe two ordinates, 
or the logarithm of the ratio of the greater of the ſaid ordinates, to wit, 
X V, or c, to the leſſer of them, or r, be denoted by the Greek capital 
letter 2. Further, let a third ordinate to the axis, or Aſymptote, of the ſaid 

logarithmick curve be ſuppoſed to be drawn, which ſhall be equal to the ſe- 
cant, CK, or 8, of the arch AG, or 4; and let the abſciſs, or portion, of 
the ſaid aſymptote that is intercepted between this third ordinate, S, and the 
firſt, or leaſt, ordinate, r,- (which abſciſs, it is evident, will be greater than 
the abſciſs Z, which is intercepted between the firſt and ſecond ordinates r and 
c,) be denoted by T +7. 1 


Then it is evident that the abſciſs intercepted between the ſecond and third 
ordinates c and 8 (which are equal to the ſecants C H and C K,) will be equal 
to /, or, in other words, that I will he the logarithm of the ratio of the ſecant 
CK, or 8, of che arch A G, or a, to the ſecant C H, or c, or 1 x Va, of 

the arch A E, which is equal to 45 degrees. 


Theſe being the ſeveral quantities denoted by the letters r, 4 L, rx V, 
or c, 8, T, and I, Mr. Jamzs GAEOOR 's Propoſition affirms that the arch AG, 


or a, will be equal to the infinite ſeries £ + 1 — - +S—E 2 — 


r 


2/6 4 8 2 | 
= + &c. This therefore is what we muſt now endeavour to demonſtrate. 
| * a A * * 1 — "an [ +, DS 1946 77 a> 1 


* 0 „* 

1 p : * 4 
* " * £ 4 
- 


7 4 * : 


A Demonſtration tbe foregoing Propoſition. 


— "CY 


At. 132. Let y be put for the arch EG, or AG—AE, or. « —L,or 
the excels of the arch AG, or 4, above the arch AE, or £, or an arch of 45 


degrees. And let 2 be put for CK — CH, or S—r X Vs, or S—c, 
or the exceſs, of the ſecant C K, or 8, of the arch AG, or a, above the ſe- 


cant CH, or r Xx Vn, or c, of the arch AE, or £, or 45 degrees. 


* - 


Then 


| OD * 
” a — 
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Then it is evident that, while the arch A G, or a, increaſes from AE, 


or L, to AG, or AE + EG, or £ + Y, its ſecant S will increaſe from CH, 


or r Xx V, orc, to CK, or 8, or c + 2, and the quantities y and 2 will, 
both of them, increaſe from © at the fame time. And, becauſe / is the loga- 
rithm of the ratio of 8, or c +2, toc, it is evident that / will alſo increaſe 
(from the logarithm of the ratio c + © to c, or of the ratio of c to c, or of a 
ratio of equality, that is,) from o at the ſame time, So that y, z, and i, will 
be three flowing, or variable, quantities that all begin to be generated from 
o at the ſame inſtant of time, and increaſe together continually, or without 
ever decreaſing. - . — 4h | 


Art. 133. Now let us ſuppoſe the arch EG, or y, to be divided into fome 
very great number of ſmall and equal parts, as, for example, into ten- chouſand- 
million ſuch parts; and let each of theſe parts be denoted by y, or by the 
ſame letter y with a point placed over it. And tet the fecants of all the inter- 


mediate. arches between AE and AG, or - and a, or + and 2 + 2, ariſing 
from this diviſion of the arch E G into 10,000,000,000 equal parts, to wit, the 
arches © * y, Z + 255 — + Y. 2 + . 2 + DE &c, contigued ro * 
+ 9,999,999, 999 * 5, be ſuppoſed to be drawn in the figure hereunto an- 
nexed ; and let the little arc , F repreſent one of the ſaid 10, ooo, ooo, oo of 
equal parts of the arch E G fepreſented by 5, and the lines Ci and CI be 
the ſecants of the two contiguous arches A and AF. And, further, in the 


aforeſaid logarithmick curve (of which the ſubtangent is equal to the radius 
CA, or r,) let as many ordinates, or perpendiculars to the axis, or aſymptote, 


of the ſaid curve be drawn as there are intermediate arches £ + i 2. + 2, 
2 + 3}, 4 + 465 + 9. Kc, between the arches + and f + y, or AE 
and AG, and in ſuch a part of the ſaid curve that the faid ordinates ſhall be - 
reſpectively equal to the ſecants of the ſaid ſeveral arches £ + y, - + 25. 


„ . 4 7 0. 4 4 f 8. 


hben it is evident that the line z, or S — c, or S - Xx V, or CK-CH, 
or the difference of the two extreme ſecants C K and CH, will be divided, 
by means of theſe intermediate ſecants, into ten- thouſand - million of very ſmall, 
but not equal, parts correſponding to the ten- thouſand- million of very ſmall. 
and equal parts of the arch E G, or y, denoted by y; and, in like manner, 
the abſciſs of the axis of the aforeſaid logarithmick curve that is intercepted 
between the two ordinates that are equal to the ſecants C H and C K, will be 
divided into ten- thouſand- million of very ſmall, but not equal, parts corre- 
ſponding to the like number of ſmall, but not equal, parts of the quantity z, 


and of {mall and equal parts of the arch E G, or y, which are denoted by. | 
N ith 


4 u. 8 


With C as a center, and the ſecant Ci a8 4 * draw the little eireular 
arch #k cutting the greater ſecant CI in k. 


_ Thea will 41 be the difference of the two contiguous ſecants Ci and CI, 
or the increment which the ſecant Cz, or Xx V2 +2, or c, receives 
while the arch EF, or : increaſes from Eft to Ef + /F, or EF, or receives 
OY, increment fF, or 5. 


Art. 134. Now let this increment & I of the ſecant Ci, or r. x ag +-2, 
or c + 2, or of the variable line z, be denoted by 2, or * the ſame "ng 2 
wich a point placed over it. 8 


It is ſhewn in the goth Propoſition of my Elements of Plane Ads, 
Coroll. 4, (article 165, page 184,) that the fluxion, or infinitely, ſmall incre- 
ment, of the ſecant of a circular arch is to the fluxion, or contemporary ſmall 
Increment, of the arch itſelf as the rectangle under the ſecant — 2 of 
the {aid arch is to the ſquare of the radius of the circle. Therefore we ſhall 


have 1 to, F as Ci x A to CA, ors: 9 ene rr, 
3 teat V2, and & is = 2, and 2 = ,; 4 5 7 
* Ai: =, or (becauſe Aifis = Cj c Tl „ 21! 


3 2 — 2 * ＋ 23? — C6 c 2 I 
* + 202 + 2* 1 * 44 _ — = 26991 x 


7 462) 222, and conſequently Ai is = 22 X Vo + 462 + 222) + 


5 27 N . Therefaro S will be = 5/ * 


c+2 * 227 N e =y * FE FFF x £2 X VT Face + 22; 


and conſequently (multiplying both fides by 2,) “2 will be S T2 


* NV * rn me i JN eee 


6 0 


ww — — — —ʃ — 
VX Ve n X N e + 22 a/2 X DD . 


7 Art 13 5 We mot now extract the ſquare· root of the quinquinomial quan- 
6 + 1102 + 82? + of which may done in the manner fol- 


Tee 


nevenrtton Of INPIWIte 62. a 


. " 1 
- + <3 
- _— - . — # 1 
3 ' [ 4 : N —— , * — - 
+ # S* 3% . oy % 3 * a 


5 
The 3 of the RG of - quinguinomial Hani 
Fs * + 622 + en Gn oY — 


"Bax 


. 
= 
® . 
* 


The Square root. 


0 e 2 35%! + Kc. 


The Squire. 
& + bez + n 22% 


c* 


bs bar + 11%. | 
26 + 3c2) bn + 9 


ol z 24 
+ ener) 412181 


ut + 202? + 2+ 


| 23 
26 + bez + 222 + >) + 262 + 62 + + > 


20 + bez + 222 + Kc.) _ 


2c + 6ez + &c.) | 1325 


2c + Kc.) 5 


Tberefore the 1 of the quinquinomial quantity c + 6c T1102 
+ 8c + 22* will be an infinite ſeries of which the firſt ſeven terms will be 


6 ＋ 
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e- And conſequently the fraction 


a 205 20 
TTX e r will be equal to the fraction | 
OO, ERIN OE EIDIOEN , or to = K 
Vu x the ſeries © + 300 $22 + En Et EEE v2 
the fraction. . or (if we ſubſti. 


0 5 2 &c. 
tute the letter m 3 inſtead of the furd number a,) to — * the fraction 


* + 52 + © 2 . * the quotiene of 
22 — — L 


the diviſion of c by the ſeries c* + 34 + 2 + = + Io Ke. 


No this diviſion may be performed in the following manner. 
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| a | 9.7} at vd 20-607 i5 wifi þ M5 ay} ** * 
_ The Dinifen of © bythe din c + $02 + 28 C E e. 
: rt. 8 : | 2 5 . a | 
| The Quotient. — 
Bzz 2283 12720 "38125 8725 
| (56 © + 20 20 + E Kc. 
The Diviſor. 
4 3 t der de) 
a The Dividend. 
1 * * 
D j — E e. 
— 3602 — 22 — — 4 i —— — — 
3 $ 
362 — 922 — — 25 —- — 3 gc. 
225 112% 2825 74 1 
Tr 
82 

+ + 2b 3 2m 
2243 LL 4425 . 114 
2 — x IRR 

222 66“ 2322 22 
FFA ñ A ‚⏑— F 

i 12728 | 15825 
2: +I. 4 VET" &c. 

12 $125 3 
+ Ian Kc. 
— 1 Ts © 

— nt 
« £8 &: 
® + al &c. 
+ 2 &c. 

. — 
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Therefore the quotient of the diviſion of c“ by the ſeries * + 368 + 22 + 
| | r - 2-3-3 _ 82 2225 9:7 
ESE &c, is the ſeries 1 — S+ > — > + _ — 
gon + — Kc. And conſequently y, which is equal to = X the ſaid quo- 
* Z 82 Iz 272%: 815 872% 
tient, will be == = = + === + SE ==> +5 Kc. 
Therefore the ſum of all the ten-thouſand-million of little equal arches de- 
noted by y, into which the arch EG, or 5, was ſuppoſed to be divided, will 
be equal to the ſum of all the ten-thouſand-million of infinite ſerieſes, ſuch as 
A : Bz*z 232 127 238125z 5872 * 
the ſeries „ — = + . = + . — ar" pn + — &c, which cor- 
reſpond to them; or, in the language of the Doctrine of F luxions, the fluent 
of y will be equal to the fluent of the fluxional ſeries = — EZ + 5 = 22 


L _ 309% +5375 Kc. But the fluent of y is , or the arch EG; 


"2mc* z mes 


mc? mcs 2 mc* 


38125z 587 1 7 A” 2 282 823 ; -—2 3g — 12725 $126 
amc 4 c Kc, 2 ſeries m amc Zzuc unc; + 2X 5me® © bee 


7 825 z* 272 1 87z7 
ue, r Eo nn mot I c. There 


fore the arch 7 or E G, will be equal to the ſeries = „ 


| z nie gme* zm 
. 1 ; —̃ — an 
12925 _ 12726 + _ &c. . . bs. 


1Ome* .qme* 


Art. 136. Having thus found the. value of the arch y, or E G, in a ſeries: 
of. terms involving the powers of z, or S — c, or CK — CF, and the powers 
of c, or r x V, or the ſecant C H, we muſt, in the next place, revert the ſaid 
ſeries, in order to obtain another ſeries that ſhall expreſs the value of 2, or 8S — c, 
or CK — CH, in powers of tbe arch y, or EG, and of the ſecant c, or 
r x V2, or CH, or of the radius © A, or r. This may be done in the 
manner following 


> 


- 


3 EP 82 2+ 25 26 | 
The Revein ofthe , . ae = inn leur ee 
which is equal to the Arch y, or E &. 


— — 


Art. 137. Let us ſuppoſe that z is equal to the ſeries: ay, . 


4&6 „ 4? 


n 
E, S, — &c, ad inſnitum. 
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Then we ſhall have zz = the compound ſeries 
4 245% 2acy* _ 24550 2475 0 * 


D c* c . 
55 2ncys5 5 _2n0y* 28Ey? &c. 
f | W n f 
c  2cby? 
—.— —.— &c. 
” | Kc. i 


| — 
And 2* = the compound ſeries - | 
[tn ah, HEE, EE, WE, A 


7, 
| 8 - LE 


[ | n 
. | . &c. 
And 2“ = the compound ſeries | 

| 49˙ , 4D, , &c. 


64a*n*%* 124*nc9y?7 
— 7 5 &c. 


| Eu 
&c. 


And 2 = che compound ſeries 
[ : AY, LL, -, &c. 


] | = — 8 

i LC &c. 
And 2* = the compound ſeries 

A, =, &c. 


&c. 


And 27 = the compound ſeries 
| 5 4957, &c. 


&c. 
Art. 138. Now let theſe values of z, and zz, 2“, 2*, 2 2", and 27, &c, 
be ſubſtituted inflead of z itſelf, and its ſaid powers, in the equation y = 


3R2 E 


* 
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= a=, 1s _ 1299) nt Ow ene 
tion will thereby be transformed into the following more complicated equa- 


. os el. HT” 
| „ „% 1 mi * m*%* ” mes * "me „ 


f 3 Gay? 6Aacy* 6apys GAR Ay | 
ame zn ame * md ? mes uc „Kc. 


38750 GD 6BD . co. 
r 


2 mes | 
232002 | 6cpy? 
ans ac & c. 


9495 244¹¹ 24A ˙cys 24A*®D 2 A*ry7 
ſ 4a*ny* 24a%y 244%) SET} ac 


| "ame? cd zur 3 zunc 
a 2 24AB% 4840 4 8A Dy * 
1 . 
bo . e. 
„„ AS 
a | 24 cy - 
[ — 7 &c. 
. | 3 
9 225 11 4,4 Inys 305 37 83 
FI Ta 444*By 44a*cy 44A Dy 
f ame? ? am * ame ? ame *? &c. 
| 66A*n%* r324*ncy?7 
= 7 1 *. 
4 a 433757 
bed 
1 &c. 
| 2 48% G2catcy?t 
F 127A595 G635a%59y% G35atcy Kc. 


1ome* ? 1omes ? + 1ome® © 


. 2704397 
| . df mtr I” s NC, . 4 


k ROC) ec. 
12746 762A 5857 
2 E EE &c. 
| &c.. 
587457 
+ IR” ok 
&c. 


. C | = 1 1 Ke. 
Let the whole complicated ſeries that forms the right-hand ſide of this 


equation, be, for the ſake of brevity, denoted by the Greek capital letter V. 
And then we ſhall have y = the complicated ſeries K. 


From 
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From this equation y = the complicated ſeries Y we may derive the values 
of the ſeveral co-efficients' A, B, c, p, E, r, o, &c, and determine the figns 
+ or, — which are to be prefixed to x, c, D, E, r, o, &c, (or all the ſaid 
co-efficients except the firſt,) and conſequently to the correſponding terms of 

2 
the afſumed ſeries ay, — — , _ Y, W, &c, by proceeding in the 
manner following. 


* * 
: * 
% 


The Inveſtigation of the Firſt Term, ay, of the foregoing aſſumed Series, Ay, 


, A, , 2, 2, , , Ge, by means of the foregoing Equation y = 
the complicated Series T. 


..... — — 
- 


Art. 139. Let all the terms of the foregoing transformed equation y = the 
complicated ſeries V, or | 
IE EE, a 


»' me” „ as 


»* Ganz® 6 | 
3A%* GAR acy+ 8 
zune 2me*? 2m 


— * 
nas 8h 244%9* . 

+4 DD gms ? * | 
&C» 


ques ab 
e , & 
1821 843% 24A* p53 | 
+ | — —— Re 
&c. 
14 
— [x 
[ &c. 


And this equation is always true, of how ſmall x magnitude ſoever we may 
ſuppoſe the quantity y to be taken. And therefore it will alſo be trbe, when 7 
g a N is 


\ 
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is'='0. | But, when y is equal o, all the terms that involve y will be equal 
to o likewiſe, and the whole right hand fide of the equation will conſequently 


be equal to the firſt term =, Therefore 1 will be = - , and conſequently m 


will be = a, or the co-efficient, A, of the firſt term, ay, of the aſſumed ſeries 


AY, 2, od . 2. 2. E, 2, &c, will be = M, or V2, and conſe- 


quently the ſaid firſt term, ay, will be = Vz x y, or my. Q. E. 1. 


The Inveſtigation of the Second Term, 2, of the foregoing aſſumed Series. 
| - — ——— — 
Art. 140. Since 5 is equal to 1, let 1 be taken from the left-hand fide, 
and = be taken from the right-hand fide, of the foregoing equation 


2 . . 
34% Ganz? 6acy3 
. 2me® 2 &c. 
1 _ „Kc. 
0 &c. 
42 84% 244* ny? , 
„ 
 &c. 
114 
2 0 . „&c. 
&c. 
L 


| + &c. And the remainders will be equal 
to each other; that is, o will be = | 


- —_ — : > &c. 
e34% Gany* Gacy? 
1 

_ — „ &c. 

5 — 1 

8 252 
NE 
Xe. 
8 a _ . 0 &cc. 
&c. 


+ &cz and conſequently ſome of the 
terms 
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terms on the right-hand fide of this equation are to be marked with the fign —, 
and ſubtracted from the other terms on the ſame ſide of it, which are to be 
marked with the ſign ; and the ſum of the former terms, which are to be 
marked with the fign —, muſt be equal-to the ſum of the latter terms, which 


are to be marked with the ſign +. 1 


And this equality between the terms marked with the ſign — and thoſe 
marked with the fign +, will, it is evident, continue if all the terms be di- 
vided by any number, or quantity, whatſoever. It will therefore continue, if 
all the terms be divided by y. We ſhall therefore have 


11 
= 22 Kc. 
2 | 8a 244 
D = « £0 3 
f 23 
1149. 
3 dre 
&c. 
: + &c. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
fuppoſe the quantity y to be taken. And therefore it will be true alſo when y 
is = o. But, when y is = o, all the terms involving y will be equal to o 
likewiſe, and the whole right-hand fide of this equation will be reduced to the 


two terms _ and =, of which the latter term ho is to have the ſign — pre- 
fixed to it. Therefore we ſhall have o r — =. Therefore the firſt term 
= muſt have the ſign ++ prefixed to it, and muſt be equal to — and con- 
fequently — (which is equal to =) will allo ve-= =, and 2B will be 
= 34*; and B will be = 3x ; or (becauſe A is equal to m) s will be 
— = = i 2 = 3. And, becauſe the ſign + is to be 
prefixed to the fraction _ in the equation © = _ — — it will follow 
that the ſame fign + muſt likewiſe be prefixed to the correſponding term 


= in the upper line of terms in the transformed equation y = , 
and; 


— 
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and to the ſecond term, =, of the aſſumed ſeries ay, — ——, 2. E I 
2, =, 2,2 3 + &c, from which the ſaid fraction — — is derived by one di- 
viſion by m, Is two diviſions by y, which cannot affect the ſign + or — that 


is to be prefixed' to it. It follows therefore that the ſecond term, — » of 
the aſſumed ſeries ), , S, , 2, 2, , 2, Ke, will be + L- 
or + 2, and conſequently that the two firſt terms of the ſaid ſeries will be 


2 
My + —. Q. E. I, 
CELEETTTTEEEENE Cer — —— 


The Inveſtigation of the Third Term, S, of the foregoing aſſumed Series. 


Art. 141. Since the fign + is to be prefixed to the term — in the equation 
mentioned in the laſt article, to wit, the equation 


ow 


| — — — —, &c. 
3A® Gapy Gacy® 
| S. 
| EY 3 2 
| | — „&c. 
98 Baly 24 
1 * e de. 
&c. 
11A 
Mt 2 &c. 
| &c. | 
L + &c, it muſt likewiſe be prefixed to the 
terms W, and 2755 „and =, in which the co-efficient x occurs either by 


itſelf or in conjunction with only the fuſt co- efficient A. Thereſore the ſaid 
— will be as follows: 


O = 
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£ + : 2 LF cy Dy : xc. 2 | 1 
— 0 2 "# N * f 1 
, mc3 | 


me mc 
„ | Gany SGA * ” 
- = Ta” and? Kc. 

—— — „ &c. 


— 84% 4a* py? | | We 
O — 4 — . : « 2 
+ gme* * &c 5 bg. ? 


a: 2 
* &c. 


But + — and — 2. deſtroy each other, and therefore may be left out of 
this equation ; and then it will be | n 


&c. 
— 2 25 &c. 
{ | | &c. 


Vor. III. 38 181 £1 Izhbere· 
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x 2 Therefore, dividing all the terms by Y, we ſhal] have 


Fre Dy 
r 


2me? ? 2mc3 ? 
3B*y 
6 Jae &c. 


q &c. 


c bas $43 1 5 
re 8 — — — on amy — — — — 
r — Therefore the ſaid three terms = — 


will be = o, or (becauſe 2 = 3) == == + _ will be o, and 


conſequently — — — — will be S o, and conſequently 30 — 94 = 
84 will be = o, or (becauſe Als=m,) 3c — gn + 8m will be = o, or 
(becauſe n is = g,) 30 — 27m + 8? will be = o, or (becauſe mis = V/2,) 
30 — 27 X V2 ＋ 8 XK 2x V2 will be S o, or 30 — 27 Xx V2 + 
16 * V will be S o, or 3c - 11 X V will be = o, and conſequently c — 


— will be So. Therefore the co- efficient e muſt have the ſign + 
"prefixed to it, and muſt be ———. Therefore the third term, 2, of 
the aſſumed ſeries ay, , 2, 2, 2, E, , , he, will be + 


11 X 2 X A or b4- 3 — ; and the three firſt terms of the ſaid ſeries will be 
1 ; | | 


3 2 
my + 3 + =. r bu. "4 


PIG A 


| 


— 4 


The Inveſtigation of the Fourth Term, , of the foregoing aſſumed Series. 


— — 


Art. 142. Since the ſign + is to be prefixed. to the co- efficient e, it muſt 
likewiſe be prefixed to the terms = and — in the equation ſet down in the 
beginning of the laſt article, to wit, the equation 3 


I : 4 . O _ 


AEVERSION/ OF INFINITE SERLESES. 


. 


: * 8 
89 4 
, 
* 


* 


1 + —=, 8 ca , | med 3 &c. 
— &c. 


+RE 4 ay 


2mc 2me® * , 2med ? 


equation will be as follows, to wit, 


L 


+ _ * =, &c. 
&c. 

We 
&c. 

a &c. 

B Cy Dy* : &c. 


2mc auc 2mc3 
+ =, &c. 
843y 244*ny> 
+ + Juecr + Ines » &c 
&c. 
„ 
&c. 
| &c, 
B cy Dy® 
. 
34 6aBy GAY 
—— 
843y 24A*Bpy*? 
* Je. 
&c. 
2 2 &c. 
&c. 


And then the ſaid 


But we have ſeen that the two terms + — 2 75 deſtroy each other, and 


that the three terms + — — = £ = likewiſe deſtroy each other. There. 


zus? 


3 8 2 


fore, 
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fore, if all theſe five terms are left out of the equation, the equation will (till 
be true, or o will be equal to the infinite ſeries 25, &c, — , &c, — 


=, &c, + . „&c, — . &c, or the ſum of the terms in this ſeries 


which are to be marked with the ſign —, and to be ſubtracted from the other 


terms, which are marked with the ſign +, will be equal to the ſum of thoſe 
other terms from which they are to be ſubtracted, _ 


And this equality between the terms of this infinite ſeries that are marked 
with the ſign —, and the terms of it which are marked with the ſign +, will 
continue it all the terms be divided by any number, or quantity, whatſoever. 
It will therefore continue if all the terms are divided by y*. Therefore we 


ſhall have o = the infinite ſeries > &c, — =, &c, — . xc. + = 


11A* 
—_ &c. 

And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the quantity y .to be taken. And therefore it will allo be true 
when y is = o. But, when y is = to o, all the terms in the ſaid infinite ſe- 
ries which involve , that is, all the terms of it that are repreſented by the 
ſeveral marks of &c, will become equal to o likewiſe; and the whole ſeries 


+ 1d 6ac E 244˙3 1144 
will become equal to the five terms — — —- — — — 


Therefore theſe five terms will be = o, and conſequently (multiplying them 


all by m,) the five terms D — << = — — * — —— will be = o. But 


Ge E 4 . 222 if S p 4e — N. — 

— 2 — 27 pe ＋ + bas — = D 
— ne —3 + a — EE =p—mc—E+8x2 * B — —< 
=p 3 — 2 4 165 — 22 D 36 C — 2 +16x3—2 = 


v 3 c — 2 4 48 — 22 2 3 2 26 = , 30 — 4 


+ zue 2 === zu x N A = D—wum' + = 928 


—1x2+ 2 = D —22+2 =d—S+== D — 2. Therefore Dd — 


2 will be = o, and conſequently the co- efficient ↄ muſt have the ſign + pre- 
19 


fixed to it, and muſt be = =. Therefore the fourth term, , of the aſſumed 


. 


ſeries 
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1 13 ö 7 
ſeries Ay, —, 7. FT = 2. 2. 2 * &c, muſt have the fign + prefixed 
to it, and muſt be = 2 5 - „ or . and conſequently the four firſt terms 


of che ſaid aſſumed — will be my + th N + 2 Q . 1. 


2 
- 
» f 


The Three Equations, by the Reſolution of which we may fad the neet hes 
Terms of the foregoing aſſumed Series. 


Art. 143. And, in Hke manner, the values of the three following co-efficients 
E, F, and o, of the three — powers of y in the aſſumed ſeries ay, 


2, S, I, =, =, ＋. 2 &c, may be diſcovered, and the ſigns + and 
—, which are to be prefixed to them, and which are conſequently to be 
prefixed alſo 'to the correſponding terms =, 2 and 2. of the ſaid ſeries, 


may be determined by reſolving the three fimple equations following, to wit, 


iſt, The equation 3, — — = ==, =, we, — 2 = o, or (prefix- 


ing the proper ſigns + 3 terms except the firſt term x, the 
ſign of which is not yet determined,) = — — A= 


e . g — e er 2 — 35 — 320 + B4'c + fas — 22% + 22% 


= 0; by the reſolution of which we may determine both the magnitude of 
the co- efficient x, and the fign + or —, which is to be prefixed to it, and 
_ is conſequently to be prefixed likewiſe to the correſponding term, 


5 2, of the foregoing aſſumed ſeries. 


| 2 s 6 
And, 2dly, The equation F , — , — D —, 2 5 244 © , ane 7 an M2 
S b. G635a% 122745 


2 =." = oat. 
334˙3“˙, , — = 0; by the reſolution of which (when the proper figns 
— and + ſhall VE been prefixed to all the terms but r,) we may determine 


both the magnitude of the co- efficient r, and the fign + cr —, which is to 
be 


c* 37 
= 0, or F, ZAE, 3BD, =, 8A*D, 10ABC, — ＋. 2240, 


— 
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be prefixed to it, and which is conſequently to be prefixed likewiſe to the cor- 
reipoacing term, „ of the foregoing aſſumed ſeries. 


And, ly” The. equation. o. — = 2, =, =, =, , = + —— , 
444 132A*BC 44AB3 63640 1 762455 $8747 * 


ä ̃⅛—⁰u gs 5" = Oy Or 0, $48, S088, 


2 r 127A 
3e p, 84's, 1643, 8ac*, S$n*c, 224, 664“ c, 22435, — 


„ 1274's), 


2. — = ©; by the reſolution of which (when the proper ſigns + and 


— ſhall have been prefixed to all the terms, except the firſt term o,) we 
may determine both the magnitude of the co-efficient 6, and the fign + or — 
_ which is to be prefixed to ak * which is conſequently to be prefixed likewiſe 


to the correſponding term, . of the foregoing aſſumed ſeries. 


| T be Reſolution of the Firſt of the Three foregoing Equations. 


—  — — 


Art. 144. The firſt of theſe equations is x — gap — 3Bc + 84*c + Bart 


— 224% + 2276 = o, or 3 A is =m,) E — 3 D — 3Bc + 8mc 


+ 898 — 22 ＋ —— = o, or (becauſe m* is = 2,) E 3mD — zue 
+ 16c + 8mB* — ebe — or E 3m D — 3Bc + 160 + 8 8 
4 = o, or (becauſe 3 is = 3.) E —3mD — 90 + 16c + 
72m — 132m + == = o, or E — gmD + 7C — bom + == = o, or E 


— 3mD + 7 — += or E — ZD + 70 — o, or (be- 


cauſe c is = —} E — 3mD + — * — . o, or — 350 + . — 


32 =0, r or (becauſe y is = 2 K — 3 & 2 


247m __ _ 57m , 247m Sri , 494m 4 
+ 15 * 2 — 15 = 0, or 8 — = + dg = 0 


* 
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_ 2 = Therefore the co-efficient x muſt have the ſign + prefixed to 
it, and muſt be = —, -and conſequently the correſpondent term, 25 of the 


aſſumed ſeries Ay, 2 , =. 2,2 . 3 * 2 6 2 , &c, muſt alſo have the ; 
ſign + prefixed to it, and will be = wi X 2 or 5 , and therefore the 
firſt five terms of the ſaid aſſumed ſeries will be my + 7 + _ + — 


+ . 427 


- 
1 1 
* 1 
* 
o 


The Reſolution of the Second of the Three foregoing Equations. 


_ _ LY Comm — — 


Art. 145. Glow ſecond of theſe equations is r, 3A, 3BD, —, 84*D, 16aBc, 
2. 224%, _ * , —_ = o, or (if we prefix the proper ſigns + 
and — to all the terms, except the firſt term r, the ſign of which is not yet 
determined,) F —. JA — BD = — 8a*p + 16430 +. = =; 224 1 


n 1 — — o, or (becauſe 4 is m) — 3ME — 335 


3” + D + 16 + — — 22 j 2 _þ — > — — = So, 
or 17 is = 2,) F — 33 — 335 — © + 160 + 160 + —_ 


— me + 254 3 — 254 = 0, or (becauſe Bis = 3) F — 3ms — 
go —E + 16D + 48mc + 72 — 44me — 594 + 762 — 254 = o, or 0 


3 + 70 — 2 + 4% — 14 = o, or (becauſe cis ==) 5 — gms 


= 14 o, or F — gmE + 7D — —— 


2 88 * 
+ 14 o, or F — 


l 


+ 2 — 4 o, or 302 + 7D — 


3mE + 7D = — 14 = ©, 3 W Oy Or F 


— 30 + 72 — 11 — 14 = o, or r — 3 + 7D — 25 = o, or (becauſe p 
is 
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* = r — 3 + Z—2; = 0,/or v 3% g o, or 


> gms + 2 = 6, or (becauſe x is = Wt) — 35 * ＋ = 0, or 


6 83 22 , 415 

* ＋ 2 o, or r — 15 f 4 = 0, or F 
— = = o. Therefore the co-efficient x muſt have the ſign + prefixed to 
it, and muſt be = EZ; and conſequently the correſpondent term, Z, of 


the aſſumed ſeries Ay, — FL, 2, 2, YZ, , . &c, muſt alſo have the 
igen + prefixed to it, and will be = ©? x £, or £2, and the fix firſt 


% noes? 
terms of the ſaid aſſumed ſeries vill be my + V+ * + 2+ LO 


309 % 
Too * Q E. I. 


—— . ——̃—— 
The Reſolution of the Laſt of the Three foregoing Equations. 


— | —  — 


Art. 146. The laſt of theſe equations is 6 — gar— 33E— 30 + 84% + 
364BD o+ 840% + 83'c — 22479 — 664i — 244% + . 1274's" 


— FA — = o, or (becauſe 4 is = n,) o — zur — gan — Zeb 
4+ 8m*s + 16mpp + 8mc' + 88'c — 22˙ — 66m'sc — 22mB + 
—— + 127 — me + — = 0, or (becauſe m is = V2, and 
conſequently m* is = 2, and m' is = 4, and “ is = 8,) 6 — 3m#.— 3BE 
— eb + 16s + 168 + 8mc* + B&*c — 44 — 132Bc — 22 + 2540 
＋ 25% — 76 2mB —_— = ©, or (becauſe B is = 3,) 6 — zur — gx 
— 3e ＋ 16s + 48mp + 8mc* + g2c — 44D — ggbe —. 594m + 2540 
+ 2286m — 2286 + LEE = o, Or — 3mF ＋ JE — 3cD + gmp + 


7 


8mc* — 700 — 894 + = o, or G — zur + 78 — cb + 4 
+ 8mc* — 70e — ED + — = o, or 9. — 3mF + 7 — 30 + 4mD 


3 
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+ Smc* nee + We = e, of (becauſe © i S 22) . ig 
e * = = o, or 6 — 30 4 76 
— 7 + 9D 


8 e or 6 — 30 + 78 — e 0 


iP 4 = o, or 0 — 30 + 1x 7 + 2259 


. 3.2 or © — uy + 78 — 70D 


+ 232? = 0, or (becauſe p is = 29 4 — N *r 
— hp, EiiSe org gods 63x 133m: 


1260 
2 * 2224 


7 2 = 0, ere guy 4. . non 4 897 — 0, or 0 gur + 


27 2190 
r ” 


* 
D 


"OX 2 


— "230X120 


f 4-5 


117,930 _. 15 — 4 I — 
Au o, or 6 go + 2005 = o, or 4s 2 =s, or 
* 16, 70 . | 2 
„ — B22 = 0, of nr or o — zur +. 
== = = ©, or (becauſe 7 is = = 21) 0 — 2 + ET = o, or 9 — 
| 315 X 921m 10x 16,706m __ 290,11 5.0 167,060m 2 0 
10X 315 17 ox n 10 & 315 LT FTTH 10xz315 © © or o — 
12305 __ ARS. 24,611m __ — 246b1m 
a = 0 0 Oe TE = o, or G a = * Therefore the 


co-efficient 6 muſt have the ſign + prefixed to it, | and' muſt be = * t 
W ee eee term, A. of the aſſumed fries 


ay, T, YT, % _ 2. 2, T. . E, &c, muſt alſo. have the ſign + prefixed 


wit, and vill be = 8 x , or #29, and the ſeven firſt terms of 


the ſaid aſſumed ſeries will be my TIE ITS 2299, 


+ gu, . E. 1. 


Art. 147. We may now conclude that, if no miſtakes have been committed 


in reſolving the foregoin * 2, or S c, or CK -CH, 
vor ne regoing <q 1 118 2 , 


3e 


£ 
# - 
. # 


I 
3.0 
» 7 


1. 


— f | 
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or the exceſs of the ſecant of the arch A G, or a, above the ſecant of the 
arch AE, or 45 degrees, will be equal to an infinite ſeries of which the firſt 
5 : 119# 10% 36 30 50 24,61 
ſexen terms will be h 2 + e ee e 
dee, and conſequently that c + , or the ſaid ſecant 8, or C K, itſelf, will be 
Fe ' : my? | 55 5 6 
equal £0 the, ſeries c o+ my + — 7 — +5 + — + EE. 
+ Ke. Q. k. 1. | | 


Now from this ſeries, . which expreſſes the length of the ſecant S, or CK, 
in terms that involve the powers of the arch E G, or y, we may derive another 
ſeries of terms involving allo the powers of the ſaid arch y, that ſhall be equal 
to 4, or the logarithm of the ratio of the ſecant C K, or 8, or c + 2, of the 
arch A G, or a, to the ſecant CH, or c, or Xx V, of the arch A E, or 
45 degrees, in a logarithmick curve of which the ſubtangent is equal to the 
radius C A, or r. This may be done in the manner following. 


Art. 148. In the aforeſaid logarithmick curve (of which the ſubtangent is 
eqpal to the radius CA, or ,) let two ordinates, or perpendiculars, to the 
axis, or aſymptote, of the curve be taken, that ſhall be equal to the two con- 
tiguaus ſerants Ci and CI, or Ci and Ci T tl, or 2 and e +2 + . 
Then will the difference of the ſaid two ordinates be to the little portion of the 
axis of the ſaid logarithmick curve that is intercepted between the {aid ordi- 
nates, in the ſame proportion as the leſſer of the ſaid two ordinates is to the 
ſubtangent of the curve ; that is, (if we denote the ſaid little portion of the 
ſaid axis, or the little increment of the abſciſs, or logarithm, /, which cor- 
reſponds to the hittle increment, 2, of the ſecant Ci, or c + 2, by J or the 
ſame letter / with a point placed over it,) à will be to / as c 2 is to r; and 


W 5 | 
conſequently 7 will be = = | 
But it has been ſhewn that the ſecant S, or c + 2, is equal to the ſeries 
my3 51mys 6 ,biimy? 8 
＋ A + + + Tr. Therefore 


it's fluxion, or increment, z, will be equal to the fluxion, or contemporary in- 


crement, of the ſaid ſeries c + my + 2 + = y- — * — * 20 + 
＋ Ke, that is, to tho fluxional ſeries my + — + = + 
19509 * 2 5 n &c, or my + 2 o L222 


Iocs 630c® 


24461 ly? 
630 | 


+ 2 + 2 + 52 + ee. Therefore r X 2 will be equal 
; ; : 8 - 5 . . to 
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„ul laſt ſeries; or (becauſe c is = 17 X Va, or r u, and conſe · 
quently is to — x the {aid ſeries, that is, to the ſeries c 9 + 2 * 
2 2 * 22 2 ries <p 2 + &c; e ee the frac- 


tion 5 (which is 3 to /) will equal to the quotient of the diviſion 
of the ſeries +2 + — + —2 + LY + EY + e &c, by 
the ſeries c + my + N. — + —— ＋ 2 488 D * 30 a "up? + 1 


locs z oc 


This Diviſion may be e in * falloving manner. 


7 ti 


308 Doe Iu 4 DISCOURSE on THE 


The Dijon of the anus + & + 22 + 39% 29. þ £22 + 297 + 2461196 


gocs 
Ge, by the Series c + my + — 4 = | 2 W + 30% + e 
Er. | 
| The Quotient. 
O +Y + ZZ +25 + 2+ = e ee, 


125 Diviſor. 


87 61 o  24,611my! 
E e e + EE ae, 


1. Dividend. 
cy + = + —— —2 + 2 1 52 222 obo LS 2 + 585 &c. 


+ mp + 2 + 999 4 . 2 1 0 


. + 4+ = + B92 + — + e de. 


— + 2% + 2 + 199 199 + —— 25 &c. 


+ EM 299. 4 00 


» oo 37 27 + 1499 DOE, +. v7 + 9999 "a 
22 — — EE 

8355 — + == —— — &c. 

* + 22+ 29) , 22 ET xc. 


80 oy 240% 
r 


* 


— 


# + gy + W 3 
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It appears therefore chat the quotient of the foregoing divifion is the ſeries 
5 + 2 + 7 + BY + WÞ + 1297 4/2998 we, or j + 27 2 
— 22 , 1922 * 
+ Ts + 2 + +» SES + Therefore 725, oi I or the increment 
of ds abſcifs or N I, will be equal to the faid fluxional ſeries y + 


YL 2+ E 27 + 2 + 22 c, and conſequently the 
fluent of the ſaid 3 vill be equal to the fluent of the faid fluxienal 1 


49 Ws 4 ] , Fizyly , 19529% 
ſeries y + + = 2 + + 2354 Temes + ee + re. Buche fuent 
of the ſaid n is ” itſelf, or the logarithm of the ratio of the ſecant 
CK, or 8, to the ſecant CH, or c, or r x V; and the fluent of the fluxional 


= 2 — + 995 + te, is the ſeries 
87 12 22 

18 ee Ni T JK De &c, or y þ 2 8 

e e ee. Therefore 1 the logarithm, I, — 


45mes5 31505 
* Vs, of the arch A E, or 45 degrees, in the aforeſaid logarithmick buy w__ 
of which the ſubtangent is equal to Fre - "os 


en F + 252, + 292, dec. 22 n CELL 


an © 313% ü 

Art. 149. "Since Fis = + x Vl, or r m, Cor. 2 have & = 277, 
and c = 4r4, and © = 87, andme(=m XK = = a, and m& (= 
me X c. = 27.X 25) = , and mo (= me Ne 44) = 85; 


and conſequently the foregoing ſeries y + = 2 + 4 + - 2 ＋ — + 5 


195297 2 D LY 

7 TCT 11987 
&, =5 . + ++ +2 bc. Therefore J, or the 
logarithm of the 1230 of the ſecant C K, or 8, of the arch AG to the ſecant 
CH, orc, orr x V, of the arch AE, or 45 degrees, in the aforeſaid lo- 


garithmick curve, of which the — is equal to * radius C A, or 7, 
243 7 
vill be equal to the ſeries y +£+E+2+E+ 22+ 727 bi 
1. 


Art. 1 50. 


56 4 Piogpynsp on, THE 
Art. 150. . Having thus obtained a ſeries of . nn the powers of 
m 1, 


"= arch . G, or y, that is equal to the logarith 


we muſt now, in the laſt 


place, revert the ſaid ſeries in order to obtain another ſeries, 2 of the 
rs of the ſaid logarithm 7, that ſhall be equal to the ou arch I, or. 


we 
his his may be done in the manner following. 


— 


pet 


1 1 * 


2. + 2 * 24" 63, which 


The Ref , teria A . . IE 5755 
OOO ORE een Cx. of the Arch AG 
to the Secant, C H, of the Arch A E, or 4.5 degrees, % Hue Quroe, of 
| which * N is 7 to the Kang 92 A, Orr 


+ 


: 1 3 
— * * — — . 


nb WY 0, 


Art, 151. Let us ſuppoſe that the arch EG, © or y, TEMA tothe forks al, 

2 2 . 2. . 2, mg ay this ſeries, and 

., 2, A A 5 n oro . let cries, an its ſquare, cube, 
fourth, fifth, ee e e — 5% ts Fs 


ay* 25 + 329% 


— 2. 
* and „,, in the equation / = 5 + ALES 5 


bc. This may be done in the manner filloning. 


BÞ cÞ pi uk 


If-we. raiſe the ſeveral powers of the aſſumed ſeries 1 2 25 . . . 


* 28 = 


p19 en So &c, by mukiphication, ve hall find that {35 39 gr" * g 15208 


7m? a 7 


vi e to the 8 eie 


ö | 


"+00 


— cle 24D 24160 24 ' 3 

[i * — . * A N & c. ; | 

h 1 gels e 
Th we 2B , N. "WR 


N ; 
| * 20 


10 


1 
, - &c. 


And 
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And that y- PROP to the compound ſeries | 
La , , , — 22. & 


3 | AB] Pe DE | 
e —.— x8 ® I &c. 
Nat * | 557 1 
Ti Feds ee ——— — 1 
. f OT _ 3 &c. 
8 de. 
And that y. is _ to the compound ſeries a i >. 
254 0 Alpi 
8 1 1 „ | — 4, —, , —— &c. 
GA ꝛfzA ce & 
kg _ 448% 
* 5 *F . * , &c. Be 
| 1 
a 8 the compound ſeries th © = 
4˙ * 2 Gf — 
* x Rn | 
Fa <-—- - "y * 2 _ — y * I 
je | ; -- 7 &c. 8 
» A a . . 1 
And that ) is equal to the compound ſeries 
q 4 
| . -, Keel 
| \ 4 | &c. 
And that )“ is equal to the compound ſeries | 
&. 


Art. 152. Now let theſe values of 5, y*, J's Ys *, , and Y', be inſerted 
inſtead of the quantities.y, „, 3% 34, 3*, 2 2”, themſelves, in. the equa- 


tion I 2 7 +2 +2 e LE —.— 5155 + &c, And the ſaid 


equation will thereby be transformed into the following more complicated 
equation, to wit, 


= = 


x 2anÞ: zach - 2zapl5: 24810 * 247 ge 
„„ 75 » , - 
BY# 28/5 2854 255 / 2 
ä dc. 
| c 20517 ; 
—_— 
24% 648 64e GA ' Gael &. 


ä 
a 648 12anc/* 1245517 fee... 


1 1 , ; 230 GA & 
| Ju "Fs 378 3 "7 3 C. 
* | Gn &c 
"yu — 0 | 378 » * 
24% Ba%p!s at ga 
7 * I TIT » 3 &c; : 
| TIF ME. — 1 — - - "& * 1 
_-. Fo Þ E 1151 bn 55 | 
ns 4 | KO ver 
| T | | La * xc. 
&c. 
325 —.— = 
: &c. 
5 . 
+ 2042 A Kc. 
| &c. 
| . | - il 1924517 c. 
+ ' 455 ? a5 *? | 
TY 4447 | * 
318% ? 
| &c. 
&c.. 


eomplicated ſeries that forms the right-hand fide of this 


for the-ſake of brevity, denoted by the Greek capital. letter Q. 
5 all have] = = the complicated {cries N. 
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- 


4 3 


The Iroeftigation a of the Firft Term, al, of the foregoing aſſumed Series al, 
l h p EI ri ol! nl" Sc, by —— of the foregoing transformed 


Equation | = the complicated Series Q. 


— —— 


Art. 1 63. Let all the terms of the foregoing transformed equation 2 


Q, or 
4 B c o f 
| Al >——> e „&c. 
4 2431 2c 2 
— , &c. f 
+ TY 
— &c. 
Ks 2433 _b6a*nl* K 
+{ RR 
&c. 
2 
+ * 1 - 1 
b &c. 
Kea, be divided by 4 And we ſhall have x 
Bl ela D[3 
e 
24 2 cl & 
e C. 
+ 1213 
1 2 &c. 
pu 24 G6a*nÞB 
| +7 EEE 
&c. 
IL 
+ $02 
* &c. 
&c. 


And this equation is always true, of how ſmall a magnitude ſoever we 
ſuppoſe the quantity / to be taken. And therefore it will alſo be true when / 
is =o. But, when J is equal o, all the terms that involve / will be equal 
to o likewiſe, and the whole right-hand fide of the equation will conſequently 
be equal to its firſt term 4. Therefore 1 will be equal co a, or the co- efficient, 


Vol. III. | . * 1 A, 


$t4 8 A DISCOURSE ON THE 


5 of the firſt term, al, of the aſſumed ſeries 4, , , , , , &Þ 


— co 


2, c, will be = 1, and conſequently _ ſaid firſt term, al, will be 
rt X l, or J. Q. E. 1. 


1 ——..—.— ——̃̃ ———— — . 


The Inveſtigation of the Second Term, —_ „, of the foregoing aſſumed Series. 


Art. 154. Since A is equal to 1, let 1 be taken from the left-hand 1 fe, 
and 4 be taken from the right-hand fide, of the foregoing equation 


q BY ola vll & 
| Az ” a= ® pe? » x3 9 C. 
AY 2413 24 
— 77 , 3 &c. 
2 
71 — 2 &c. 
&c. 
28 3 
24% G6a2pl3 
+490. »* 128 
ö 24 
+{ P09 &c. 
| Ke. 


+ &c. And the remainders will be equal 
to each other; that is, © „ will be equal to the complicated quantity 5 

BI ola 5. & 
r r 


A 293, 235, &c. 
+5 1 „Kc. 
| e 
„ 647 
+ _ _; &c. 
&c. 
244 
1 = , &c, 
&c. 


+ &c;z and conſequently ſome -of the 
terms 
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terms that compoſe this complicated quantity are to be marked with the fign —, 
and ſubtracted from the other terms of it, which are to be marked with the 
ſign + ; and the ſum of the former terms, which are to be marked with the 
ſign —, muſt be equal to the ſum of the latter terms, which are to be marked 


with the ſign +, | 


And this equality between the terms marked with the ſign — and thoſe 
marked with the ſign +, will, it is evident, continue if all the terms ſhould 
be divided by any number, or quantity, whatſoever, It wilt therefore con- 
tinue, if all the terms be divided by J. We ſhall therefore have 


| I v 
r —, —.— — &c. 
| 2 Bl 2c 
+ = x x» 
* _— * &c 5 
2 3] 6 28 4 
4 + 2 7 &c 
&c. 
+ 2 » Us 
&c. 
EY oy + Ke. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the quantity / to be taken, And therefore it will be true alſo when 
is = o. But, when !“ js = o, all the terms involving / will be equal to o 
- likewiſe, and the whole right-hand fide of this equation will be reduced to the 


two terms = and =, of which the latter term — is to have the ſign + pre- 
fixed to it. We ſhall therefore have o = — + — Therefore the firſt term 
— of this equation muſt have the ſign — prefixed to it, and muſt be equal to 
the ſecond term =, or (becauſe A is equal to 1) muſt be equal to _ and 


conſequently 3 muſt be = 1, as well as a. Therefore the ſecond term, =, 


g BY cÞ | , | 
of the aſſumed ſeries A1, ng _ >, =, £4 Is =, &c, (which corre. 


ſponds to the term in the leſt equation, 9 - + =, oro = — +=, 
and from which the ſaid term. - or — = is derived by two diviſions of it 


by J, which evidently cannot alter the fign + or that is to be prefixed to 
RY x it,) 
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21 


it,) muſt alſo. have the ſign — prefixed to it, and muſt be = 1 * 5 or 
and pe. the two firſt terms of the ſaid aſſumed ſeries will be Al — 
—, or — —, q. E. 
r 2 * 


£ 


The Inveſtigation of the Third 7 erm, =, of the foregoing aſſumed Series, 


— . __C_ 8 


Art. 155. Since the ſign — is to be prefixed to the term - in the equation 
mentioned in the laſt article, to wit, the equation 


— I 1 
r 
: ! P 
Fro Iams man © 
* = 
Kc. 
nw 2 A3] — | 
LY n 
| &c. 
2A 
+{ 5 Ke. 
- &c. 
. Ke, it muſt likewiſe be prefixed to the 


2431 64A ⁰2 
wet, and 575 
powers of a ; but the term — L muſt have the ſign + prefixed to it, becauſe 
— B X —B iS = ＋ B*, We (hall ue have 


„ In = the ſimple power of B is combined with the 


/ | 
61 — = —. — = „ &c. 
: I 5 
, 6e 
| MN | 2/3 & 
| * 7 , C. 
W 2457 GAB 
f r 
&c. 
ng 0 
+ + — &c. 
IEF - 
L + Ke. 


But 
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But the two terms — - and + - deſtroy each other, and therefore may 
be left out of this equation, Therefore we ſhall have 


1 2 = —, &c. 
| — — ==, &c. 
* 
—— &c. 
O = 231 6A¹ R 
+ re” PREY 37 5 &c. 
: 2 &c. 
24% 
| +l tar 
. '&c,\ 
&c, and (dividing all the terms by 1, 
I | 
I" r 
2 22, 2 &c 
4 * 
+ _ » &c. 
0 = 2 A3 ba*nl 
+ 7 Oc: 
- &CcCo 
1 
9 — : Kc. 4 
&c. 


And this equation will be true, of how ſmall a magnitude ſoever we may ſup- 
_r the quantity / to be taken; And therefore it will alſo be true when / is = o. 
ut, when / is = o, all the terms that involve / will be equal to © likewiſe, 
and the whole right-hand fide of the foregoing equation will be reduced to 


2AB 


the three terms 5. 2h =: + W Therefore we ſhall have o = = * + 


72 3 | 
= and conſequently (multiplying all the terms into ,) e — 243 + = ='0, 
or (becauſe A is = 1,) c — 2B + ry = o, or (becauſe Bis allo = 1, © — 


2 + _ = o, Or C — - 11 = o, or e — 4 = o. Therefore the co. eſſi- 


cient e muſt have the fign, + prefixed to it, and muſt be equal to 11 and 
3 : | conſe - 
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conſequently the third term, =, of the aſſumed ſeries al, 


rs cl! ul 


— — m — 
719 109 y7 ? 


ſeries will be 47 — — + 


— 


——— — 
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cis 
FX 


42 
„ 


„ 


5 21 
7 77 77 77 


&c, (which correſponds to the co-efficient e in the laſt equation 


Cc 2 = o, or + — 1 = o,) muſt likewiſe have the ſign + prefixed to 


it, and muſt be equal to + x =, or A, and the three firſt terms of the ſaid 


The Inveſtigation of the Fourth Term, 23, of the foregoing aſſumed Series. 


— 


Art. 156. Since the ſign + is to be prefixed to the co-efficient o, it muſt 


likewiſe be prefixed to the terms — and 


2c, 


foregoing article, to wit, the equation 


73 
I 
— 3 ”; „ & 
2 _ 2 1 6 & 
+ BY 
+ -, & 
pr] 
24? 6a*n7 & 
1 
41 
2 &c. 
r 'S) pl 
— we. &c. 
Py _ + _ „ &c. 
+ 1 
+ 5 „c. 
245 64 
4 — * — 7 7 &c. 
&c. 


or 


in the equation ſet down in the 
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. + —— — &c. 
| 2acl 
1 _ + 0 ws. -Þ & 
o = « ho : — 
245 A= & 
+ 57 — C. 
; &c. 
24 
- &c. x 
But the three terms + _ — = + = deſtroy each other, and therefore 
may be left out of the equation. And then it will be o = A &c, + = 
&c, + 2, Kc, — 2, kee, + 5, Ke, in which equation all the terms 


repreſented by the ſeveral marks of &c, will involve the ſquare, and cube, and 
other following higher powers of 7. 


Now let all the terms of this equation be divided by 7; and we ſhall have 
= 2 &c, + 2. Ke, + 2, tee, —= c, + =, &c, in which all 


the terms repreſented by the marks of &c, will full involve in them the ſeve- 
ral powers of /. 


This equation will always be true, of bow ſmall a magnitude ſoever we may 
ſuppoſe the quantity / to be taken. And therefore it will likewiſe be true 
when J is = o. But, when J is = to o, all the terms that involve-/, will be 
equal to o likewiſe; and conſequently all the terms in the ſaid equation that 
are repreſented by the marks of &c, will be equal to o, and the whole right- 
hand tide of the foregoing equation will be reduced to the five terms above 

2AC 6a*s 


ſet down, to wit, _ += + _ — + = Therefore theſe five terms 


will be = o, and conſequently (multiplying all of them by ,) the five terms 


D + 2Ac + B — = + = will be = ©, or-(becauſe A-is = 1) D + 2c + 


B— = + =wiil be = o, or D + 20 + B — 2B 1＋ 27 will be = o, or 
v 20 - 4 f vill be =o, or (becauſe » is = 1) D + 2C —1 + = 


will be = o, or o + 20— —+—vill be =o, or v + 20 — 4 will be 


= , 
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= ©, or (becauſe c is 3 = — — will. be = o, or D + - will be 
= oo. Therefore the co-efficient D muſt have the ſign — prefixed to it, and 


n. uſt be equal to ＋ And conſequently the correſponding term, >, of the 


„ ch p 's xs. ol! ul . j 
aſſumed ſeries Al, m_— 7 A ry 7, 779 &c, muſt alſo have the ſign 


0 E 1 t . 
— prefixed to it, and will be equal to 4 * 7 Or 2 and the four firſt 


3787 
4 q - 1 [3 - [4 | 
terms of the ſaid aſſumed ſerics will be — _ + i 2 . 


2 be Equations, by the Reſelution of which we may find the next Three Terms, 
i = , 5 „and . of the foregoing aſſumed Series. 


— 


Art. 157. And, in like manner, the values of the three following co-efficients 
E, F, and ©, of the three following powers of J in the aſſumed ſeries al, 
112 cis p els rs H u. | ED 


, y , , , , . &c, may be diſcovered, and the ſigns + or 
—, Which are to be prefixed to them, (and which are conſequently to be 
x15 pi 


prefixed alſo to the correfponding terms a ＋ cf the ſaid ſeries, ) 
may be determined by reſolving the three following ſimple equations, to wit, 
iſt, The equation E, 2AD, 2Bc, _— ==, =, 35 = o, or (if we 
prefix the proper ſigns + and — to all the terms except the firſt term E, 
of which the ſign is not yet determined,) E — 24D — 23 + =_ + _ 
_ + 25 = o, or E — 24D — 2BC + 24 + 243˙ — = += 

= o; by the reſolution of which we may determine both the magnitude of 
the co-efficient Ex, and the ſign + or , which is to be prefixed to it, and 
which is conſequently to be prefixed likewiſe to the correſponding term, 


% 


= of the foregoing aſſumed ſeries. 


5 And, 
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- 64% 3 
And, adly, The equation r, 24x, 2BD, o, . . ——. 


=, ==, _ = o, or F, 24, 2BD, c, 24 'D, 44, =, — 
4A*8?, ==, _ = 0; by the reſolution of which (after the proper figns 
+ and — ſhall have been prefixed to all its terms, except the firſt term r,) 
we may determine both the magnitude of the co- efficient r, and the fign + cr 


—, which is to be prefixed to it, * which is conſequently to be prefixed 
likewiſe to the correſponding term, = "7 Lac of the foregoing aſſumed ſeries. 


GAR 12a 64 Gaftc 


And, 3dly, The equation o, aar, zB, acb, 


ß 
$4% 24A ¹BC Baz? 1047 20413 192586 16647 


3 3 . K BY, Ra 

20D, 24*E, 4ABD, 24*C, 2B "©, 2 8 "84's e, =, SA — ey 222 
= 0; by the reſolution of which (after the proper ſigns + and — ſhall have 
been prefixed to all its terms, except the firſt term o,) we may determine both 
the magnitude of the co-efficient o, and the ſign + or —, which is to be 
prefixed to it, and which is conſequently to be prefixed likewiſe to the corre 


ſponding term, = =, of the 323 aſſumed ſeries. 


The Reſolution of the Firſt of the Three foregoing Equations. 


— —— n 
_ * = 
* ' l 3 o w 

. 4 - 4 p 


Art. 158. The firſt of the three foregoing equations is x — 24D — 28c + 


2A*C + 248% — _ + == = 0, or (becauſe A is = 1,) 8B — 2D — 2nc + 


1 A - 112 = ©, or (becauſe B is alſo = 1,) E — 20 — 2c ＋ 20 
cauſe D is = +) = ai =Þ = 0. Therefore the co-efficient Z muſt have the 


ſign. + prefixed to it, and muſt be = E 4; and conſequently che correſpondigg 


els en de x us ol ' ut 
term, A, of the aſſumed fories al, - = — CL 7 =, &c, 


Vol. III. 3 a | muſt 


sad 4 DISCOURSE ON THE 7 
muſt ſikowife have the fign + prefixed to it, and will be * * 
142, and. the ive firſt terms of the ſaid aſſumed dase h be {= + 


SITY . EL 


We Reſoluticn of the Second of the Three foregoing Equations, = 


FAEACT 


Am. 489. The fecond of the three foregoing equations is », aar, abb, c., 


8 | *; 
ZA*D, 4ABC, —. =, 44's, =, EE = So, or (if we prefix the proper 


figns + and — to all the terms, except the fuſt term v, the ſign of which 
is not yet determined,) 1 + 248 + 2BD + c — 24D — 1 


— 6 
Wo BE pax — 22+ £2 = 0, or (becauſe av = 1,) f + 28 


+ 28D + c* — 20 = 4e — += + 48* * . 


eauſe 2 is alſo = 1,) £5708. 4:09 +: 6 — 2D — 40 = = += +4 — 


* wo Wm — —— — 


n s, nee r . ee 


2k + re > has n 4x64 — 7 9 


= 0, or F + 28 + Z ='6, of (Bits 3s = =) 2 EE Wh we 


ee a = 4 57 1 0, or Fx; =o. Therefore 
the co-efficient 1 muſt have the fign — prefixed to 5 and muſt be = 


2. and eonfequently the correſponding term, = of the aſſumed ſeries al, 


x1* 
2, 2, , 2, 5 A, , &c, mult Tikewife have the ſign. — prefixed to 
it, and will be = 28 x 5, or rg, and the fix firſt terms of the \faid 


ſumed ſeries. will 6 — 8 ＋ — — 35 e 2. 2) 52 . 0 


Art. 160. Tt appears therefore that the arch y, or E G, is equal i es 10 


T 
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> 2 . 4 18 27 
1297 7 * 75 Ne, and conſequently that the arch AG, 
ora, or AE + EG, or & + y, is equal to the ſeries . + 1 — + + = 


— = 4 ms _ &c, agreeably to Mr, James GREGOR xꝰs aſſertion. 


— —__OO_—_—_ 
The Reſolution of the Laſt of the Three foregoing Equations. 


— ——— 


Art; 161, The laſt of the three foregoing equations is o, 2AF, 2BE, 200, 
2A*E, 4ABD, 2AC*, 2B*C, =, 8A*BC, == ==, ==, ==, =o, 
or (prefixing the proper ſigns + and — to all the terms, except the firſt term 
o, the ſign of which is not yet determined,) 6 — 241 — 2BE — 2CD + 24*E 


+ 4ABD + 2 Au? + 28B*c > __ n= Sano — abs _ _— = 


+ == = ©, or (becauſe A is = 1,) 6 — 2F — 2BE — 2CD + 2E + 
8D 883 10% , 208* 648 , 244 

2 2 — a — 8 — — — — — — — 

4BD + 2c“ + 2B'c : BC - - * - is. 
or (becauſe B is alſo = 1,) 6 — 2F — 2E — 2CD + 2E + 4D + 2C* + 2c 


8D 5, om, SS Ws 
FFF 85 Trs = o, or (becauſe 2E and + 


2E deſtroy each other, and 40 is = 2 and + 2c — gc is = —6c,and— 


=o, 


= +85 = +5) ar —20 +2 +20 —60=2 ＋ + 


18c 
S 3 
4 , 244 4D 5 
* ＋ F ff 
bo 4s .- 264 0. 


4D 
2F — 5 *. Ts © ns O, Or G 2F 2CD 
I 


24200 am = + — = ©, or cauſe c is = <= — — 
3 5 7 ans , I) 6 2F 20 X 


4 4D 60 
pats hp * 3 13 4 ” 1 7 3 9 


60 £ | 
7 + = = 0. (becauſe — = + © are equal o — , and + 5 and — = 
deſtroy each other,) 6 — 21 — = 175 = o, or (becauſe p is = 77 — 


. FF or 6 r = 200 +> + 20 — + ESE 
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my 7 160 u 8260.1 : 
2F —m— „% — +— 2 o, or — 21 — - + — = o, oro — 2F — 
: 5 : +37 „ or | 9 315 2 
r, ore — 2F 77 757 o a6 2F WE» %:X 


; x 
(becauſe t is = i) "Pom 5 — 88 * ax? 64s "A 
or — _ — 5 = 0, or G6 — — wy = o. Therefore the co-efficient 6 


muſt have the ſign + prefixed to it, and muſt be = 5585 And conſequently 


61? : e Dp aÞ. os 
the correſpondent term, , of the aſſumed ſeries al, , , , A. , 


16 77 


1 &c, muſt have the ſame ſign + prefixed to it, and will be = 928 
X Do or =; and the ſeven firſt terms of the ſaid aſſumed ſeries will be 


a 35. . 248. re 
, _— go © $55... 1 3157 1 


Art. 162. It appears therefore that the arch E G, or, will be equal to the 
. PR . . 
ſeries hn * 1 —25 + = — + 25575 &c ; which is the ſame ſe- 
ries to which Mr. James GRECORx, in the aforeſaid letter to Mr. Joux Cor- 


'LINs, dated in February, 1670-1, affirms it to be equal, but is continued' to 
one term more than Mr. GrEcory has given us. 


— 
— 


— 
— — 


Remarks on the Convergency of the foregoing Series of Mr. Tauzs GREGORY... 


———— —— ww 


Art. 163. It has been obſerved above, in art. 130, that, unleſs the loga- 
rithm / be conſiderably leſs than the radius, or ſubtangent, , the aforeſaid ſe- 


@ P * | 216 . f 
ries 2 +1—=+ - — = + = — = &c, will not converge with any 
great degree of ſwiftneſs, or ſo as to. be of much uſe in calculation. This will 


17 * 


appear more diſtindly by ſuppoſing 7 to be ſucceſſively equal to ⁊, 7. To and 
16 and obſerving the degree of ſwiftneſs with which the ſaid ſeries will con- 


verge on each of theſe ſuppoſitions. 


In the firſt place, therefore, let the logarithm 7 be = . 
INS 5 Then 
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| * * 5 Þ * 6 87 , 
Then will the ſeries T- + 2 &c, 


3157* 
| 2 5 12 475 7 1475 452. 714857 
be (= L SEATS 3* 16 z2x321* 45 & bar by 315 K 12e 
2 7 — = = =L +=— 

&c, 4 7 + a T 3 i © 35XD c,) N 

r r cle, | = 1787 4 * 7 — 1137 
DT + S > 5 43 720 + 10,080 &c, or +5 —_Þ 720 + 


72 595 &c. This ſeries, it is evident, converges very 1 


Secondly, let / be = og 


a . 4 2 4Þ 8 2 14Þ 4528 71485 
Then will the ſeries = + / _— „ 9 a &c, 
. . 
be (= 2 + 4. is ＋ —=—= 3 Xx 256r3 + 3 x 102 47+ 45 & 4090 * 
vr 1137 1787 


714877 1 AI IP n 23 »/ cl 
315 * 16,38 Kc, * IT 4 = + 48 768 * 1536 45X1024 he 315K 4096 
2 3 1137 1282 
Sl 16 48 76 ＋ 7520 2 46,080 7005275 3 


This ſeries likewiſe e but ſlowly. For the eighth, or 9 term of 


2 . Sor 1500r 18 


180th part of the ſecond term, it 


Thirdly, let / be = +. 


Then wall: the pope Me += — 8 +8 &c, 
wiz 3+ "3 e — + — = Fr + 
FTE noeggs Ac, S£ + - 5 + 52 — Ar + 5 
5 + ——— &,) = © 2 * — yn + _— 
„ 1 sf Y 


2,949, 120 165,150,720 
This ſeries converges with a ſufficient degree of ſwiftneſs to be of ſome uſe 


in calculation. 1787r . | . 1800y 
culation. For the laſt term, reges is nearly equal to . of 
Goor 6r 

to Ft 9 nnd 2 , or to —— a__ which is about one 11,468th part of the 

ſecond term, — ＋ 


But, 
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But, qthly, if we ſuppoſe / to be equal to only a 16th part of the radius r, 


2 . eee ace: , nnqhi ' 
the ſeries 2 + J 7 + 7” 375 + 34 = + 2 5 &c, will converge 
with a ſufficient degree of ſwiftneſs to be of conſiderable uſe in calculation. 


For upon this ſuppoſition the ſaid ſeries will be (= — — — Ae + 


L c =44 
3* 1605 3 * 16\4r3 3X 10 45 K 16ers 315 x 10. 1 16 
r 8 Tr 147 45 21 71487 ” 
n — 
256 3x16] 31005 25 3X16 45 K 160% 316 N16 * "We | 
2 —_ e 452r 71487 
250 + 4695 3 * 24,576 + 3x 65,536 45 x 1,048,576 W 315 x 16,777,216 &c, 
Re a DOT I 4 eds i ads Ed 
"=" + 16 256 + 3 X 1024 73,728 P 3 & 32,768 45 & 262, 144 + 
3 &,) 432 3 2 D 
315 X 4,194,304 2 1 250 3072 73.728 958, 304 11,796, 480 
2825 . om -- 
5 &c, of which the laſt term, COINS © nearly equal to 
1800r 6cor WET - r 8 ; 
—, Or [0 — o — — 
1,321, 205, 7600 n 449,401,920? * 4.404019 * 734, 04 which is about the 
45.87 5th part of the ſecond term, . 


| Now, when the logarithm 42 =, the ratio of which J is the logarithm, 


that is, the ratio of the ſecant CK, or 8, to the ſecant C H, or c, or r X V, 
will be equal to the ſixteenth part of the ratio of which the radius, or ſub- 
tangent, 7 is the logarithm, or to the ſixteenth part of the ratio of 2.7 18, 281, 
829,459, &c, to 1, or to the ratio of the ſixteenth root of 2.718, 281, 829,459, 
&c, to 1, or to the ratio of 1.064,494 to 1. Therefore the ratio of the ſecant 
CK, or 8, to the radius CA, or 7, will be equal to the ratio of 1.064,494 
to 1, together with the ratio of FX Va tor, or of V to 1, or of 1.414;213 
to 1; and conſequently to the ratio of 1.064, 494 X 1.414, 213 to 1, or to the 
ratio of 1:505,421 to 1; and conſequently the ſaid ſecant CK, or 8, will 
be = 1.505,421 X , or, if the radius of the circle be called 1, the ſaid 

ſecant will be = 1.505,421. But it will appear from a table of fines and 
tangents, that 1.505,421 is the ſecant of an arch of 48 degrees and 22 minutes, 
in a circle, of which the radius is called 1. Therefore the arch AG, or 4, of 
which CK, or 8, is the ſecant, will in this caſe be = 48 degrees and 22 minutes. 
So that this ſeries of Mr. James Grtcory will converge with a ſufficient de- 
gree of ſwiftneſs to be of uſe in calculation only when the arch AG (which muſt 
always be greater than 45 degrees,) 1s lefs than 48 degrees and 22 minutes, or, 
we may. rather ſay, than 48 degrees. Theſe limits are much narrower than 
thoſe that were aſſigned to this ſeries in art. 130, where I ſaid, upon conjecture, 
and before I had examined tlie ſubje& carefully, that it probably would not 


5 converge 
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converge with ſufficient ſwiftneſs to be of much uſe in calculation, unleſs the 
arch AG, or a, was leſs than 55, or 60, degrees. This ſeries, therefore, ſeems 


to be of no great uſe. | 


—— —— — 2 TR op 3 * 


Art. 164. The foregoing, inveſtigation of this laſt ſeries of Mr. Jauxs 
GREGoRyY is extremely tedious and laborious, as we have ſeen; though it is at 
the ſame. time, as I believe, the moſt ſimple and direct method, and the 
cleareſt in point of reaſoning, that can be taken for the diſcovery of that ſeries. 
But there js another. way of diſcovering the ſame ſeries, which requires much leſs 
arithmetical and algebraical computation than the foregoing method, and is 
therefore leſs liable than the faid method to errors in the operations, and which 
might be extended further than the former method has been, or ſo as to enable 
us to find more terms of the ſaid ſeries than have been above inveltigated, 
with much more eaſe than the foregoing method could be carried to the ſame 
extent. This method was communicated to me by my learned friend. Mr. 
GEORGE ATwoop, and is as follows *. | | 


Another Method of inveſtigating the foregoing Series of Mr. JaMes GancoRr, 70 


. * | *. Fad 
wit £ +1 = + $2 be + 56 Je for expreſſing the Length of 


the Arch A G, or a, by means of the Value, C, of the Arch AF, or 45 degrees, 
and of a Series of Terms involving the Powers of the Radius r, and the Loga- 
rithm, |, of the' Ratio of CK, or S, the Secant of the ſaid Arch A G, or a; 


to CH, or c, or I * + 2, the Secant of the Arch A E, or 45 degrees, in @ 
Logarithmick Curve, of which the Sub-taugent is equal to the Radius r. 


By GEORGE ATWOOD, Es d. 


— 


Art. 16 5. Before we enter upon the following inveſtigation it will be gon 


venient to premiſe the following Lemma. 


* This inveſtigation was ed by Mr. Arwoop in a much conciſer manner than it is in the 
following pages. But he has permitted me to enlarge and explain it in the manner I thought beſt ; 
and I have therefore endeavoured to ſet it forth in as full and clear a manner as I could, in order 


to make it ſimilar to the foregoing parts of this Diſcourſe. | 
A LEMMA. 


7 
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A L. E M M A. 


— 


If the ſubtangent of a logarithmick curve be denoted by a, and two ordi- 
nates, or perpendiculars to the axis, or aſymptote, of ſuch curve be drawn, in 
"any part of it, at a diſtance from each other that is equal to the ſubtangent a; 
and the leſſer of theſe ordinates be called i, and the greater of them be called e; 
and x be any fraction leſs than 1, ſuch as 75 5. = I 7 &c ; the ratio of 
eto will be equal to the ratio of the infinite ſeries a + na + * + 5 7 
n 154 152 274 


„ err &c, to a, or to the ratio of the infinite ſeries 
2˙3·4 5 2.3·4˙5 > 2:3-4+5+ 1 2. 3.4.5. 6.7 x 


* 
— 5 


es £4 Ee 2+ is 


us 17 
2.34 2.3.4.5 2+3«4:5-0 D 2.3-4+5-047 you | 


CW 


DEMONSTRATION. 


* 


— —„ 


It is ſhewn in my Elements of Plane Trigonometry, art. 354, page 470, 
that, if the ſubtangent of a logarithmick curve be denoted by the letter a; 
and an ordinate to the axis of the ſaid curve be taken that is equal to 
the ſaid ſubtangent, or 4; and another ordinate be taken in the ſame curve 
chat is greater than the former ordinate, or a, but not greater than 24; and 
the difference of theſe ordinates be called x, ſo that the ſaid greater ordinate 
hall bea + x; and the abſciſs of the axis, or aſymptote, of the ſaid curve 
that is intercepted between theſe two ordinates @ and a + x be called z; the 
ſaid difference x of the ſaid two ordinates a and @ + x, will be equal to the 


FR $ . 2® * 2+ * N er — 
infinite ſeries 2 + - + 23.5 + 2.3.4. a5 * 2. 3.4·5· a + 2.3. 4.5.6. 45 * 2-3.4-5+6.7.08 


+ &c. Therefore a + x will be equal to the ſeries a + 2 + = 121 


2. 3· a* 
2 25 "a | 27 : ' 
IT E577 * qi 7 oa 7 = 10 the to of & + x 


to @ will be equal to the ratio of che ſaid ſeries a + 2 + = + * 
* — 1 s 


27 , X 
2.3. 4· a + 2. 3.4. 5· a5 T 2. 3.4.5. 6.45 + 2:3-4-5.6.7.0 +. &C to a. Therefore 2 (which 
is the logarichm of the ratio of a + x to a) will alſo be the logarithm of the 


. : * z3 . 25 all 
ratio of the ſeries 4 + z + 25 ＋1 9 TW + a * TILES 


7 


2 
: * 2.3.4˙3˙6•7. 


7 + &c to a. 
The 
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The logarithm s of che ratio of 4 + A to 2; when is of the greateſt mag- 
nitude above- ſuppoſed, or is equal to a, is the ſogarithm of the ratio of 4 ＋ 4 
to a, or of 24 to a, or of 2 to 1, which is o. 693, 147,180, &c X 4. There- 
fore it-eannor..be conchuded from the reaſonings uſed in my Trigonometry to 

; * 2. K. a % we * g | | | | 
e fri tet agg ns ht Gd 
ſeries is equal to x when x is Re than 4, or when 4 ＋ * is greater than 2a, 
or When 2 is greater that! the logarithm of the ratio of 24 to a, of of 2 to 1, 
or than o. 693, 147, 1800 & C, & 4. Nevertheleſs it is true (as I believe, ] that the ſaic 
ſeries is equal to x when x is of any magnitude how great ſoever, as well as whe 
it is not greater than @; and conſequently when the logarithm z of the ratio ot 
6 + #306 is, equal to any, quantity, hap gran fey ere, 36, Well 63 when It 1s not 
greater than the logarithm of the ratio of 2 to 1, or than 0.693,147,180, '&c, 
* a. And more eſpecially it is known to be true when the logarithm z is 
equal to the ſubtangent 2. See the Scholium in the, firſt volume of this Col- 
lection of Tracts, called Scripiores Logarithmici, art. 15, page 357. But, when 

| : | ** : 


„. or. + — 3% tad +; > 202} 20 1098:: 73 02 i | 
2 is a, the ſeries 2 + 3 + — + 2 + &c, 
KY a> 23 8 as — 

pony 3 Lo be T 2.3· a. LIT i 2.3.45. ks 2.3.1.5. N 2 1 


; a 242 I: {Che 3-4 a a | 
r HTA Deer 6 and the eng 9h puck 

— 2's 25 x6 h . 
Hate r. e = e+e + 


2 PCH & a _ my — 1 1 . 

—— 2.3% 4d- 23-45 + 247 + &c. And therefore a, (Which is the value 
of $;to-qhat <alp,) will be the ih , cet the hug lene 

- — * 42 8 2 a —, . 11 91 2 f | Gt | 

A 2 + 2+3 + 22 * 2 23.4.8 e, oy 4, or of the ratio of 

2.718,28 15828, &, X b | 


: * & 


44 4, 01 od Itty & 07 


* * ' 
; 2 — — — ab — PR_ 


15 . + — en + » 29419! 2d1 to oils if A. 
Now; fitce the logarithm 2 is the logarithm of the ratio of the ſeries 6 + 2 
2Þ 23 20 z5 . { f 
RS 8 SONY + 11 to a, yhen 1 k. of any magnitude 
whatever not greater than the ſubtangent a, (for there is no occaſion to inquire 
into the truth of the Propaſition” when E is greater than a, though I believe it 
will; be true alſo in that caſe ;) it follows that, if we take any other logarithm 
leſs than a, and denote it by the letter 5, this new logarithm y will, in like 


. . ad 3 © * 75 
manner, be the logarithm of the ratio of the ſeries 4 + y + > +220 


1 
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Now let us ſuppoſe that y is = na, dec dhe the lubrangent @ in the 
proportion of the fration # to 2. | 


Then wilt eee esa + &e, be 


— nat —— — 
(= 4 + na + T WS 44S 
58 JJ ² and conlegnean.9y We 96, wil erer 


ene + = + => + &c, 
to a. 


But the ratio of which 1 is we benim, muſt 1 be to the ratio of which 4 


is the logarithm as s is to 1. mY 
. 


Therefore the ratio of the ſeties's + na 7 * =+= 


. 2 
to a, muſt n Ian Ir hc -.+ er 


2•3·45 
&c, to à as n is to 1. 


But the ratio of the feries a + 42 + — = + > — 3 + + ws &c, to a, 


(of which the fubtangent à is the logarithm) is equal to the ratio of e to 5. 


| Therefore the ratio of the erte „ 4 2 + = + +++ =, + 
uy to-& will be to the ratio.of & to f as f is to. f. ' 


But, by the nature of powers and their indexes, the ratio of : 0 will be | 
to the ratio of e to J in the ſame proportion of to 1. | | 


Therefore the ratio of. to 3" will be to the ratio. de 3, in the ſame 
proponion as the raio of the ſeries « + ns + F + ff + 2, + te + &c 


to 51s to the ratio of 6 to 3. gor I 15 Ob 


N the ratio * * — vill be equal to the ratio of the ſeries 2 + 


= _— S emen 
17 
eee 1 + 1+ 4 Zh Wy aa 12 


T &c to 1. 


A N. 


. © 
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A Remark on the forgolng Lemma. 


Ar. 166, It ſeems probable that this Propoſition is true alſo when # is any 
whole number, or any fraction greater than unity, as _ 7 * &c, whatſo- 
ever, as well as when it is leſs than 1, But, when it is greater than 1, the nu- 
| FORTE 2 9 of n+ W 
nag » Ns CRAM LT IST EIT. 
* . * , . . 
4 + i + &c, will diverge, or increaſe, continually, though their 
denominators will at the ſame time increaſe till faſter, ſo as to make the terms, 
in ſome part or other of the ſeries, become converging, or decreaſing, quanti- 
ties; as is ſhewa in the firſt volume of this Collection of Tracts, Scrip- 
tores Logaritbmici, art. 15, pages 357, 358, and art. 397 40, and 41, pages 
377, 378, and 379. But,“ whether this Propoſition is true, or not, when 2 
is r than 1,” is a queſtion which it is not neceſſary for us to examine 
on the preſent occaſion; it being ſufficient for the purpoſe of the followi 
— that it is true (as it has been juſt now ſhewa to be,) when » is leſ 
abr, bas f | 


» 
, * 
% 


* — — — 
* + X ” * 2 
——ä— — 
1 * 
* — 
1 
89 * 9. « „ . by : 


The foregoing Loma adapted to the Notation of Mr. Jauzs Gazoonn's Serjes. 


„„ * 


Art. 167, In order to adapt the notation of the foregoing Lemma to that of 
Mr. JaMes GA ſeries; (in which the ſubtangent of the logarithmick 
curve in which the logarithm / is taken, is ſuppoſed to be equal to the radius 
C A, and is denoted by the letter '7,) let r + ſubſtituted in it inſtead of 4. 


And then the ſaid Lemma will be as follows, to wit, that the ratio of “ to 3 
will be equal to the ratio of the infinite ſeries 7 + wr + "+ _ — 2 + 


vr Sp bir 2 » 
72 * 1 * . 3 * 7 PFs 15 to the * of the infinite ſeries 

| LY hes. 
T0 Foto tinting iow Ting, T acne 


+ Ti 


3Y 2 N Son. 
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A Deſcription of the foregoing Series of Mr. Jaws GREGORY, 
..... ——— — 


Art. 168. Theſe things being premiſed, we may proceed to the conſideration 
| far foregoing ſeries of Mr. Jauzs GRESORT, which may be deſcribed as 
wm; 5 . hots by Patt. vas 10 enn Sod w 


Let 3 denote the length of an arch of a quadrant, or of 90 degrees, in a 
circle of which the radius is 7; and let = conſequently denote the length of an 
arch of 45 degrees, or half a quadrant, in the ſame circle. And let à denote 
the length of an arch in 2 circle that is greater than 25 but leſs than g ; 
and let y denote the exceſs of the ſaid arch a aboye the arch C, or 45 degrees; 
fo that a ſhall be equal to — +5. And let e denote the ſecant of the arch ry 
or 4.5 degrees, and S denote the ſecant of the arch a, which is greater than 
grees, And let J denote. the logarithm of the ratio of the ſecant S to 
the cant & in a logarithmick curve, of which the lane is equal to the 


radius 7; or, in other words, let I denote the abſciſs of the axis, or aſymptote, 
of the faid logarithmick curve that is intercepted between two ordinates, or 


perpendiculars to the ſaid axis, that are equal to the ſaid ſecants S and c. 


Mr. s Gx EGORY A „ the circular arch 
22 | . . . 4 3 Lad 1415 45215 
| ual to the infinite ſeries £ »ͤ% W „4 
4 will be eq | "Bas 1 5 
&c;"whenee it follows that the arch 4 — or y, will. be equal to the infinite 
4 4 7 1415 45 215 Thi by , , 
C is therefore is the Propoſiti 
ſeries 5 7 + 3 — —— ——.— PO On 
which is now to be demonſtrated. 
0 111 01 Sans. þ 4409 TOY 11008 | 20 'TI | 's 
0D —— —.-ö˖—N—̃——ñ;èÄ — — 
suis 361 01 lebe 1 | 51 21 [248 14 cy 
» Mr. ATwoor's Hroefigation of the foregoing Series of Mr. James Grzcony. 
* O07 "2 10 int „ 14 — EEE Lern | 


=> 


. : 
k 
„ + þ 


' Art: 169. (Let the arch AG, or AE + EG, or C + y, be ſuppoſed to 


increaſe from AE to AG, by the continual addition of a great number, as, 
for example, ten thoufand million, of very ſmall and equal parts, each of which 
is denoted by y, or the letter y with a point placed over it. And let all the 


ſecagts of the ſeveral arches £ + 5, & + 25, 4+ Y. 4 +4) + + 55. 
&c, 
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&c, that lie between the arches A E and AG, be conceived to be drawn; of 
which let Ci and CI repreſent any two that are contiguous to each other. 
And let 8, or the letter S with a poiat placed over it, denote the difference 
k1 of the ſaid two ſecants, or the increment which the ſecant Ci, or 8, receives 
while the arch E G, or y, receives the little increment FF, or y. 


Then will S, or the ſaid increment of the ſecant Ci, or S, be to 5. or the 
contemporary increment of the arch EG, or y, as the rectangle under the ſe- 
cant Ci, or 8, of the arch A/, and the tangent Ai of the ſame arch, is to 


„ 


the ſquare of the radius C A, or 7, that is, as Ci x VCH CA, or 


S x ,s , is torr. And conſequently y S * Vir will be 


rr Xx S, and J will be = —=2==, Therefore the arch EG; or 3, 
| s X 4/8 ri f 

which is the fluent of the fluxion, or little increment, 5, or the ſum of all the 

ten thouſand million of little equal arcs denoted by y, will be equal to the 

fluent of the fluxional quantity ——— 


Vis — ITT 


„or to the ſum of all the ten thou- 


fand million of little lines, or increments, repreſented by the expreſſion 


— r —— 
8X 8er 


which correſpond to the ſame number of little arches denoted by . We muſt 


rr X $ 


therefore endeayour to find the fluent of the expreſſion 


— — . 
8X „es — rr 


Art. 170. Let I, or the letter / with a point placed over it, be put for the 
increment which the logarithm / of the ratio of the ſecant S to the ſecant c, in 
the aforeſaid logarithmick curve, receives, while the fecant S, or the ordinate 
to the axis of the ſaid curve that is equal to the faid ſecant, receives the ſmall 


increment S. Then, by the nature of the logarithmick curve, the increment 8 
will be to the increment / as 8 is to the ſubtangent 7 ; and conſequently S x / 


will be = r x 8, and I will be = 2, and (multiplying both fides into r,) 


r x | will be = > 


| Therefore the fluxional expreſſion =p — = , of which we are endeavouring 


to find the fluent, will be 
| ss — Fr 


Art. 171. Let e and 6 be any two ordinates to the axis of the aforeſaid loga- 
rithmick curve that intercept a portion of the axis, or aſymptote, of the ſaid 


curve that is equal to the ſubtangent r, and of which conſequently the faid _ 


ſubtangent r is the logarithm. 


Then, 
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Then, fince / is the logarithm of the ratio of the ſecant S to the ſecant e, 
and the ſubtangent r is the logarithm of the ratio of the ordinate : to the ordi- 
nate 4, it follows that the ratio of the ſecant S to the ſecant e will be to tho 
ratio of the ordinate e to the ordinate & as J is to r. | 


Now let be a fraction, leſs than 1, that bears the ſame proportion to 1 
as the abſciſs, or logarithm, / (which is neceſſarily leſs than the ſubtangent 7,) 
bears to the ſubtangent r, | 


Then will the ratio of the ſecant $ to the ſecant e be to the ratio of the or- 
dinate # to the ordinate , in the ſame proportion as the fraction W is to 1, 
Therefore the ratio of e to 5 multiplied by the fraction , will be equal to 


I X the ratio of S ta c, or, fimply, to the ratio of S to c. 

But, from the nature of powers and their indexes, the ratio of - to þ mul. 
+ tiplied by the fraction u, will be equal to the ratio of / to 3”, Therefore the 
ratio of “ to & will be equal to the ratio of 8 to e; and conſequently the ras 


tio of e* to 4** will be equal to the ratio of 88 to ce. 
a But cc is = 277, | 


Therefore the ratio of * to Fad will be equal to the ratio of $$ to err, 
or SS will be to 27 as „ is to 3˙ Therefore $$ will be = zry > = 


Therefore, if we ſubſtitute ary x = inſtead of 88 in the equation 5 = 


. we ſhall „ of which expreſſion wo muſt 
| | v | arr X 
5 * 


therefore endeavour to find the fluent, | 
Art. 172. Let u be a fraction equal to zm, or twice the fraction m, and let 


f 1 rx / 
it be ſubſtituted inſtead of zm in the laſt equation, Þ = ———== 
| are * 2 5 


and we foall chen have jr Ln, 


1 
er 


Now, by the foregoing Lemma, tho e of . 2 #* is equal to the ratlo of 
the inne fees 3 + #8 + © 7a 7 330 T rae F Thank } Tory 
+ &c to 1+ Therefore the fraftion = will bo equal to the infinite ſerlet 


17 


— 
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nd #3 * as 18 N : ; 
r orgy: 
ſequently arr x pou be = arr x the faid infinite ſeries 1 +# += + = 


We 

* 234 t ee aan + & = in + 4 + 5 + 

2ndry 2n%x 22775 

e | 

be equal to the infini —— 22 — ....... 2 

pag o the infinite ſeries * + +3 8 225 3 
2171774 


24.3.45˙6 » 2.3-4-5+0.7 


+ &c, and 2rr x ry vil 


1 
+ &c. 


But, becauſe the fraction m was taken to 1 in the ſame proportion as / to 7, 
it follows that m er will be equal to 1 Xx , or /; and conſequently that 


am X F, or # * „, will be = 21, and that # will be ==, Therefore, if we 


ſubſtitute Z — inſtead of n in the laſt infinite ſeries, we ſhall have 2ry * — — . 


= the lnfliefres . t e K 4 x f 4 8 2 * 1 75 * * — 
+ Ex g e &c,. = rr T2. ax 
ee en © ee ene e = 
* n e 5 . e * ragagn „ 1 


(if we put the 480 letters A, = D, E, F, G, H, I, K, L, &c, for 


th eral co- efficient 8 . — 
e numeral c tents 1, 4, 4, 75 Ty ey ne , &c, reſpec 


nh) + WE Ee We Ee EW Wn 


2K/® ＋ 210% 


+. x + == _ in a the numerator of every generating * 
—_ 7” 2 TD — I's _ * = —, &c, after the ſecond term 4477, 


or 47, is 2, and * denominator of it is * to the index of the _ of / 


wn. "of 


in the term verdad by ſuch generating fraction. Therefore Jl 2rr x — — 


a® 
or the ſquare-root of the binomial: quantity 277 X * — rr, will be equal to 
b - 


16 3205 
34 —˙ 34. ⁰0 
| — 


the ſquare-root of the infinite ſeries rr + 4 + 4 + = 
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+ = 2 pg be found to be dhe ſeries # + 47 


OR 2667 3805 $3:8247 
+ * 4 5 r + T3 3228 


be reduced to 8 be — r Ps 21 + * + — — + 


15 
we Wb e bc. Therefore 1 eee 
| ty 27 x E rr 

FX 5 | 
quotient of the diviſion of r/ by the infinite ſeries r + 21 + * + = — = p 
64015 2816 


— — — + —5 = &c, which will be found to be the infinite ſeries ! — 
157% 37 Ji N 


21 198527 o! goal 71 9 133,736 
1 "Pp 122 2 TT an Ke. Therefore 5, or 
the LF of the arc E G, or y, (which has been ſhewn to be equal to —_ 


expreſſion ) will be equal to the fluxional ſeries "90 = + 


an * 7 5 214887 — 2357867) 
5 ＋ ng * & e. And conſequently the 


arch E 6. or 3 "ir (which is the fluent of y,) will be equal to the fluent of 
2.9 2817] wy 457 114801 
the ſaid Auxional ſeries — — + 7 I = - = + IT. 


1611. 2 288 70 
BUILD + tec, that is, to the ſeries I = Z + 4 ATT 58.- LE + 


; 47 
71487 e + 86, [= . e 


7 Kh... 315 * 9 45¹ 31578 
_ 


Art. 173. The foregoing 2 of extracting the ſquare- root of the i in- 


N. 26 32... 7 6415 1287 
Gaite ſeries * + qrl * 4 + 5 — + 7 rr 3-4-5.77 + 3+4+5 0.7% * 7 3-4-5 3-4-5-6.7.15 


+ ke, may be performed in => mm — 


The 
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The Extraftion of the Square-root of the infuite Series rr + ar + 4 + - +28 


321 6415 12877 
* 3·4.5˙· 5 LT 3+4+-5+0.14 + 3˙4·5·5. 7.5 * Se. 


Fake Square-root. 


— --- 286 3360¹⁴⁰ 3.9247 
(7 + 2 + 0 op = zr® — 755 + 34.5. F J - Neyo 875 &c. 
as Square. | 
. 225 64¹ 1287 
1 +2 * > ee © 3-4+5+0o7.18 * 
* 
e 
zr ＋ 20) 117 
8¹⁸ 1614 
ar +4/+*) 2 + 5 345 
8Þ 10% 25 64¹ 
r! +: po 
2r + 4l + © + =) * 3.65 3.4-5-7 3,88 
— — 1 * oY | 
57 3. 3.3— 
12/4 3265 $7616 128. 
F * a ů ů 
2r +41 + * + 5a Kc.) | * ll — * 
mor — ar — ——— —-- &c, 
gor® 3+2.73 3.2.3. 15 
* 5126 . 6761s 13,568/7 & £5 
34.615 JA. © Teas ba 
EE 3 
3˙4.5· * 3.4.5 14 cat . 
2 * 672005 13,568/7 45H 
| |  2-4.5-0.r* 6.7.55 1 
27 + 4/ + &c.) 3 4:50; = 35 by 
3.4.5.6 0 3-4:5.6.75 x 
"oP + 2076480 ener a 
. 
* D 
e + 3-4+5+0.7+ 778. © 


Vol. III. 3 2 If 
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If the terms of the ſquare-root obtained by this extraction, or of the ſeries 


| * 41* 1214 25615 33601* 53 82417 
BESS ＋ 35 ann © νε i ＋ Tse. n 


duced to their loweſt denominations, the ſaid 1 will be =r + 21 + * + 


3 64/5 28/8 622877 
” 7 Ep. 30 3167 


Art. 173. And the foregoing * 2 by the foregoing ſquare- root, or 


the infinite ſeries r + 21 + * + — Is 24 795 — . + —— &c, may 


315 


be performed in the manner following. 


The 


—_— 9 
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The Diviſion of rl by the infinite Series r + 21 + * +S— = + = 


6728/77 : 
＋ zr 3787 : | 


The Quotient. 


-c 


37 un! . 5 
8 218 xy 2 — — + _ 2 Be 4 —— ** Rs Woe 
The Diviſor. | 
413 214 6415 28/15 672817 
Aenne 9 Jr Kc.) 
The Dividend. 
rl ol * * * - * * 
jo 21 6qpt 9% % 6728 
r 
7 214] 6415] 2815/ FRE Re 
37 75 157 378 31 57 a 
2 8147 j 8157 ' $611 
= — = * = = += 77- + —— 
«pal, nd nol , 2088 eee e 
r zrÞ z3r3 157+ 1575 31578 p 
4Þl 81} „ 1681 8 256117 
+ =>+ = + * —_ EY &c. 
„ 2877 14h 20% 388 15,0847 
gr* 373 157+ 1555 37575 , 
28h gol _ 11215] 8621 . 
Ft] gr? FR zr3 Fe 9e + 376 - &c. 
* 2 70 2045] ; 17241 23s A641 8 
370 157% 457 31 7 Ke. 
708] ons Sort] 
+ 254+. - 1 
* 904¹ 17248 * "i 
757 op 405 2 &c. 
N er 0 
K 1575 
o + 71486] _ 33,664 &c. 


N 
e 
Nan — . — & 231 
— e c. 

3 Z 2 i: Art. 174. 


. ? ** 2 Pg ry * e 2 
* a 
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Art. 174. The reader cannot but obſerve that the ſeventh term, e „ of 

: 1 7148/7 16,17 a 
the ſeries / - + 27 375 rs — 4577. + 3197 — Tr &c, obtained 
by Mr. Arwoop's Inveſtigation, is ſomewhat leſs than. the ſeventh term, 
7428/7 


315 


. 5 4/3 7 14/5 452ʃ6 7428/7 a 
5 of the ſeries / + * 37¹ Irs — 4515 ö gr &c, obtained 


by the former inveſtigation, the difference being Sy „or 25 or ©, There 
muſt therefore, as I conceive, be ſome miſtake in the arithmetical operations 
of one of theſe Inveſtigations. And I ſuſpect it to be in the operations of 
the firſt Inveſtigation rather than in thoſe of the ſecond, becauſe of the greater 
number and intricacy of the operations uſed in that Inveſtigation than in this 
laſt. I have, however, examined all the operations of both Inveſtigations, 
over and over again, with great care and attention, but have not been able to 
find where the miſtake lies. So 1 leave the diſcovery of it to the induſtiy and 
ſagacity of the curious reader. We may obſerve, however, that, as the two 


feneſes co-incide in the firſt ſix terms, to wit, | — - + 75 — = = 3 
= &c, (which are all the terms given us by Mr. JAuzs GrecoRr,) they 
mvtually confirm each other ſo far, and leave us no room to doubt that theſe 
fix terins have been rightly aſſigned. 

Art. 175. I have now gone through all the ſerieſes relating to logarithms and 
circular arches that are mentioned in Mr. JaMes GrEcoryY's letter to Mr, 


CoLLixs, dated in February, 1670-1. The inveſtigations of them are ab- 
ſiruſe and laborious ; as we bave ſeen : and particularly that of this laſt ſeries 


p OS x SS... ONE. } > = eV. . 
1 77 nz tg &c, Nor can this ſeries be of much uſe in 


calculation, unleſs / be leſs than the 16th part of the radius r, and the arch 
AG (which is neceſlarily greater than 45 degrees) be leſs than 48 degrees; as 
has been ſhewn above in art. 163 : which reduces the utility of this ſeries within 
very narrow limits. It was therefore, perhaps, hardly deſerving of the pains 
I have employed in inveſtigating it. But in this ſcience inquiries are often 
thought curious and intereſting independently of any uſeful purpoſes that they 
can be applied to. And, as this ſeries was invented by the famous Mr. James 
GREGORY, and was by him thought worthy to be communicated to Mr. CoL- 
Lins and the other Mathematicians of that time ;—and, as it has ſince re- 
mained without a demonſtration, as I believe, for near a century, till at laſt 
the late Mr. EMR W gave a very conciſe demonſtration of it in the ſecond 
edition of his Elements of Trigonometry, publiſhed in the year 1964 ;—I 
thought it might be agreeable to the lovers of this branch of the Mathematicks 
to ſee the foregoing full inveſtigations of it, (as well as of the other ſerieſes of 


Mr. 
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Mr. JAurs GRE OR x, relating to logarithms and circular arcs, contained in 
his aforeſaid. learned letter to Mr. Col uixs,) in this Collection of Tracts 
which relate expreſsly to the ſubject of Logarithms. But, I hope, we ſhall 
meet with nothing of the ſame degree of difficulty in the remaining part of 
this Diſcourſe. | - 


End of the Inveſtigations of the foregoing Series of Mr. James GR EOORx. 


Art. 176. I ſhall now 2 to inveſtigate a very curious ſeries invented 
by Sir Isaac NewrTon, for expreſſing the relation of the fine of any arch that 
is leſs than the arch of a quadrant, or than 90 degrees, to the fine of any 
leſſer arch that is an aliquot pait of the former arch. 


CC 


The Inveſtigation of the Series invented by Sir Isaac Newron, fer expreſſing the 
Sine of a Multiple Arch of a Circle, in a Series of Terms involving the Powers 
of the Sine of the ſimple Arch, and the Powers of the Radius of the Circle, 


— EEE ao=—— 


Art. 177. Let x be put for the ſine of any circular arch that is not greater 
than go degrees, or the arch of a quadrant, in a circle ef which the radius is 
called r. And let n be any whole number whatſoever, and s be the fine of 
another arch in the ſame circle that is equal to the ꝝth part of the former arch, 
of which x is the fine, And let the leſſer of theſe arches be denoted by the 
letter a, and conſequently the greater of them by 14. 


Then will the greater arch na, or that of which x is the fine, be equal to the 


2.5. 7. * 3.5.7. 9-40 


infinite ſeri — + * + —— — — -+ — 
unnnite cries # <p 2.3.75 24.5 2 4.6.7. © 2.4.6.8. 9.75 2 4.6.8. 10.11 7¹⁰ 


3.6.7.9 tl. K15 3.579.113. ¹8 of. 345 g? 

+ 2.4. . 8. 10. 12. 3. X + 2. 4. 0. 5. 10. 12. 14. 1 5. 1% + &c, or & + 61? + 40 + 1127 
35x? 64am PA 231 14 3:35 

T 115275 28167 13,3121 10, 2401. 


+ &c; and the leſſer arch a, or that 


of which 5 is the fine, will be equal to the infinite ſeries 5 + — 8 


2. 45 · * 
3.547 3.5.7.0 3.5.7.9, 81 4 3457-001 1.553 
+ 2.4.6. 75 2.4.6.8. 9.70 2. 4. 0. 8. 10. 1 1.10 2.4.6.8. 10. 12. 13.8 
35? 83 


23.5.7. 9.½ 11. 13. 555 Lid 355 57 . 
2.4.6.8. 10. 12.14 1. “ + &c, or 5 + 67 + .. * 11275 83 118 T "28, 6p * 
231833 14345 3 3 ; 
LN mt dee ; as is ſhewn in my Elements of Plane Trigogometry, 
art. 329, 
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art. 329, page 428. But » times this leſſer arc is ſuppoſed to be equal to the 


. . C 3 

greater arc, of which x is the fine. Therefore the ſeries ns + Z + ZZ + 

5un * 60. 5 | 67® 40 . 

* 38 31 231 1438 - © . 

11275 ＋ Tron 3 73.312755 * — + &c, ad infinitum, will be 

: p e * 63 13 

equal to the ſeries PR , AT WHO 1 WF | _ - WD. col 231 

q N | if es * + 672 1 40. * 11270 + 1152 2816770 ＋ 13,3127 + 

143x* . . 

— + &c, ad inſinitum. 


Art. 178. Now let it be required to find an infinite ſeries conſiſting of the 
odd powers of 5, the fine of the leſſer arc, to wit, 3, 5, 5, 57, Sf, gu, zu, gs. 
&c, that ſhall be equal to x, the fine of the greater arc, which is equal to 

. . . g $ 1 I 
times the lefler arc. And let the faid ſeries be as, 725 5 _ I = 


E, , &c, ad inſnitum. 


r, an, 


Then will x* be equal to the cube of the ſaid infinite ſeries, or to the com- 
pound ſeries | 


Aci A*Es A*G89 3411 ALB 
£ AS, —.— — =, FRI", — &c. 


340%) Gaces? Gacos GAC 
K , Kc. 
c s gan" Gargs3 

3 3 8 &c. 


ca gt 2028 ts 
=, — &c. 


Al 


30K 
. | &c. 


And & will be equal to the 5th power of the ſaid infinite ſeries, or to the 
compound ſeries 


A. AE A*Gs? 5 A#1593 
IOAIC?HY9 20ATES* 20473433 
e 
oA cn 10A 273 
FE . 
zoA c E-A 
75 3 & * 
4c 
„ &c. 


N  &c 


And 
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And x* will be equal to the jth power of the ſaid infinite ſcries, or to the 
compound ſeries 
8 0 A's", f — 22 &c. 


72 3 
21A 4248 
yy 3, 3 » &c. 
403,13 
| WS") oe, 
&c. 


And x* will be equal to the gth power of the ſaid infinite lerzen, or to the 
compound ſeries 


gc ga%;"3 
as, r 


702,13 
36A'c®; : &c. 


F 
&c. 
And x will = equal to the 11th power of the ſaid infinite ſeries, or to the 
compaand ns 
| 49 3 & 
&c. 


And & will be equal to the I 13 tb wm of the ſaid infinite ſeries, or to the 
compound feries .- 


8 4, &c 
| &c. 


Art. 179. Now let theſe ſeveral values of x, and its odd powers &, &, x", 
„ 8 ws Ke, be NV inſtead of x and its ſaid odd powers themſelves, 


| 9 | 5567 37 6 O 2310903. 
in the equation ES ＋ 87 8 + 40r* ＋ 1127 L 115278 ＋ 7316705 + I 3, 1 3.312718 2 
S oe . 3. 23 14¹¹% 


14325 3x5 L 
10,2407"4 + &c, = x + 8 67 ; + = = Tr T1 52rf + 281670 + 13,3 2 + 


= + &c. And the 8 3 will be thereby transformed into the 
following very complicated equation, to wit, the ſimple infinite ſeries 14 + 


5 SZ * l 2 
=, IP 3 + rere ＋ 73531275 13,312 + ec, = the compound 5 


ns 
87. + gor*.” 112r 115275 


finite ſeries. 
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. ca E45 07 16 n _— 
AS, "WS. 5 74 3, e 47" Heidi 8 


„ &c. 


Favs zac 4 * 489 421711 25 f 
757 6 , — — 2 » &c. 


, 675 3 6x2 
= 6aces bacas! 640i & 
r 
c A111 GAR 
or bl — 9 — FT , &c. 
C85"? C0513 
— 15 , &c. : 
2,13 
5 & c. 
* en 1 4-5 a*G;"t JA 
ee, e e ar eee 


3-oa sc — 3-20AIcG5%3 xc 
N „ ?*  gors ? Co 
| 3-104 3.104883 

. : 1 40 bl 3 &c. 


| — &c. 
6 = 
3.54ac*; : br. 
7 gals! F. % n F. n F. 4% Few 
| 1127 9 112rf 5 11270 bl 112712 3 C. 
| Se 5-424 ge. 
+ 4 1122 112 
| 5.3 gA*cI,H 8 
« | a n 
2 y &c. 
3 4890 —— 35-94 g94%523 
115 1 ? 1152508 ? &c. 
+ | , LZ 
I 5270 ? &c. 
| &c. 
; An 63.11 A%% 507 
+ | 29167 ? 28167 ? &c. 
| &c. . 
231A73,73 
7 13,317 * * 
&c. 


&c. 
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licated ſeries that forms the right-hand fide of this 


Let the whole com 
jd ke of brevity, denoted by the Greek capital letter F. 


equation, be, for the 


And then we ſhall have the fimple infini n 2—— 5m 
ut tan be $a hs 6 Ae 
regard e “ &c, = the complicated infinite ſeries F. 


* Inveſtigation of the Firſt Term,” as, of the foregoing aſſumed Series as, 
ns os? 1 15 m'3 pgts 
=, == = „Se, by means of the foregoing transformed 


LL dog 
Equation ns — Fo” 351? b zan 2315 
7 + 85 8 + gor® ＋ 71278 1127 + 1152 + 281657 Tt 13,312709 + Ce, = 


the complicated Sr 


— — 


Art. 180. Let all the terms of the foregoing transformed equation ns «+ 


m3 3 ns! 82 6 305%* 231053 
* 2 + 115 * E + &c, T, or to the com- 


plicated ſeries 
AS, =, ROS — , &c. 
2 
V1 | we &c. 
Kc 


345365 3. A 


4 + wm — 40. K. C. 


&c. 
5477 
&c. 


ett by 4 And we 0 


3 3. 
x + — + = + — + &c, = the complicated ſeries 


Vor. III. 4 A 
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A, . — =, =, &c, 

+ 2 ==, 34˙ 56 „Kc. 
; pA 

+ 225 „&c. 

&c. 
23. 

+ +.= . a &c. 

. &Cc. | 
RN 1 
_ be 2 &c. 
+ &c. 


And this equation is always true, of = ſmall a magnitude ſoever we 
may ſuppoſe the fine 5 to be taken, And therefore it will alſo be true when s 
is = ©. But, when 5 1s equal o, all the terms that involve 5 will be equal 
to o likewiſe, and the whole left-hand ſide of the equation will conſequently 
be equal to its firſt term », and the whole right-hand fide of the equation will 
be equal to its firſt term 4a. Therefore # will be equal Aa, or the co-efficient, 


| C53 255 Gs) 159 15 N13 
A, of the firſt term, AS, of the aſſumed ſeries AS, 72 25 77 75 FE p10 5 71 


= &c, will be = », and conſequently the ſaid firſt term, as, will be = 


1 X , or ns. . 


— 


6 * 
% 


The Inoeftigation of the' Second Term, S, of the foregoing aſſumed Series. 


— —  — — 


Art. 181. Since 4 is equal to u, let n be taken from the left-hand fide, 
_ A = _ from the right-hand fide, of the foregoing equation # + 


85 + _ + &c, = the complicated ſeries 
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en Ex 6s 


+ 2 „ &c. 
&c. 

+{ 4+ 2 , Kc. 
&c. 

+{ 17750 Kc. 

&c. 

+ &c. 


And the remainders will be equal to each other; that is, the ſimple ſeries 


— ot 


af , 3n | | 
=+ — 57s + &c, will be equal to the compound ſeries 


ei 6 20 
* 2. * * &c. 
4 2,6 c 45 


+ ] | ac „Kc. 


+ &ce. 


And this equality between the two ſides of this equation will continue if 
all the terms on both ſides of it be divided by any number whatſoever. There- 
fore, if all the terms be divided by “, we ſhall have the ſimple ſeries 


„ es . 
+ Ke, = the compound ſeries 


4A2z2 8 
5 N 
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. 6 

— I > 0 | 

A3 ga*cs 34 ' ; 
. 


i &c. 
3 3.5 Ac 
+ 40 40 c. 


&c. 


+ &C. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the fine 5 to be taken. And therefore it will be true alſo when 
is = ©, But, whens is = o, all the terms involving s will be equal to © 
likewiſe, and the whole left-hand fide of the equation will be reduced 'to the 


firſt term dr, and the whole right-hand fide of the equation will be reduced 
to the two terms — and =, to the latter of which terms the ſign + is to be 
prefixed. Therefore we. ſhall have _ = - + =, and conſequently (mul- 
tiplying all the terms into ) —— 0 + =, or (becauſe a is = n) 55 * 0 
+ = But, becauſe » is a whole number, * muſt be greater than », and 


conſequently 5 muſt be greater than . Therefore, to the end that c + 


ho may be equal to * the co- efficient e muſt be ſubtracted from . and 


not added to it; and conſequently the ſaid co- efficient muſt have the ſign — 
prefixed to it. Therefore — will be = — ec + =, and conſequently 8 + 


c will be = LY and c will be = — — 2 = — = —, T herefore 


the ſign — muſt likewiſe be prefixed to the correſponding term, = of the 


20 c EH G57 159 15% Nin pets : 
aſſumed ſeries as, 7 „ 7 „ , . . &c, and the ſaid term muſt 


be = 


n3 2 $3 n Xn -—1 33 


B * 1. and conlequently the two firſt terms of 
the 


: >” OO — ——— 
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the ſaid aſſumed ſeries will be as — ©, or ns = x , of 


* 


AXn —1xX 53 


„ c i*—1x 5 Tis 
n 


. Q © 1. — 


— — 


The Inveſtigation of the Third Term, = ) | of the foregoing aſſumed Series. 


— — — 
- Art. 182. Since the ſign — is to be prefixed to the term e in the equation 


e =, and conſequently to the term — in the preceeding equation 


6 6 
from which the ſaid equation — = C-+ — is derived, it follows that it muſt 
likewiſe be prefixed to the terms 3 and We in the ſame equation, in | 


which terms the co-efficient c itſelf, or the ſimple power of c, or — c, is 


F | : 2,4 „ 
combined with the powers of a, to wit, a* and A“; but the term _ in the 


ſame equation, which involves in it the ſquare of the co- efficient , or — c, 
muſt have the ſian + prefixed to it; becauſe the multiplication of — c into 
c produces + c*. Therefore, when the proper figns are prefixed to the ſaid 


20 3.5 2,4 . : 
three terms = , = and —_ in the ſaid preceeding equation, the 


ſaid equation will be as follows, to wit, the ſimple ſeries 5 + = + 77755 
+ &c, = the compound ſeries 


+ | . 

a + BS » KC. 
&c. 

34. 3A 
+ 40r* 4or® * &c. 
&c. 

47 
+} A. &c. 
&c. 
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But it has been ſhewn that the firſt term — on the left-hand fide of this equa- 


tion is equal to the two terms — + — on the right-hand ſide of it. 
Therefore, if theſe three terms are taken away, the equation will ſtill be true; 


that is, the ſimple ſeries = + 2 + &c, will be equal to the compound ſeries 


2 2 
— 32 34 — 4 &c. 


——— — 


+ 6r* ? 67 
+ L, &c. 
8 
u, ke. 
+{ ee ers Kc: 
&c. 
8 
+ 4 1 Ke. 
&c. 
+ &c. 


Maw letall the trrms of this. equation be divided by . And we ſhatt baue 


+ &c. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the fine q to be taken. And therefore it will alſo be true when 3 is 


So. But, when s is Z o, all the terms that involve s will be equal to o 
| likewiſe, 
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likewiſe, * the whole left-hand fide of the equation will be reduced to the 
firſt term —: = and the whole right-hand fide of the equation will be redyced 


ZA*c 345 4 
to the three terms 72 _ Os Therefore we ſhall have 2 4 — 


_ — + — and conſequently (multiplying all the terms by , = = Ex — 


ge 4 Ie n_ += or (becauſe a is = #,) © 5 2 * — = + 
Ds WTI = 0 * g „ gg e 
FINER IC IM ys 

both fides,) 3 + = = + 25, or T = = = 


Art. 183. In order to determine ive the fign + or the ſign — is to be 


prefixed to the co-efficient x, we muſt inquire whether — is greater or leſs 


than N. + 755 For, if . — * greater than 5 + =, x muſt be ſubtracted 


120 
from it, in order to make it poſs to = + 5 and conſequently in this caſe 


the ſign — muſt be prefixed to x ; but, if = —— is leſs than = + =, x muſt 


120 
be added to it, in order to make it equal to = + - _ and conſequently the 
fign + muſt be prefixed to E. 
Art. 184. Now, when is the leaſt poſſible whole number, or is = 2, we 


ſhall haven? = 8, and 7* — 32, and OR DOT) and _ 


80 — 

120” and 2 (= 9X2) al, and 288 726 3 1 120 110 Which is 

leſs than 25. 0 or . Therefore, when u is 2, we ſhall have = 25 + La 
3 3 

= — = + 2, and conſequently + = + -» =—, and E = = — 


==. Therefore in this caſe the ſign — muſt be pre- 


120 120 Rn 


fixed to the third term, =, of the foregoing aſſumed ſeries as, = =, A 
159 gun erz 15 0 f # — — 3 
> g, , , &c, and the ſaid third term will be = 9 — * A. 


Or 


3 


quantity 
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— —— 


"ar wo * — on FE | 
ob D A — — = _ and conſequently the three 
7 „4 ; 


© 2 C53 E55 
firſt terms of the faid aſſumed ſeries will be as — >-— — or ns — 
nxXa—1 53 nX -i N gut $5 un — 1 a3 
— — — , OF HS — A — — 
2. 3 N * 2.3.45 * * * 2.3 * * N 
911 38 
Xx 4 ® Q. E. 1. 
4:5 7 


Art. 185. But, when # is equal to 3, 155 will be exactly equal to =. + 


255 or 2 For in this caſe z* will be = 27, and #* will be = 243, and 
10,7 will be = 270, and qu will be = 27, and g# + ill be = 27 +243 
= 270, which is the value of 107, Therefore _ will be = — „There- 


fore in this caſe the co-efficiem x will be = o, po 3 the third 


term, 2 of the foregoing aſſumed ſeries, will allo be = o. 


And, when » is = 4, we ſhall have “ = 64, and 2 = 1024, and conſe- 
quently 10 = 640, and gy = 36, and gn + #* = 36 + 1024 = 1060, 
which is much greater than 640, or 10#%, And, in like manner, if à is = 5, 
or 6, or 7, or any greater number, the quantity gu + »* will exceed 1010, and 
by a much greater difference than when # 1s = 4. Therefore, when » is equal 


to any whole number greater than 3, the quantity = will be leſs than the 


5 | . 1 8 
2 , and conſequently the co- efficient x in the equation = + 2 


120 120 
= E ++ 55 muſt have the fign + prefixed to it, and the ſaid equation will 
gn 1 10a —— gn 1043 

rr and x will be = — 120 120 


CS , or 1 X = x SITS Therefore the fign + muſt in all theſe 


caſes be prefixed to the third term, = of the foregoing aſſumed OY and 


1 > 5 #5 1025 +91 CA vn — 1 19 
, eee 473 X = or # NX * 8 bs 225 and 
the three firſt terms of the ſaid ſeries will be as — © + =, or 16 — 1 X 
— — 5 1 
NE +nxX N . e = xX4+cx 
— 
„* . Q. E. 1. 


as * | | 
Art. 186. 
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Art. 186. It appears therefore that, when #.is'®.2, the three firſt terms of 


Es5 . 


this aſſumed ſeries will be 4 — ＋ — 2 D 
* == ; and that, when # is = 3, the" aid three terms will be 
dae Ae — app 00 4 63h — x A ozand 


that, when u is Ar whole number greater ap. 3, this 4 ſaid 7 terms will be 
— I or #5 — A * + © X TY * 2 . C. . 


4 — 72 
. 5 
be Invaſtigation, of the Fn 8 e ere ers 
F 419] | * ny ITN, u IR . 


Art. 187. Since +; — is equal IS let theſe quantities be 


omitted out of the 3 A down in ard. 84, Et 550, wo wit, the equation 


between the ſimple ſeries £ = * ＋ &% a the. compound ſeries 
43 Nen 2 e2 Pc. - 


- A 
n 82 5 LL 
She... e. + 


_ 


- be; [ n | ty 50 * 200 ch noliatg 22 El 45 be * 
e ee 0 9 =xin 


0 701 |; 23 3G 2114921 


ah. do obi e, and dhe equazin will, 
abe ——— S eee compa 
belles DE 5 - £1879) 212 2 07 bone ad Ilie noi ps ods % abt 
- VOL. I. 4 B | 82 
175 
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73 1131 , i? 4 + F 3 on | * &c. 2 - 
* * X. i R SARA cc — 
5 _- „Kc. 
4 79) 34 % Z 
* + , &c. 
' £ : 1 
Xe e — : , 
* 8 5 ' &c. as 
| 4 
N is JIU 1 , Kc. 
| : e . 8 
0 = Id So &c. * — 
547 
+ , &c. 
£T We war 3 3 
L c. 
+ &c. 


„ Thuereſete (dividing all the terms by L,) we ſhall have the fimple ſeries 
J, Ke, ad infinitum, = the compound ſeris 


0 1 infln; 
2d. 220tnaup Sd! 35! oo «Ab en Bnet ones Bn | 
. * i * 19 


| art un ) 
+ | 
L 47 * A * | - | ; 
| a b + , &c, ad infinitum. | 
5 + 112 — 


KXxc, ad inſnitum. 
+ Kc, ad infinitum. © 


2 a be always true, of how ſmalt a magnitude ſoever we 
And this 8 e fine 4 to be taken. And therefore it will alſo be true when 


ſi e * | OE 
„ * But, when 5 is = o, all the terms in the equation which involve s 
ö will likewiſe be equal to o, that js, all the terms which are denoted by the 


ſeveral marks of &, will be equal to o, and the whole lefi-hand ſide of the 


v 


equation will be reduced to the fingle term, zz, and the whole right-hand 
fide of the equation will be reduced to the five terms . * 34ch 


#2 i * 
— 1 1 44 = 
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ry + r Therefore if; vill be DES BE IA 
—— (multiplying all the terms into T) F will be = o, = 
+ e +4, of ro Ee - e 


112 112 


der to determine the ſign 4 or —, that is to be 1 to the co-efficient o, 
and likewiſe to diſcover the magnitude of the ſai ficient, we muſt reſolve 


the ſimple equation =_ = , = — + a — 8 ＋ — And for this purpoſe 
it will be neceſſary in the firſt labs hy Verne which of the two ſigus + 
and — is to be prefixed to the ſecond term, —, of the right- hand lide of the 
faid equation, which has not hitherto been dove 5 


A 188. N it bas been ſhewn that, 8 1 is = 2, the 8 * 
will have the ſign — prefixed. to it. Therefore the correſponding term 


: — in the equation == 6, 2 . * 2 muſt alſo bave the 


113 


* — prefixed to it, and conſequently the ſaid equation will be = = .. 


112 


e + U This equation we muſt therefore now \proceed to | 


$1 2 112 


conſider, and from it to determine, iſt, whether che fign + or the ſign — is 
to be prefixed to the co-efficient 6 ; I 2dly, * wm 50, = 8 


* the Ae co- efficient. " 7 
Art 139; Lo 2 and 1 e, be added to both dae, of this equation And 
e have 25 + = + UL = =6+= + — and conſequently (oe. 


112 112 


cauſe 4 is equal to »,) e ainant +=, or (becauſe is 
equal to 2,) 22 += + . = 6 + + = +, or 5, + 28-+ 6e = 


6: e + 2855 or 8 * 28 ＋ 60 . o C. + 32, and 28 ＋ 6 0 
— 82 


+ c* + Je. er (becauſe e in = 2 . h uk 48 0 
+ ES, tee Ce 8 0 ＋ , er 4 *. 


＋ 95 
== 0 + Ll and 22 (2 * — — — = GC +4 ebe 
ons FIZTY YO 71 3% [> 
tis al = 1 X 8. 1 252 e b X 8 8 3 1 


4 B 2 = 


! 


| / 6 
$56 2422 14 D1S$COURSE ON TES 


2X1 he aA IT" » 
=52'=.6 +4, and 2x5 = „ , org= 6 4 . But. is 


ona. Tire o muſt e from 25 in order to make 
_— 5 and Derr ben — muſt be prefixed to o, and the 
equation 28 = = 9 ＋ A + * vill be 2 1 2 — [ 2+ B © Therefore 3 3 * 's will be 
. 88, and o einde = Bo = — N rue whe pro wha 
term, =, — of the afſamed ſeries As, =, 7717 85 $27 * 75 Fs 5 —, —. , &c, muſt 


Alte A, the 1 2 — OP to it, and will be = x * 2. or — 2 and the 


1 45 3 7 a £51 
four firſt terms of this aſſumed ſeries will be AS — 2 gf = 2 0 — 


- e 
e e 2 4 x 7, or (becauſe e ic in dis cas 


2 1, and E, or © K Der u K 1 * == = 1'x 2 42 2 ee 


2 2 Pa 1 25—4 1 21 198 . 


1 8 = 4, 204% BG: hem ha 
= 15 —4 — * — een 
nee . * 
of git 241 16 b mat df dle, It % 57 11 QB 
buingam 21 20 


Art. 190. Hitherto we a Ba fuppoſed | 1 to be 2 85 ond we have ſhewn 
. . hot ee the fourth term, = of the pager 2 


ſeries will have the ſi ign - — . prefixed to it, and will be = — x 2 —, or to _—_— 


or to 4 X 25 y$ x | We will now ſuppdle ; n to be equal to 3, and will 


inquire wells * the two figns + and — muſt be prefixed'to the ſald term 
* in that caſe, and what will be the magnitude of n 


” Now it bas been ſhown in art. 18 5, that; when 1 is = 3. the eo-eficien » K 
of the third term, =, -, of the faid WL as be o. Therefore = 


will be S o, and che equation 15 = 97 7 a5 +; < — pe + 2275 will in as 


caſe be 2 = 6 += — . + 4 Thi therefore is the equation by the 


help of which we muſt determine whether the ſign ge + or the ſign — is to be 
prehixed to the coc efficient o, and r what wil be its magy RN 
75 Since 
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since 4 is ="x, ve ſhall bare © Fw HE e 2 


+ 227 (becauſe / n is = 3, and conſequently 1 = 92 and n= 277 and n+ 
25 91, and 1 2 749. and = 2187,) 6 + — — Wa? 4 085 : (becauſe 
2 2 273 = 4 === 4, and cy “is =16,) © + 


cis = 
243 243 2.3 


* 16 —— 10,93 10,935 LT 442 

= R 1 e | 
12985 24 112 __ 243X56 0935 2888 13,608 . a 

+I = 6 + —— 112 / =" + - 112 2 © ＋ Tis. 112 15 112 


= 7 hey W 2 15 
= 6 +37 i 


4% 3a 5 9 | | 2 15 
Bur bj 15 = —_= G + W a2 a807; + 112? e 225 will be 2 ＋ 2 Try 


But, becauſe 2 is = 3» — = will be . 5 
Therefore 28 > will be = - 6 + =, ang conſequent 6 will be = o. 


112 12 
Therefo refore, when # is 2 35 the fourth term, 5 r. ef the afſumed ſerie 5 
= = = . =, = A. &c, will be = o 2. or o, 82 four 
e 


firſt terms of the ſaid Fic wh ptr of Ie exe. nt, or a=, 


m1 


o, and o, or ns Xx — — X . 


: 8 1 
war 5 g ede 2 o, and o, 


or 35 — 3 * 3 * > o, and o, or 3. — 27, o, and . , mt, 


And, in like manner, it would be found upon examination that, when » is 
= 3, or the greater arch ua (of which x Is the ſine, ) is exactly triple of the leſſer 
1% Lt: „inn us 


arch 4 (of which is the ane, ) each of the following terms , r . Ar, 
&c, of the foregoing affumed ſeries will be = O, and GY that the 


whole of the ſaid ſeries will be reduced to Fg two firſt terms 3 — 77 +" or that x, 


is fine of the triple arc, will be equal to 37 r or =D — , agreeably to 


What 
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what is ſhewn in books of Trigonometry. See my Elements of N Pu. 
1 Prop. 26, Coroll. , page 94. 


An. 191. Jn the laſt place we will ſuppoſe n to be any whole EI =—EA 
ſoexer greater" than 3, and will inquire what will be the ſign to be prefixed 
to the co-cfhcient o, and what wall be the en of th ſaid —— 
upon that ſuppoſition. — oa 


Nou, when » is greater way 3, the * + is to be prefixed to the co- efficient 


o ak of 1 1 
x, and to the third term, — 7 , of the aſſumed ſeries , IF r . d . To 
TIBET. 


r Kc, as has been hewn above i in art, LY Therefore the 1 
muſt, in this caſe, be prefixed likewiſe to the term TY b in the equation £ — 2 


5 * — — — — + i, and conſequently the faid equation will, in this 
caſe, be S = + — + 5 


Since 1 is*= 1, the quantity o 122 ＋ * — — 8 + E will r 


112 
2 = = (by — inſtead of C,) 0 ＋ = 5 
* Obes * „1 _ ws, n?, 235 15 ks 
PX 1 X * 1 n et tm mnt at 


F 
4822 8 10 2 1 4 tn 2 —tetut 880 


: 
+ ates , f = be fi. 
tuting 2 5 — inſtead of E,) = O + — . — = + 1. +Z=0 
— ' 2 4 5 72 — 1 Fi, _—_— 
5 252 2 12 ＋ 75 9 fs 3 8 55 
gu 3 . Pit 2 — 6nb 
N 2 5 | + 144 
ond. 1 1 17 * 
Fa*&t7- Eq * + GT, 


+ == = 0 + * For + =, Therefore = = (which i 26: = the com- 


* 
pound quantity @ + 22 PI + ter) will i 0 + 865 = 


+ 
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+, and conſequently (adding 3. to both fides,) 22 „ BE wil be = 


— ee n, . "OC | =—2— —. 4 


5040 45% 11s 2 | 5049 
$ . g 


- Art. 192. Now, 3 is = 4, we ſhall Ke m | 16, 3 = — * 
and * = 256, and 3 = 1024, and »* = 4096, and 1 = 16,384. There- 


fore in this caſe = vill be (= 2529) = 22, and WY” will be (= Ware 
224 . — 5,384 250 = 3 

= ho nnn 8 a = 

1 16,576 225n 35n5 | 25,840 20 35574 
7 and conſequently 545 = + == _ will be . — = =) = 5040 ., 


4 2592* * © 16384 16,576 - 324960» p 
and T 3055 will be (= = FD + ==) = = ny which is leſs than 


$6,149. Therefore, when u is = 4. the ſam. of the two terms + 25965" 
. $049 $040 5040. 


225% 22 8 21 4] 
will be ef thn the frm ofthe vom + OY ut Jags f you 5055 * 


| 25913 3. 
@ + — 55 7568 + 75: Therefore e muſt be added to the quantity 2845 22 


in order to make 1 1¹ 9 to the quantity 2255 * = And 2 the- 


225% — < 27 2 225% | 
n — — — — — * > 
equatio! = 40 5 8 + 5575 + = will, when u is. = 4, be 2 
0 = o+ 6 + = — 5 , and therefore 6 will be = 29 — us + 255 
| 8 — 5 40 
2 17 a 225n—259n3 + 3505 —17 | whi | in u Kn —I X M9 X 25 - 
5040 | 5oze'' ** * r 2, or x * 


_ K TS * 1 Therefore. when. 1 is = 4. the fourth tarts, 2 LN 2 


- C8? ;'S 7 gu ' 1 
the aſſumed ſeries. 45 TD = 7 7. — 5 5 &c, will have the 


Gen refixed to It and will be = K 1 —.—9 27 ik 
: ot | a * 2 20 120 45 * 7 . 
25=m "= Py | 


or to + EX. . * > . 


- 


Art. 193. Therefore, when» i BY = 25 the four firſt terms of the foregoing 


aſſumed ſeries are AS — ＋ ＋ 2 = dt nf'— x x BEV 6 2 + c * 
wa? >=£ 25 S mee XNA abies - va Py 
45 * 2 + EX 2 e 2 . 


+ 
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—_ 


+ 2x — . or 45 — 4 Kg een eg es Rx 


| N * 2 110 f * = + * 2 * 2, or 4 + 42 


103 


+ . x * 2 > or 4 — — YE , ie -agrees with what is 
ſhewn in the 26th Propoſition of my e of Plane Trigonometry, Coroll. 


3, art. 92, page 95, where the ſeries that is equal to the ſine of the erte 


aro is found tobe 49 =" f | 13 


= 


At ige. We have fon in art. 1917, that, if 1 is of any — greater 


Wa 3» the compound quantity — + = will be = the compound e 


"AS 259n# * 
0 * OY + and we . Fea in art. 192, that, when u is S 4, the 


4 _ 3505 
quantity —— rect _ will be leſs than the quantity — - + — and that 
conſequently the co. albcient o muſt be added to the . quantity, in order 


to make it equal to the latter. We will now 3 # to be = 5, and in- 


n _35u5 . 
quire which of the two compound quantities = = + 527 and ud 55 — J 5040 


will be the greater in that caſe, and conſequently whether the co-ficiat G is to 


be added to, or to be ſubtracted from, the compound quantity 25 — . 


'- 


a5 — > + , or N A Xs * 


$5040 ? 
and whether it is to be marked, as See, with the ien +, or is to 2 fait the 
fign — prefixed to it. 


Now, when u is = 5, we- ſhall have m = 25, 1 * = 125, * . & 
625, and * = 3125, and “ = 15,625, and 17 =78,125, and conſequently 


25987 (= 259 X 125) = 32,375, and gr (= 35 * 3125) = 109,375, and 


+ BL will be (= LL 4 


2258 (=.225 x 6) == 1125. Therefore — _ 4 2 5 


32,375 — 10, 600 and 2258 3505 will be R 109,375 = 110,500 
© e 5040 ＋ 5040 (= 8808 1 584 ae 5040? 


| 2597 22 5 3545 
ſo that — 41 — will, in this caſe, be exactly equal 28 — 2 There. 


fore in this caſe, or when u is = 5, the co- efficient o will b be = 6, and con» 
ſequently the correſponding term, — of the foregoing aſſumed ſeries will be 
equal to o likewiſe; and the four fiſt wn af the aid me feries will be 


% © my#* 1 1 nn — 


n —9 35 
ba +=. 7 EE 
55 


* ＋ 7 2.3 FP 
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265 — 22529 18 * ; 24 © a 12 
5. — 1 * t x A, or g — 4 K KN e 
6 $ ho” we $ | 3 
8 * = * a, or 5 5 K 4K A 


1 20 
Cc X * nor 8. — +4 x5, or 55 — — = + Fo which arc 


equal to —.— — = =, or the value of the fine of the quintuple arc found 
in the 26th Propoſition  of- my Elements of Plane W art. a, 
page 33. 3 


Art. 19 5. We will now, in the laſ place, ſuppoſe » „ to be greater "eo «, 
and will inquire which of the two ſigns + and - is to be prefixed to the co- 
efficient o, and what will be the magnitude of the ſaid co. efficient, upon that 


ſuppoſition, 


Now, fince the e quantity = 871 0 is leſs than the compound 
quantity hd 2. SES 3 55 when x is leſs Ma ni and is exacu equal to it when is 


equal to 5, it follows that, when u is greater than 5; it will be greater than the 
ſaid compound N Thus, for example, if 1 is = 6, we ſhall have 
un = 36, and a = 216, and = 1296, and a = 7776, and n* = 46,656, 
and #' = 279,936, and conſequently 259 (= 259 * mY = $55,944, and 
35 (= 35 X 7776) = 272,160, and 225n (= 225 X 6) = 1350, an 


27; þ 2598 (2212939 2794936 + £296) = = 335880 and 235%: . 2. (=: 2252 + 


5040 7% © ,, 504e , Fee 5040 ? 5040 | 5040 

272,160 _ 273,510 335,880 | 17 259 | 
— 1 which is leſs than or — | 10 

5040 ) "5040 "$040 ? MP, P N08 4. iF's 


be any number greater than 6, the compound quantity —— = + 2 vil. be 
22 4 350 b 
found to exceed the 6 dompoung quantity == — * 1 3875 by a all greater iff 
rence. | | pM | 
Therefore, when u is _ than 5, the co-efficient o muſt be ſubtracted 
f om the compound quantity — + , , in order to make it equal to the 


2 5040 ? 
22 3525 261 3505 | 
compound quantity == + ==>» and the foregoing vie == +l = o 
7, 2598? 2 ＋ 359 = 3243 242; — 
et 5040 1 5040 will de 5040 + $949 0 + — + F > aa Therefore 5040 
= -_, 2598 = 0" 002 Gage 
+ = +0 will be £4 225 wil Tops e ? Tojo 


Ve. III. 4 C Ke 8 I 


% 
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_ * 5ns 259985 __ 2250 17-35 ＋ 2593 — 2253 = 1 0 21 
54 5040 5040 . 5040 = 


* ==2 * Therefore the fourth term, , of the aſſumed ſeries as, 


3 — 7 59 11 13 15 . 
> , . , 0 LES , . &c, muſt have the ſign — prefixed to it, and 


will be equal ton X = x x Ex Ea x orwnx gf x2, 
and the four firſt terms of the ſaid aſſumed ſeries will, in this caſe, or when 
. , or n AXEL XS 1＋ 0 
N 752 — — | 

MN — x 2 77 ö — E X 6s. X LY Q, E. I, 


Tn er oe a rn ein ee ee et ee 


A Recapitulation of the Concluſions obtained by the Reſolution of the Four 
preceeding ſimple Equations. 


2 | nl ; 


Art. 196. From what has been ſhewn in the foregoing articles it appears 

In the firſt place, that, if # be any whole number whatſoever, the firſt term, 
45, of the afſumed ſeries as, Sr, E, S, r, =o , , dee, (which is 
equal to æ, or the fine of the arch na, or A times the arch a, of which v is the 


ſine,) will be 25, and the ſecond term, = of the ſaid ſeries will be ſubtracted 


5 . 
Op an As, or #5, and will be equal to # X IT X _ or 4 X 


— Y 5 ; fo that the two firſt terms of the ſaid ſeries will be as — =, or 


ak in the ad place, that, if u is = 2, the third term, < = * FRE ſaid aſ- 
ſumed ſeries will be ſubtracted from the firſt term as, or 18, off conſequently 


will be marked with the * —, and that it will be = * * 
54 or to C * . * = and therefore that the three firſt of the ſaid aſ- 


ſumed 
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ſumed. ſeries will, in this wart e 1 


„ 


And, 3dly, that, when u is = 3, the third term, = , of the ſald Amed 
ſeries will be = o, and conſequently that the three Giſt terms of nn ſaid ſe- 


ries will, in this caſe, be as — = — o, or n - A* — — X 2—0. 


And, 4thly, that, if # is equal to 4, or any greater e ö 
term, =, of the ſaid aſſumed ſeries will be added to the firſt term as, or 


16, and PEGS" * be marked. wich the gn +, and that it will be = 


1 N 27 * 77 * BY or to Cc X n =, and therefore that the three 
"6s 


firſt terms of the ſaid aſſumed ſeries will, in this caſe, * 2 22 = or 


#5 mn AX — T7" Xp + R > 


And, 5thly, that, if # is = 2, the fourth term, =, of the aſſumed ſeries 


, , 2, oo: T, , , A, &c, will be ſubtracted from the firſt term 


ns, and OY will be marked with the fign —, and that it will be equal 
gan „ 25 —mn „ 7 f 22 80. on. 

= — 6.7 5 offs 2 op &3 8s © dread 

ſequently that the four firſt terms of the ſaid aſſumed ſeries will, in this caſe, 


be As — -F. or -* XA * 7 E 
* N . | 


And, 6thly, that, if u is = 3, the fourth 8 = of — aid enen ſe- 
ries will be = o, as well as the third term, . and conſequently chat. the 


four firſt terms of the ſaid ſeries will tat? — o, — o, or 17 A X 


— A U SS 3 
— X — ax, — O. 
2.3 3 2 


And, 5thly, that, if u is = 4, d Wos tems, 2 — of the” faid ſeries will 
| 4 C232 | | be 
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be added to che fuſt term ar, or #5, and-conſequently will be marked with the 


82 . an — 1 nn—9 26 —2n 37 
fign +, and that it will be S 1 = x * N * A, Ort X 


* * 7 ; and OO that the four firſt terms of the ſaid aſſumed 
* will be as — 2 > + = — + 5 „or n * 2 ＋ © Xx 52 
* 2 * * a . 1 


And, 8thly, that, if # is = 5, the fourth term, , of the ſaid aſſumed ſe- 
. Ties will be = o; and 3 that the four firſt terms of the ſaid ſeries 


ee eee 4 ＋o, or 1 — 4 * 2 * 4 + c X —_ A 


4%. 88 Sh 
| And, gthly, | that, if » is any whole number greater than 5, the fourth term, 


A, of the ſaid aſſumed ſeries will be ſubtracted from the firſt term as, or s, 


and conſequently will be marked Fen the * — and =o it will be equal to 
* X 5 * = X — —— * = or to x & 7 X 5 ; and therefore that 
the four fi firſt terms of the ſi ſeries will be I 2 + — = — = „ or 14 — 


47 


e g g. 


1 
—_ 


The * * 5 N by the Reſelution of which we may find + next 7 bree 7 ms, 


— 1% 1 1 c53 £855 657 159 1111 
pr pr 4 and FE, of the foregoing afſumed Series AS, YE, "> N, wy 755 


art: * P35 #V*1 
e c, which 5 is * 10 x, or the Sine W the Multiple Arc na. 
eddie et bu. 3 

a | —_— * 


„ 
W 


Art. 197. And, in like manner, the values of the 1 following cofels- 
dend, 1; T, and u, of the three following odd . of 5 in the aſſumed ſe- 


( | | ries 
p wt] | H 'J 
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ries As, — I — 2 I _ — Kc, may be diſcosetecl and the i; igns 


+ and , which are to be prefixed to them, and Which are conſequently to 


be prefixed alſo to the correſponding terms . b = e of the ſaid ſeries, may 


be determined by reſolving the three ſimple equations following, to Wit, 


_— 0) WS, back Cc 3. Lee, 5:7 AFC » 35A? 
it, The — 112 I, A 5 40 112 * 1152? 
or . =1, 22, Ack, &, UE 2 — ; by the {nag of which 
es TE” ks 045 a "16 ? 1152? * 


(when the proper figns + and — Wall T_- been prefixed to all the terms on 
the right-hand fide of the equation, except the firſt term I,) we may deter- 
mine both the fign, ＋ or —, that is to be prefixed to the co- efficient I, 
8 which is conſequently. to be preſixed likewiſe to the correſponding term, 


4. of the EY aſſumed ſeries,) and the magnitude of the faid. co. eſſi- 


[4 
* X v, 2 * 


1 
cient. . | | 5 N 
97 F - 6 of 4. KS, ® - 1 
o 4% — * . * 1 * * _ 4 þ 4 + 


| | . * IA yg bacs zal > 30's 3.54% ze 
And, 2dly, The equation 2816 2 „ ro nd Ee LA Zo As, 


3. 10 4A 5. 74 5.21 45c* 35:9 a%c 928 82 * 2 48 cs 

En e ie 7172 * 51 os wn” 
4 A? 203 6 5 * x 

==, 3 * Li, , ge, 225 ; by the OE of which (when 


the proper Ggns + and — ſhall have been prefixed to all the terms on the 
right-hand fide of the equation, except the firſt term u,) we may determine 


both the ſign, + or —, that is to be prefixed to the .co-efficient- L, (and 
which is conſequently to be prefixed likewiſe to the correſponding term, 


= of the foregoing aſſumed ſeries,) and the magnitude of the ſaid'co-eth- 


cient... 1 | 17: u 2 | WOT 39] S 
' 5 t. : | | 
2313 3A*L Gacr bare 300 zes. 3.5 ar. 
And, zdly. The equation a =.» > or TT 
3.20 AIcG 3. 10 a38* Zoe 3-5 At 5.7 A%5 5.42 A5icE 5.35 A*c3 » 36, 0 4% ; 
F 7% OO EIT Od 1152 
35-35 a7c?, 63,1hAmv% Wal re ener 
1162, 2816 * 13,312? o 13,312 aca aide mend wh" foo 8 


ws, zt» ag zact 54% FACE e 23 35 ,h 63 231 4% 

* 4 * 14 2? 8* +76 Bn 3h en? was” 32 * ack una” 
by the reſolution of which (after the proper ſigns + and — ſhall have been 
prefixed to all the terms on the right-hand fide of the equation, except the 


_ term x,) we may determine both the fine, + or —, which is to be pre- 
mA fixed 
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fixed to the co-efficient x, (and which is conſequently to be prefixed likewiſe 
to the correſpondent term, IT of the foregoing aſſumed ſeries,) and the 


magnitude of the ſaid co-efficient. 


Art. 198. Having already employed fo many pages on the inveſtigation of the 
four firſt terms of this aſſumed ſcries, to wit, the terms as, 2. , and =, I 
ſhall forbear to undertake the reſolution of the three foregoing ſimple equations, in 
order to diſcover the values of the three next terms, — . d E of the 

ſaid ſeries, and the ſigns + and — which are to be prefixed to them accord- 
ing to the different values of the number ; which, it is eaſy to perceive, would 
lead us into many tedious and intricate inquiries. © But I will only obſerve, 


that it ſeems natural to conjecture that the next term, , will be => O X 


= * K. and that the term, , will be = I x — * Ss and that 


N 13 — 13 $ 
the term, Sir, vill be = 1 X Age & 5, and that the term, , will be. 
A — 15 7 a 2 7 

N X = x Ae and that the term, , will be * 28.74 * _ | 
and that all the following terms of the ſaid aſſumed ſeries will be generated 
one from the other according to the ſame law, the numerator of every new 
generating fraction being the exceſs of mn, or the ſquare of the number », 
above the ſquare of the next following odd number, and its denominator bein 

the product of the two natural numbers next greater than the odd number of 
which the ſquare appears in the numerator and is ſubtracted from m. And 
Sir Isaac NeEwToN, and all ſubſequent Mathematicians, ſuppoſe and affirm 
that this is the law of this ſeries, but without giving any demonſtration of it, 
(as far as I have ſeen,) except in a few of the firſt terms, as has been here 


done with great exactneſs with reſpect to the four firſt terms as, 22 ; 3 : 
. 1 bi 
End of the Inveſtigation of the Series which expreſſes the Value of x, or the Sine 


of the Multiple Arc na, in Terms involving the Powers of s, or 
the Sine of the Simple Arc a. 


Art. 199. 


— 
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Art. 199. The ſeries as, > = . 17 25, A. &c, which was 
inveſtigated in the foregoing. articles, enables us to derive the value of x, or 
the fine of the multiple arc a, from 5, or the ſine of the fimple arc @. But 
by a ſimilar proceſs we may find another infinite ſeries which ſhall enable us to 
derive the value of 5, or the fine of the ſimple arc a, from x, or the fine of 
the multiple arc »4; the ſaid multiple arc being, as in the former caſe, ſup- 
poſed to be not greater than 90 degrees, or the arch of a quadrant of a circle. 
This may be done in the manner following. 


— — —ͤü—Uj — 


An Inveſtigation of the Series which expreſſes the Value of s, or the Sine of the Simple 
Arc a, in Terms involving the Powers of x, or the Sine of the Multiple Arc n a. 


——— — — — 


Art. 200. The arc 2a, of . which x is the ſine, is equal to-the infinite ſeries 
x3 3x5 57 35 G3 rt 231423 143x 

* + 57 + — 11275 + Tiger + rer + 13, 3127%* + 10, 24074 + &c; 
-_ 2 arc a, of which s is the fine, is equal to the infinite ſeries 5s + 


* 4 * 63 2314893 1435 
65 ＋ 757 2 17 117 11525 M 2876775 + 1343127"? * 70524 +. &c. But the 


3 arc is equal to » times the latter arc, and conſequently the mth part of the 

former arc deer be equal to the latter arc. Therefore the th part of the ſeries x + 
63% 2431x% 14345, 

& ＋ * e 

een ee 


Es. MM. 
equal to the ſeries 3 + > Gi — — 5 Ti + _ — + * + 


143615 —= þ+ &c, that i is, the 4 Z © + — 4 1 Fa + 5 if 


10,240r 
4 al &c, ad Wes will be equal to the ſe- 


2816 3 T an 10 _ 


2 + 354? 63907 2.315% 143655 
ries $ ＋ F == +: + = T 77000 11527 + ieee T 13,3121 ＋ agent eng ＋ &c, 


ad —_ 


Art. 201. Now let it be required to find an infinite ſerieh confting of the 
odd powers of x, the ſine of che greater arc # a, to wit, & &', *, &, , , 


* „ x5, &c, that ſhall be equal to 3, the fine of the leſſer arc 3. And let 


the ſaid ſeries be ax, — . = 7 , zr, r, ber, ad infinitum. 


Then 


$68 f i 


Then will „ be eme the pron of the ſaid infinite ſeries, or to the com- 
pound ſeries 


1 


| 
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an, es 2 gr, —— — L &c. 


Wy = 6 A 5K. 6acrix'3 | 
==, >. II, =o Eo 


% garx't GAE 
. 


, — &c. 


— oY 


5 &c. 


4 


And 5 will be equal to the fifth power of the ſaid infinite ſeries, or to the 


compound ſeries 


* , E, —. 0 > A*1x* 
ſer Fa be 20ATCGS'3 
1 R 
"4A gen 10A *r 
3 > RIS FTIR 
—— bee. 


» &C. 
&c. 


den — 


| A | | „ &c. 
* ; &c. 


And * will be . to the 7th power. of the ſaid infinite ſeries, or to the 


compound ſeries 


{ 4, 7 _ — — &c. 
. . | | Aci 42 4h 
X | — 2 f , & 
|. 5s | ee „ &c. 
( : d &c. 
And 5* will be equal to the 9h power of the ſaid infinite Series, or 
compound ſeries 
- ] 5 AP, we, Sa, &c. 
| | Leer 
1 | fe. oh. 
* &c. 


11 


to the 


And 
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And. * ill be = to che Lith - your of =P {md r ſeries, or to the 
nd Te ay t [og 
£2 x : * ; den 0 | 5 ==, &c. 


| 
: & C. 


5 — * 
1 


And 15 ill ede to the 13th power of the ſaid _ ſeries, or to the 


compound” ſeries ; 
Baba, { deu, e. 


&c. 


Art. 202. Let theſe ſeveral values of 3 and its odd powers 55, 4, 4, , 5**, 
#3, &c, be ſubſtituted, inſtead of * and its faid odd powers themſelves, i in the 


$ 
equation obtained in art. 200, 0h 7+ oe + rn + er rhe 


63 rr 222 143¹ 3 13 Ts 
—_— * 13,312 + 10,240nr 4 + bc, ad infinitum, = 5 + 672 T 5 5 
3549 635% 231853 143655, 5.8 | 
_ T 71 nat + 7187 ＋ 75057 + 10 10,40 + &c, ad infinitum. And the 
ſaid equation will be thereby transformed into ” following very complicated 


equation, to wit, the ſimple. infinite ſeries — # 85 - * — - = 12 - 25 


+ bgatt + 3 + &c, = the e Ne ſeries 


IG 13,312 


cæã Ex o N Ix? Lav! Nx373 
, AX, a@. 9 74 bl 70 '3 78 3 710 3- 712 5 &c. 


43 za 34 ZA*Gx? 34 Kl ZA*Lx%3 
, Ge ar a en on We. 
3Ac*'x7 Gacrx? GAC, GAC 
| Os” es e ee 
| | 1 7 AE 64 Gas | 
+4 _y . Ly —— &c. | 
| | | TAR Scan gefgpl? = 
1) ainani eee 
3 1 
1 — : , rt 3 &c. 
L ; Kc. 


— 
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'O "C 4+ ak ; = 3-5A*%zx? ; , 3. % &c. 
| 49? 4077? © 4ort 40715 7 
1. VB g I: 
+ Bs. oY toad c - 4,204aItx 2,20AIGx"3 
* | — — We, &c. 
40 40 407 
| 203711 352213 
3.T0A*CIx"® 3.104 
71 8 on 
; 8 8 of 5 - Ci 4 707 „ 30A ce 423 » of * - 
Eo Kc. 5 | 
1 ace 
| | —— &c. 
L 
WO poiog: = $4787 Son aPea® > Lz F. %%% | 
EN DO * 11276 11 1717. 75 Rares We : 
2 13 S. z1a can 1 
LI | +3; "> z 7 ares? 
n | 1 e 
Pra 


+ 7 35 een 3585 1 s 


Wy" | 1520? 11541 5 i e 2. 
.4T | a | 35: er : 


5 WE. . &c, 
3 =: GA 63. 11A 

+ * 281615 2816721 ? &c. 

K B 

; * 7M 231433473 

I . N. ra &c. 

| \ &c. 

\ &c. 


Let the whole com ee er ſeries that forms the right-hand ſide of * 
equation, be, for the fake of brevity, denoted by the Greek capital letter A 


2 
And then we ſhall have the ſimple infinite ſeries = "+ => + — 8. — 


23175 


+ = 727 — * + &c, = the compound infinite ſeries A. 
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ret Wine | 1 4 £08084 ot hag ts 
The  Juveſtigation of the Firſt Term, ax, of the foregoing aſſumed. Series ax, 


ca? Rr Gal 1 Lx! N pal | 
, 75 Li 55 = , , Cc, by means of the foregoing transformed 


: * 7 "4 + = 13 — 4 36x? + ben + 231&x%3 8 
* 7 SZ — 112ar® 115 2575 2816 164% 13,3t a r* 


Sc, ad te Wing = the complicated Series A. 


£ ea ne 


Art. 203. Let * terms of the foregoing transformed equation — + 
od BY. bs de 1 63.4% x _— &c, A, or to the 


r  4our* 115 1 281 U 13, 31271 
complicated ſeries 
cx3 EA Gax7 & 
*. —T 9 9 y* ? Go 


FE Ar zac 3A*gx7 & 
5 6577 ? 6x5 ? . 
+43 , &c. . 
0 N — _L 
34 3. 5A ε ves 
+ er e 
1 c | &c. 
© A/ c. 
11 + ITE 
&c. 


+ w_ be divided by x, And we ſhall have 


the ſimple ſeries + x= + — 2 1 +: eg =the complicated ſeries 


Cx? Ex* as 4 
22 9 . , Kc. 


A 3A*cx* 3A RN 
+ "6? 9 "0 7 


1 = * m. 


+\ + ner, has 


| A 
+{ Þ+ r de. 


372 Ae ons own The 


And this equation is always true, of how ſmall a magnitude ſoever we 
may ſuppoſe the ſine æ to be taken. And therefore it will alſo be true when x 
is o. But, when x is equal o, all the terms that involve x will be equal 
to © likewiſe, and the whole left-hand fide of this equation will conſequently 


be equal to its firſt term — and the whole right-hand fide of the equation will 
be equal to its firſt term a, Therefore - will be equal to a, or the co-efficient, 


| | oy cx3 rx5 OG“ 1a% 13% 
A, of the firſt term, ax, of the aſſumed ſeries ax, I” , . T, . 


Nats pls 
= 5. "Fe 
p— 7 


&c, will be = = and conſequently the ſaid firſt term, ax, will 
be =— X K, or —. „ 


The Inveſtigation of the Second Term, Sr, of the foregoing aſſumed Series. 


Art. 204. Since 4 is = , let 2. be taken from the left-hand fide, and 


a be taken from the right-hand fide, of the foregoing equation — + __ 
7 — c, = the complicated ſeries | 


11 
1 e 0 o Ke 
2090 DNL eee, HC | 
A qa*cx* 2Aa*% x5 
. , , ec. 
+ Ac | 
—— , &c. | 
. 
2 
+ + gor* ? 40 „&c. 
& c. 
va Hcl 
+{ + r.. TD 
J ; | cc. a Y | 
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ind the — will be equal to each other; that is, the ſimple ſeries 
— * =x a + = A + Kc, will be equal to > thy * ſeries 


c oo 7 
SN, 
4 3 91 571 * 
r. * 234 A*gx* 
& 2 =, . he. 


2,.6 
7 | , Kc. 


| r 

And this equality between the two ſides of this equation will continue if 
all the terms on both ſides of it be divided by any number _— There. 
fore, if all the terms be divided by x*, the ſimple ſeries — + == —_ + —_— 


+ oy will be equal to the compound ſeries _. 


&c. 
* — hay —_ * . „ «a — * 
| 3.540 four > kw BI Ha * 
? . = 
+ gor® ? , bet 
nnn &c. Z:. S% - n_ = Kü 


A7 : 
+ g 9 &c. 1 a - 
* 1125 91 | <4 1A v 
| 77 &. | 
77 | & "—— ) = UENPDY 


| + ke. | | 
And this 1 7 will atays be true, of * ſmall a * ver d we 


may ſuppoſe the fine x to be taken. And therefore it ill alſo be true Shen 
* is = o, But, when x is = o, all the terms in the equation-whict"-avolve 


2 will be equal to o likewiſe, and conſequently the whole left - hand fide _ 


che equation” will be 22 to the * term Gary and the whole —24 
. 


— fide of the 1255 will be allo to the two terms Sand £ rr of which 
the ſecond term, — = = is to have the ſign + prefixed to it. We ſhall there- 


== 
5 * ＋ 575 
5 T, or (becauſe 4 is equal to =) - 8 5 © &+ 257 But, 8 


fore have — Sr. and (mottphying al the terms into v 0 = = C 
number, and conſequently 1. is greater than , the fraction r will be leſs 


than the fraction . Therefore c muſt be added to the faction ge, * 22, in order 


to make it equal to — and conſequently the ſign + muſt be prefixed to the 
co- efficient o. We ſliall therefore have — = + ec + _ „and conſequently 


97S 11 1 21 nn—1 
nn tt Is =, Therefore the ſign + 


muſt be prefixed to the , correſpondent term, — _ =, of the aſſumed ſeries” ax, 


2. Ex5 + 149 Lott 25 — un — 1 


* = = 11 A 3 the two fiſt terms of the faid aſſumed ſeries * be 


Cx? un 1. at 111 x3 
ax + . er x# 2 x = , e AXEL x2 
| 238 -— — 22 ; . 1 


J 


fy 
* „ 
* 2 Paw Oo | MCLE —.— 
— — — | 
< 9 


The Hoefigation of the Third Ter erm, „ the Jerko aſſumed Series, 
— rs Riba 
Art. ws Since 2 ſign + is to be prefixed to the co- efficient c in the 


equation — = © + — Ar, it follows that it muſt alſo be prefixed to the terms 


55 32 — 


8 — 2 = ans EEE in the equation berween t the — . = v 
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Ex? 8 Ga* An 
„ > 2, ue 
AF 34% c 34%x* Teh 
4 + N. ed. = 575 e. | | 2 
* | 
, &c. 3 
&c. 
WI ere e 
1 
&c. 
ieee : 
1 „ &c. 


＋ &c, from which equation the 
equation . =/ © + — or 2 e + 77, was derived by the opera- 
tions of . and diviſion. Therefore we ſhall have the oy ſeries 


I 345 


* 


c Ex* Ga# 
— FI ** — => &c. 


oo DIST Lg 
A?3 2 2 28 x+% A 
x + G* * = — hh &c. 5 

3A FA“ 

4 + pr — &c. 

Kc. 
a 

+{ 9 7 &c. ; 
e 
— &c. 


But it has been vd in the foregoing article that —is = + — - + 8 2 
Therefore, if we omit theſe terms in the laſt —_— the ſaid equation wilt 
ſtill be true; chat i is, the ſimple ſeries —— =>. 8 = + &c will be = the 


compound ſeries: 


wt 
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Ex* Ox: :. 28 f 
e ee — „ &c. _— 
"as — 
A*cx* * | > 
+ = I r 
＋ , 4 
AC? 
0 2 . &c C. 
| „ cee 
3 4 Ae 2 2 
+ 7+ ET GG I | | 
dec. I 
$A7at 
+ +- rn | 
DJ &c. 1 
3 + Ke. 


Os (dividing all the terms of this es by x) the imple ſeries 


+ &c, will be = the compound ſeries 
. — 7 , Kc. 


0 + et, 1 Ke. 
+ 


5 — 


+ &c. 


And this equation will always be true, of how ſmall a magnitude ſoever we 


may ſuppoſe the fine x to be taken. And conſequently it will be true alſo 
when * is = ©. But, when x is equal to o, all the terms that involve æ in 


them will be equal to o likewiſe, and conſequently the _— left-hand fide 
of this laſt equation will be reduced to the ſingle term ——; = and the whole 
right-hand fide of the ſame -equation will be reduced to the Says terms 


2 ＋ 1 Therefore we ſhall have == = > +55 + rt and 
(adp 
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(multiplying all the terms into , 2 = * + 320 + =, or + 2 1 + 


2. ＋ W, or (becauſe 4 is = —) 75 * 124 2 4 — or (becauſe e 


is = e E=r+p>xX=+,=r+= + S=n+ 


— G6n3 ?” 403 zun 405 1245 40u5 
l1onn—1To 9 ; a 10 — 1 9 a 100 -t 4 4 * | 
12025 120 + 120% f 12077 © uy 120 ? you 


tion, if 25 is greater than , the co- efficient x muſt be added to the 


I 2045 
Jatter quantity, in order to make it equal to -; and, if = is leſs than 


— — the co- efficient x muſt be ſubtracted from the latter quantity, in or- 


der to make it equal to 22. We muſt therefore now proceed to inquire 


whether . is greater, or leſs, than . 
I 20n T”. t 20 


Art. 206. Now — will always be greater than —— For, when # is 


of the leaſt poſſible magnitude, or is = 2, (it being ſuppoſed to be ſome whole 
number, and 2 being the leaſt whole number that can be taken,) ga“ will be 
(= * 16) = 144, and lou will be (= 10 Xx 4) = 40, and 10 — 1 will 
be = 39, which is leſs than 144, or 9. Therefore in this caſe 2”. will be 


12045 


greater than — And, when u is greater than 2, the exceſs of gn* above 


109% — 1 will. be greater than when # is only equal to 2 becauſe the incre- 
ment of 9gx+ (which involves the fourth power of x) will be greater than the 
increment of 10, (which involves only the ſquare. of u,) or than the incre : 
ment of 10 — 1, which is equal to the increment of 10#z. For, if # be 


increaſed to # + d, we ſhall have gx +a} (= x 1* + and + 6n*d* + 4nd* + d*) 
= 9 + 36nd + 541'd* + 36nd* ga', which exceeds 9a! by the incre- 
ment 36 + 54#*d* + 36nd* + yah; and we ſhall have 10 Xx 1 +4 —1 
=10 Xn + 2nd + 4* —1) = 10m + 20nd + 104* — 1, which exceeds 


10 — 1 by the increment 20nd + io, which is leſs than 36nd + 544", 
and, à fortiori, leſs than 36n%d ＋ 54n*d*, and therefore, again 2 fortiori, 
leſs than the former increment 36nd + 541d” + 36 + 94. There- 


fore when # is either equal to, or greater than, 2, g#* will be greater 


than 10 — 1, and conſequently 15055 will be greater than . 
* ®. 6 


Vol. III. 4 E There» 
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Therefore the co-efficient x muſt be added to the quantity == 


"12085 ? 


in order to make it equal to the quantity - 2 ; and conſequently the 
ſign + muſt be prefixed to the ſaid PE in the equation 2 = E + 


| "ines , and the ſaid equation _ be = — = + E + — Therefore E 
, 2 — tons +I __ 77 i 0 9 an — 1 ON" — 
will be = PEI = — DF * 17 2 = Therefore 
the ſign + muſt be prefixed to the correſponding term, I» of the aſſumed 
ſeries Ax, — — „ 72 and the ſaid term will be = 


, 702 782 Tio? in? "1 


1 nn —1 9un— 1 aſl gin — a \ 

3 * eee 22 * = . and HY the three 

firſt terms of "on ſaid aſſumed ſeries 2 be A 1 * =, or — X x + 
un — 1 2 —1 | 


The Inveſigation of the Fourth Term, r, of the jaid aſſumed Series. 


. — —————_—_— — | | | 
Art. 207. Since the ſign + is to be prefixed to the co-efficient E in the 
equation er 3 aa E + —— „it follows that it muſt alſo be NN to the 


terms = and Des. in the equation between the ſimple ſeries ——; + 5 
Sec and the compound ſeries 


. , &. 
+38, 2, ts 

7 + BSE, be. 
| &c. 

+ + Ex + HET, ec 
Ke. 

2 FI . Kc 

| &c. 


+ &c; and conſequently the ſaid ' 
equation 
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equation will become = + 


112 


+ _ —=, &c. 


= W + 5 „&c. 


Kc, = 


the compound ſeries 


519 


But it has been ſhewn in art, 205, that Ex is equal to + 2 b + 
a. Therefore, if theſe terms are ſubtracted from the oppoſite fides of the 
laſt equation, the remainders will be equal to each other; that is, the ſimple 


fries Foe + &c, ad infinitum, will be equal to the compound ſeries 


—, &c, ad infiuitum. 
= 8 — , &c, ad infivitum. 
+ + ==, Ke, ad inſnitum. 


&c, ad infinitum, 

+ + — &c, ad infivitum, 
&c, ad infinitum. 

+ | + —— 2 infinitum. 
8 „ ad infinitum. 


+ > ad infinitum. 


4 E 2 


Therefore, (if we divide all the terms of this equation by ,) we ſhall have 
Tr + &c, ad infinitum, = the compound ſeries. 


_ 
75 
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—.— &c, ad inſinitum. 
+ „ &c, ad infinitum. 


+ 2 &c, ad infinitum. 
&c, ad infinitum. 

+{ + Aer, = Ge; ad infinitum. 
&c, ad infinitum. 


+ + r, &c, ad infinitum. 
&c, ad infinitum. 


+ Kc, ad infinitum, 


And this equation will be always true, of how ſmall a magnitude ſoever we 
may ſuppoſe the. fine x to be taken. And therefore it will be true alſo when 
* is =O. But, when x 1s = o, all the terms of the equation which involve x, 
that is, all the terms which are denoted by the ſeveral marks of &c, will be 
equal to o likewiſe, and egg the whole left-hand fide of the equa- 


tion will be reduced to its firſt term —_ and the whole right-hand fide of 
the equation will be reduced to the five terms _ 1 + 2 + r 


$47 PEN 3Ac* ug PP, 
1 es pete + +5 * 22 


= * ＋ + = ＋ ＋ 2 555 * =, and (multiplying - all the terms into „ 
I 4 ff, or (becauſe 4 is 2) 45 


will be = 6 += += = ++ — ria? or = will be = 6 + = + © + 


= + —=, or (becauſe c is = =, and conſequently c* is = | cad. ht ) 


11287 36n® 
S. Sgt xt = ++ 
_ + "20k Ser 8 . 
— + Te + 11287 1 1 — 725 —_—— + 1 
. 2 9 thy + e = 2% 1 725 5 tha 

| 7X3 
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7X35 X25 __ | Ot 245 8 = 
7x 720 + 9x 560n7 F 4. 21 + 72⁷ + 144? 5040 + 5$340n7 6 + 20 
260 nn 20 p —Iom+1 6 b 
5+ <=; „or (becauſe E is = 2 772 —, will be = 
. of—1ombI at. 5un ——— 2 10 I 
9 + 24007 + 72n7 + 14% 5040n7 = 6 * Zn 2407 + 740 + 
X S 22 Zo , 3 10 252 20 
7an? 2 14487 goqou! © + 72087 72087 + 720m + 720n7 + 72 F514 


r S 
ee 720 720 + 50 50n 504087 © ES 72087 7207 + gozou? © P 


r r 
* 7* 72087 7 * 720 504087 w 2 50407 504on? F 504047" * 112 


in be = O T , + e, or 25 will be = 6 + 252% 
e See © Fogon? © eee e 5555 ng 55%᷑ ꝶꝓ 0c 


. Therefore, if the ſingle quantity =_ is greater than the 


5040n? 5040 
compound quantity 2 A + ——, the co- efficient c mult be added 
pou q 5040 5oꝗ4o 5040n?? | f 


to the latter quantity, in order to make it equal to the former, and conſe- 
quently the ſign + muſt be prefixed to the ſaid co- efficient; but, if the ſingle 


quantity e is leſs than the ſaid compound quantity, the co- efficient 6 muſt 


be ſubtracted from the ſaid compound quantity, in order to make it equal to 
the ſingle quantity = and conſequently the fign — muſt in this caſe be 


7 


prefixed to the ſaid co- efficient. We muſt therefore now proceed to inquire 
whether the ſingle quantity 55 is greater, or leſs, than the compound 


quantity Seeder — 5 or whether the ſingle quantity 22 5“ is 


greater, or leſs, than the compound quantity 2 59 . — 35m + 1. 


Art. 208. Now, when z is = 2, (which is its leaſt poſſible. magnitude,) we 
ſhall have »* = 4, and #4 16, and #* = 64, and conſequently 225n* (= 
225 X 64) = 14,400, and 259 (= 259 X 16) = 4144, and 3 5 (= 35X4) 
= 140, and conſequently 2593 — 35mm + 1 (= 4144 — 140 + 1 = 
4004 +1) = 4005, which is leſs than 14, 400. Therefore, when ris = 2, 


the compound quantity Saber . — hb will be leſs than the fingle 


quantity = And therefore, when # is greater than 2, the. ſaid compound 
quantity will, 2 fortiori, (for the reaſons given above in art. 206,) be leſs than 
the ſaid ſingle quantity. . E. 1. 

. Art. 209. 
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Art. 209. Therefore when » is equal to any whole number whatſoever, the 
ſign + mult be prefixed to the co-efficient G in the — laſt- obrained, 


ro wit, the equation = = = 6 + e = + Re and the ſaid equa- 


2254s n 
tion will be . pjatt and conſequently 
r eee 
a de d 504 $04087 ＋ gon? 50407 e 7 Fo * 
. D gmm—r x 25an —T =": 1 — 1 nn — 1 
50 4 5040 1 2. 3un 4.5. an 
* po = = E N Ile Therefore the ſign + muſt be prefixed to the 


Cx Kr Gx7 12 Len 
7 76? p69 e gies 
Nax33 pls 


„ 7 2 nr 
r uk &c, and the ſaid term will be * om oem © "THE 


correſponding term, oo of the aſſumed ſeries Ax, 


X 4. or E * x 2, and the four firſt terms of the ſaid aſſumed 
ee . or K A* 2 * 2 + ec x 


BEBE +2 x I 5 4 d. E. I 


4.5. nn * 6.7. 27 * 7 | 
A Remark on. the foregoing Series. 
— 
Art. 210. It is remarkable that in this ſeries the ſecond, third, and fourth 


terms, =, = an =, are all added to the firſt term ax, and have conſe- 


quently the ſign + prefixed to them; whereas in the former ſeries as, 
c& nod oa. 1. 25%. net. vgs 


g, , c, , . v.. &c, which expreſſed the value of x, the fine 
of the multiple arc »@, in powers of 3, the fine of the ſimple arc a, the ſecond, 


term, . was always to be ſubtracted from the firſt term As, and conſequently 


to be marked with the ſign =, and the third and fourth terms, 35 ad . 


were in ſome caſes to be ſubtracted from the firſt term as, and a uentl 
to be marked with the ſign —, and in other cafes to be added to the ſaid fi 
term A, and conſequently to be marked with the fign +. So that this latter 
ſeries ax + — * = + =, ＋, , =, LAY &c, for expreſſing the 


72 


value 
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value of 3, the ſine of the ſimple arc a, in the powers of x, the fine of the 

multiple arc na, ſeems to be more ſimple and manageable than the former 
4 3 8 7 19 in 14. 

ſeries 47 — , , „, T, , . 215 &c, 


the fine of the multiple arc na, in the powers of 4, the fine of the ſimple 
arc 4: which is contrary to what I ſhould have been inclined to conjecture. 


for expreſling the value of x, 


— 
A Conjefture concerning the Law of the Continuation of the Co-efficients of the 
| following Terms of the ſaid Series. | 


% wW4. a 3 


Art. 211. What will be the values of the following co-efficients I, L, N, 
P, O, S, &c, of the powers of x in the ſeries ax + = + = — . ＋. 


11 | 13 rs 17 19 ” . 
Z. A, 2, = , &c, I cannot tell. But it ſeems natural to conjecture, 


—— — ¶ f — 


700 n. n v, ar, 


. FER 1 1 1 aw 3 o 3 1 1 2588—Tr 
that, ſince c is = a X —_— and x is = © X Ta and oi * "> 
the next co efficient r will be = G X = and the fixth co-efficient L will 


12122 — 1 


be = 1 Xx r, and the ſeventh co- efficient x will be = L * ITED» 


and the eighth co-efficient' v will be = N X ED , and the ninth, and tenth, 


and eleventh, and other following co-efficients, o, s, v, &c, will be equal to 


P X , and o Xx — . and s X . &c; in all which quan- 


10.17. an 18.19. un | 
tities the co-efficients of un in the numerators of the ſeveral generating frac- 
tions by which they are produced, are the ſquares of the odd numbers 3, 5, 
7, o, 11, 13, 15, 17, 19, &c, taken in their natural order, and the co-eth- 
cients of un in the denominators of the ſaid generating fractions are the pro- 
ducts of the two numbers next greater than thoſe of which the ſquares are the 
co-efficients of n in the numerators of the ſaid fractions. And, if this con- 
jecture be true, the fine s of the leſſer arch @ will be equal the infinite ſeries 


I un — a3 gen —1 a5 251mm — 1 * 

2 NA © X 5x. 8 X or XY G X 

4911 — 1 * 8122 — 1 — 121 —- 1 * 169 1 

8.9. * 77 en 10.11. n * " 28h 5 12. 13. an * * „ 14-15. 25 
* 15 22 6 4 7 289 —1 * 0 36122 —1 * 

R 7 2X e om * 1 X 20.1. = 


+ &c. 
The 
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The Fquations, by the Reſolution of which we may find the next Three Terms, 


1x? 1x" 
77, 5 


and . of the foregoing aſſumed Series, 
———qcqcorco—— TH — 


Art. 212, The values of the co- efficients, 1, L, and x, of the fifth, ſixth, 


1% Lo"! Ns . o kA Ga! 
and ſeventh terms, , Ag, and , of the aſſumed ſeries ax, , 


75 2 = p 2. ., = = &c, may be diſcovered, and the ſigns 
+ or —, which are to be prefixed to them, (and which are conſequently to 
= , and = D. of the ſaid ſe- 
ries,) may be determined by reſolving the three Gllowing ſimple equations; ; 
to wit, 


iſt, The equation RN þ — I, 390, = back Cc 3. =, 3-10 Ac 5.7 8 3 


1x? 
be prefixed alſo to the correſponding terms, A, 


ge * n 
2 34 _ 8 1 
1 * I, — ACE, F. , 2 * 5 or (becauſe the fign + 


3 


+ 
= + Shs 9 ＋ E; ; by the reſolution of which we may determine both the 


115 8 
magnitude of the on efficient I, and the fign, + or —, which is to be pre- 
fixed to it, and "agar is conſequently to be prefixed likewiſe to the corre- 


is to be prefixed to c, x, rows = I += + en + > + 


11522 


ſponding term, =, of the foregoing aſſumed ſeries. 


63 LI bacs gas* 30% 3.5a4 . — 
2816 „ 5 T2 9 40 40 
3. 10 a*c* 5.74% 5. 21 a5c* 35.9 a*c 634% of 63 A*I a R 
ne 112 1152 2816 2816 2 2 2 
en zer Nl 1c 35 63A 
F 3 28162 
fign + 4 8 — it, (as I _ not 2 will be found to nave,) the equation 
_- ID 34% 340 Za*c3 5AE 
* L + = "+ Ac + = * 2 - + E- 8 N 8 


© + + BS + 1 975 ; by the © of which we may determine both the 


magnitude of the co-efficient x, and the ſign, + or —, which is to be pre- 
| fixed 


And, 2dly, The equation 


if the co- efficient I has the 
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| fixed to it, and which is conſequently to be prefixed likewiſe to the cor- 
reſponding term, = „of the foregoing aſſumed ſeries. 


L. Gact Gato 3c%s zes“ 3.5 1 
And, 3dly, The equation 13 — * 5 8 I > 49 » 


3.20 Aces 3.10 24 3:30 A*c*x —.— 3. 5 —, $7 A% $5.42 a5cs e 3549 a*s 


A ab "112 *? TT RISE 1152 
35-36 ATc* 63.11 Ale 231 _ wo 3 c c-“ za 
i152 * 2816 + 13,312? or 1,3. 22.7, ACh ARES, Ie 
We, = —.— = = , e, 354% 3e. — 2314 
4 16 128 32 "266. 137172 


or, if the two co- . I R's L N. the ſign + prefixed to wg 2 I 
doubt not will be found to be the caſe,) the equation —= = * + = + 


13,31 


act + ano + Te + = + vet 4 . 


+ —.— 22 — + ＋ + _ + 256 + 12314 by the reſolution of 
which we may 8 both the magnitude of the co- efficient I, and the 
ſign, ＋ or —, which is to be prefixed to it, and which is conſequently to be 


prefixed likewiſe to the correſpondent term, = „of the foregoing aſſumed 
ſeries, 


Of the emen, 
— x 5 = + * * © x 5; Ge, which is equal to s, the Sine of the 
leſſer Arc a, or the nth part of the Arch na, of which x is the Sine. 


— —  — 


Art. 213. The numeral co-efficients 4, c, x, o, 1, 1, u, P, &c, or =, A * 


—1 . 25u1—1 49nn—T1 81 —1 1212 — 1 
2.3. © x 25 45 ? a 6.7. un L* 8.9. nn ? * Torr? x 721] 
6 . 
u N 17 &c, of the terms of the: foregoing ſeries, will always decreaſe ; 
becauſe the denominators of the generating fractions =— =, 4 
2:3.m 4.5m? Gam ? 
Vor. III. 4 F 49mn—1 


"Big. na ? 
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— 8-1 12% 1 169 —1 
8.9. s 10.11. 12.13. u 14.15. 2 
which the ſecond co- efficient e, and the other following co-efficients x, o, 1, 1, 
N, v, &c, are produced from the firſt co- efficient a, or —,)are always greater than 


their numerators. But the decreaſe of theſe generating fractions, and of the co- 
efhicients c, E, 6, 1, L, u, , &c, produced by them, grows leſs and leſs continually; 
fo that, by continuing the terms of the ſeries far enough, we may find two con- 
tiguous co-efficients that ſhall be as near to a ratio of equality with each other as 
we pleaſe. And the convergency of the ſaid co-efficients even in the firſt terms 
of the ſeries (where it is greateſt,) is but ſmall ; ſo that, if the fine x is almoſt 
at to the radius 7, it would be neceſſary to compute a prodigious number 
of the terms of the ſeries, in order to obtain the value of the whole ſeries, 
or of the leſſer fine 5, exact to eight, or ten, decimal places of figures. For, 
if the ſine x was equal to the radius r, or, if the arch 24, of which x is the 
ſine, was an arch of go degrees, or an arch of a quadrant of the circle, the 


» &c, (by the continual multiplication into 


ſaid ſeries would be equal to Xx T + A X —— x 5 + . 


E X 26 — 1 — ＋ 0 X 4904 —1 r9 4 8 81 —1 22 8 
* * N 2 Tom K = N T * 


6. 7. nn 692 — 
1212 —1 113 | I 12— 1 1 nn I 
r r 


bug” ren — 2 499% —1 
RIDE + IX ALD XN + 6X ITN + 1X 
1218 —1 1690 —1 a 
D n Tig: + &c, or n the ſeries 

2542 —1 


Z . rw "om © Xian 


41 x 1 u. &c, which is ſomewhat leſs than r X 


12.13, an 14-15. a 


% 


Stn — 1 
10. 11. 28 


XT + L X 


the ſeries — +4 X == + e + Xo +0Xg=+1X 
81 + 1 „ 12 1 ＋ * X 169 


10.1 1. nn 12.13. an 14.15.ux 
1 „ 2 2 25 49 


169 
$0 N 


2 +27 „ + &c, or than 7 * the ſeries — + 5. K — 2 * + 


+ &c, or, than 1 X the ſeries — 


+ L X 


10.11 12.13 


+ &c, or than 7 x the ſeries — + 8 1 1 + 


4-6 Z Ii Og n Le „ ia Bf By 2 
X=>+EXEXTX>+ZXIX 5X PRESSE AEEXS 


I I 121 81 25 9 I 1 159 121 
rennen ern 


22 n the feri 
—XBPXEXZEX FX c, or than y x the ſeries 
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1. ooo, ooo, ooo, 


8 2, - 


= |= 8 | JD #| 


X 
: 
> 


+ = * 0.030, 381,944, 
+ — * 0.022,372,1 56, 
+ — * 0.017,352,121, 
3 — X 0.013,964,325, 


+ &c, or than — x the ſeries 


1.000,000,000, + o. 166, 666,666, 
+ . og, ooo, ooo, + o. 044, 642, 85), 
+ o. o 30, 381,944, + o. 022, 372, 1 56, 
+ .o 17, 352,121, + 0.013,96 4,325, 
+ Kc, the terms of which ſeries evidently decreaſe very ſlowly. 
It is only therefore when the arc » a, of which x is the fine, is much leſs than 
an arch of 90 degrees, and conſequently the fine x is much leſs than the ra- 


== x 5 + © x == * 


dius r, that the foregoing ſeries - Xx + AX 


2. 3 an 45.4 
5 20nn—T &? 40% — 1 „ x 812 — 1 „ 
ran r 


* n 2 8 | 
XS + N X — Xx 57 + Kc, will give us the value of 5, the 


ſine of the leſſer arc a, to any great degree of exactneſs. 


Art. 214. Nevertheleſs we may, by a little management, apply the forego- | 


ing ſeries to the inveſtigation of the fine of any aliquot part even of an arch 
of go degrees, by proceeding in an indirect manner, and by combining the 
uſe of this ſeries with the well-known Propoſitions of Plane Trigonometry, 
which. enable us to find the fine of an arc that is equal to one-halt of another 
arc of which the ſine is known, and to find the fine of an arc that is double 
of another arc of which the fine 1s known. This method of proceeding may 


be explained as follows. | 


Art. 215. Let it be required to find the fine of the 37th part of an arch of 


90 degrees, in a circle of which v is the radius. 
4 F 2 Find, 
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Find, in the 1ſt place, the fine of an arc of 45 degrees. This fine is equal 
to half the chord of go degrees, or to half of Vz * 7, or to : X 


1.414, 213,562, &c * 7, or to 0.707,106,781, &c * r. 2 
Secondly, From o. 70%, 106,781, &c x r, which is the fine of 45 degrees, 
find the fine of 225, 30, or of the fourth part of an arch of go degrees, by 


the common method given for that purpoſe in books of Trigonometry, or by 
Prop. 3d of my Elements of Plane Trigonometry, art. 18, page 14. 


Thirdly, From the fine of 225, 30“, find in the ſame manner the ſine of 
11?, 15% or of the eighth part of an arch of go degrees. 


Fourthly, From the fine' of 11*, 15 find in the ſame manner the ſine of 
5*, 37, 30“, or of the ſixteenth part of an arch of go degrees. 


Fifthly, From the ſine of 5*, 37", 30”, find the ſine of 2*, 487, 45”, or of 
the thirty-ſecond part of an arch of go degrees. 


And, Sixthly, From the ſine of 2®, 48', 45”, find the fine of 1, 24, 22", 
30”, or of the ſixty-fourth part of an arch of go degrees. 


This fine will be between —== and —. — parts of the radius r. There- 


fore, if we call * fine x, the fraction _ will be nearly equal to — or 


yz, or — >, or —_— and opts the ſeries Ax + — + —— 
＋ AN r Kc, or ＋ * K K A ＋ e 
v a ox = xa+7"xSES 
+ L X . — * = + * x * 5; + &c, will converge very 


ſwiftly, by means of the continual multiplication of the terms into the fraction 


— notwithſtanding the ſlowneſs with which the numeral co-efficients 4a, o, 


I _ ,, 2#—1 mm 25m —1 49 —1 
E, O, 1, L, N, P, &c, or ＋ν AXIS OX BX <4 des 9. 


| * 2, L X and N X =, &c, will decreaſe. We may 
therefore apply this ſeries to the inveſtigation of the magnitude of the fine of 
the 37th part of the ſmall arc of 15, 24, 22”, 30”; and the firſt four terms 
of the ſaid ſeries will give the value of the ſaid very ſmall fine exact to at 
leaſt nine decimal places of figures. And, having thus found the fine of the 

2th part of the ſmall arch 15, 24', 22”, 30“, we may, by the method given 
in the 4th Propoſition of my Elements of Plane 'Trigonometry, art. 19, page 1 To 
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find, firſt, the ſine of ths of the ſame ſmall arch; and, ſecondly, the fine 
of ths of the ſame arch; and, gdly, the fine of F,ths of it; and, qthly, 
the tine of ths of it; and, ßthly, the fine of th parts of it; and, 6thly, 
the ſine of 24th parts of it. And this laſt fine will be the fine required, or the 
fine of the 37th part of an arch of go degrees. For 64 thirty-ſeventh parts 
of the 64th part of an arch of go degrees, are equal to one thirty ſeventh part 
of the whole of the ſaid arch of go degrees. 


Of the Triſefion of a Circular Arch by means of the foregoing Series. 


4 „ . % 


Art. 216. If we ſuppoſe the leſſer arch a, of which 5s is the fine, to be equal 
to the third part of the greater arch u a, of which x is the ſing, we ſhall have 
1 = 3, and conſequently an = 9, and gun (= 9 X 9) = 81, and 25m (= 
25 X 9) = 225, and 42m (22.49 X 9) = 441, and 9% (= 81 X 9) = 
729, and 121 (= 121 X 9) = 1089, and 169 (= 169 x 9) = 1521,) 
and 2.3m (= 2.3.9) 54, abd 4. 5 (= 45.9 = 20.9) = 18, and 6.7.9 
(= 6.7.9 = 42.9) = 378, and 8.9. (= 8.9.9 = 72.9) = 648, and 10. 1 1 
(= 10.11.9 3 110.9) 3 999« and 12. 13. (= 12.13.9 = 156.9) Z 1404, 
and 14.15.m (= 14.15. 9 = 210 X 9) = 1890. Therefore the ſeries 


I nn—T x? gun — I as 25 —1 x7 

Ee Wa LET 87. XFFOX 
490 — 4 ieee 1211 ** 169 1 
8.9. nn * 1 * Goran * . * &. 12.13. * * ＋ * * 14-15. 8 


$1 K* 8 J $25 p 4 3 * 9 1 it! —1 | x3 $1-1 
X 7, + &c ill, in thi caſe, be x N X ＋ N 


* | 225—1T x7 ht OCR 29 t = a” 


37 648 990 
X —_— x 5 + * * 2 x 7 de, N * A* 2 
T* N x x 7 + * x > + I x 25 * 5+ 
L * . * A + N * 1855 * So: + &c ="=X,#.+ * 45 * 2 + 
0 ** EX = K +/0 x NK Six x% + x 


495. 
* N N 
Ju KN T* X ig N a7 ＋ Kc, 
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| = 0.333333-333s 
+ -0.049,332,716, 
+ 0:021,947,873, 
+ 0.013,006,146, 
"Þ 0.008,831,333, 


R NN N X N 


FD 


+ o. oo6, 494, 151, 
+ 0.005,032,504, 


X 


＋ 0.004,047,301, & 


+ &c. And conſequently. 4, or the ſine of the leſſer arch a, 
which is equal to a third part of the * arch 2a, of which x is the fine, 
will be equal to the ſeries 


0:333:3333333 K «% 4 3 * — 
+ 0.021,947,873 X = + 0.013,006,146 X 2 
+ o. 008, 831,333 * 7 = * o. oo, 494. 151 * = 
eee N + 0004047301 X 27. 
» ws 


—— 


Art. 217. This "OP will be of little or no FP "wy a direct IR of i it, 
for the purpoſe of triſecting a circular arch, when the arch is equal, or nearly 
equal, to the arch of a quadrant, or an arch of go degrees, on account of the 
ſlowneſs with which the terms will converge in thoſe caſes. For, if the arch 
is an arch of go degrees, and CTY the fine x is equal to _ radius x, 
= * ſeries 


©.333333:333 ** . x > 
| + 0.02 1,9475673 * 2 P + 0.013,006,146 X * 
+ py 4 o. 006, 4945151 * = | 
+ 00,005,032; 504 K = Pp + ©:004,047,301 X => - 


+ &c, will he (= th Geri 


0.333 
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0. 333,333,333 NT + 0. 049,382,716 Xx E 

+ 0.021,947,873 x 5 | + 0.013,006,146 * I 
* 0. o08, 83 1,333 * - | + 0.006,494,151 X = 
＋ 0.005,032,504 X 3 + 0.004,047,301 X 5 


+ &c, = the ſeries 
0.333-333-333 K + 0-049,382,716 Kr / 0.021,947,873 x r 
+ 0.013,006,146 Xr + 0.008,831,333 Xr + 0.006,494,151 X r 
+ 0.005,032,504 X 7 + 0.004,047,301 Xr + &c = r the ſeries 
0. 333,333,333, J 0-049,382,716, + 0.021,947,873, 
+ 0.01 3,006,146, +. 0.008,831,333, + 0.006, 494, 151, 


+ 0.005,032,504 = 0.004,047,301, =+ &c) 
= 9:442:07 52357» Xx r. Therefore , or the fine of the third part of an 


arch of go degrees, that is, the fine of an arch of 30 degrees, will be = 
0.442,07 5,357» X r, which does not give the value of the ſaid fine exact 


even to two places of figures, the ſaid fine being equal to — X 1, or 
o. 500,000,000 X x, or 0. 499,999,999. &c X r. | ; 


Art. 218. But the ſaid ſeries will give us the value of the fine py the third 
part of an arch of 3o degrees, or of any arch leſs than 30 degrees, to a toler- 
able degree of exactneſs. For, if ow arch that os to be triſected is an arch 


of 30 degrees, its fine y will be = — Xr, or —. and conſequently —— 


will be (= £3) = F and © vill be 4 0 5 © and 2 will be 5 


aan f i be (= ple = —, and = will be (= 
=) = = and =; will be (= N and = will be (= 
—H7 = gel 3 the ſeries 5 
0. 333,333,333 X * 7 0.049,382,716 x 5 
+ 0.021,947,873 * © Be 0.013,006,146 x 5 
＋ 0.008,831,333 X * + 0.006,494,151 * = 
+ cophbi2,cok X 2 ＋ 0.004:047,301 * = 


+ &c, will, in this caſe, be = the ſeries 


0.333» 


F v 
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0.333, 333:333 K — + 0.049,392,116 „ 
+ 0.022,947,873' K _ + 0,613, 06,146 K = 
ieee . : | «- 
+ 000883133 & h 1 o.0064ghtgt x a 
*% ones. , we 6 es 0 | 
+ eh, X oro + 0.604,045,90t * 382885 
IT g the ſeries -/ ee Re NN 
elne . 2249332716 , 0.021,947,873 
ee * 32 
o. ol 3, 06, 146 0.008,831,333 , 0.006,494,151 
+ 7 £0888. --- 1 5 D * 2088 „ 
by 0. 00 5, 03 2, O. O04, o4 1 5 7 
+ ws + D c = x the ſeries 


0. 166,666, 666, | + o. 006, 172,839, + 0.000,685,87 I, 7 

| + 0.000, 101,610, 1 0.000,01 79248, + 0.000,003,170, 
. + 0.000,000,614, + 0.000,000,123, + &c, s 
r X . 73,648,141. Therefore 5s, or the ſine of the third. part of an 
arch of 3o degrees, that 1s, the ſine of an arch of 10 degrees, will be = 
0. 173,648, 141 X 7; which agrees with the value of the fine of 10 degrees 

ſet down in SKERWiY's Tables of Sines and Tangents in the firſt fix figures, 
that value being o. 173,648, 2 X 7. | | | 


An. 219. This ſeries | ents ers 10 

.333,333,333 «% + 0.049,384,716 x 75 

ag; 0.021,947,873 K + 0.0t3,006146 x & © 

=> + 0.008,831,333 4 2 0 ri 0.006,494,151 x 2 | 
| + 0.005,032,504 * = ' + 0.004,047,301 =_ | 


+ &c, may be made uſe of to find the leffer root of any cubick equa- 
tion of this form, cy - gd; the equations of this form being always re- 
ſolvable by means of the triſection of a circular are. See my Differtation on 
the uſe of the Negative Sign in Algebra, art. 220, 221, 222, & - - 238, 


pages 183, 184, 185, - - - 200. 


End of the Inveſtigation of the Series which expreſſes the Value of s, or the Sine of 
the Simple Arc a, in Terms involving x, or the Sine of the Multiple Arc na. 


0 5 | | Of 
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Of the Serieſes which expreſs the Relation between two Semi-ordinates 1s the Tranſ- 
verſe Axis of an Equilateral, or Reftangular, Hyperbola, that correſpond to two 
external Sectors of it, beginning from the Vertex of the Hyperbola, when the greater 
Sector is any given Multiple of the leſſer. - 


Art. 220. Let HVQ be an equilateral, or rectangular, hyperbola, of which 
Vis the vertex; and let C be its center, and N C M its ſecond axis, and C A 
and CB its two aſymptotes. Join the points C and V, and continue the line 
CV (which is the ſemi-tranſverſe axis of the curve, ) within the hyperbola to the 

int O; and from any two points D and E in the curve line VQ draw the lines 
DF and EG at right angles to the tranſverſe axis CVO, and meeting it in the 
points F and G. And from the ſame points D and E draw alſo the lines DC 
and EC to the center C. Then will the mixtilinear triangle CV D be the 
external ſector of this hyperbola correſponding to the hyperbolick arch VD and 
to the ſemi-ordinate DF, and the mixtilinear triangle C V E will be the external 
ſector of it correſponding to the hy perbolick arch VE and to the ſemi-ordinate EG. 


Q 


Now let the greater ſector CV E contain the leſſer ſector CV D a certain 
number of times expreſſed by the whole number 1. And let it be required, in 
the firſt place, to find a ſeries that ſhall expreſs the value of the greater ſemi- 
ordinate E G, in terms involving the powers of the leſſer ſemi-ordinate D F, 
and, ſecondly, to find a ſeries that ſhall expreſs the value of the leſſer ſemi- 
ordinate. D F, in terms involving the powers of the greater ſemi-ordinate E G, 
the ſemi-axis CV being ſuppoſed to be given in both caſes. v4 Js 

Vor. III. f 4 G Of 
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Of the Equality of the two Hyperbolick Seftors CVD and CVE to the Afmptatick 
Areas of - the Hyperbola correſpouding to the ſame Arches V D and VE. 


— — . — 


Art. 221. Before we enter on the inveſtigation of theſe two ſerieſes, it will 
be worth while to obſerve, that the two ſectors CVD and CVE, are reſpec- 
tively equal to the aſymptotick areas correſponding to the fame hyperbolick 
arches VD and VE; as may be ſhewn in the manner following. 


From V, the vertex of the hyperbola, draw the right line VP parallel to 
the aſymptote C B, and meeting the aſymptote CA in the point P. And 
from the points D and E, draw the lines DI and E K parallel to VP and the 
aſymptote C B, and meeting the aſymptote C A in the points I and K. Then 
will the aſymptotick area VD I P be equal to the ſector CVD, and the aſymp- 
tatick area VE KP will be equal to the ſector CVE. 


Far (by Profeſſor $1Mson's Conick Sections, Book 3d, Prop. 16, Coroll. 2,) 
VP is to DIas CI is to CP, and VP is to E K as CK is to CP. And, 
becauſe the lines VP, DI, and EK, are parallel to each other, the angles 
CPV, CID, and CK E, will be all equal to each other. Therefore in the 
two triangles CVP and CDI there are two angles that are equal to each other, 
to wit, the angle CPV in the former triangle, and the angle CID in the 
latter triangle. And the fide VP, containing the angle CPV in the former 
triangle, is to the fide DI, containing the angle CI D in the latter triangle, 
as the other ſide CI, containing the angle CID in the latter triangle, is to the 
other ſide CP, containing the angle CP V in the former triangle. Therefore, 
by Evcrid's Elements, Book 6th, Prop. 15, the ſaid triangles CVP and 
CDI will be equal to each other. Therefore, if we denote the point in 
which the line VP cuts the line C D by the letter R, and then ſubtract the 
triangle CRP from each of the triangles CVP and CDI, (of which it is 
a common part,) the remaining parts of thoſe triangles will be equal to each 
other ; that is, the triangle C VR and the trapezium, or four-ſided right- lined 
figure, R DIP, will be equal to each other. Therefore, if we add the mixti- 
linear triangle RV D to both the triangle CVR and the trapezium RDIP, 
the ſums thence ariſing will be equal to each other, that is, the mixtilinear 
triangle, or ſector, CVD will be equal to the four-ſided, mixtilinear, figure, 
or aſymptotick area, V DI P. Q. E. D. | 


And, in like manner, in the two triangles CVP and C E K, there are two 
angles that are equal to each other, to wit, the angle CPV in the former 
triangle, and the angle CK E in the latter triangle. And the ſide VP, con- 
taining the angle CPV in the former triangle, is to the fide EK, containing 
the angle CK E in the latter triangle, as the other fide C K, containing the 
angle CK E in the latter triangle, is to the other ſide CP, containing the 
angle CPV in the former triangle. Therefore, by El. 6, 15, the ſai 42 

| 1 | angles 
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angles CVP and CEK will be equal to each other. Therefore, if we de- 
note the point in which the line VP cuts the line CE by the letter 8, and 
then ſubtract the triangle CSP from each of the triangles CVP and C E K, 
(of which it is a common part,) the remaining parts of thoſe triangles will be 
equal to each other; that is, che triangle CVS will be equal to the trapeaium 
SE KP. Therefore, if we add the mixtilinear triangle VE S to both the 
triangle CVS and the trapezium S EKP, the ſums thence ariſing will be 
equal to each other, that is, the mixtilinear triangle, or ſector, C VE, will 
be equal to the four - ſided, mixtilinear, figure, or aſymptotick area, VE KP. 


Q k. D. 
Of the Values of the ſaid Hyperbolick Seors, expreſſed in Algebraick Tirms. 
— — — — 


Art. 222. We will now proceed to find algebraick expreſſions for the two 

ſectors CVD and CVE. | | 
From the point D draw the line DL. parallel to the tranſverſe axis VC, 
and meeting the aſymptote C A in the point T, and the ſecond axis N CM 
in the point L. And from the point E draw the line E M parallel likewiſe 
to the tranſverſe axis VC, and meeting the aſymptote CA in the point X, 
and the ſecond axis NCM in the point M. | 

Then it is evident that CL will be equal to the leſſer ſemi-ordinate DF, 
and CM will be equal to the greater ſemi-ordinate E G. 

The ſedor CVD is equal to the exceſs of the quadrilateral, mixtilinear, 
figure CV DL above the triangle CDL; and the ſector CVE is equal to 
the exceſs of the quadrilateral, mixtilinear, figure C VE M above the triangle 
CE M. In order therefore to obtain algebraick expreſſions for the two ſectors 
CVD and CVE, we muſt firſt find the like expreſſions for the two quadrj- 
lateral, mixtilinear, areas CVDL and CVEM, and the two triangles C DL 
and CE M. This may be done in the manner following, beginning with the 
two triangles, as being ſimpler and eaſier to meaſure and expreſs in Algebra 
than the two mixtilinear areas CVD L and CVE M. 5 


Art. 223. Let the ſemi tranſverſe axis CV be denoted by the letter x the 
leſſer ſemi-ordinate DF, or, its equal, CL, by the letter y, and the greater 
ſemi-ordinate E G, or, its equal, C M, by the letter v. | 

Then will the triangle CD L (which is equal to half the rectangular paralle. 

XL 


logram CFDL,) be equal to , or to; and the triangle C E M 
(which is equal to half the rectangular parallelogram CG E M,.) will be equal 


M ME NX ME 


4 G 2 Bur 
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But (by the nature of the hyperbola,) LD! is = CV? + DF? = a + y. 
and EM is = CVI + EG? = aa + vv. And conſequently L D will be 
= aa ++ yy, and EM will be = as + vv. 

Therefore the triangle CDL will be equal to A, and the triangle 


EM will be equal to . 


But the ſquare-root of the binomial quantity aa ＋ is equal to the infinite 


; 4 6 g 771 21712 
ſeries 8 + 2 — & + 83 ==> + — == + &c, and the ſquare- 


root of the binomial ney aa + vv is equal to the infinite ſeries 4 + 


vv 2. vs 7¹⁰ 2112 
28 Ba FRI 66 25649 10244% + Kc. 


Therefore the triangle CDL (which has been ſhewn to be equal to 
) vill be equal to the infinite ſeries 2 + Z — 168 + £m 


1693 256a? 
+ _ = + &c; and the triangle CE M (which has been ſhewn to 
be equal to — , will be equal to the infinite ſeries = + 2 — 1575 


1 2113 


* e 
* z r ee, eee 1225 


Qs E. I. 


Art. 224. We muſt now find algebriick expreſſions for the two quadrilate- 
ral, mixtilinear, areas CVDL and CVEM; which may be done as follows, 


Conceive the line C L, or y, to be divided into ſome very great number of 
ſmall and equal parts; as, for example, into ten thouſand million of ſuch 
z and let each of theſe parts be denoted by y, or the letter y with a point 
placed over it. And through each of theſe points of diviſion of the line C L 
' conceive right lines to be drawn parallel to the tranſverſe axis C V and to the 
line LD, and terminating in the hyperbolick arch VD. Then will the quad- 
'rilateral, mixtilinear, area C V D L, be divided by theſe parallel lines into the 
fame number of very ſmall parts as the line CL was divided into : but theſe 
parts (which will differ but little from very thin parallelograms,) will not be 
ual to each other, becauſe the parallel lines which conſtitute their heights will 
not be equal. Our buſineſs therefore is to find the ſum of all theſe little paral- 
lelograms, or, rather, the limit of their ſum, or the magnitude which their 
ſum can never be made to exceed, into how great a number of parts ſoever the 
faid quadrilateral area CVD L may be ſuppoſed to be divided. For that 
limit is the quadrilateral, mixtilinear, area C V DL. 


Now, if the line CL be ſuppoſed to increaſe continually, by the addition 
of the.ſmall and equal increments denoted by , till it becomes equal to C L, 
and during its whole increaſe to be denoted by the letter y, as well as when it 
bas attained its greateſt magnitude CL, the correſponding parallel to the axis 
CV drawn through its extremity to the hyperbolick arch VD will be denoted 


by 
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by V aa + yy, and the value of the correſponding little parallelogram, or 
or increment, of the quadrilateral, mixtilinear, area CVD L, will be T'> 


V a8 +9, or y X the infinite ſeries a + 2 — 2 1 71 2 * = 


2. 0 22 ou rr 
1024 Þ+ &c, or ay + 2 — * 128a7 + 255649 © Tozgatt Md 


&c. Therefore, by the well-known rules of the inverſe method of Fluxions, 
the ſum of all thoſe little parallelograms, or ſmall parts of the area CV DL, 
or the limit of their ſaid ſum, or the ſaid area CVD itſelf, will be equal 


to the infinite { 2 - = 
e infinite eries ay + — — + 7 x 16043 9 x 12827 + 11x 25689 © 


21y*3 2. 2 2 2 
13x 1024077 + &c, or ay + 2 — 2 1126 118227 F v6 © 13,3120% 


+ &c. 1. £ 


And by a like train of reaſoning it may be ſhewn that the mixtilinear area 
CVEM, correſponding to the greater ſemi-ordinate E G, or CM, or v, will 


3 5 v 3 1 
be equal to the infinite ſeries av + p->— — + —-— Tz + a 
Nu + &c. 4 - 
13,3124 . E. I 


Art. 22 5. Therefore the exceſs of the mixtilinear area c V DL above the 
the triangle C D L, will be equal to the exceſs of the infinite ſeries @ y + 


. + LL. + L— — <2 + &c, above the infinite ſe- 


40a? 11245 115247 2816a% 13,3124 
7 9 11 1 
ries 2 1 2 — + 2. — 2 ＋ Lo == + &c, that is, to the 
AS AS DONS 39? 2 252 
infinite ſeries 1222 —— 20 2 — 7 + yo eye &c, 
and confequently , ue CVD ** me equal to the ſaid infinite ſeries 
ap. 39> 35 232 .— | 
7 + Boa? © 7525 * 230487) © = 26,624a"% — &c; and the exceſs 
of the mixtilinear area C VE M above the triangle 0 E M, will be equal to the 


exceſs of the infinite ſeries av + 2— 2 + 2 — — + >> — 


21953 3 9 A. v5 v7 9 
757772 + &c, above the infinite ſeries 7 * — 2 1825 * 327 2500 + 
7 2113 2 395 go? 
Try ar) + &c, that is, to the infinite ſeries — T 7+ ITT 
+ — — = = * _ erer the ſector CV & will 
: —, 3509 6 +13 


be equal to the ſaid infinite ſeries — he "1 md 9 853 — + 2304 7 50 32 
* 3 k. 1 
> x 26,6240 © 2 k 


Art. 226. 
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Art. 226. Now the ſector CVE is fuppoſel to be equal to # times the 
ſector CVD. Therefore the ſeries 2 —2 + 3 F ee 


124 8043 22445 2304a)7 


639*17 23113 . : A. 4 A 2. 
D + e Ke, will be equal to # times the ſeries — — = + 4 


56324 20,62 3a 

2 — 63 231953 | Oi 

r & c, and conſequently to the ſeries 
ee i 
: e 80?” age ee 563200 T 35,5205 n 
equation we may, by the foregoing method of reverting an infinite ſeries, ob- 
taig a ſeries that ſhall ex preſs the value of v, or C M, or the greater ſemi. 
ordinate E G, in terms involving the powers of y, or CL, or the lefler' ſemi- 
ordinate DF, by proceeding in che manner following. ee Way 


, 


The Inveſtigation of a Series for expreſſing E G, or. v, (the ſemi-ordinate to the 
tranfoerſe Axis of the Equilateral Hyperbola HV DEQ , which correſponds to the 
external Sector CVE of the ſaid Hyperbola,) in terms involving the Powers of 
DF, or y, (the Semi-ordinate which correſponds to the lefſer Sector CVD of 
the ſame Hyperbola,) and the Powers of a, or the Semi-tranfoerſe Axis of the 
Hyperbola, when the greater Sector CVE is an exatt Multiple of the_ leſſer 
Sector CVD. | OO 


— — — — 


Art. 227, It has been ſhewn in the laſt article that the ſeries 2 — f, + 


5u7 . G2 1 23193 SA : nay ny3 
2 = == + &c is = the ſeries 2 — = 


guy? 3 guy? 63 231% 2 
+ 855 1 — + 6 7 T6328 2 * — &c. And from this equa- 
tion it is required to find a ſeries that ſhall expreſs the value of v, or the greater 
ſemi-ordinate E G, in terms involving the powers of y, or the leſſer ſemi- ordi- 
nate DF, and the powers of a, or C V, the ſemi- tranſverſe axis of the hyper- 


bola. | 
Let Ay, 2 R 275 2. 25 28, A. &c, be a ſeries that is conſtantly equal 
to the greater ſemi- ordinate E G, or v, in all the different magnitudes of . 


Then 
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Then will vo be equal to che cube of the ſaid ſeries ay, A, 2, T, L, 
19 


77 * — &c, or to the compound ſeries | 

2 *ry7 2 21011 Sx 013 
ay, — 2 22 : wo 3a*Ty if 72 ; 

| 3ac%y/ Gacty GAC GAA 
| = Mb Er ES 

| . zany Gare 
< a* ? 93 IE 0 _ &c. 
. . 


a? 
| 


, &c. 
L &c. 
And v' will be equal to the fifth power of the ſaid infinite ſeries, or to the 
compound ſeries 
452 4 482011 4 
| AY, — 2 — , r „ &c. 
c3y9 20 CRN 20AICGy33 xc 
i — rr 0 
| | —, — ge. 
23 3 
4 ; 2 3 &c. 
L &c. 
And v' will be equal to the th power of the ſaid infime ſeries, or to the 
compound ſeries 
£ ; „, 2. 5 2 — &c. 
2, , . 


&c. 
And v will be equal to the gth power of the ſaid infinite ſeries, or to the 
compound ſeries 


49˙ 
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* ey 7 1 a 1911 af, 7 — 9; * 4% e. 


1 
64a7c%y13 o 
< | 3 . — c. 


| | &c. 


* 


And vn will be equal to the 11th power of the ſaid infinite ſeries, or to the 
compound {erics 


Ron L = 4 
&c. 
And vn will be equal to the 1 3th power of the ſaid infinite ſeries, or to the 
compound feries 
&c. 


Art. 228. Now let theſe ſeveral values of v and its odd powers v*, ds, v7, 

de, In, v5, &c, be ſubſtituted, inſtead of v itſelf and its ſaid odd powers them- 
3. 5 7 35 vꝰ Ga. 
ſelves, in the foregoing equation = = 755 + 55 5 — 2 * — * 1 _ 
23117 6  * 3 © 35ny® 

+ omar — XC, ad infieitum, 2 — 2 + 55 = + = 
. = — &c, ad infinitum. And the ſaid equation will thereby be | 
transformed into the following very complicated equation, to wit, the ſimple 
. * n s ys 7 359 63ny*? 2315 
infinite ſeries 1 = + — 9885 2 — + 230447 55325 + 26,624 a r &c, 
= the compound ſeries 


22, OA 25 2 R 7 } Ny"3 „Kc. 


"2? „3 = 249 411 
Joy 4 A T7 3470 ELIA 347 
rr. 


3ac%% Gacry? * 6 Gacry%3 & 

n r eee. 
34 ß 64ARKCHNν "OY 
207 12275 1241 ? 


3 E 3 N. &c. 


2 ns 220% * 


r-, le. 


&c. 
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34578 %“ 3.54 Jen  3.5a*1y9%7 
[ © W992, ee , L559, I, Rec. 


8083? Boos ? TIE, 
= , — &c: 


Fig — —_—— &c. 


| * 


22 &c. 


804% 

— — 7 » &c. 
&c. 
4 547% Ce .- Der 

| + 22445 2247 224% ? a24a%t ? Kc. 
| x Se  5.42A5Cay*3 & 
— 22449 - 224a% _ c. 
| F. 37 ⁰ 
| | 2244 3 C. 
* &c. 


W. 35-94%y" 35.94%y%3 
Y 230487 * 230489 2304 æ ? . 


+ 35.364a7c3y13 
230qarr Ce. 
&c. 
63a ¹⁰ 643.114a%cy"3 
— 0 5632 gbz24" ? &. 
&c. 
2314 % 
+ ＋ J, Beer; &c. 
&c. 
&c. 


Let the whole e ſeries that forms the right hand fide of this 
equation, be, for the ſake of brevity, denoted by the Greek capital letter A. 


And then we ſhall have the ſimple infinite ſeries _ Ms Mo 13%, + 


124 80a 22445 
35ny9 __ bamy 2312 aa : 3 
r &c, S the complicated infinite ſeries A. 

From this general, transformed, equation, we may derive particular equa- 
tions for determining the values of the ſeveral co-efficients a, o, E, o, 1, L, N, 
&c, and the figns + or —, which are to be prefixed to all of them, except 
the firſt co-efficient a, and which are conſequently to be prefixed likewiſe ro 


the correſponding terms 2, 2 . L, — and — &c, of the forego- 


ing aſſumed ſeries, which is equal to the greater ſemi ordinate E G, or v, by 


proceeding in the manner following. 
Vol. III. 4 H The 
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The Irvefligation of the Firſt Gs; AY, 7 the foregoing afumed Series ay, 


c wy e e xytt wy Se, by means of the foregoing transformed Egua- 


7 ” at? 2 fen 

n 2 2 . = 
tion — * 24 js = 252 3+ ——— + —— Sc, = the 
complicated infinite Series A. 


— —— 


Art. 229. Let all the terms of the foregoing transformed equation = — 


2 S , i . 1 * 
124 T _— 22485 ＋ 230407 23047 563249 Ly 26,024a% — &c, = A, or to the com- 


K ſeries 


hay cy ys of 
„  ” zz 2 De Kc, 
12a? 128%? 1245 ? ; 
ed _3acty7 
| RT &c. 
1 4 &c. 
N 34998 3.2. 
+{ 2 80a3? Bogs ? &c. 
&c. 0 
8 399 Ae 
5 Da 
&c. 
+ &c, be divided by y. And we ſhall have 
- na ny 3ny* CS gny® 25 637 231 * 
the fimple ſeries 2 2 230% F755275 1 26,0240 &Cc, 
= the complicated ſeries | 
ha cy? . : 
, ee e. 


&c. 
34% 3. Ac 
+{ ＋ ar Boas. „Kc. 


And 
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And this equation is always true, of how ſmall 'a magnitude ſoever we 
may ſuppoſe the ſemi.ordinate DF, or y, to be taken, And therefore it will 
alſo be true when y is =o. But, when y is equal o, all the terms that involve 
y will be equal to o likewiſe, and the whole left-hand fide of the equation will 


confequently be equal to its firſt term =, and the whole right-band fide of the 
equation will be equal to its firſt term ©, Therefore © will be = Z, and 
conſequently a will be = n, or the co-efficient, a, of the firſt term, ay, of 


; . reer 1 ©" 
the aſſumed ſeries ay, =» 5 > F. . =o &c, will be equal to u, 


and conſequently the ſaid firſt term, ay, will be = Xx, orn. & E. 1. 


The Iaugftigation of the Secand Term, 2, of the foregoing aſſumed Serien. 


— —— — 


. . | 2 | 6 9 
Art. 230. In the foregoing equation — — 22 + 3 5 * e, = 


the com plicated ſeries 


2 2a? 243 ? 245 


457 34*cy* 3 ¹ N 
N 0 a 2 ans &c. 


— za 
> x &c. 
&c. 

o 

1+ LEED Ke. 
&c. 

47.8 
— + e Kc 
&c. 


+ &c; it is evident that the firſt term 


| n 6 
= of the ſimple ſeries _ — 2. + EM — — + &c, (which forms the left- 
hand ſide of the ſaid equation,) will be greater than the whole of the ſaid 
ſeries ; becauſe the ſecond, and third, and other following terms of it grow 
continually leſs and leſs, one than the other, and they are marked with the 

4 H 2 * ſigns 
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ſigns — and + alternately, or are to be alternately ſubtracted from, and added 
to, the ſaid firſt term F. and the firſt, or greateſt of them, is vit, Lis 


marked with the fign — —, or is to be ſubtracted from =. Therefore it 8 reg 


1 


ſible to fubtraR the whole of the ſaid &mple ſeries = — 225 8 225. — 25 = + 


xc, from its firſt term —. Let it be ſo 3 5 55 remainder will 


bh 22.4392 4. 597 | 


And, ſince 2, the firſt term of the complicated ſeries that forms the right- 
hand fide of the foregoing equation, is equal to =, the firſt term of the ſimple 
ſeries that forms the left-hand fide of that equation, it follows that the ſaid firſt 
term = muſt be greater than the whole of che complicated ſeries which forms 
the right-hand fide of the ſaid equation. Therefore it is poſſible to ſubtract 
the whole of the ſaid complicated ſeries from its ſaid firſt term = f and, if it 
be ſo ſubtracted, the remainder thence ariſing will be equal to the remainder 
ariſing from the ſubtraction of the whole of the ſimple ſeries — : — 2 


142 22 


825 
3 &c, from its firſt term — 2. We ſhall therefore, by performing theſe 


two ſubtractions, have the fiwple ſeries — — — 2 + —— — — * = the com- 
plicated ſeries 7 Sf 


WES — x... 


e 


. gc. 


2a? 1227 Tas? 
I Er, &c. 
8 &c. 
&c. 
4556 
10 4 22405 ? &c. 
NW Xe. 
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And this eg 3 between the two ſides of this equation will continue if 
all the terms on ſides of it be divided by any number whatſoever. There- 


fore, if all 12 terms be divided by yy, we ſhall have the ſimple ſeries — 5 — 
i + ac nals Se = = the complicated ſeries 


2 
"EE 2 *. ag ? &c. 
1 2 
227 1244 Aer; 1245 ke. 


8 ö Tie = 
| &c. 
$ 
22 + . he — Ke. 
Ou . «+ axige 2 
Dome 5. 1 * | 91 
Þ+. +25 = 
[196 18 4% {#6501} , 


— be. 


And this equation will Ee be true, of how ſmall a magnitude ſoever we 
may ſuppoſe qo ſemi-ordinate y to be taken. And therefore it will be true 
alſo when y is = o. But, when y is = o, all the terms involving y will be 
equal to o likewiſe, and the whole left-hand fide of the equation will be 


reduced to the firſt term = and the whole right-hand: fide of the equation 
will be reduced to the two terms _ + =, to the latter of which terms the 


ſign + is to be prefixed. Therefore we ſhall have — —= — = + A, and 


12a 

| conſequently (multiplying all the terms into a,) 15 = - + 25 and (multiply- 
= all the terms into 2,) 2 —— = C ++ — Or (becauſe 4 is = ,) > 7 =c+ 
= T. But, becauſe » is a 75 number, - muſt be greater than , and con- 


ſequently — = muſt be greater than 7. Therefore, to the end that c + — 


may be equal to = =» the co-efficient e muſt be ſubtracted from 2, and not 
added to it; oy conſequently the ſaid co-efficient muſt have 45 ſign — 
prefixed to it. Therefore 5 will be equal — c + „and conſequently — 
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=. ft 4 1 


37 * 1 22 . ** 25 TP 1 nA N OP" 
r Ts, OX 
21 1 | 
SN JO; MY; 


But, by the ſubtraftion above-mentioned of the whole of the complicated 
ſeries which forms the right-hand fide of the equation ſet down in the begin- 
ning of this article from its firſt term, the ſign to be prefixed to the term 


75 becomes contrary to what it is in that equation. I herefore the ſign which 
is to be prefixed to it in that equation muſt be the ſign +. And conſequently 


the fign which is to be prefixed to the term _ in the general transf8rmed 
equation ſet down in art. 228, (from which term the term —— is derived by 
only dividing it by Z, which is an operation that cannot affect the ſign that 


is to be prefixed to it,) muſt alſo be the ſign +. And therefore the ſame ſign 
+ muſt be prefixed likewiſe to the ſecond term, 2. of the aſſumed ſeries ay, 


S. 2. 2. 2 W, drr, &c, from which the term 2 is derived by mul- 


tiplying it into 2 „ Which is an operation that cannot affect the ſign that is to 
be prefixed to it. Therefore the two firſt terms ay, 2 „of the foregoing aſ- 


ſumed ſeries will be ay + g, or ny XK 2 X 25 0719 o+ 4 = 
x 2. Q. E. I. | 


” 
Lt * 
8 


— » * 


* 


The Inveſigation of the Third Term, , of the foregoing aſſumed Series. 


2 SK 
Art. 231. Since the ſign + is to be prefixed to the term — in the right- 
hand fide of the equation ſet down in the beginning of the laſt article, to wit, 


7 1 2246 


the equation = 2 7 = Ic = the complicated ſeries 


. 
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7 5 5 ei r. &c. 
| N. — 
1 722 =, 1 „ T2068 ? bee. 


2. &c. 


1245 ? 
38 &c. 
12 g. re N 


ot 


wy 


+ - it muſt likewiſe be prefixed 
-to the other terms in whe ſame equation that involve in them the ſaid co- 
efficient c, to wit, the terms 2 and — . And conſequently 


L243 ? 2 2 
the ſaid equation will be = = = — þ+ == 55 — 2 1 23 * = the complicated 
ſeries : Jets 


_ | 
ao + 2a? 2 he 
* A 2 8 29 68 
+ = + . — &c. 
— 8 5 ys 
| maſt 2 * 
&c. 
5 
r. &. 
| &c. 
42 
-| 1 &c. 
&c. 
+ &c. 


But this complicated ſeries is equal to the complicated ſeries 


»[t 


608 +42 7A ;D4SCOURSE; ON THE: » 


- 


as . ” 
r " 
* 9 « 0 0 14 719 


As i 4 - 2 2. 4 5 8 c *. K 
2 3 f fa. 4 8 
s 1 2 5 
— ay 3 c * &c. ) 1 

I24 I245 & 5 „ * : 

* — 2 

3% 4 

„981 f 

— 


— 


Therefore the ſimple ſeries f — — 


eee — | 
ned £53 AG? 2 1 =— "=> bs. q "y PH TIF 
2 K 25 1 "Gs 
A* ZA. a*xy*® 
128 1285, | 1245 ? &C. 
N _ 2,6 
*. 
"ſp l | &c. 
+ 12. a ES, *. 
1 
7,5 
f + 22, he 
&c. 
+ &c. 
Further, it has been ſhewn in the laſt article that 45 is = — c. Therefore 
is = =—, or (becauſe a is = n) Lis == — =, Therefore 
12 1 12 12 2 124 


6 But _ is 5 Therefore the exceſs of = above the 


2 . will be equal to the exceſs of above the ſingle 
85 2 


quantity 2 that is, = + 2 - vin be = 2 — 2 


Therefore, 
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Therefore, if from the left-hand fide of the laſt equation, to wit, 2 — = 


28 
+ 2 555 + &c = the complicated ſeries 
. LF . & 
4 * 3A*cy* F 34*xy6 
7 126 1243 — &c 
— 6 
3402 
TI" Kc. 
4 &c. 
345z* 3-54a*cy 
+ 5 þ * : ce. 
&c. 
2 
DK) 22445 ? &s 
a &c. 


5 * | %. + &c, we ſubtract fey two 
terms = — -L, and bong, — fide of the ſame equation we ſubtract 


the three terms S 42 — , the remainders will be equal to each other, 
that i ia, the 2 ſeries 3 w_ + &c will be = Te complicated (chin; 


CC 


Therefore, dividing all the terms by y*, we ſhall have the ſimple ſeries | 
EE — = + &c = the complicated ſeries 
Vol. Ul. 4 1 | Weng 
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+ &c. 


And this equation will N be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the leſſer ſemi-ordinate DF, or y, to be taken. And therefore 
it will alſo be true when y is = @ But, n y is equal o, all the terms that 
involve y in them will be equal to o likewiſe, and conſequently the whole 


leſt- hand fide of the equation will be reduced to the fingle term ==, and 
the whole right-hand fide of the equation will be reduced to the three terms 
ty =—_ + = Therefore we ſhall have F 25 — b bes = , and 


conſequently (multiplying all the terms by 20%) * = = = Bo - FE AP 


49? 40 
15 
= , or (becziſe 2 2 22, or (be- 
. de n Bi 3 3 43 3 
1 7 0 Sr 2 1 5 = 
, and (adding = to both ſides,) 


5 = 0 2 2 B ＋ 2 . if che binomial 


42 120 120 120 120 


qpantity 2 + — is greater than the ſingle quantity — =, the co-efficient x 


120 120 


muſt be added to ; in order to make it equal to the ſaid binomial _ | 


I2 


tity; and, for the ſame reaſon, if the ſaid binomial quantity is leſs than =, 
the co-efficient x muſt be ſubtracted from =, Conſequently, if _ - $4 


is greater than =, the co-efficient x 7 — the ſign + prefixed to * 
8 and, 
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and, if = 4 = is leſs than ==, the ſaid co-efficient muſt have the ſign = 


120 
prefixed to it, We muſt — inquire whether the binomial quantity 


gu un . —_ 
— + 155 Is greater, or leſs, than the ſingle quantity ——, or whether gu + # 


is greater, or leſs, than 105. 


Art. 232. Now, when » is = 2, (which is its leaſt poſſible magnirude,) we 
ſhall have f = 8, and i = 32, and 103% = 80, and g# = 18, and gn + #* 
(= 18 + 32) = 50, which 1s lels than 80, or N Therefore, when = is 


= 2, he co-efficient E muſt be ſubtracted from = =, and mult have the ſigu 


— prefixed to it, and the equation - 2 A. = = = * + - — will be 2 — + 2 


E + 155 Therefore, 3 E to both lor we ſhall have 125 + 


us 8 — — 10 E 
— + * and (ſubtracting = * + = — from both fides) „ 
1201 hy Fe — + 105. — gu 2 — I 5c — * X gm Xn = n mn 1 
* 120 . 25 120 1 120 Nin - 2+3+4+53 | 243 


— = = Cc X x == Therefore the fign — muſt, in this caſe,. or when x 
is = = 2, Ts prefixed likewiſe to the correſponding term, 2 of the aſſumed 
fries ay, 2 2, , V y, 2. a” 1 _— &c, and the ſaid term will be = 
n X 2 e ge ED xg d the three firſt terms of the 


2˙3 4+5 
aid aſſumed ſeries will be Ay + L—2,0 or ny + A of _ — e 
9 -u y | * 
X 45 X * Q. E. I. 


Art. 233. In the next place let us ſuppoſe j to be = 3. 


Then will * be = 27, and ' be = 243, and gn be = 27, and 10 be = 
270, and gu + n* be = 27 + 243 = 270. pe" in this caſe, gu + 1 


— is exactly * to =, 


is exactly equal to 10n?, and conſequently — =+ = 12 


120 

Therefore the co- efficient E in the equation 125 — * E + 55 will, in 
this caſe, be o, and conſequently the three firſt terms of the aſſumed ſeries 
bp * AY, 
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cy By oy! 139 ry" x3 . cy3 
A , , „, , 8, r, XC will be ay + — o, or ny + 4 * 


un — 1 3 


— Yo 2 
23 X 2 — 0. 2. E. 1. 


Art. 234. In the next place let » be = 4. 


Then we ſhall have z* = 64, and u = 1024, and gn = 36, and 103 = 
640, and gz + #* (= 36 + 1024) = 1060; which is greater than 640, or 
10 And, if » is greater than 4, the binomial quantity gx + , will exceed 
the ſingle quantity 10 by a flill greater difference than when it is equal 
10 4. Therefore, when x is greater than 3, the co- efficient x in the equation 


2 + 25 = E + = muſt be added to = „and conſequently muſt have 
the fign + prefixed to it, and the ſaid equation will be = + = = + x 
+, and vill be = 2, r + = DO = Bn ED 
=" X 2 * — = S X = Therefore, when 1 is any number 
greater than 3 * the fign + muſt be prefixed to the third term, 2. of the 


aſſumed ſeries ay, — , I, 5 WOE dec, and the ſaid third 


” 2 gilt? git? 
21 A — 


term will be = & —— x M A, or e * == x 2 and the three 


firſt terms of the ſaid aſſumed ſeries will be ay + 2 * 275 * 5 + 2 
An—T y3. | nn 9 | | C4 | | 
23 3 * 2 „ 


The Inveſtigation of the Fourth Term, 2 , of the foregoing aſſumed Series. 


— — —  —  —  _—_— 


Art. 23 5. We have ſeen above, in art. 231, that the ſimple ſeries err Rh 


2: + &, is equal to the complicated ſeries 
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E 2 

"243 ? 2 e &c. 

ZA*C 34 
8 BY 5 I &c 
* N + wy 3 &c.. 
A &c. 

o 
e 
ö &c. 
EX =, &c. 
e. 


+ &c; and that 58 is = =, — 


z + 35 Therefore, by ſubtracting == 2 + Kc, or the left-hand 


1203 22445 
ſide of the former of theſe two equations, from gc, or the left-hand fide of the 


latter equation, and by ſubtracting in like manner the right- hand fide of the 
former of theſe equations from the right-hand fide of the latter equation, we 


LN GO 5ny® 4 22 LY . ** 
ſhall have + 2 &c, = the complicated ſeries 


uni) t in af rad | | 1 
Therefore, if all the terms be divided by y*, we ſhall have — — & c, 


the complicated ſeries 


614 


— 


a * 


And in this equation th 


Wy - 


3 
1245 
zac? 


1248 


5 
$oas ? 


=, 


_ _ 


5; 3 
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&c, ad infinitum, 
do, ad infinitum. 


&c, ad lain. 
&c, ad infinitum. 
&c, ad infinitum. 
&c, ad inſinitum. 


&c; ad ian bum. 


&c, ad infiuitam. 
&c, ad infinitum, 


e term Der vill have the ſign meoprefixed to it, when 


"1245 © 


the fign — is prefixed to the co eicieut & in the equation 25 +, = K + 


1—— - and it will have the f * + Prefixed. to it when the * + 18 prefixed 


to E in the ſaid equation 28 


2. LY =, £4. _—_ Therefore, when [1 is = = 2, 


det? 


we ſhall have = — a = the CI REN, 


TAL "yh * N — — —.— 


„ 


caſe E is = „0 we ſhall have r — KC, = = the complicated | ſeries 


— =, 


12a 
e 
7 


„ 


, 


bes — n 5 \ 


&c, ad inſmtum 
e a — 


? 
— 


© 05. 2uũ— * 
* 


c, ad . 7 ir 
e as; and when u is = 3, (in which 


19130 4 
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on — &c, ad infinitum, 
* 7 ad iin um, 
* &c, ad infinitum, 


+ 1 „ &c, ad infinitum, 
Kc, ad infinitum, 


7 


or Ne * f 
+ { + =, &c, ad infinitum, 
&c, ad infinitum, 
— &c, ad 2 and, when u is equal to 4, 


or any greater number, we ſhall have — — &c, = the complicated ſeries 


— — &c, ad infinitum, 
ac + =, &c, ad-infititum, j 


1245 
+3 39, &c, ad infinitum, 
* &c, ad infinitum, : 


1 &c, ad infinitum, 
&c, ad infinitum; 


4 { + . &c, ad infinitum, 
* ad infinitum, 


And theſe equations will be always true, of how [mall a magnitude ſoever 
we may ſuppoſe the lefler ſemi-ordinate DF, or y, to be taken, And there- 
fore they likewife be true when y is = o. But, when 5 is = o, all the 
terms that involve y, that is, all the terms that are repreſented. by the ſeveral 
marks of &c, will be equal to o likewiſe; and conſequently the firſt of thefe 


three equations will be zg = the ſeries 
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* 
* 


| 2 % 3.84 
+{ +=; or . = So = 2 r i, 


2249” * 23497 — 26 


and the ſecond equation will be = * 6 2 


the third equation will be 2" wands wn £232 


a = | + 5+ BS 2 4 


1245 125 | 8045 | 22445 


; ” —* 2 
We muſt eher now reſolve the three equations — =—— 8 RE 


. = + and © 2 + = SEE 47, an 
_ 12 . —_ or (becauſe n is = =, and & is, = 
the three equations 1 e OTA and 

= — * > and == _ += 15 ; 4 2 —-> * 


may be done in the following manner. 
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* 


urn : . | Px 2 — — 2. Ae n 
" The Reſolution of the Eau , = — — . de 
which determines the Value of G, = ni 2. ; 


FF. 9 


Art. 236. In the firſt place let all the terms of the equation BL 22 2 


— — 205 


be multiplied into a5. And we ſhall then have 
we * 5 7 and conſequently (becauſe A is = n) 


+ = , or —— XT ied oats. 


112 


quently © is == 


II 5.75. + RE 


8 2 i SE. St oat. 

ie t e e = = as + bu, © on 
e , f 8 =o 
5 5 2 E 
= and conſequently (adding 75 to both fides,) - « ET 
T l e e r e 0 


+ 22 5040 PB * 445 5 * 8 þ1 1 * * F — 1 2 0 * + I 


as J11 94 21. . 
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Art. 237. Now, becauſe u is = 2, we ſhall have * = 8, and »* = 42, and 
* = 128, and confequently 22 5 will be = 450, and 259 will — (= 259 
X MS = 2072, and 357 will be (= 35 Xx 32) 1120, and 22.5% ＋ 3 51 
will be (= 450 + 1120) = 150, and n + 259 will ve (= 126 + 3 


= 2200; which is greater than 1570, or 225" + 351. | Therefore — —_ + 


2:9 will be greater than = f 35” and conſequently the co-efficient 6 


5040 5040 gogo? 
in the laſt equation 5545 — ore — =.6 + 7576 + = _ muſt be ſubtracted from 


= — _ „ in 3 to reduce it to an equality with the ocher ſide of che 
equation. Therefore the ſign — muſt. be prefixed. to G in, the equation 


T7 ME. = bMS a 5555 3225 
5 + — wo —— + = and the ſaid equation will be + 3595 " 


99 2 
220 + —— — + — Therefore (adding G to both ſides of tec equation,) 


225% , 358% © on = 4+ 33 and colfequently f 
we ſhall have —_—+ = — 1 5049? 9 * ( 8 
225" 28 . 2. , ee f 
= from both fides,)'6 = —— — — — 
5040 + 5040 fro s ) hs 5040 | 5040 E 5040 1 bny 504 7 
222 = 2258 _— 1 3 nr 
5040 5 — Ls —_—, 


. e =o Ng ce ior 

= * $040 7 5 $0904 . — > = 23 — 45 

„ on ey, Theres thy ene perils th 
7 = | 5 X 


term - —_ in the equation —— — — PTE 265 1805 EP — and conſe. 
3 4E Ac 3¹ * 
n the ſaid equation will be — S. 2 + = 
Ros xXx x = x = oo = x 352 © 

and 6 | ; 4 oh 11 7 6.7 7 


* | * i wy * ac E. IT, 


ww Ae gave? 2 
equation SSIS + 1” — 16 + T mY which ASE 
N f 83 12 "hes. 


—— < a 25 —_— + az, and this equation was derived — 
* equation ſet down in the beginning of art. 23 * by a ſübfraction of that 


3" E Za*c 


equation from the equation 7 - i + == which . Aa 
A 1 change 


REVERSION OF INFINITE 'SERTESES. 619 


change of the'figns of all the terms r equation, it follows that 
the 6gn to be prefixed to the faid term — in that ſubtracted equation, or be- 
fore the faid, ſubtraction was made, muſt be the fign +. And conſequently 


che ſaid equation will be as follows, to wit, the ſimple ſeries 35 — LL +&e 
= = Mcomplicusd, ſeries 


' 245 
'2a*c OC A®zy* , 
24 AF 22407 0 =, &c. 
2 01 lp? 6 ls e. 
L | yan 
45 8 4 p 
+ 5. * , &c. 
- &c. 
| {+ ares 
\ ot 7. Cs 


+ &c, or (becauſe the fign — is, in the 
preſent caſe, © or when # is = 2, to be prefixed to the terms — an d =) 


- 25m hs 59 + &c, = the complicated ſeries 


9 &c. 


— 
12 9 


Kc. 
But this equation is derived from the general transformed equation between 
the fmple ſeries 22 = = + — — — 22 + &c, and the complicated ſeries A, 
* 4 K 2 ſet 
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ſet down in art, 228, without any operations that can alter the ſigns + or 
that are to be prefixed to its terms. Therefore the ſign * muſt alſo be pre- 
fixed to the correſponding term, 2 2 in the higheſt line of the ſaid compli- 
cated ſeries A; 5 nd conſequently it muſt be oF ens likewiſe to the corre- 


ſponding term, , in the aſſumed ſeries uy, 2 I; . 2 ＋, . . IJ 


&c, the product of the multiplication of which into the fraction _ ms 


the higheſt line of terms in the ſaid complicated ſeries A. We may there- 
fore conclude that, when is equal, to a, or the hyperbolick ſector CVE 
is exactly double of the hyperbolick fector * the four firſt terms of the 


aſſumed ſeries ay, n 2, Nr, 2 N 22 * · &c, which is equal to the 


27 a*? 77 07 


greater 1 E G, or v, will be a FE 2 — OA + , or ny + A N 


— 25 17 7 
IT ** e x 2. =_ e 5 . I: 


Art. 239. We will now ſuppoſe » to be ='g, or the hyperbolick ſector CVE 
to be exactly triple of the hyperbolick fector CV D, and will inquire what 


will be che value of the fourth term, 27. of the foregoing aſſumed ſeries upon 
this ſappoſition. ; 


Now, when 1 is = = 3, it has —— ſhewn above, i in art. 233, that the co- 
efficient z of the third term, N, of che faid aſumed feries is =o, und con- 


ſequently the ſaid third term = = = is = 0,-and-the- term A is likewiſe = o, 
and the equation by which we are to dettrrhine the value of o will be — 


6 , 340% 2.5.a% ee 34% 1 
oe GT = og — 7 bs 1645 — which 


7 245 1245 80as ; 
may be reſolved in the manner following. | | 


2 5 
g 


* * 
, 3 £ , 
" * 1 
: 
| . 
1 
FI 


' 


: 


The Reſolution of the Equation 59S 28 + f — ee + =, 
which determines the Value of G, whey n is = 3. 


22 — 


Art. 240. Let all the. oma of this. oquarke be multiplied * 75 25 
we (hall have 25 = 0 + © — <2. 5, or (becauſe A is = n) 2 


112 112 


2. 
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＋ EC +, or (becaule c is r, and conſequently c* is' = | 


112 
n* — 2 + * on __ s , fue 2 2 — 2 2 — 
2 a4 Lbs fa 36 F * e 


TEST 327 p * — | "yok . | 
LanS troy fp tf +53 r 7 4 ＋ 4 r 


| 144 144 72 144 144 112 | 144 142, 144 , 78 
eee 
+ ==:0 — = + 747 + 5 = 0 — — + —+= = 0 — 
1 1 Mo EOS i SR ** 


* , 4 on?! 7 

+ =, and conſequently (adding = to both ſides) 2 + I = 0 + 
5ogo * — 4 or 45x12 T 5646 © 1 e © goaw? r 8845 T 5606 8 0 + 
175n5 Jon? p . . 1762 Jon? . 

22 + ZE, Therefore te weed aan Eg +22 is ab 
the binomial- quantity 2552 + 222%, the co-efficient 6 muſt. be. added to the 
former binomial quantity, in order to make it equal to the latter; and, if the 
former binomial quantity is greater than the latter, the Jaid co- efficient: mult 
be ſubtracted from the former quantity, in order to make it equal to the latter. 
And, if the former binomial quantity is exactly equal to the latter, the faid 
co-efficient 6 will be equal to o, and confequently the correſponding term, 

cy kV Gy) %% ny" i pyis 


(5-225 8.243), $2525, 90d 7on' (= 70 X 27) = 

= 42,525 + 1890) = to 44,415, or to 225 + 

25% + 22nq..will. be. 7 

tor. Therefore inks Dot A nal e Gage. ! 9: wee 
quently-jo, will be '= o. Therefore in this cafe, or when n is = 3, or; the 
greater hyperbolick ſector CVE is exactly triple of the leſſer hyperbolick 
ſector CVD, the furth term, T, of the aſſumed ſeries ay, S. 2, = 
E, 28, 2, , Kc, which is equal to the greater Tenji-ofdinare EO, br b, 


POE 4¹⁰ L 41 L 
0 will 


) 
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will be = o, and the four fuſt terms of che ſaid ſeries will be ay + 2 — 
. | E. 1. | | 1 


1 


Art. 241 We will now 2 # to be greater than 3, or the ereater 1 
bolick ſector CV E to be ſome greater multiple than the triple of che leſſer 
ſeftor CVD, and will inquire what will be the value of the fourth term, 


2, of the foregoing aſſumed ſeries ay, 2 2, — 5 Y, 25, 2 * * &c 
upon this ſuppoſition. 

- Now, when u is greater than 3, it has been ſhewn above in art. 2.34, that the 
third rerm, ED ol the ſaid aſſumed ſeries is to have the ben + prefixed to it, 


1 — — ys 
and chat it will be equal to n X 2 = _ * 2 or toe X = 77 * . 
Therefore 3 in this . caſe the term 3 in the equation = -= . 


4+ 22 1 125 = = [+ +425 vill have the fig + prefixed toi 
and the ſaid nee COT ayes 


[14 a5, * E 1 — N 2 | 1 
A or = = = + 117 142 r 224 * 45 — 2 od 


8 21 — + Er which may be reſolyed in the manner Roving: 


- The Reſolution of the Equation Ig = 3 + 2 . 2 — BE 22 
bib determines the Value of G, when n is greater than 3. 


— — 


Art. 242. Let all the terms of this equation be multiplied into 2%. And 
we ſhall have . S 0 + 2 + $— EE + ©, or (becauſe as = ") 
r a a 


| 2 
5 — 22˙ + n 


F 36 1 112 * ND XRK = 58 
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— 4 2 — 272 = * 4. N — 
e + at + = + 


112 

a 2 g 2 2 2 7 % ns — 
744 Pa Eons E+ - +2 12 —E+E+ Et 

= oo — 1 — w_ #3 wg 78477 720 

9 144X112 * xm 144 X 112 + 144 +.5 72 eT 2 144X 112 ＋ 78 113 

2 1 2 2 —— + = * 5 = = - 


arne A 


(becauſe x is in this caſe = 2— ONE — on G *. =, Xo — 
=o + Em e 5 
2 3 5 8 e 


. , _ 225% 2 . 4. ..>5 25902 


and 


Art. 243. Now, let us — u to be equal to 45 which i is its leaſt poſſible 
magnitude in this third caſe, in which it is ſuppoſed to be greater than 3. 


Then will * be = 64, and 15 will be = 1024, and » wilt be = 163 384, and 
conſequently 22 fu will be ( 225 X 4) = goo, and 332 will be {= 35 X 
1024) = 35,840, and 225% + 35 will be ( goo + 35,840) = 36, 740, 
and 2 59 will be (= 259 X 64) = 16,576, and 1 + 250 will be (= 
16,384 + 16,576) = 32,960 ; which is leſs than 36,740, or 225%» ＋ 359. 


Therefore — + vill be leſs than 23 + n; and: conſequently -the 


5040 584 5040 5540 i 
ene uation 232 + N. = 614 4 532 
co-effic eq 5% 6505 * Jag 1 5048 muſt be added 
to the tuo terms — + — in order to make them equal to — + 2, 
Therefore the ſign + muſt, be prefixed to © in that equation, and — 0 
225" , 35n5 2892 
equation will be = +15 rag =,+.6 + — == . and 0 G will be = = 
BY 5 — 7 — — ; — — — 

2250 = WS 5 LL. — — EE —.— * —— 6 
= = Þ XX —_ | Q, E. I. N 8 in 155 
A e015! 50% 99885 l dc Ai err vail fdgid 20! me 


* * 


5 
FS | 
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Art. 244. And, ſince ne fign +' is to be ment this caſe to the co- 
2 it m 
efficient o in the equation —- = - + — a + 7575 + a= muſt alſo be 


prefixed to o in the . from which re equation was deduced, to wit) 
the equation 2 4 2 + + E ſer down. in che beginning 


112 
of art. 242, which equation will 83 follows, to wit, = G + 
2 * . + But this equation was derived, in art. 235, from 
the equation between the ſimple ſeries 8 — Hs + Kc, ad infinitum and 
the complicated ſeries. ud 


22443 


| = A. _ — 20x" * &c, ad infinitum Sw 1 
E — 2 ' ob » &c, ad mfinitum | 
, tees et firm 
+ 5 + 25697 , Ke, ad infinitum 
xc, ad infinitum 
| * i, &c, ad infinitum . 
OY ; &c, ad infiuitum . 


5 79s + bee; 4 Wee by Abena de emo 
ades of that equation from the correſponding ſides of the equation 9. 25 


— +=, which ſubtraction will occaſion a change of the ſign that is to 


be prefixed to the term 2; whence it follows that the ſign that is to be pre- 


fixed to the ſaid term in the ſaid ſubtracted equation, before it is ſo ſubtracted, 
muſt be the fign —. And conſequently the ſame fign — muſt alſo be pre- 


fixed to the correſponding term, 255 in the higheſt line of the complicated 
ſeries denoted by the Greek capital letter A, in art. 228, and therefore alſo 


to the fourth term, , of the aſfumed ſeries 4y, Sr, > „. L. 2. 

. 25 &c, the product of the multiplication of which into the frac- 

don 2 forms the higheſt line of terms in the ſaid complicated ſeries A. 
We 
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We Jer conclude that, when is = 4, or the greater hyper- 
bolick ſector CVE is exactly quadruple of the leſſer ſector CVD, the 
* or. 19 in Nit: 


four firſt terms of the ſaid afſumed ſeries ay, "0m 27 7. a: e r, 
22, &c, (which is ow to v, or E G, the ſami-oiditliaes correſponding to the 


aid greater ſector CV E, will be ay + = + 2 —2, or ny + AN oy 
* | —» mn 5 2 
* > eee * 7 1 


An. 245. In the next place let 2 be ſuppoſed to be = * 


hen will »* be = 125, and #* will be = 3125, and ** will be = 78, nas 
and 225 will be ( 225 X 5) = 1125, and 259 will be (= 259 „ 125} 
= 329375, 8 and 350 will be (= 35 X 3125) = 109,375, and conſequentl 
225 + 35% will be wg 1125 + 109,375) = 110,500, and , + 259 
will be ( 78,125 + 324375) = 3 Thejebore, when is = 5s 


> — EI 35% will be exactly equal to — + ; and conſequently the term 6 


504 = 5040 
er — 25988 ' 
3 8 r 242, will 


be = o. Therefore the correſponding term, Tr „ in the aſſumed ſeries Y, 


2 2, I, . 7 2. — Kc, which is equal to the ſemi- ordinate u, 


or EG, will be = o, and the four firſt terms of the ſaid aſſumed ſeries will 
cdl d ee K XG + c * . 
| 4 | 4 "+ Sa 

Att. 2 In the laſt place let # be ſuppoſed to be greater e 5, or let the 


greater hyperbolick ſector CV E be ſuppoſed to be ſome greater n than 
the h of the leſſer ſector CVD. 


Then will — 2 ** 555 be greater than = + 55 - for the reaſons ſet forth 
22 5¹ 


above in art. 256, page 577. Therefore the co- efficient o in the equation == + 


35u5 * 2 59#3 . : 
— +> + obtained in art, 242, muſt be ſubtracted from the 


quantity 7555 — =, in order to reduce it to an equality wich —— — & * = 
and conſequently the fign — muſt be prefixed to the ſaid 8 o in the 
Vor. III. 4 L | — 


\ 
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ſaid equation, and the ſaid equation will, in this caſe, be — £3 — 2 — 0 


5040 
7 

4% + —-- = Therefore (adding 6 to both ſides of this an we 
2250 , 3500 _ 2 22 ＋ 35 

Wall have 346 . 5045 8 rd + % 209 (brings + 5040 
from both ſides,) 6 = — 359 + e 
. —— 5% 5 go4o © $040 waa 

n X mM —1T X A- X M20 1 — 1 nn <> x 22 
= — = * =* = x 2 = n x g. 


Therefore, when u is greater than 5, or * ** hyperbolick _ CVE 
is more than 1 8 of the leffer ſector C V D, the fourth term, 2 of the 


dune eien a . 2 2, %, 27. * , , &c, (which is equal to d, 

or EG, the ſemi-ordinate correſponding to the EY greater 25 1 2 
be ES fe Ne * or 0 * * 
b | | TH & & 

And, becauſe the fign — is in- this * 77 x. to the co-efficient & 

n the equation 349 2 + 25 = , it follows (for the reaſons 

given above in =4 $64 that the contrary = + mult be- prefixed to the 


correſponding term, , in the foregoing aſſumed ſeries ay, A 


+= — 


a* 9 a . a* 3 | 
I, . . 2”, &c, which is equal to the ſemi-ordinate E G, or v. There- 


fore, when # is greater than 5, the four firſt terms of the ſaid aſſumed: ſeries. 
vill be ay N T, orny +4 R e l K* 


* * x4. Q E. 1. 
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n A. 5e * DN. 


A: Retapitudation of the Cmcliſont obrained by the Reſolution of the Four proceeding 
ſimple Equations for the Diſcovery of the Values of the Co-efficients a, o, *. 
and a, and of the Signs + or — my are to be prefixed to the Secand, Third, 
ond Forth er r , F. and , of the foregoing aſumed gern.. 


= 
ung 9 323 
&s 4 #4 » *% * 


% % 


ST — 
0 1 „ . N 9 
Ax 247. From what * been Wewn in the n articles beginning 
with art. 229, it appears, 
In the 1ſt place, that, if u be any whole number whatſoever, the firſt-te 


AY of the aſſumed ſeries Ay, 2. 2, 2 . r 2 27. - 1 (which 15 


equal to v, ot the ſemi- ordinate E G, which correſponds to the greater Fher- 
bolick ſector CV E. which is equal to 2 times the leſſer ſector CV D,) will be 


S 1; and the ſecond term, A, of the ſaid ſeries will always be added to 
the firſt term Y, or 1, and conſequent will be marked with the ſign +3 
and that it will be equal to „ x == * X . or to a X 52 x 2. So.thar 


the ta ard terms of we lud ſeries vin always be ay + 25 or ny + 4 * 
9 wi 


; ,. * 
* 


And, in the 2d place, it appears that, if # is = 2, or the ſector CVE i is 
ads double of the ſector CVD, the third term, =, of -the ſaid aſſumed 
ſeries will be ſubtracted from the firſt term ay, or 1h, and conſequently will 
be marked with the 1 —, and that it will be equal to » x — 


IT, Te x 


25. — to c X = x 2. ; and cherefore that the three firſt terms of the faid 
_— Ld 


aſſumed ſeries 4 in this caſe, be ay 3 * — 25 or 15 + A 
_ X = X 25 


And, in 5 3d place, it appears that, when » is = 3, or the n ſectot 
CVE is triple of the leſſer ſector CVP, che third term, 2, of the ſaid 
4 L 2 aſſumed 


3 
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aſſumed ſeries will be = o, and 2 that the three firſt terms of the 
ſaid . will, in this ** Ay + Seo, or ny + 4 Xx =—— = x <= 
2 O, | | 

- And, Athly, it appears that, if x is = 4, or any greater whote Sieber the 
third term, 2, of the ſaid affumed ſeries will be added to the firlt term , 
or ny, and 1 will be marked with _ fign +, and that it will be 


equal to * 2 E x N or to © X —— we 2 x Kr, and therefore that the 


three firſt terms 85 the ſaid aſſumed "ELF will, in this caſe, be Ay. + p, * 
r x 2 

And, Sthly, it appears that, if u is a, the fourth term, . of the aſ⸗ 
med ſeries ay, S A. 25 =, , 2, , es Kc, will be added to the 
firſt term ay, or 1, and confequently will be marked wich the fign +, and 


A * 2 25, or to E * = 


x 25 ; an& conſequently | that the four firſt terms of the faid afſumed ſeries 


: will; in this caſe, be ay + 2 Z +, ar +ax EE x2 


NAT ZX x * K. 


© And; 6thly, it appears that, if is = 3, or the greater e ſector 
0 VE is triple of the * ſector CV D, the fourth n. 2 » Of the ſaid af. 


ſured ſeries will be = o,, as well as the third term 5 ; and TY that 


the four firſt terms of the ſaid ſeries will, in this cas, 1 be * + = 204 o, 
ar % + * RAO 


And, jthly, it appears tliat, if # is = 4, or the greater. e ſector 
CVE is quadruple of the leſſer ſector CV D, the fourth term, 2, of the ſaid 
aſſumed ſeries will be ſubtracted from the firſt term ay, or. ny, and conſe- 
guently, will have the fign. — prefixed. to it, and that it will be equal to à x 


2 — 1 


2.3 
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Fy 

— 1 9 | SE 2. & tot K 22 * x2; and conſequently that 
45 four firſt bong of che "ſaid\afſumed ſeries will, in this caſe, be ay + 
3 — K, er EA RE c X I xXx 
* 2. 188 | ; 

| And, gchly, it appears that, if # is = g, or the greater E — 
CVE is equal to five times the leſſer ſector CVP, the fourth term, =, of 
the ſkid aſſumed ſeries will be S o; and conſequently that the four firſt terms 


of the ſaid eres will be 9 + 7 + 904 0 0b 4X FEE Xe 2 


ex E 2 a 


And, „ah, 5 appears that, if » is any whole AO greater than 5, 3 
fourth term, I. of the ſaid: ſeries will Be added to the firſt term ay, ors 7. 


and will conſequently be marked with the ſign +, and that it will be equal to 


9 2 nim25 K . , 
2 3 * . or to R ; and therefore that 
as four firſt terms a the fad ſeries will, ia this caſe, be ay ＋ = 2 55 — + 


LE an ix + x2 — 


. 


22— ͤ——.. . ̃ —ꝓd N 
w " 


The Three Equations, by the Reſolution of which we may find the next Three Terms, 
. 28, r. of the. foregping aſſumed ſeries n, S, 2, A, A, Das r, 
IF, Sc, which is. equal, to. v, or the Semi-ordinate. E G, correſponding to the 


greater Hyperbolick Seftor CVE, which is equal to n times the leſſer Sector CVD. 


0 


a 4 And, in like manner, the values of the three following co-eſſi- 
cients 1, L, and x, of the three following odd powers of y in the aſſumed ſe - 


ries AY, 2, 2, 2. hy 28, _ 255 &c, may be diſcovered, and the 
% - * * — ſigus, 


7 


$39 „ 4 5A; © ren S FuE 


ſighs, + or = which are to be prefixed t 9 nad which arecconſequemly 
to be prefixed alſo to the correſponding ter raps. 57, 8 . ee the ſaid ſerie, 


28 by elolving t the three ſimple equations follow in ing ; to * 


gn 1 ag. baes 02 4 3.10 43c* — 
3 4. . 3-5 3. $7 


2704 . 8 8 224 —X - 


1ft, The equation Þ* 


354? 35” D A*G = c3 3A*E —— _ 254 35n "as 
#394” "HF; ©, 4 * 2 * 12? 16? 5 * 2305? © r. 


1152 


Peer ſigns + "Wh n tall have been prefixes to all the terms on the right 
and 2 the equation, except the, term I,) we may determine both 
the ſign, + or =, which is to be — 2 to the co · eicient I, (and whieh is 


conſequently to be prefixed likewiſe to the correſponding. term. N. oß the 
foregoing « aumed ſeries,) and the . of the ſaid co-efficient. 8 


And, 2dly, the e _ = MN a, . UE Lee, pews, 6 


12 12 12 80 


** 72 A Le, i + ; by pt: a of which (when the 


| ease, £7 Ov! e . 5 —_ or 53% 1 8 des A= c 
, 224 ? 224 r 2304 ? $632? 5632 2 4 4 2 4 A 


mY er” 22e 8 * 18. 354% * n bor 234 = 1 2 c, , 
2 * 2 4 * 


16 4 Fl EX Yo . 255 5532 28716 


4; 3 2 » 2 ic us 
=, I, $1 = : "==, —_ 55 ; . by the reſolution of which 


(whews; he proper ſigns + apd — ſhall have been prefixed to all the terms on 
the right-hand fide of the equation, except the firſt term r,) we may deter- 
mine both the ſign, + or —, which is to be prefixed to the co-efficient L, 


24 which is conſequently to be prefixed likewiſe to the correſponding term, 


, of the foregoing — = and the N of the ſaid 4 
dest. wy * | P 


2318 nw 434% Ger Gare 0 3c 
r RT: oo gr om. 
Ws 41 3.20 4% 3.10 4% 3.30a%t% 2.540 5.) 4% (5.42 A 5.35 hte? 
””_T WT LW WT A RRAT 
35:90% 35.36 A 63.11 a"% 231 A AVI 2318 N 42L act AK c 
_ a. ” $6 ? 26,624 ? wad 26,624 © 2s 4? 7 
cx* z Zee Dal =, zac! cas iA 25 ay 35a's 354% 


And, zdly, e equation 


"20" LEY a bi «Sf >; 16 * * n 
634 24145 u „ _ ex- 341 E 34 


"512 226,624” er © „ , 4. ue, n * 
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ga*ctn zac! yak r54a%s gte 38155 Nai  b3a"% 21 1. | 4 

42 2:8 126 2.-& 2:62 AF” | 35:0 rage”? 15:208:* by the reſo· 
lution of which (when the r + and — ſhall have been prefixed to- 
all the terms on the rigit hand fide of the equation, except the firſt term x,) 
we may determine both the ſign, + or —, which is to be prefixed to the co 
efficient v, (and which is conſequently to be prefixed likewiſe to the corre». 


ſponding term, 2. of che foregoing aſſumed ſeries,) and the magnitude of 


ww 


the ſaid co-efficient, ws 


4 Conjetture comtrning ghe Law of the Continuation of the Terms of 
| | "the foregoing Series. | 


. — —̃ — — N | — — : 

Aff. 449. Having employed. {6 many pages on the inveſtigation of the four 
iſt terms of the foregoing aſſumed ſeries, to wit, the terms , 2, 2, and 
, 1 ſhall forbear to undertake the reſolution of the three foregoing ũmple 
equations, in order to diſcover the values of the three next terms ——, 5 
and 2 and the ſigns and — which are to be prefixed to them according. 


to the different values of the number ; which, it is caſy to perceive, would 
lead us into many tedious and intricate inquiries. But I will only obſerve, 


that it ſeems natural to conjecture that the next, or fifth, term, , of the ſaidi 


ſeries will be = G x TL , and that the ſixth term, ., will be S I x 


„, and that the ſeyenth term, u N 25, will be = L K e og 


10.1 1 12.13 


. and that the eighth term, 2, will be = M Xx . * 22.5 and chat 


the ninth term, 2, will be = » * <= x 5, and that all the follow. 
ing terms of the ſaid aſſumed ſeries will be generated one from the other ac- 
cording to the ſame law, the numerator of every new generating fraction. of 
the ſeveral numeral coefficients à, e, E, 6, , L, , ?, By r, &c, being the 
exceſs of m, or the ſquare of the number , above the ſquare of the odd 
number next following the odd number contained in the numerator of the next 
preceeding generating fraction, and the denominatg of the ſaid new generating 

on 
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fraction being the product of the multiplication of the two natural numbers 
next greater than the odd number of which the ſquare appears in the numera- 
tor of the ſaid new generating fraction, is ſubtracted from . And 
Mr. Dz Morvze, (who was, as I believe, the inventor of this Hyperbolick 
Series,) and all ſubſequent Mathematicians ſuppoſe and affirm that this is the 
Jaw of this ſeries, but without giving any demonſtration of it (as far as I 
bave ſeen,) except in a few of the firſt terms, as has been here done with 
great exactneſs with reſpect to the four firſt terms ay, = k 5 „ and 2, of the 


ſaid ſeries. : 


Of the Convergency of the foregoing Series Ay + = 2 + . 4 + 2 + 25. 


3 15 — — 
= + ern + AXEL XS KN K 


un- 2 [148 un 49 „ un 81 yu un — 121 
rene. F IX om Nv FX TIE OX 
2 N 2 * Lo + Ec, which is equal to v, or E G, the Semi. 


© ordinate correſponding to the greater Hyperbolick Sector CV E, which is equal to. 
n times the Sector CVD, which correſponds to the leſſer Semi-orginate D F, or y. 


© * 
*x 1 - 
— * 5 1 * / P - * - ae 83 
1 ——— » 
1 4 . . @ * * 
- 
T 


Art. 2 50. It is evident that this ſeries will not converge at all when the leſſer 
ſemi-ordinate D F, or y, is greater than a, or CV, the ſemi-tranſverſe axis of 
the hyperbola. © And it will converge but ſlowly when y, or D F, is equal to, 
or almoſt equal to, the ſaid ſemi-axis CV, or a. But, when DF, or 5, is 
much leſs than CV, or 4, as, for example, when it is only one-tenth part of a, . 
or leſs, the ſeries will converge with conſiderable ſwiftneſs, and may be of uſe 

7. 8 


in calculation. For, in theſe caſes the literal parts, y, =, 2, 275 & 255 — . 


. Se, of the terms of the ſaid ſeries will decreaſe; with conſiderable ſwiſt- 
neſs, and their convergency will be ſomewhat aſſiſted, though but little, by 


that of the numeral co-efficients 4, c, E, o, 1, L, x, r, &c, or 4 Ny 
7 "#n—09 2 992 nu—49 gn 81 2 — 121 un 169 
C X 77” E X - G. 7 28 8.9 IX Jon? * 12.13 * In 


Fc, which evidently form a decreaſing progreſſion. 
n $610 iet of) 6 i210 | | 


* 1 
— 21 * TS i | 7 n 5 
— 4 - © S „ 9.6 144 s wf 1 4 „„ ff +& $f W444 * & Ros * 4 S & w 9 4 
T5 dt % — 5 ; . * - 
G> : „ add 
4. 4 * 
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Tf 


Of the Reſemblance between the foregcing Series, that expreſſes the Value of th? 
Semi- ordinate v, or E.G, correſponding to the Hyperbolick Sector CVE which is 
+ equal to n times the leſſer Hyperbolick Sector CV D, and the Series obtained above 
in art. 177, 178, &c, - - 198, which expreſſes the Value of x, or the Sine of 
the Circular Arc n a, which is a like Multiple of the leſſer Arc a in the fame Circle, 


„ 
89 0 e 
_ 
LEY 


Art. 251. The ſeries obtained in art. 177, 178, - - - - 198, for expreſſing 
the value of x, or the fine & the arch -n@ in a circle of which the radius is , 
in terms involving the powers of 3, or the fine of the leſſer are a, (which is 
the »th part of the greater arc a,) and the powers of the radius 7, is AS — | 


E553 =« £55 G7 15? nt N33 p3*s. n —1 12 
N TND Qœ D Lr, 
n- 9 5 nn—25 * un - 49 , 5? che nn—$r 
C Mp ꝛ . T 
gil — 121 $13 — 16 15 © 5 
X 7 7＋ 1 . * * * AA * N + &c; in which the 3d, 


5th, 7th, and other following odd terms of the ſeries are marked with the 
ſign +, or added to the firſt term as, or ns, and the 2d, 4th, 6th, and 8th, 
and other following even terms of the ſeries are marked with the ſign =, or 
are ſubtracted from the ſaid firſt term as, or 16. And the ſeries juſt now 
obtained in art. 220, 221, &c - - - » 249, for expreſſing the value of v, 
or E G, the ſemi-ordinate to the axis of the equilateral hyperbola HVDEQ, 
(of which the vertex is V, the center C, and ſemi-tranſverſe axis is CV, or a,) 
correſponding to the hyperbolick ſeaor C VE, (which is equal to # times the 
leſſer ſetor C V D,) in terms involving the powers of y, or D F, (the ſemi- 
ordinate to the axis of the ſame hyperbola that correſponds to the ſaid lefler 
ſector CV D, ) and the powers of the ſemi-tranſverſe axis CV, or a, is ay + 


cy3 Eys Gy? 199 ** N py*s nn 1 g 
TO TH T3 LET 4 * "= * 5 

nn 9 * un - 25 2 . 2 —49 E an—B81 
N XF + 6X 8.9 LY % i a 
x 23 4 * 225 * 1 + 1 N &c; in which all the 


terms of the ſeries after the firſt term ay, or 1), are marked with the ſign +, 
or added to the ſaid firſt term. But the numeral co-efficients of the terms are 
the ſame in both ſerieſes, to wit, 1, or A, A X , e * 2 8 X , 

Vor. III. 4 M | G X 
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1 — 4A — — — 8 
© x 8 X ==, ED 1 N 2 _ dee; and conſequently, if 
we ſuppoſe r, or the radius of the circle in which the fine 1s taken, to be 
equal to a, or CV, the ſemi-tranſverſe axis of the hyperbola HV DEQ, and 
the faid fine x in the ſaid circle to be equal to the greater femi-ordlinate E G, 
or v, in the ſaid hyperbola, (which ſemi-ordinate we mult ſuppoſe to be leſs 
than the ſemi-tranſverſe axis CV, though it is otherwiſe repreſented in the 
figure in page 593, for the ſake. of making the lines more diſtin& ;) every 
term of the latter, or hyperbolick, ſeries, which expreſſes the length of the 
* ſemi-ordinate EG, or v, will be equal to the correſponding term of 

e former, or circular, ſeries, which expreſſes the length of the greater ſine x, 
which belongs to the greater arc, which is equal to » times the leſſer arc of 
which the fine is 5s, This is a very remarkable reſemblance between theſe two 
ſerieſes, and ſhews the connection that ſubſiſts between, the Circle and the 
Equilateral, or rectangular, Hyperbola.. 2 


Art. 2 52. This ſeries for expreſſing the value of the greater ſemi- ordinate v, 
or E G, to the axis of the equilateral hyperbola HVDEQ , (which correſponds 
to the multiple ſector CV E,) in terms involving the powers of the leſſer 
ſemi-ordinate y, or D F, (which correſponds to the leſſer ſector CVD, which 
is the mth part of the ſector CV E,) and the powers of the ſemi - tranſverſe 
axis CV, or a, was invented by Mr. AnRAHAM DE Morvss, and pub- 
liſhed in the zogth Number of the Philoſophical Tranſactions, in the year 
1707. And it was publiſhed again in the next year 1708, in the well-known. 
Collection of curious Mathematical and Philoſophical. Tracts, in three volumes 
octavo, intitled, Miſcellanea Curigſa, in Vol. I, page 365; and again in the 

ear 1730, with ſome additions, in Mr. DR Moivse's very learned Work, 
intitled, Miſcellanea Analytica, pages 13, 14, and 15. 


End of the Inveſtigation and Conſideration. of the Series for expreſſing the Value- 
of v, or EG, (the Semi-ordinate to the Axis of the Equilateral Hyperbola 
HVDEQ, correſponding to the greater Hyperbolick Sector CV E,) in 
Terms involving the Powers of y, or DF, (the Semi-ordinate 
correſponding to the leſſer Sector CV D,) and the Powers 
of the Semi · tranſverſe Axis C V, or a. 


— — — 


Art. 253. We are now to inveſtigate the ſecond ſeries mentioned above in. 
art. 220, to wit, the ſeries that ſhall expreſs the value of the leſſer ſemi- 
ordinate D F, or y, in terms involving the powers of the greater ſemi-ordinate 
E G, or v, and the powers of the ſemi- tranſverſe axis CV, or 4. This in- 
veſtigation may be performed in the manner following. 
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The Inveſtigation of a Series which expreſſes the Value of y, er DF, (the Semi. 
ordinate to the Axis of the Equi/ateral Hyperbola HV DEQ, which cor- 
reſponds to the leſſer Hyperbolick Sector CV D,) in Terms involving the Powers 
of v, or E G, (the Semi-ordinate which correſponds to the greater Hyperbolick 
Sector CVE, ) and the Powers of a, or CV, the Semi-tranfoerſe Axis of the 
Hyper bola,) when the greater Sector CVE is an exadt Multiple of the leſſer 
Sector CVD. | 


le... — OD. 


Art. 254. The byperbolick ſector CVE, which correſponds to the greater 


. . . . . . av q13 35 $07 
ſemi-ordinate E G, or v, is equal to the infinite ſeries = — 27 — 4 


35 63¹ 231¹ : : 
+ = = 5 + — — &c; and the hyperbolick ſector CV D, 
which correſponds to the leſſer ſemi-ordinate D F, or y, is equal to the infinite 
e e 4 4 359? 5 — 23 2— . 
ſeries © —— += 230% 63200 26,62408 &cz as 18 
ſhewn above in art. 225. But the former ſector is equal to » times the latter 
ſector, and conſequently the nth part of the former ſector will be equal to the 


| | av 3 35 gur 
latter ſector. Therefore the #th part of the ſeries = —_ ir = + 


a 6397 23149%3 . ; 3 5 
| —— ho + . — &c, will be equal to the ſeries 2— 2 + = 


r ; — ww 
2% * e = abfoget Kc, that is, the ſeries — — — + 


. a 63037 231v%s 5 IT . 

Bona? 22. + 230 g$bgena? +; 24s dee, au, will be 
. . 1. © ans 

equal to the ſeries 22 + = j + 730407 56328 + 8 


Art. 255. Now let it be required to find an infinite ſeries conſiſting of terms 
involving the odd powers of the ſemi-ordinate v, or E G, (that correſponds 
to- the greater hyperbolick ſector CVE,) to wit, U, , , vr, , vn, , 
&c, together with the powers of the ſemi-tranſverſe axis a, or CV, that ſhall 
be equal to the leffer femi-ordinate y, or D F, which correſponds to the leſſer 
hyperbolick ſector CVD, which is the ath part of the former ſector CVE. 

cv? v5 ov? wwÞ Lys Nos pots 


And let the (aid ſeries be AV, Sr, , L, li, ae an ares Ke, ad inf 


nilum. « 
4 M 2 Then 
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Then will z* be equal to the cube of the ſaid infinite ſeries, or to the com- 
pound ſeries | 


zer 3a*gw? ZA irn Ze 


h av, M 1} HO” 7 IT” kg &c. 
| 34cꝗꝗ GAE Gacon® Gaius 
„ 


| cy? 3A“ GAE 
0 9 4 ? 77 &c. 
8 ä 30 %⁰ꝙ ¹uü̃u 3e pn - 
| , , Ke. 


= &c. 


And y will be equal to the fifth power of theggud' infinite ſeries, or to-the 
compound ſeries 


| gA*cu?8Þ YAπν e gatcnt gate! 
loAIc*y9 20A3IrvV 20AICGHTI & 
. a* , CE ET. 3 a® a 7 - 
: . 1TOA?CIDTT 1043824337 & 
- * — OT IN OT = 
OA? R 
| 1 2 — &c, 
42 
acts 
| | — — — &c. 
C &c. 


7 


And * will be equal to the th power of the ſaid infinite ſeries, or to the: | 
compound ſeries 


- naScu9 yaSrult TaSGy3 
a'v?, — x , &c. 
4* a* a 

| 2 1A ꝗffq 424% rv13 & 
_” 7 5 - 
ne”. 

40 


&c. 
&c. 


And 5 will be equal to the gth power of the ſaid Waben ſeries, or to the 
compound ſeries 


%, , — &c. 


7 13 
zo, = \&c.. 


: L &c. 
b a 1 "& And 
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And yu will be equal to the 11th. power of the aid infinite ſeries, or to the 
eompound. ſeries 
Accu 


3 * 


&c. 


1711 
A v 
0 a 


And y will be Y TP to the 450 power of the ſaid infinite ſeries, or to the 


compound ſeries 
. bels, &c. 
&c. 


- 


Art. 256, Let theſe ſeveral values of „ and its odd powers y*, 55, 57, %, 3", 
y”?, &c, be ſubſtituted, inſtead of y and its faid odd powers themſelves, in the 


v 4 

_—_ obtained in art. 254, to wit, the equation. — — + x 
r b 

= + 2304na7 563 2A 26,0241ya"* &c, ad inf . 2 124 = 


3y* Sf... 99. : Sa © oa. 2 | 
90s 22425 12 T3040” Ogre. © Soap 7 &c, ad infinitum, And the aid 


equation will be thereby transformed into the following very complicated. 


. . . . av v3 3s 5 v7 
equation, to wit, the ſimple infinite ſeries — 8 12 
9 GZzult - 2210953 ; , : 
—— = — 2na? 7855 77 — & c, ad infinitum, — the compound infinite 
ſeries | 
4 cu x court 199 _ 77 vu 8 
3 U FTA OAK, — os 
+ 47 \ 34) cus .:. 3A*Gv?' 341K z L = 
; 12a? 129? ? 1245 i287 127 ? Ta ? . 
[ zac Gacev? 280 Gacgy"? 64aciy3 & 
[ | , 124% ? 1247" . 122 ? 124% ? 0. 
Ca? 3487 GARK GDI & 
| = 220 " 1299 1298 moe 
30 go"? 302 ‚ 
12359 ? 12411 ? &c. 
4 
30 
5 129% p &c. 
* & c. 
* 
7 


. ͤ—t„ . ey ee os gy 
: T2422 ̃ ²vB SY Ou 
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7 ＋ 35 43.5a*cv! 3.5 αοατν⁰ 3. f 4%, 3. AA & 
8043 3 Boas 3 Boal 3 0a? 3 oat! 3 c. 


Joel Z. zo dervn g. zac, 
8047 * Boa? * Boat ? dc. 


| Joa*ciy't 3. 104 
+4 —_ 


® 2.30A*c*zy/73 
E bee 


PP, &c. 


* 
&c. 


Faſo eee, Ze, . zer- | 
+ 224 224a? 224% 424 ? &c. 


„21A chung. 42 A5c ul 


— 2244? 22.44% . 
+35 a*c3q!3 

Vn » &c, 

f Sc. 
3 f. mn 385.947 n 

T 2304? 230449 * 2304att? . 
＋ 8 | 5. 36A 

| 2 Fs &c. 

| | &c. 

99 zaun 63.1 A ire. 

— 765 e 

: &c. 

4. + T,, &c. 

| &c. 

&c. 


Let the whole complicated ſeries that forms the right-hand fide of this 
equation, be, for the ſake of brevity, denoted by the Greek capital letter IT. 


And then we ſhall have the ſimple infinite ſeries 2. — I ＋ F — 


4 c. 1 
+ = 25 Saia + 25,027 &c, — the compound infinite ſeries II. 


22 4 
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The Inveſtigation of the Firſt Term, av, of the foregoing aſſumed Series av, 


cv? nos Gov! Y ren wo's pyls h 2 
, , . T, , . _ , do by means of the foregoing transformed 


„ 393 8 63 ¹¹ 231v%3 
Equation, 24 12 + Bora® — TD 23047 BE 553 an 2, t e 
Se, ad infinitum, = the compound Series II. | 
| 3 


Art. 257. Let all che terms of the foregoing transformed equation = — 
Sri ?!Y =. 2c. 


Bona®  224n05 2304na? 5632na? 26,24 
= to I, or to the complicated ſeries 
hav c ο r o 
r +... 2-2 &c. 
16 4 3a%v3 34A 
+ 124 1243 ? rie, Ke. 
0 F 2 
_ ==, &c. 
1 &c. 
* 
2 5 3. en 
1 "Boa? ? 30 &c. 
&c. 
CATgT 
— e c 
&c. 
+ &c, be divided by v. And we ſhall have 
1 i . ck 63e 2 319953 


| 3 TO 
the ſimp le 2 — _ + 55 22 + 2304na? * 50322a9 1 26,2 4 alt 
— &c, ad infinitum, = the complicated ſeries N 
is Aa co G & 
r 
_ ELM 20 34A 
124 1227 1222 &c. 
ZAac*y® 


Es 8 2. &c. 
&c. 

345 3.5 A4 
+ + — Goa? „ So 3 &c. 


=! + Ho &c, 


And 
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And this equation is always true, of how ſmall a magnitude ſoever we 
may ſuppoſe the ſemi-ordinate E G, or v, to be taken, And therefore it will 
alſo be true when v is = o. But, when v is equal to o, all the terms that in- 
volve v will be equal to o likewiſe, and the whole left- hand ſide of this equa- 


tion will conſequently be reduced to its firſt term = and the whole right-hand 
fide of the equation will be equal to its firſt term . Therefore — will be = 
— and conſequently (multiplying both ſides by 2,) = will be = aa, and 
| (dividing both fides by a,) — will be = A, or the co- efficient a of the firſt term, 
Av, of the aſſumed ſeries av, I. =, * =, =, I &c, will be 
= = and conſequently the ſaid firſt term, av, will be = — X v, or . 


n 


— 
— 


* 


The Inveſtigation of the Second Term, = „F the foregoing aſſumed Series, 


Art. 258. Since =, the firſt term of the ſimple ſeries — = 8 -— — 


_ + &c, which forms the left-hand fide of the equation obtained in the 


laſt article, 1s equal to =, or the firſt term of the compound ſeries which forms 


the right-hand ſide of the ſame equation, and _ is greater than the whole 


ſimple ſeries of which it is the firſt term, it follows that, if from = we ſub- 


\ 


tract the whole ſimple ſeries _ _ = + = — Ae + &c, and from 2 


we ſubtract the whole of the compound ſeries that is equal to the ſaid ſimple 
ſeries, the remainders thereby obtained will be equal to each other; that is, the 


ſimple ſeries + _ — 8575 + e — &c, will be equal to the compound 


ſeries 


REVERSION OF INI HTI 1128285. 641 


"2a? 2a3 * 245 *? 
ſ 4099 24%0% 3 
J 7 1243 ==, &c. 
_m , &c. 
t ec. 
$4 + 
— r e, Kc. 
&c. 
avs 

+f T er & 

&c. 

— Xe. 


Therefore, if all the terms on both ſides be divided by v', we ſhall have 
the ſimple ſeries + — == * = — &c, ad infinitum, = the com- 
pound ſeries 


C Ev? our & 
_ x "5 

A3 A 347 

12a 1243 12 


+ = &c. 


C. 


" Boa®? Boas ? 


gale, . 

+ + > 
&c. 

— GC, 


0 4 32 You. &c. 


And this equation will always be true, of how ſmall a magnitude ſoever we 
may ſuppoſe the ſemi -· ordinate E G, or v, to be taken. And therefore it will 
be true alſo when v is = o. But, when v is = o, all the terms that involve 


wv will be equal to o likewiſe, and conſequently the whole left-hand fide of 
the equation will be equal to the firſt term + —, and the whole right-hand 
fide of the equation will be equal to the two terms = + | + — Therefore 

Vo- III. 4 N we 
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7 | a3 
we ſhall have + — == + + =» or I 2 5 1 25 or (becauſe 4 


= —, and conſequently 4? is . + 1277 = = + — and (multi. 
plying both ſides by 24,) + = = © + . But, becauſe u is a whole num- 


ber, 1 will be greater than , and conſequently = will be leſs than 85 There- 


fore, to the end that c + _ may be equal to = e muſt be added to . 


and not ſubtracted from it; and conſequently the fign + muſt be prefixed to 
e, and the ſaid equation + , = © za will be + == +e + r. 


b I 1 — = __ Go*=0 __ mT 3 ane _ 

Therefore „ - miner” = Hts = wh” X 1 
n- 1 un 
r e 2.3. 


Art. 259. But the ſign to be prefixed to c in the laſt equation + = = 6 
+ = or + = = + ce + — is contrary to the ſign that is to be prefixed 
to the term So in the equation obtained in art. 2 57, (from which the ſaid 
equation + = = + © + =; was derived by the operation of ſubtraftion, 


together with a diviſion by v“ and a multiplication by 24,) becauſe of the 
faid operation of ſubtraction, which cauſed a change of the figns of all the 


terms. Therefore the ſign to be prefixed to the term _— in that equation 
muſt be the fign —. And conſequently the ſame fign — muſt alſo be pre- 
fixed to the term = in the general transformed equation obtained in art. 256, 


cv3 RU G 109 nyt 
7 7 7, 77 x 


&c, from which the ſaid term Dis derived by a multiplication into 


cv3 . 
and to the ſecond term, , of the aſſumed ſeries av, 


, , 
the fraction —, and a diviſion by v, neither of which operations can affect 
the ſign to be prefixed to it. Therefore the ſaid ſecond term, =, of the 
ſaid aſſumed ſeries muſt have the fign — prefixed to it, and will be = 


EXE XS or AX = x J. And conſequently the two firſt terms 


Sa 2863 
of 


2.3 a 


- 
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of the ſaid aſſumed ſeries, which is equal to the leſſer ſemi-ordinate D F, or y, 


0 _ 3 
will be av — Y, or X * XK A d. R. 1. 


The Inveſtigation of the Third Term, 2 „F the foregoing aſſumed Series. 


— — . — 


Art. 260. It has been ſhewn above in art. 2 5), that 25 88 —. Therefore 


75 will be = = And it has been ſhewn in art. 258, that _ is = + © + 


I I nn 1 c I I c 
773: Therefore — will be (= + = + —- = +> + 3x 75. 
S346 0 A3 7 3 43 
N *. 2 +, 241 = will be = + == + = Therefore 
re | 

2n I27a 2 24 124 


Further, it has been ſhewn in the laſt art. 259, that che ſign to be prefixed 


to the term — in the general, transformed, equation, obtained in art. 256, 
is the ſign —. Therefore the ſaid equation will be as follows, to wit, the 


ſimple ſeries 2 — — + 8077 — 5 + &c, = the compound ſeries 


224ngs5 
Aay — E ov? & 
1 if 24 228 _ 
£ A= 3A * 3A*807 
| + 128 12 Tags? &c. 
— 4c * 
| + 2 „Ke. 
. &c. 
3A A*cv? 
»+ ＋ 8058 boa? & 
&c. 
5 A7 
2 { + FI. Ke. 
&c. 


+ &c; or the ſimple ſeries 
4Nz2 pe. 
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2— — + 8 — = + &c, = the compound ſeries 


aw _w mw ow 
2 2a ? 243 ? my &c 
. | 
124 1243 12 ⁊„- &c. 
— 4 EE . &c. 
„ 
85 &c. 
34598 ens 
+ foa7 + — e. 
&c. 
7 
2 * &c. 
&c. 
+ &C, 


Therefore, if 22 the left-hand fide of this equation we take the binomial 
quantity — =, and from the right-hand fide of 1 it we take the trinomial 


22 I2na? 


quantity, = — = — Je, (which is equal to _ ky the remainders will 


be equal to each other; that is, the ſimple ſeries a - — + &c ad in- 
Jnitum will be equal to the compound ſeries 


Eπν | Gv7 

24 248 &e. 
+ zA*cv5 2 rv & 

12 I a ? * 
&c. 

.tatcu? 
+ . — , dc. 
e. 

u- 
. + 22405 ® dec. 
ö &c. 
+ &. 


Therefore, (dividing all the terms by v,) we ſhall have the ſimple ſeries 


—— 2 + &c ad infinitum = the compound ſeries 


2 
245 
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=> 2 . We. 

2 34*Ev® 
* — 1245 ? &C. 
+ ==, Kc. 
| &c. 

"TR Av 
2 We, Kc. 
&c. 
2 + De „ &c. 
Tl &c. 
+ &c. 


And this equation is always true, of how ſmall a magnitude ſoever we may 
fuppoſe the ſemi-ordinate E G, or v, to be taken. And therefore it will alſo 
be true when v is =o. But, when v is equal o, all the terms that involve v 
will be equal to o likewiſe, and the whole left-hand ſide of this equation will 


conſequently be reduced to its firſt term dong and the whole right-hand fide 


of this equation will be equal to the three terms _ + => TY — There- 


1243 


fore g will be equal to 5+ 35 + 3=;, and conſequently (multiplying 


12a* 


all the terms by 24*,) we ſhall bare . = 1 + 8 + 25 or 2 2 1 +4 


©. 


— 5 — 8 (becauſe A is ==) — = xz + _— + ===, or (becauſe c is 


40 40 
.) 2 = ＋ A. R S T= A 3 1222 ＋ 
2 Nr 

| and (adding — to both fides,) AR — — 2827 Dos. 


But, becauſe n is a whole number, and conſequently either equal to, or greater 
than, 2, gn“ will be greater than 10”n. For, when u is = 2, un will be = 4, 
and * = 16, and conſequently rom will be S 40, and gn* will be (= 9g x 16) 
= 144. Therefore, when » is = 2, 9#* will be greater than 10. There. 
fore, 2 fortiori, when 7 is greater than 2, gn will be greater than 10. 
Therefore, when # is either equal to, or greater than 2, or, in other words, 


when is equal to any whole number whatſoever, _— will be greater 
than 
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1oun WE 
than ez, and, 2 fortiori, —— + —_ will be greater than = ——7+ Therefore 
. . 1 TOnn 
the co-efficient E, in the equation 5 +. ew = 8 + ——» muſt be 


added to —_ in order to make the right-hand fide of the equation equal to 
its left-hand fide, and conſequently the ſign + = be prefixed to E in that 


gn* 10 
equation, and the ſaid equation will be — he — 2 
* e e = == geen 
1205 1205 1208 1205 IJ 120n* 
1 m—I gnn—1 __ gnn — 1 
5 * wn 2. 3. un 45. * 4.5 n 


Therefore the fign + muſt alſo be prefixed to the third term, = , of the 


. cv* rv Gο 1 Lv us pots . : 
aſſumed ſeries Av, == 7. 7, „ . . &c, and the ſaid third 


| == un — 1 gnn— 1 vs gun 
term will be = RIES ION St GG X * 
cv EvVS 


WEN of ps ſaid aſſumed ſeries will be av — — + 4 u or 2 T* 


22 —1 vs 
4.5· 21 * . 


125... K —ſ—D2—Z̃K—— 


The Inveſtigation of the Fourth Term, = » of the foregoing aſſumed Series. 


— —  __ 
Art. '261. In the preceeding article it was ſhewn that the ſimple ſeries 


5 — = — + &c, is equal to the compound ſeries 
| ov 
2 , K. 
3A 34a*gEv* 
1243 1245 ? &c. 
" 340 
+ 1245 2 &c. * 
&. 
45 3.5 Ae 
ha £1 - ee, &c. 
&c. 
5A 
25 2 &c. 
&c. 


+ &c; or (becauſe the terms 
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2, and =, are to have the fign + prefixed to them, ) to the compound 


243? 
ſeries 
F Gy? 
+ — , Os , &c. 
34 34 


1245 
1 
3 5 A*cw? 
.. ; 
KX. 
547 | 
I 
&c. 


25 &c; 12 and it is alſo ſhewn in the ſame 


article, that — i 8 _ I _ + &=x 3, Therefore, if we ſubtract the 


. - 
ſimple ſeries 3 — — 
former of 2 equations, ) from the ſingle term — 3 (which is the left- bind 


ſide of the latter of theſe equations, and ſubtract alſo the compound ſeries 
in forms the + my fide of the former equation from the three terms 


+ — _ + 7777 + 5 — 9055 , which form the right-hand fide of the latter equation, 
the remainders ariſing from theſe two ſubtractions will be equal to each other; 
that is, the ſimple infinite ſeries + ae — &c ad inſinitum will be equal to 
the compound infinite ſeries 


, &c, ad infinitum, 


, &c, ad infinitum, 


"1285 ? 
6. BT =>, &c, ad infinitum, 
&c, ad infinitum, 
, Kc, ad 
4 2 de, infinitum, 


i &c, (which forms the left-hand fide of the 


&c, ad infnitum, 


ih + =, ; &c, ad infinitum, 
; 2 &c, ad infinitum, 
r — &c, ad infinttum. 


"i Therefore 
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Therefore (dividing all the terms of this equation by v,) we ſhall have the 
— Ke, ad infinitum, = the compound infinite 


ſimple infinite ſeries + mn — : 


ſeries 


— &c, ad inſinitum, 
= 3 , &c, ad infinitum, 
+ + 25 ce, infleitum, 


&c, ad infinitum, 
{ — 350 &c, ad infinitum, 
&c, ad infinitum, 


+ { T - 25 » &c, ad infinitum, 
&c, ad inſinitum, 
— &c, ad infinitum. 
And chis equation will always be true, of how ſmall a magnitude ſoever we 


may ſuppoſe the ſemi- ordinate E G, or v, to be taken. And therefore it will 
alſo be true when v is o. But, when vis = o, all the terms that involve v, 


that is, all the terms that are repreſented by the ſeveral marks of &c, will be 
equal to © likewiſe; and conſequently 1 whole left hand ſide of the equation 


vin be reduced to the fingle term + — and the whole right-hand fide of 


— 
the equation will be reduced. to the five terms -< — + |+ 55) 2 * wy © 
. c | 34*E + BE en A*c yo 
Boas 4 Sha 4 = Br 25 + 77" * 1285 + 8 T 246” Therefore 
we ſhall have + — = _ = + 5 = + 125 + EE + EL or (becauſe 
. — 30 7 
175 IS = 7 and 2 FP — =) + 21 © _ = 4a5 27 45 os + 5 


—_— . all the terms by 24*,) we ſhall have 255 = 6 + _ 
= ＋ or G AB 52 * s + = += + 


112 | 84 
= + = —» or (becauſe c is; =. and conſequently c“ is = — b 9 
— = SERIE TIE —_— + = + = 
* = + — „ _ 


— — 
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= += + +5 Har et te = 0 
2 ＋ Ten mern N © Þ25 + ny 
— MV = + _— Ty 12 — rr 727 2 2 + = + 755 > 
= - 22 2 2 ＋ E+ ES +2 Daub or (becauſe E is = 
Ew 1 2 3 = 2 = . 
— — = + 1— + 3 * 8555 =6 + 5255 + = * — 
be , eee ee = 0 Fro — ep + ee = © 
+ ES 5+ aaa = 0+ 255+ ap = + 
oo —.— 7 — . Hema 8 6 05 2 a 50 —— © — 
5 
401 5 x FE + Aw” or ae = ® © rag — paged © ra? 
and (adding — — to both ſides of the equation,) 55705 + —_ = 6 + 
250” + fra 
£04017 50402 


Art. 262. But, becauſe à is a whole number, and ne either 1 


| 225n® zun 2592. 
to, or greater than, 2, — — will be greater than - 5ogor? 342 . — 


For, when x is = 2, we ſhall have zn = 4, and . = 16, and 2 = 64, and 
conſequently 22 5¹ (= 225 X 64) = 14,400, and 35m (= 35 X 4) = 140, 
and 2591 (= 259 X 16) = 4144, and 259 + 1 ( 4144 ＋ 1) = 4145, 
and 225 + 35mm (= 14,400 + 140) = 14, 540; which is greater than 4145, 


or 259 + 1. Therefore when » is =" 2, —_ + 2 will be greater than 


2 + —— — ; and conſequently, d fortiori, when M is greater than 2, the 
former of theſe quantities will be greater than the qe ——— when u 
TP: vill be 


is equal to any whole number whatſoever, the quantity ——; —— 


= 
2 > Q. E. De 


Je F550 


greater than the quantity —— 
Art. 263. Therefore, when » ” be jv to any whole number r the 
co- efficient 6 in the equation + 22 = 6 + == . + N muſt 


—_ 50400 5040 


Vo“. III. 40 be 
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be added to the quantity 52; + ——, in order to make it equal to the 


$0qon? 5 
= — .. Therefor ſaid « i 
quantity 5045 e e the ſaid co-efficient muſt have the ſign. 
| 4 > s 225n® 2 
+ elt to it, and the ſaid equation will be = + — — + & + 
2594* 1 22 5u® 1 3 
— ＋— 2 and conſequently 6 will be = — — 
Es 2258%—25gnt+ 35m 1 221 Ai an -I X -* 2 1 
50 %% © 5040n? 5040 115 504047 97 
n o — 1 „ 2ut=r __ 2 
— 2.3. un 4.5. un 6.7.08 6.7 n 


| b 259% 
Art. 264. But, becauſe the equation — + =2— — — + 6 + = —— * 


—— was derived from the equation ſet down in the beginning of art. 261,. 


by means of a ſubtraction of that equation. from the equation 8 = + 2 


+ 2 + + . which occaſioned a change of the ſigns prefixed to the. rh 


ral terms of the ſubtracted equation; it follows that the ſign to be prefixed to 
the term 777 in the ſaid ſubtracted equation, before it was ſubtracted, muſt be 


contrary to the ſign of the term 6 in the equation ma + -— — = + © + 
e 4. , which correſponds to the faid term geg in th ſaid ſubtract- 


56 5 
ed * Therefore the ſign which is to be prefixed to the aid term 


= in the faid ſubtracted equation, before its ſubtraction, muſt be the ſign —. 


But that. equation was derived from the general, transformed, equation ob- 
tained in art. 256, without any operation that. could change the fi * * its 


terms. Therefore the ſign to be prefixed to the correſponding term, =, of 
the ſaid transformed equation, * conſequently the ſign to be prefixed like. 


cy3 E 9 


wiſe to the 1 term, =, of the aſſumed ſeries av, . . 


% len v7 — &, (the product of the multiplication. of which into the 


7 a? ain? = 
fraction = forms the higheſt horizontal line of terms in the ſaid transformed 


equation.) muſt be the ſign —. Therefore the four firſt terms of the ſaid 
aſſumed 
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aſſumed ſeries will be av — > + , or = * vm AX 2 * 2 
+ © * N RA H . . E. 1. 


7.55 


—— — 


The Equations, by the Reſolution of which we may find the next Three Terms, 


_ = and =, of the foregoing aſſumed Series, 


Art. 265. The values of the co-efficients 1, L, and x, of the fifth, ſixth, 


a cv3 RU Gy! IT io mew 
and ſeventh terms of the aſſumed ſeries au, , . , r, 09 oa» 


> Ar. Ar, AAR &c, may be diſcovered, and the ſigns, +.or —, which 


are to be prefixed to them, (and which are conſequently to be prefixed likewiſe 


to the correſponding terms, _ =» — , of the ſaid ſeries,) may be 


determined by reſolving the three following ib z to wits 


. 38 . 1 We Gack « 3.5 A — 
aſt, The equation 5 _— -, 2 Line » * 
. 2 = + 2555 or (becauſe c and 6 1 the ſign — prefixed to 2 


and conſequently A. 3 2 and 2 II, and S, and =, will likewiſe bave the 


12 


Ggn — prefixed to them, Wy 2382 will have the fign + prefixed to it) 


Ki HED ES DD (OR Pac ſa 
3, or 250. = P . 227 4 e 
e eee 
=I. + + ACE + 7 + Lee . + 82, by the re- 


ſolution. of which we may determine both the magnitude of the co-efficient I, 
and the fign, + or —, which 1s to be prefixed to it, an ' HON is conſe. 


quently to be prefixed likewiſe to the correſponding term, =, of the fore 
going aſſumed ſeries, 
402 And, 
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| . 63 L Z bac 3ar* 3E 3.54% 3.2045 
2 And, 2dly, the equation 55322 2 * 9.” 47 has | bo? 80 =, 
3.10 e g. % . 21 ac 35.9 a% G63a"t 63 — L AT ACG..Aar* cx 
r Fir oor f ee ä 
ga%s gafcs zac! gi 15a5ic* 3547 534 63 4 AE? 


JI 
2 o 3 2405 6 502 8 11 yo 

=, , , , , , 3592, ag. by the reſolution of which 
equation (after the proper ſigns +-and — ſhall have been prefixed to all. its 
terms, except the new term L,) we may determine both the magnitude of 
the co- efficient v, and the ſign, + or-—, which is to be prefixed to it, the 
contrary to which will be the ſign to be prefixed to the correſpondent term, 


Lv"! 3 — | evi avs GD 1v? Lv Nuts pots 
, of the foregoing aſſumed ſeries av, , r, , , 2 , 


a 
& c. | 


9 b 231 NN 3471 Gacr Gato 3608 2 

And, 3dly, the equation 28 = 2, ==, . —— g — 5 N 
3.5 3.20 A 3.104% 3.30 4e 3.5 4c 5.7 40 F. 42 A 5.35 atci 

, ow TT %% ᷑œ.̃ an... * 

35.9 A%' 35.36 A7c* 63,11 a"% 2431 A3 ren Ate ef 


2304”? \ 2504s * 5642 ? 26,024? © 26,0283 r 2? 717 


en“ 34% gaicG 34% gas gact 58 15A. 25 A, gza's goa 
TIE TS S826” 93” 20 7 gn: © 296” *- 


3 


63A %% 2314% 231 4. c ck 34% gaſco 3418 
” — — — — — N — — AE — — — — — 0 
512 26,624 A 13,312 , 3 ET 4. 


A*c*s zac! ga 14 f 284 3ra%s 35a7c* Gaza 23048 : 
2 W 3 2 16 1 32 255 13,312 by che reſo- 
lution of which equation (after the proper figns + and — ſhall have been 
prefixed to all the terms, except the new term x,) we may determine both the 
magnitude of the co- efficient x, and the ſign, + or —, which is to be pre- 
fixed to it; and which is conſequently to be prefixed likewiſe-to the corre» 


ted 13 . FEE cv® xv Gy? 119 
ſponding term, , of. the foregoing, aſſumed ſeries av, , I” 7» . 


7¹¹ 
Lv" Nui puls 
&c. 


A Cott» 
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A Conjefture concerning the Law of the Continuation of the Co-efficients of the 
following Terms of the ſaid Series. 


— — 


Art. 266. The reſolutions of theſe three equations would. be found to be 
extremely tedious and troubleſome, as may eafily be ſuppoſed from the diffi 
culty which attended the reſolutions of the three former equations, by which 
the values of the co-efficients e, x, and o, were determined. And therefore 
I ſhall not undertake to reſolve them. I cannot therefore ſay with certainty 
what the values of the three co-efficients 1, L, and *, will be. But it ſeems 
11 1 re 9 — TI 
ng and. E is = © X EY 
40 —1 . 

8.9. un Y 


natural to conjecture that, ſince c is = A X 


25nn—1 
6.7. nn 


and the ſixth co- efficient L will be =| X 


and Gs = E X „the next co efficient Lwill be = O 


— 9 
— and the ſeventh co. efficient 
10.11.22 


L, and" that; i like manner, the eighth co- efficient 2 
12. 13. — 


Soren : „and that the ninth, and tenth, and eleventh; and 


N will be = L X 


will be =: N. X 


other following co-efficients x, T, w, &c, will be equal to r xXx ===>, and 


16.179. an? 4 
28922 —1 361 —1 
de 18.19. an 20.21. an 
the co- efficients of m in the numerators of the ſeveral generating fractions by 
which they are produced, are the ſquares of the odd numbers 3, 5, 7, 9, 11, 
13, 15, 17, 19, &c, taken in their natural order, and the co- efficients of un 
in the denoininators of the ſaid generating fractions are the products of the mul- 
tiplication of the two numbers next greater than thoſe of which the ſquares are 
the co efficients of n in the numerators of the ſaid fractions. And, ſince the 


E vs 


the three terms N, . and , are alternately ſubtracted from, and added 


, &c, reſpectively; in all which quantities 


, and T X 


; 22 — 2 5 
to, the firſt term av, or = x v, of the ſaid aſſumed ſeries av, — = 


gu 1? Lv Nis pu ro7 rie wy a s 
"> A, , , zi, Sr, ir, , &c, it ſeems natural to conjecture 


that the follow ing terms of the ſaid ſeries will be likewiſe alternately added to, 

and ſubtracted from, the ſaid firſt term, and conſequently that the ſecond and 

all the following terms of the ſaid ſeries will be marked with the ſign , and 

the ſign + alternately, And, if theſe conjectures are true, the, ſaid. ſeries will 
a | be 
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cv? , v5 ov? 149 Lv" nns vu! l wt 


erz ST * iz 
169 n—1 che 225 — 1 vr 2891 510 
* * 16.17 * 2 * 18.19. 7 * 5 n 


n = — &c, ad infiritum, which therefore will be the value of Y, 


or DF, the ſemi - ordinate to the axis of the equilateral hyperbola HVDEQ , 
that correſponds to the leſſer hyperbolick ſector CVD, which is the mh part 


of the greater ſector CVE, to which the greater ſemi-ordinate E G, or v, 
correſponds. 


361 —1 X * 
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A Remark on the foregoing Series. 


1 


” 
* 44 
— 
* 
» L + ® - 3 


Art. 267. It is remarkable that in this ſeries the third term, — , 1s conſtantly 


marked with the fign +, and the fourth term, z, is conſtantly marked 


with the fign —, whatever be the magnitude of the number ꝝ which expreſſes 
the number of times that the greater hyperbolick ſector CVE contains the 


p . 7 9 It 
leſſer ſector CVD: whereas in the former ſeries ay, 2. 2, =, 2, 2 
13 pyts 


—. — &c, (which expreſſed the value of v, or E G, the ſemi-ordinate 
4 a 


correſponding to the greater hyperbolick ſector CVE, in powers of the leſſer 
ſemi-ordinate y, or DF, which correſponds to the leſſer hyperbolick ſector 


CV D,) the third term 2 is ſometimes to be marked with the ſign —, to 
wit, when u is = 2, and ſometimes with the ſign +, to wit, when u is equal 
to 4, or any greater number ; and the fourth term, . is ſometimes to be 


marked with · the ſign +, to wit, when 1 is = 2, and ſometimes with the 
ſign —, to wit, when u is = 4, and again with the fign + when » is greater 


. . cv? vs Gu? 1v9 Loy: N 


— _ + &c, for expreſling the value of , or DF, the ſemi-oxdinate cor- 
© | reſponding 
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reſponding to the leſſer hyperbolick ſector CVD, in the powers of v, or E G, 
he ſemi · ordinate correſponding to the greater hyperbolick ſector C VE, ſeems 
to be more ſimple and manageable than the former ſeries ay + 2, 2, N 


LY SY — 2. & c, for expreſſing the value of v, or EG, the ſemi-ordi- 
nate correſponding to the greater hyperbolick ſector CVE, in the powers of y, 
or DF, the ſemi-ordinate correſponding to the leſſer hyperbolick ſector C VD: 


which is contrary to what I ſhould. have been inclined to conjecture. 


8 , . un —T 2 

Of the Convergency: of the foregoing Series — X V- Ax = X 5+ c * 

7 * 42 E X = X 255 Se, which is equal to y, or DF, the- 
Semi- ordinate correſponding to the leſſer Hyperbolick Sector CV D. 


2 —— — 

Art. 268. The numeral co-efficients a, e, r, o, I, L, x, 7, &C, or —, 

5 nn—T gun — 1 25nn—T' 49 —1 81 tk . 
CN 2.3. n 8 brane” 6.7. un 9. N 8.0 2-7 * 10.1 1. an * 


12122 —1 169 — 1 . . k 
— 5 * ro: &c, of the terms of the foregoing ſeries, will always 
ANT gunn—T 


decreaſe : becauſe the denominators of the generating fractions, -, 
2.3. n 4.5. un 


25 —1 49 —1 817 —1 121 2—1 16922—1 * , 2 
Din F. 9. n 10.11 12.13. 14.15. &c, (by the continual multipli- 
cation into which the ſecond co- efficient e, and the other following co-efficients 


E, G, I, L, N, r, &c, are produced from the firſt co-efficient a, or —) are 


always greater than their numerators. But the decreaſe of theſe generating 
fractions, and of the co-efficients c, E, o, 1, L, N, p, &c, produced by them, 
grows leſs and leſs continually ; ſo that, by. continuing the ſeries far enough, 
we may find two contiguous co-efficients that ſhall be as near to a ratio of 
equality with each other as we pleaſe. And the convergency of the ſaid co- 
efficients even in the firſt terms of the ſeries (where it is greateſt,) is but ſmall; ſo 
that, if the greater ſemi- ordinate EG, or v, (which, it is evident, muſt always be 
either equal to, or leſs than, a, or CV, the femi-tranſverſe axis of the hyperbola, 
for the ſeries to converge at all,) ſhould be equal, or almoſt equal, to the ſemiztranſ= 


verſe axis CV, or a, it would be neceſſary to compute a prodigious number of the 
| terms 


. 


— 
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terms of the ſeries, in order to obtain the value of the whole ſeries, or of the leſſer 
ſemi-ordinate y, or DF, exact to eight, or ten, decimal places of figures. See above, 
art. 213, pages 586, 587. It is only therefore when the hyperbolick arch VE 


is fo ſmall that the ſemi-ordinate EG, or v, is much leſs than a, or the ſemi- 


tranſverſe axis CV, (as, for example, when it is only a tenth part of CV,) that 


nn! l gin — I 
2. 3 uu @&* 4+5+ 1 


the foregoing ſeries -— Xx Y — A X 


2588 —T 
6.7. n 


v9 812 — 1 wt 121221 
* — — [K—— U—̃ 
a 10.11.28 


7 49 un — 1 
% a® + es 8. 9. un * 12. 13.2 
13 169 —-1 


r = + &c, will give us the value of the leffer ſemi- 


ordinate y, or DF, to any great degree of exactneſs. 


Of the Reſemblance of the foregoing Hyperbolick Series, for expreſſing the Value of 
the leſſer Semi-ordinate DF, or y, in Terms that involve the Powers of the 
greater Semi-ordinats E G, or », to the Circular Series found above in art. 209, 
page 582, for expreſſing the Value of s, the Sine of. the leſſer Arc a, in Terms 
that involve the Powers of x, or the Sine of the greater, or Multiple, Arc n a, 


* 
— _ 
. 


Art. 269. The circular ſeries found in art. 209, page 582, is ax + = + 


&x5 c - 1x9 Lx" Nx Pats I un — 1 x3 

[TT To +53 + 73+ «o-_+4ax=— X:T 

* * 2 ne * 2 

rr nr 
_ 12 1 1 | _ a3 169an—1 8 . . 

* NR n TN iz XS + &c, in which all the 


terms after the firſt term ax, or — x x, are marked with the ſign +, or. are 
added to the faid firſt term Ax, or — X x, And the hyperbolick ſeries found 


in the laſt preceeding articles is av — = + ED TINTI 


pos | I m—1 v3 „ „ 
4 01s of odio rot Mabel had. E X 
25u1—1 w? 49nn—1 92 81 —1 — 121 —-1 
7. un * a* Ee EY 8.9. an * „ — 1 10. 11. un * 4 n 12.1 f. an * 
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| och 22% a | 3 r [Omg ees „ 8 5 81 Lore I m 
2 e . en in which hg keen ins loving th 
ficſt term av, or _ x v, are marked alternately with the fign — and the figre 
+, But the numeral co-efficients of the tertns)of this latter feries are pre- 
ciſely the ſame with the numeral coefficients of the correſponding terms of the 
former ſeries ; and conſequently, if we ſuppoſe r, or the radius of the circle in 
which the fine x is taken, to be equal to a, or CV, the ſemi-tranſverſe axis 
of the hyperbola HV D EQ, and the« ſaid fine x in the ſaid circle to be 
equal to the greater ſemi - ordinate E G, or v, in the ſaid Wen (the ſaid 
ſemi-· ordi nate being ſuppoſed to be leſs than the ſemi-tranſverſe axis C V, or a, 
though in the figure, in page 593, it is repreſented otherwiſe, for the ſake of 
making the lines more diſtinct;) every term of the latter, or hyperbolick, ſeries, 
which expreſſes the length of the leſſer ſemi-ordinate D F, or , will be equal 
to the correſponding term of the former, or circular ſeries, which expreſſes the 
length of the leſſer tine 5, which belongs to an arch that is the nth part of the 
reater arc to which the greater ſine & belongs. This is a very remarkable in- 
nce of the connection that ſubſiſts between a circle and ag equi eral 
hyperbola. net > Wh,” as. 07 e 90 US; LL LON 
rd eit Jo ee Shονẽ ad or TG gteoibro-imsl Sd bl wor c hk 


14 } : 7 is OT | 
3 
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locate 2d: there wlan ily os i ' 079) f ert 
Of the Analogy" between the Hyperbalick Sefors CV D an CV E, and the” 
Ratios of certain Right Lines correſponding td ibenwn. 


'S 


: 


Art. 270. It has been ſhewn above, in art. 221, that the two hyperbolick 
ſectors CV D and CVE are, reſpectively, equal to the two aſymptotick areas 
VDIP and VEKP, which correſpond to the ſame hyperbolick arcs V-D and 
VE. And it is well known that the greater aſymptotick areaVEKP is to 
the leſſer aſymptotick area V DIP in the ſame proportion as the ratio of CK 
toCP is to the ratio of CI to CP. See my Elements of Plane Trigono- 
metry, art, 186, 187, 188, 190, 191, 192, 193, pages 211, 212, 213, 
220. Therefore the greater hyperbolick ſector CVE will be to the leſſer 
hyperbolick ſector C VD in the ſame proportion as the ratio of CK to CP ig 


to the ratio of CI to CP. 


| But the greater hyperbolick ſector CVE is to the leſſer hyperbolick ſector 
CVD as the whole number x is to 1. Therefore the ratio of CK to CP will 
be to the ratio of CI to CP as # is to 1. And conſequently, if we make 
CP, or the fide of the central ſquare of the equilateral hyperbola bd 
the firſt term, and CI the ſecond term, of an increaſing ſeries, or progrel- 
Vor- III. 4 P hon, 


v8 e * TAS 


fon, of right links in continued geometrical proportion, and continue the ſaid 
ſeriesto n, or more, terms, ex SUL of Hr ths: AR term CP, the mth term 

the ſaid ſeries, excluſive of the firſt term CP, will be equal to CK; =5 
we call the firſt term CP an unit, or 1, the mh power of CI will de 22 80 


o CK, or CT" will be = CK. 


Art; 27%. Further, by the nature of the hyperbola, the ratio. of CK 0 P 
8 Equal to the ratio of VPto EK, and the ratio of CI to CP is equal to the 
ratio of VP to DI. Therefore the ratio of VP to EK will be to the ratio 
of K f to DT as” is to 1. And conſequently, if we make V P (or another 
fide of che central ſquare of the hyperbola, and 2 is therefore equal to 
©P;) the firſt term, and the ordinate DI to the wan CA the ſecond 
rm, of a decreaſing ſeries, ' or progreſſion, of right lines in continued geome- 
— portion, and continue” the ſaid ſeries to », or more terms, excluſive 
of the Vert term VP, the th term in the faid ſeries, excluſwe of the ſaid firſt 
term VP, will be equal to the ordinate E K to the aſymptote CA; or, if we 
call the firlt term VP of the ſaid feries an unit, or 1, the th power of the 


ſecond term DI will be equal to EK, or DI“ will be = EK. 


Art. 272. Now let the ſemi-ordinate DF to the tranſverſe axis of the n 5 
bola be prolonged beyond the point D, tiſl it meets the aſymptote C A in the 
t d; and let the ſemi- ordinate E G to the tranſverſe axis of the hyperbola 
= prolonged beyond the, point E till it meets the aſymptote CA in che 
— 7 as is eee! In - following figure. 


REVERNSION "oF IN PIN ITE EAT Es ES. 859. 


Then it is evident, in the firſt place, that, fitice the fides' 1 4 and Ke 
wwe toe triangles BT and EK e are parts of che ſame right line CA, 


DI, and D, the remaining, ſides of the triangle DI d, are reſpectively, 25 
rallel to E K and Ee, the remaining ſides 05 * triangle e E K e, the ſau tri- 


angles DIA and EK will be equi angular and fimilar to each other. And 
conſequently the hypotenuſe-D d ihe 2 will be to the hypote- 
nuſe Ee of the latter triangle. as the Ge 1 in rhe former nn * to the 


ſide EK in the latter triangle... ie 
5 "Senondly, ſince he angle M Ee, or XE. is a am angle, and 3 angle 
EKe# is alio a right angle, it follows by El. 6, 8, that the triangle . ml 
de ſimilar to the triaugle E KX. 


And, zdly, ſince the ſides C P and x K of A bs es CVP and XEK 
arts of the ſame right line C A, and CV and VP, the 2 5; ſides 


of of the «triangle C VP, are, reſpectively, parallel to XE and E K 
maining ſides of the triangle X E K, the ſaid ee CVP and XE K © ma 


be ſimilar to eacli other. 


EK. e By that the triatgle XBK is * o eee. 
2 2 n vtuine 


Therefore the ** c vv <a alſo be kbar to the, rrignglsÞ ER 4 "And 
conſequently the hypotenuſe CV will be to the hypotenuſe Ee as the ſide 
VP in the former triangle is to the fide EK in the latter triangle. 


Therefore the three triangles CVP, DAI, and Ee K, are all ſimilar to 3 
other; and conſequently the three ies C V, Da, at We; ich ſut the 
right angles of thoſe triangles, will be to each other in the — a as 


* three homotogous ſides of them, VP, DI, and EK. 


But the ratio of VP to EK is to the ratio of VP to DI's the Cy 
EYE is ts the (tor CV D, that is, aniSto 1. 53 


Therefore the ratio of C M to Ee will be wo dhe ke uf UN 604 22 
to 1. And conſequently, if we make CV, or the ſemi. tranſverſe axis of the 


equilateral hyperbola HV DE Q, the firſt term, and DA (the hypotenuſe of 
the triangle D I a,) the ſecond term, of a decreaſing ſeries, or progreſſion, of 


= 
right lines in continued - geometrical} ptoportion, and continue the ſaid ſeries 
to u, or more terms, exclufive of the firſt term C V, the mth term in the ſaid 


ſeries,” excluſive” of the firſt term C V, will be equal to Ee, the hypotenuſe of 
the triangle EK e; or, if we call the brſt term CV of the ſaid ſeries an unit, 


or 1, the nth power of the ſecond termi Dd wilt be GI to Ee, or DA 
will be = Ee. on | | * 


4 P 2 | "Into 
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Art. 273. From this relation of the ** lines CV, Da, and Ee, Mr. 
DgMorvas i in his yr trace Analytica, <a, Page 14, deduces the following equa : 


tion; 't to wit, V 1＋ l =V/ 1+vp—v. This concluſion may be de- 
monſtrated in the manner ollowing, =: 


As the bola H V DE is ſuppoſed to be mnt, the right angle 
VCM, Co by its two axes'C V 21 CM, il be bilected by the alymp- 
tote C A, and the angle GCA, or GCe, will. be equal to the angle A CM. 

2 ec M. But the angle C M is equal to the angle Ce G, becauſe the lines 

G and CM are parallel to each other. Therefore the angle CeG will be 
equal to the angle G Ce; and confequently the line eG will be equal to the 
line C G. Therefore the ſquare of the line e G will be equal to the ſquare of 
theline CG, and conſequently to the ſquare of the line EM, which, by the nature 
of the hyperbola, is equal to the ſum of the ſquares of the ſemi- tranſverſe axis 


CV; and the ſemi-ordinate EG; and conſequently eG? will be = to CVE 


＋ EG, or to aa'+ vp, or, (if C V, or a, be called 1, to 1 1 + vo, 
or 1 + 2v. Therefore eG will be = 1 1 + wv, and confequently pats 
68 — EG, vill be = VI — v. | 


And by a ſimilar train of reaſoning it ay be weun that D d, or dF — DE; 
vin be = i . e | | | 1 


e is Ee. 17 4 X27 Js F 14 1825 I 
Therefore. Virgo vir be = Are. | . x. D. 0 


Ant. 274. Non let E G, 4, eee — 


v 2 + vv — v be conſidered as being known likewiſe ; ſince it may be derived 
from 1 and v by, firſt, ſquaring v, then adding vv to 1, then extracting the 
fquare-root of their ſum, and, laſtly, ſubtracting v from the ſaid fquare-roor, 


which are, all, known and eafy operations. Let s be put = /i+w—v. 
Then will V1 + = be = 5, and conſequently y/ 1 + — vill be 


= * ar or . Therefore (adding 3 to och fides,) we ſhall have 1 wn 


= 7 +9, and (ſquaring both des) 1 + m S 22 Xy + „,. and 
Gabun ing H from both ſides) I =» + * X 3, and (lubtracting 5 * 


rom boch ſides,) 275 * 1 3 and (dividing all the terms by 279 
(= 
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v1 Abe oh 3A 8 ie kx i Jos ct sini. Je © 
2 Ay = = 1% &: 2 a6 pf ey Fo 
yo 272 27— 2 5 I 2 | We — 
— * ay — ' 
* 1 4 ; 'n RES / 1+vv—v 


— — * VV . by computing which expreſſion we may⸗ 
when the value of u, or E G, the greater ſemi-ordinate, (which correſponds to 
the greater hy perbolick ſector CV E,) is known, find the value of 5, or D F, 


the leſſer ſemi· ordinate, which correſponds to the leſſer hy perbolick ſe tor 
CVD, which is equal to the th part of the greater ſector C Ee e 


Art. 275. Mr. De Motvae gives us the following example of an equation 
of the fifth dimenſion, reſolved by means of this expreſſion, | 


Let # be ſuppoſed to be the number 5, or let the greater hyperbolick ſector 
CVE be ſuppoſed to be equal to five times the leſſer hyperbolick- ſector 
CVD: and let v be equal to 4. This ſecond ſuppoſition, that v is equal to 4, 
or 4 X 77 or, in other words, that the ſemi-ordinate E G is equal to four times 
the ſemi-axis C V, or 1, ſeemed to me, at firſt, rather too bold; becauſe many 
of the reaſonings in the foregoing pages concerning theſe hyperbolick ſectors 
and the ſemi-ordinates D F and E G, are founded on a ſuppoſition that the 
greater ſemi- ordinate E G, or v, as well as the leſſer ſemi- ordinate D F, or y, 
is either equal to, or lefs than, the ſemi- axis C V, or a, or 1 ; without which 
the ſerieſes that expreſs the values of y and u in terms involving the powers 
of v and y in their numerators, and the powers of the ſemi-· axis C V, or 4, 
or 1, in their denominators, will not be converging ſerieſes. But, upon con- 
ſidering the matter with more attention, I obſerved that this ſuppoſition, or 
reftriftion of the magnitudes of the ſemi-ordinates y and v, did not relate to 
the concluſions obtained in art. 270, 271, 272, and 273, in which we found 


that 1 + yy - was equal to Vi + vv -u; becauſe theſe concluſions, 
do not require that the magnitudes of the ſemi-· ordinates D F and E G ſhould 
be capable of being expretled by the two ſerieſes found for them above, in the 
articles preceeding art. 270, but only that the ſquaie of the line eG ſhould 
be equal to CV + E G?, and conſequently that the line. eG itſelf ſhould be 
equal to CVI + EGT, or to Vas + vv, or to T + ov; and theres 
fore that the line Ee (or eG — EG,) ſhould, be equal to Was + vn — , 
or VI + vv — v; and that, in like manner, the line Dd (or dF, — DFH.) 
ſhould be equal to ae + yy —y, or to ir -: which will always 
be true in all magnitudes of DF and E G, or y and v. Therefore Mr. Dr 
Motvzz's equation, 1. + - = y/1 + wu - , will always be poſſible 

| | G2 1 un 


f 
10 200! 
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in all magnitudes of y and v, and the expreſſion which he Has found for the 
value of y, upon a ſuppolition that the value_of vis known, ta. wit, 'the-ex, 
£ | g | 2 I 
: we ID — 


—_ — — 


1 — 15 2 X FN 


i a 9 * 7 y * * 2 ” 
| —— 7 IRE... S * * — 
2 1 8 — — — A 
IT / / 1+0v = : 1 . 4 % 2 $I 7 : * 4 X 1 - —_ 


the true value of y. And ſo we ſhall find it to be in the example given by 
Mr. De Morvxk, in which » is ſuppoſed to be equal to g, and v to be equal 
to 4, or 4 times the ſemi- axis C V, or t, by applyin; the ſaid" expreffign to 
the ſaid example; which may be done in the manner following 


Art. 276. Since u, of 4, is ſuppoſed to be 3, we ſhall have o, or a x 
21 2321 716 24 . 11 * rn Mar 22613 10 
— =— 6 X = =. 20, 4 0 —, ( = 

AFN =5X7 = 5,X 4).> 20, and 1, ot XR , ( 20 
10185 = OE Tf — in! Far A nl lee 4d 4 
* % * % = 26, and'6, or E & = (=16 * A 160) 


= o. Therefore the whole ſeries Ay ＋ 2 4 5 + + Fc or 1 + Nt 


SS  ® SS  *# 


2 . &c, (which, is 


poſition, v is = 4. Therefore we ſhall have ) + 200 + 19% = 4, and 
er (dividing alt the terms by 16) 5 + qty = 7 or 48 + 
EIT BIS e nao © 


Now, fiance v is = 4, we ſhall have vv. = 16, and 1 + vv (= 1 + 16) 
='14, and VI 17 = 4-123,105,62, and Vi + wv - (= 
123,105,62 — 4-000,090,00) = o. 123, 105, 62. We muſt therefore extract 
We Ich, of 3th, root of the decimal fraction o. 123, 105, 62. To find this'toot 
it will be convenient to make ufe of à table of logarithms. And in ſo doing 
it will allo be convenient (in order to avoid the difficulties ariſing from nega- 
tive logarithms, or the logarithms of the ratios of fractions leſs than unity to 
unity, to reflect that, ſince 10]* c 0. 123, tog, 62, or 100,000 N O. 123,105, ba 
is S the wixt number 12, 310,362, the 5th root of 100,000 multiplied into 
the 5th root of 0. 123,106, 62 will be equal to the gth root of the mixt num- 
ber 12,310. 562, that is, 10 Xx the 5th root of ——— be equal to 
the 5th root of the mixt number 12, 310. 56 and conſequently that the 5th 
dot of the fraction o. 123, 105, 62 will be equal to the 1oth part of the th 
root of the mixt number 12, 3 10.562. We will therefore now proceed to find 


by 


REVERSION or INFINITE 1111818. 


by means of a table of ithms,' the emp 
— 10.562, or (neglecting the decimal fraction. 562,) the 3 oh root of the 
number 12, 310. Tuns may be done as follows. 


The tabular logarithm of the whole number 12,310, in 3 Tables of 
Balis s Logarithms, is 4.090, 2 58,1, Therefore the logarithm of the th root 


of che whole number 12,310 will be ( 20 = = o. 818, 051,6, which is 
the logarithm of 6.57736. Therefore 6.57736 is the 5th root of the whole 
number 12,310; and conſequently — 2 , oro. 687550, will be the geh root 


of the ration. o.g. ro. Therefore vo (7 17 — is, nearly, = 0.6 577 36. 


1 | Ae C1 | 
4 ü —— 
Therefore will be, nearly, (= — 1 2 N 


A 1 
ente. and - ＋ * WF + w9.— vill be 5 ＋ * d 


"41.9 


£041,068 an ee EDT en be (= 


0.760,183 — _ — 0.431,315; and conſequently , or the root of 
the i erat 2 2 = += = 1 vill be = = 0.437,315. We x. 1. 


: 1 bd. TUE) in order to try whether this fraction 0.434,31 5 is n 
the root ef che equation 2 + . 45, = 0.250, let us ſubſtitute it inſteact 


of y in the trinomial du B+ 2 9, which forms the left-hand fide of 


that equation. And, if, upon this "Gabitution, the ſaid trinomial quantity 
ſhall be equal to o. 2 f, or the right-hand ſide of the ſaid equation, we may 
conclude with certainty that the ſaiĩd fraction, 0. 413,315 is truly the root of the 


ſaid equation 2 1 * = 0.250. * x 


Now, if 5 is 2 9.431418 we ſhall have 25 = = ads e and 
S 0.080,238, 663, and 'y* = 0.014,92 7,007, and conſequently — 45 


SY. 8,663 © 0.401, an. , 
8 — os a, nn — 0. 100, 298, 328, and 2 2 (= 5 X —8.— 


) = 0.334,786, and 4 + © + „ = 0.134,786 + 0-100,298 
- + 0,014,927 = 0.250,011, a is vey little greater than 0,2 50,080, or 


0,250» 


8. Nr SSE O WOT HE 7 1 7 


Lagos Sr} ot man the'right band ide ef dhe fotegoing equation 4 + 2 
* pr = 0.250, Therefore 0.413˙31 5: is very nearly equal to, but a ke 


gester than, the true value of y in the equation L + 2 ons Con- 


— the ſaid equation has been rightly 3 or the value öf its 
toot has been Kr FRIED * means of the foregoing expreſſion 


oP =? v given for that © purpoſe Þy Mr. 


eee dam 


i 7 
— G 


Art. 278. Mr. De — makes great "ofe of the equation 18 1 11 = 
= V/TF , and the equations thence derived, in explaining and de- 
— a famous Theorem invented by the late Mr. Rocerx Cores, con- 
cerning the diviſion of an angle, or a circular arc. But that is a diſquiſition 
that has no connection with the doctrine of the Reverſian of Serieſes, which 
is the ſubject of this diſcourſe. And therefore I ſhall ſay nothing further of 
the ſaid, equation, and the purpoſes to which it may be applied, but refer the 
reader, who wilhes to become acquainted with them, to the faid ſecond book 
of Mr. Dz Morvsz's learned 1 iotitled Mi/cellanes Analytica, pages 15, 
16, 17, * * 


C2 


— ( 9 9113 
Art. 279. I bare now 3 all 1 8 to ets Wenn the 
40. infinite ſerieſes for expreſſing the values of y and v, or DF and EG, (the 
two ſemi-ordinates to the tranſverſe axis of the Equilateral Hyperbola H HVDEQ , 
"which were obtained by the - foregoing Method of Reverſion, and which — 
afforded us an example of the reſemblance” of ſome of the properties of that 
gore to ſome of the properties of a; Circle, or (as it may jultly be called,) an 
Equilateral Ellipſe. This analogy between theſe two figures is very remarkable 
and curious, and is hkewiſe found to be of great uſe in ſome of the more ab- 
ſtruſe branches of the Matbematicks. And therefore, before I entirely drop 
all further conſideration of the Equilateral Hyperbola, 1 will juſt point out a 
quadrature of the Circle, or a method of expreſſing a certain portion of its area 
by an infinite ſeries of decreaſing quantities, that bears a ſtriking reſemblance 
to the quadrature of the wires, 0 Hyperbola given above 1n art. 224, pages 
596, 5973 where the quadrilateral 2 — atea CVD L is ſhewn to be 


equal ro the infinite ſeries 4 7 ＋ 5 2 ah. N "Wor: 2 4 US LA 


40a3 11245 4 47 28 154 
73 ＋ &c. The circular — that is "alla to this ſeries 8 be 
Found in the manner n. 


7 * 
” 6 
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Of the ce of the Series given" above in Art. 224, which expreſſes the Value 


of the External Area of an Fquilateral Hyperbola, to the Series which expreſſes 
. the Value of a, correſponding Area of 4 Chas, fk: I hd ca + h 


N * * 
" Ss 43 z 4 £ . = -. ® 4 
* 117 [ x * © 1 t + 3 +4 # 3 101 11 11 * 
* a 9 


* TED 


T Manag ola ,7 1 | WEE r „ae bait t 381 

Art, 280. Let HV DQ,, in the figure hereafter following, be an equilateral, 
or rectangular, hyperbola, of which Vis the vertex, and C is the center, and 
CV O the (tranſverſe axis, and NC M the ſecond axis. In the ſecond axis 
CM take the line CL-of any magnitude not greater than. the ſemi- axis C V ;. 
and through the point L draw the right line L D, meeting the curve of the 
hyperbola in D. And from D draw the riglit line DF at right angles to the 
tranſverſe axis C V O, and meeting it in the point . 


Then it is evident that the ſertii-ordinate D F will be equal to- the line CL. 
and, by what is ſhewn in art. 224, the quadrilateral, mixtilinear, area CYDL 
will, if the ſemi-tranſyerſe, axis C V be - denoted by a, and the” ſemu-ordinate 


DF, or the baſe-line C L of the faid quadrilateral, mixtilinear, area CY DL. 
de denoted by y, be equal to the infinite ſeries a 12 2 — 


1 - 
** ws A 


= 


„ 


© 
* 
1 ” = # " 
4 9 7 « 4 ( } 
2 * 


Eo ' 1, WIR 2 Ari! 
11527 * 281689 "en T — 98 D 1 
N e | | | [1011457 gs: 

Art. 28 1. Now let a circle be deſcribed with C, (the center of this hyper · 
bola,) as its center, and VC, (the ſemi-tranſverſe axis of this hyperhola,) as, 
its radius; and let the point in which this circle cuts the right line DL be 


called A, and the point in which it cuts the right line C M be called A. And 


f % 120211440 3043 re een 
, 9 F Had be , x » * . * : | 
4 o ; 0 " — # A . 98998989 £ 
„ 5 - s . v4 4 : > %8J = 
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| | " 0 4687. » 
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let it be required to find the magnitude of the quadrilateral, mixtilinear, figure 
CVAL, which is bounded at the top by the circular arch VA, and ſtands 
upon the ſame baſe-line C L as the quadrilateral, mixtilinear, figure CVDL, 
which is bounded at the top by the hyperbolick arch V D. 


Art. 282. From the point A in the circular arch VA A draw the right line 
A at right angles to the radius C V, and meeting it in the point f. Then, it 
is evident, Af will be the fine of the circular arch V A, and will be equal to 
the ſemi-ordinate D F, and to the baſe-line CL. And conſequently, as the 
ſeini-ordinate DF was denoted by the letter y, we ſhall alſo have the fine A/ 


| = 3. Therefore &f? will be = yy, and Ci, (which is equal © C af — 


Af?. or cv! — A,) will be = aa — yy, and Cf will be = 4 — y. 


- But, by Sir Isaac NRWTox's refidual theorem, in the caſe of roots, the 
ſquare-root of the reſidual quantity as — yy is equal to the infinite ſeries 


8 * i ** 1 6 $ 10 2 1 
aha Be dyno = = kc. 
Therefore Cy, or its equal AL, will be equal to the ſaid infinite ſeries a — 


; 1 _—_ 215% 
— 4 * 168 127 — 25680 ( 10248* Kc. 


Art. 283. Now let us conceive the baſe- line C L, or y, to be divided into 
ſome very great number of ſmall and equal parts; as, for example, into ten 
thouſand million ſuch parts: and let each of thoſe parts be denoted by 5, or 
the letter y with a point placed over it. And through each of theſe. points of 
diviſon of the line C L, conceive right lines to be drawn parallel to the radius 
V, and to the line LA, and terminating in the circulas arch VA. Then 
will che quadrilateral, mixtilinear, area C V A L be divided by thoſe parallel 
lines into the ſame number of very ſmall parts as the line CL was divided 
into: but theſe parts (which will differ but little from very thin parallelograms, ) 
will not be equal to each other, but continually leſs the one than the other, 
the farther they are removed from the radius C V, becauſe (though their baſes 
be all equal to 5. and conſequently to each other,) the parallel lines which 
eonſtitute their heighis will not be equal to each other, but continually leſs the 
one than the other, the farther they are removed from the radius CV. Our 
buſineſs on this occaſion is to find the ſum of all theſe little parallelograms, 
or, rather, the limit of their fum, or the magnitude which their ſum may ap- 
proach as near to as we pleaſe, but can never be made to exceed, into how 

a number of parts foever the ſaid quadrilateral area CV AL may be 
ppoſed to be divided. For that limit is the ſaid quadrilateral, mixtilinear, 
area CV AL itſelf. 


Art. 284. Now, if the line CL, or y, be ſuppoſed to increaſe continually 
from nothing, by the addition of the ſmall and equal increments denote(l by 8 
| TY 
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till it becomes equal to the line CL ſet down in the figure here ſubjoined, and 
during its whole increaſe to be denoted by the letter y, as well as when it has 
attained its greateſt magnitude C L, the correſponding parallel to the axis CV, 
drawn through its extremity to the circular arch VA will be denoted by the 


correſponding value of the quantity a — yy, and the value of the corre- 
ſponding little parallelogram, or part, or increment, of the quadrilateral, mix- 
tilinear, area CVAL, will be y Xx the quantity 44 — Y, or y X the infinite 
. | * 6 cy? 77¹⁰ 219%* | p " 
ſeries _ Baz 12 1 Z "10248 dec, or LS Mo 22 
22 eee | 
bk is 2, — BL — 23 — 222. — &c. Therefore the ſum of all 
thoſe ten thouſand millions of little parallelograms, or ſmall parts of the area 
CV AL, or the limit of their ſaid ſum, or the ſaid area CV AL ufelf, will 
be equal to the ſum of the ten thouſand millions of correſponding values of 
42 ene 6 —_ 222 
che infinite ſeries op — = — 925 — = _ 2 — 12 5-2 &c, or 
to the limit of the ſaid ſum. But by the well-known rules of the inverſe 
method of Fluxions, this latter ſum, or its limit, or the fluent of the faid infi- 
eee 8 a 3 $ A — 14 
nite arte vin de the infinite ſeries ay — IT — - 5 = N 
wy 2197 y? 1. 7 . go? . * 
11 x 25 i: < 13 * 102447 e J 11288 1152 5 
Ac = = kee. Therefore the ſaid mixtilinear ares C VL. will 


be equal to the ſaid infinite ſeries oy 4s 6 — 5 — 1775 r — 


. e | 
e &c. Q. E. I. 


Art. 28 5. This ſeries conſiſts of exactly the ſame terms as the ſeries that 
was found above in art. 224, for the value of the quadrilateral, mixtilinear, 
byperbolick area CVDL, and differs from it only in having the ſign — pre- 
fixed to all the terms after the firſt term 45, inſtead of having the ſign + 
prefixed to its ſecond, and fourth, and fixth, and other following even terms, 
and the ſign — prefixed to its third, and fifth, and ſeventh, and other follow- 


* Q " * - 7 ” 55 15 . 
ing odd terms. For that ſeries was ay + 712 725 + 1 1225 + 2 — 


4 — + &c ad infinitum. 


I ſhall now return to the doctrine of the Reverſion of Serieſes, which is 
the proper ſubject of this Diſcourle. "7X 


402 N 
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* 


+ boni 1d At ang 1 | | 
O "the Trointer of the foregoing Method of Reverting an Infinite Series. 
| | — — ——_—_———_—— = 


Art. 286, The foregoing method of reverting an infinite ſeries, by aſſuming 
a ſeries of terms with undetermined co-efficients, denoted by the capital letters 
of the alphabet, for the value of the variable quantity involved in the terms 
off the firſt ſeries, and afterwards determining the magnitudes of the ſaid un- 
determined co-efficients, and the figns, + or —, that are to be prefixed to 
the terms that involve them, by the reſolution of as many ſeparate fimple 
equations as there are co-efficients to be determined, was invented, as I believe, 
hy Sir Isa ac Newton, and mentioned by him in his ſecond letter to Mr. 
OLDaNBURGH, the Secretary of the Royal Society of London, with a direc- 
tion to communicate it co Mr, LeiBn1TzZ. This letter is dated October 24, 
1676, and is publiſhed in the Cammercium Epiſtolicum, JonAN NIS Col LIxs et 
aliorum de Analyj promotd, pages 142, 143, &c, - - - « 190. And in the 
latter part of this letter, page 188, there is the following paſſage. Attamen, ne 
nimium dixiſe videar, inverſa de tangentibus problemata ſunt in poteſtate, aligque 
Sllis diſiciliora. Ad que ſolvenda uſus ſum duplici methodo ; und concinniori, alters 
eratort. UNramque viſum impreſentia litteris tranſpofitis confugnare, ne, propter 
alios idem obtinentes, inſtifutum in aliquibus mutare cogerer. 5accde io eff 
22igi3mw0n60997r 75 117100 gx 11433 A0 d 10 4 101114272 
60 39 39 67 55 112 7vx, 34 c 4egh 6141455 890% 473164 v, 
ta did'eveceeriiimmnunoop rrr ii tv; which latter words 
concealed in cyphers are explained in the note of the Editor at the bottom of 
page 188, as containing the following Latin words, to wit, Una matbodus con- 
Ait in txtratione fluentis quantitatis ex æquatione ſimul involvente fluxionem ejus : 
altera tantim in aſſumptione ſeriei pro quantitate qudlibet incognitd, (ex qud cetera 
commod? derivari poſſunt,) et in collatione terminorum homologorum equationis reſul- 
tantis, ad eruendos terminos aſſumptæ ſerici. The latter of theſe two methods I 
conceive to be the method of reverting a ſeries that has been explained and 
exemplified in the foregoing part of this Difcourſe. | "mp 


Another Method of Reverting an Infnite Series, invented likewiſe by 
| | Sir Isaac NewroxN. 


Art. 287. But Sir ISAAC Nzwrox. has given us alſo another method of re- 
verting an infinite ſeries, which, in many caſes, will be found to be very eaſy 
and convenient. This method is ſet down in clear and plain words, and il- 
luſtrated by a few well choſen examples in the ſame letter to Mr. Ol DEx- 
une of Oct. 24, 1676, in which the former method is deſcribed in the 

cyphers 
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cyphers above-mentioned. The paſſages of that letter which relate to this 
method (and which occur a little before the paſſage already cited from that 
letter,) are as follows. | 


Sed duo alii ſunt modi quibus idem Lilicei, regreſſionem ab areis curvarum ad 
lineas rectas, ] perficio. 


' Forum unus affinis eff computationibus quibus colligeham approximationes ſub fnem. 
alin Epifole, et ingly; potef ** boc ee 5 


| Proponatur 2 ad aream hyperbole, I. PI — xx + 2 = * 
+ ＋ ** c. © Et, partibus eius nuliſplicatis in ſe, emerget 2” = * * * 


RT &e, 2 = x + _ x+ + * Se, 2* = x* + 2 Ge, 5 


*, Cc. Jun a ae 4, e eee 


-, Ge. Huc adde - 2, aft & T * 
+ =>, &c. Aufero — 2. rr r * 2 
— * Sc. Aldo — 25, 7 x a —== + = 1 


120 


nn 4 TM mas wo oo - £09 = omes aw 


9 2 
quam proxime; ve x = 2—=2 +2 n Se. 


odem modo ſeries de und deln, quantitate in adam transferri poſſunt. 1 
edmodum fi, pofito r radio cirenli, x fine redto arcis æ, on + © + . 
longitudine arcds iſtius; atque hanc yy iem 2 finu retto ad tangentem vellem reger. 
Quero langitudinem tangentis = et reduco in infinitam ſeriem x += + 


rA 
= Ge. Vacetur bec quantitas t. Colligo poteftates ejus 4 = +2 Sc, 
t = x* + &c: Aufero autem t de 2, et (ponendo 1 pro r,) reflat 2. — + = 


—===—=, Sc. Addo — 1, aft - oma + &c. Aufero. 


＋ . et eee — E ＋ Cc. Aufero — ii, et rates = 


eee fee Quare * "=2 


8 151. regreſione verd ab areis «d lineas refas paſſin bujuſmadl. Theremata wy 
; THEOREMA. 
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THEOREMA I. 
Si x / +by +9 + 4f +95 &c. Et vicſſim erit y = = —32 4 


— be — — — — 
3 F = 24 + E e ate 2 + Ge. 


Exemphi gratid. Proponatur equato ad e bee = = 5 —Z +L— 
L +5 2 Ge. Et, ſulſituiis in reguld 1 pro a, — prob, ＋ bro e. — © prod, 
ee, eden e eee 6. 


1 | ff p 


THEOREMA UI. 


N. 
— — — — — — —  __ — 
* N 


SU o + 4 + „ + C. Et viciſam erit y = _ 25 
5 + 25. 2 * — 27 4 S loaabd + gaacc — a 


Ll 
a*3 1 
ec. 


eee + 


Sc. Et, ſubſtitutis in reguld 1 pro a, 555 pro b, — 75 Pro c, — — pro d, Sc; 


1 | 3. ns 
orzelur y = r = + Se. 


Alterum modum regrediendi ab areis ad lineas reas celare — See the Com- 
merrcium Epiſtolicum, pages 186, 187, and 188. | 


The ſecond. method of returning from the ſeries which expreſſes the value 
4 a curvilinear area to the ſeries which expreſſes the right line, or ordinate, 
2 to it, mentioned in the laſt ſentence of the paſſages juſt now 
cited, and wh ct ir Is Aac Nxwrox ſays he intends to conceal, is, as I con- 
n * meth which has been above explained and illuſtrated in the fore- 


going 
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going part of this Diſcourſe, and which is grounded on the aſſumption of an 
infinite ſeries with undetermined co- efficients for the value of the quantity 
fought, and is mentioned 1n the words written in cyphers 1n the next following, 
paragraph of this letter, beginning with the words, Attamen, ne nimium dixiſſe 
videar, c, (which has been already cited,) as the latter of the two methods 
contained in the ſaid concealed words, For the words employed to deſcribe 
the ſaid latter method are theſe, to wit, Altera ¶ metbodus] conſiſtit tantùm in 
aſſumptione ſeriei pro quantitate gudlibet incognitd (ex qud cetera commodꝰ derivari 
paſſunt,) et in collatione terminorum homalogorum equationis reftltantis, ad eruendos 
terminos aſſumptæ ſeriei; which ſeem clearly to comprehend the method of re- 
verting infinite ſerieſes that has been the ſubje& of the foregoing. part of this 


diſcourſe. 


I ſhall now endeavour to explain and illuſtrate the method of reverting an: 
infinite ſeries contained in the foregoing paſſages of that famous letter of Sir 
Isaac NEwToN, cited from the 186th, 187th, and 188th: pages of the Com- 


mercium Epiſtolicum. % 
Comonmeremunuuumuaoaum—_o__—cO ——— oO_——_—————— 
A Reverſion of the infinite Series x + = + = + =+ = + - + =+ = +&c, 


by the Method deſcribed in the foregoing Extract from Sir Is aac NEwToNn's: 
Second Letter to Mr. OLDEnBUuRGH, dated O#. 24, 1676. 


Art. 288. If CP, (in the figure in page 593,) or the ſide of the central 
ſquare of the equilateral hyperbola, HVDEQ ,. be called 6, and PT be a 
portion of the aſymptote C A that is leſs than CP, or &, and be denoted by 
the letter x, ſo that CI ſhall be equal to 5 ＋＋ x, the aſymptotick area 


VDIP will be equal to the infinite ſeries 18 + + 5+S+5 + - + 
* +2 + Kc. Therefare, if the ſaid area V DT P be ſuppoſed to. be equal 


to a rectangular parallelogram of which the baſe is equal to CP, or 4; and 
the height is equal to another right line called z, the ſaid parallelogram bz; 


. R | . 1 x5 x* ** 
m be equal to the infinite ſeries be + 2 + 53+ 35+ 5 + &. + 7 © 
Jp + ic, and enfouenty the Rev oy Ons et ee 
rallelogram,) will. be equali to, the infinite-feries # + 5 + f n 
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77 


74 737 5 +=+5 +=+ 7 + &c, which is the ſeries mentioned 


by Sir Isaac NRwTrox. 


+5 ++ &; + fe, or, if we ſabltitate 1 for J, to the'infilite ſerie? 


Art. 289. Now let it be required to revert this ſeries * + 7 7 5 +£ $i; 
= += + 7 + 7 + &c ad infinitum, or from the equation x + - + = 
1774771775 += + & ad infinilum = 2, to derive another 
equation, of which one fide ſhall be equal to the ſingle term x, and the other 
fide ſhall be a ſeries of terms involving the powers of z. This may be done, 


according to the method deſcribed in the foregoing extracts from Sir Isaac 
NzwrTov's letter, by proceeding in the following manner. | | 


In the firſt place, let the given ſeries x + 2 + + ” + 7 2 


> 7 + &c, be multiplied into itſelf as many times as we deſire to have 


terms in the new ſeries that is to give us the value of x in terms involving 
the powers of z. Theſe multiplications will be as follows. 


n | _ x? ', at | 
WEE PEELED ES ES + vec. 


rr + Kc. 
rr. 
TT +++ S+ 5 + 
+=+ +++ — + &c. 
. 1 + = += + &c. 
1 &c. 


— cc 
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- 4 „ 4+ Ls ENS ES mt 
* + * + r 


a® x3 a+ «5 as 47 x? 
8 + — + — boo comb + er CT 


2 2 24 12 360 
+ — + + =- + &c 
+ —+ 5 + &C. 
+ = + & 


4* x x * 
x + 2 re. 


— 


ap Be ao 22 4 
i oþ = + $i je Gs 


a5 3x5 7x7 15x 
+7 +7 9 CO 


x 3 
Err. 
3 2 + &c. 
+ — + &c. 
2 2 969 e 
* 4+ io Þ: > Þ OO 
x x3 * x5 * 
x + e 
x* + 2* + 7 + — + &c. 
x? 
+ = + # + "E + & 
+ £4: 4-6 
3 3 — 
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x * * 
„ e + &c. 


— — 


$$ S439 


3 


— 


** + 2 . E + Kc. 


x + = += + &c. 


x + e. 
| x" + &c. 
We ſhall therefore have 
22 = the ſeries * + x? + 8 + 5 + WE 4 25 = + = gg + &c, ad infinitum; 
And 2. the ſeries x* + 2 + 2 ＋ 1 + = + . + &c, ad infinitum; 
And 2* = the ſeries & + 2x5 + 2 + = w + 5 + 3 ad infinitum ; 


And 2 = the ſeries & + = + 225 + yt + &c, ad infinitum ; 
ind 2 27 the firies a* 4 eo —— + &c, ad infinitum ; 


And 27 = the ſeries x? + = + &c, ad infinitum ; 


And 2 = the ſeries „ + &c, ad infnitum ; in all which ſerieſes the co effi- 
cients of the firſt terms are 1. 


Theſe values of zz, 2, 2*, 2, 2*, 2“, 2 2, being thus obtained, we muſt 
proceed as follows. 


Art. 290. 
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Art. 290. Our object is to expunge gradually from the original equation 
>*-+ £4 =p Sp =+<s oa. 
FF c, all the terms 


that involve x*, and &, and x', and x*, and all the higher po vers of x, and 
to convert it into an equation in which no power of x but its ſimple power, 
or x itſelf, (hall occur, together with a ſeries of terms involving the powers 
of z, that ſhall be equal to x. And with this view we muſt, in the firſt place, 


endeavour to get rid of the term = or the ſecond term of the right-hand fide 
of the ſaid equation. | 


Now, ſince the numeral co-efficient of this term — is the fraction - , and 


the firſt term of the ſeries which is equal to zz is xx, or 1 X xx, it follows 
that, if we multiply both zz, and the ſeries which is equal to it, by the frac- 


tion _ we ſhall obtain an equation of which = will form the left-hand ſide, 
and a ſeries of which — will be the firſt term, will form the right-hand ſide; 


and conſequently, if = be ſubtracted from x, and the ſaid ſeries (which is 
equal to = „and of which the firſt term is =) be ſubtracted from the origi- 


x3 
| 3 | 
equal to z, we ſhall obtain a zd equation of which z — * will form the left- 


hand fide, and the right-hand fide of which will conſiſt of a feries of terms 
involving the powers of x, of which x will be the firſt term, and in which 
the ſquare of x will be wanting. Theſe operations will be as follows. 


nal ſeries æ + — + += += +S+=+F + &c, which is 


. . k 7 3 
Since 2z 1s = to the ſeries * + * + ZE . 2 + E ++ 


550 
1 * * "x6 x 
&c, we ſhall have _ = the ſeries — += 1 ＋ * ＋ 35 6 + 


2022. + &c; and, ſubtracting the two ſides of this laſt equation from the cor- 


reſponding ſides of the original equation z & + —— + = + — + — 
+ 7 + = = = + &c; we (ſhall have z — — = the ſeries * — 2 a 


gab _ 13aS 22 age? 22 _ "Y Yor , ; 
a. 2 _ 333 &c ad infinitum ; in which ſeries the ſquare 
of x is wanting, as we intended it ſhould be. Therefore the two firſt terms 


4 R 2 of 
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of the ſeries ſought (which is to conſiſt of terms involving the powers of 2, 
and is to be equal to x,) will be z — =, . Is 


Art. 291. The laſt equation was à2 — 7 = the infinite ſeries * — 


— 54% 13x5 778 29x7 2234 
"ear 755 = * 72 — Kc, in which the term involving 


** Is — 8. This term is now to be expunged. For this purpoſe let us mul- 
tiply both 2“ and the ſeries to which it is equal, to wit, the ſeries x* + 


* , 74% , n6x% , 29x7 , 4694" I 
5 — 1 — 7 mor ot: > 7 + —— 22 + &c, by the fraction 2 And we ſhall 


| . 8 15x% 29, 462 a 
have 25 = the ſeries 7 + _ — 27 + ＋ — ho. 4x —— 1445 ＋ &c; It which 


the firſt term, = is equal to * term which we wiſh to expunge. Let us 


4 69x® 
therefore add this equation 7 == * gn + _ RY — ＋ 21 55 + —— = + 
COS. Sa 2 620 hs 2 1 
& to the equation 2 EET ASERCET i 
" . . . 7 
1725 — &; and we ſhall obtain another equation, to wit, 2 — — + = = Xx 


2 0 + 2 —+ = 5 = + = + 2 + '% Kc, in which both- the ſquare 


252 * 2520 
and the as of ; x are 1 Therefore the three firſt terms of the ſeries 
ſought (which is to give us the value of x in terms involving the powers of 2; ) 


will be 2 — = + 5. Tas Bag 


. 5-0 1 a+ 3 71 
Art. 292. In the laſt equation 2 + — + 4 = x ## 52 8 


+ 2997 on 319% + &c, the term that involves ** iS + <. This term is now 


252 2520 


to be expunged. For this purpoſe let us multiply both 28 and the ſeries that is 
equal to it, to wit, the ſeries * + 2x% + —— —— + — 7 +. + &c, by the 


240 


2 - 07" — 8 
fraction 4 And we ſhall have = 2 5 the Slim" br wp + 


_ + &c; of which ſeries the firſt term i is = to "i term which we 
wiſh to expunge. Let us ere ſubtra& this laſt equation from the equa- 
: _ FR, LEM 3 20 , 319x* 
e + 25 77 7 5 * * * 5 + Kc. And 
we 
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x5 


we ſhall thereby obtain the equation à2 — = A 5 1 2 _ k 2 * _ — 
-c, in which the ſquare, the cube, and the fourth 


360 © 1008 390 
power of x are wanting. Therefore the four firſt terms of the ſeries ſought 
(which is to give us the value of x in terms involving the powers of x,) will 


. "ng 

. 2 K* z* x5 
| Art. 293. In the laſt equation z — 2 1 ET 0 © © 
. 374 — g -— . . 
+ Rect &c, the term that involyes x* is — This term is 


now to be expunged. For this purpoſe let us multiply both z* and the ſeries 


that is equal to it, to wit, the ſeries x* + = + — + N + &c, by the 


PIP 6 7 . 

fraction 720 ; and we ſhall have 155 the ſeries = + 15 + = + x + 

&c, of which the firſt term 755 is equal to the term which we wiſh to expunge. 
5 - 

Let us therefore add this laſt equation = = the ſeries = + 4. + 


240 720 


755 b Sits | 
520 + &c, to the former equation ⁊ 1 the ſaricn 25s & © 

M 756 31x7 37 — 5 — 23 * 2 
7 1:0 3 1008 89 & c. And we ſhall have z — > + > 27 


5 7 | a 8 | 


fourth power, and fifth power of x are all wanting. Therefore the five firſt 
terms of the ſeries ſought (which is to give us the value of x in terms involving. 


the powers of 2,) vin be a — 2 += 4 4 = Q. B. I. 


Art. 294. In the laſt equation 2 — 3 + 6 — = + 85 = x * + * + 


x* x? 59x? | . 6 * — . . 
2 + 5864 * &c, the term that involves x* 1s + — This term is now 


to be expunged. For this purpoſe let us multiply both z* and the ſeries that 


is equal to it, to wit, the ſeries * + gx? + * . + &c, into the fraction — 
. a x7 x R 
And we ſhall have — = the ſeries — + 726 — —_ + &c, of which the 


firſt term = is equal to the term which we intend to expunge. Let us there- 


fore ſubtract this equation = = =_ * 126 2555 + &c, from the equation 


2 — 
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„ee. And ve 


2 6 24 120 720 252 8064 
2 3 7 
ſhall have 2 — = EEE Ss Bos him wy * * * 4E. 
Ei 6 24 120 720 5040 4480 


&c ; in which equation the ſquare, cube, fourth, fifth, and ſixth powers of x 
are all wanting. Therefore the fix firſt terms of the ſeries ſought (which is 
to give us the value of x in terms involving the powers of z,) will be z — 


wp 2+ 25 5 
: + 24 © 120 720 \ 7 oe; 


- 3 25 25 
Art. 295. In the laſt equation Ro ＋ 5 5 3 oc 


x7 3 . . x7 . 0 
E 9 ee — — — Q tr 7 — — 
1 &c, the term that involves x7 is _ This term is now 


to be expunged. For this purpoſe let us multiply both z? and the ſeries that 


* . * 8 . * . . 
is equal to it, to wit, the ſeries x? + = + &c, ad infinitum, into the fraction 


I 1 1 7 * . 
hows And we ſhall have 2 the ſeries — + — + &c, of which the 


1 . . 
firſt term == is equal to the term which is to be expunged. Let us therefore 


- 2 
+ &c, to the equation 2 — — —— 


0 ; ASE "x 
add this equation = + a=- 


2+ 25 3 7 3 : 
_ = 3 be; and ve ſhall have 


r To 55 
which equation the ſquare, cube, third, fourth, fifth, fixth, and ſeventh powers 
of x are all wanting. Therefore the ſeven firſt terms of the ſeries ſought (which 
is to give us the value of x in terms involving the powers of z,) will be z — 


&c ; in 


22 23 2 2 2 z7 b 
—— ht: It TT Q. E. I, 


Art. 296. Laſtly, to expunge the eighth term + —— let z* and the ſeries 


320 
that is equal to it, to wit, x* + &c, be both multiplied into the fraction 
x® 


* „vbich is the co- efficient of the ſaid term + = which is to be ex- 


2⁰ * ; 
punged. And we ſhall have — 8 - + &c; which being ſubtracted 
2 6 
from the equation z — > + 5 — © 25 755 ＋ 5 * #* + #* #+* # 
| af d Rs 3 23 24 25 26s 
+ . there will reſult the equation 2 — — + 9 =” = 
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. 23 3 us 25 2 2⁷ 2 
R COT Q. E. I. 


A Recapitulation of the foregoing Proceſſes, by which the Infinite Series x + 


= += + < + = +5 += +F + Ec, which is equal to 2, bas bean 
Reverted in Art. 289, 290, 291, 292, 293, 294, 295, and 296. 


C—————_—@Dn——— ... 


Art. 297. In the firſt place we multiplied the origtnal ſeries x + — + — 


NY 75 + -- + - + =+ 5 + &c ſeven times into itſelf, whereby we ob- 


tained the following equations, to wit, 


x * 1 
2 = x + + = +5 + 5 . ＋ 8 + &c, ad infinitum, 


which, (as it comes under our conſideration immediately after the firſt, or 
3 : x2 x3 ** x5 * x7 x 
original, equation z = x + r 1 ss &c, 
ad infinitum,) IT ſhall call the ad equation; 
And, for a 3d equation, we obtained the equation 2 = ＋ = + = + 
50 + 2 + EE + Kc, ad infiitum; 


240 


And, for a 4th equation, z* = «+ + 2x* + E + + LE + &e, ad 
infinitum. S 

And, 5thly, the equation 2˙ = x* + 5 + — +35 + &c, ad infiniijum;. 

And, 6thly, the equation 2˙ = * + 3x7 + — + &c, ad infinitum ; 

And, 7thly, the equation 2? = x? + = + &c, ad infinitums; 

And, 8thly, the equation 2 x* + &c, ad infinitum.. 
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We then multi plied all the terms of the ſecond equation xx S Ax + * + 
— — + 55 + = . 25 te — — — + &c, into the enden =, and thereby 


I 365 


ne N 2 ++ + = 


+ 3635 + &c; and this gth equation, 4 Wa from 8 firſt, or 


1120 


; 2 at 
original, equation z = x + 2 + _ 7 +5 +E + 4 + &c; pro- 


duced the roth equation z — 2 — 0 — 5 — 5 — 5 — 8 — 
2245 : 1455 
= #0 ; by which we obtained the two firſt terms, 2 — =, of the ſeries 


1120 
ſought, which is to give us the value of x in terms involving the powers of z. 


3x4 
8 


5 1 = + 5 — + &c, into the fraction — and thereby obtain- 
23 box" 


ed the 11th equation, to wit, . = + $i 3 + 2 + > — + + - 4 25 


We then multiplied all the terms of the 3d equation, 2 = x* + = 


* 


+ &c; which, being added to the roth equation, . 2 S ** — 8 


1345 22 2957 _ 22345 , 
_ =" — 56 — ip © Tn — Kc, produced the 12th equation, z — 


„ EL + &c; which gave 


8 6 720 252 2520 


us the three firſt terms, 2 __ + =, of the ſeries ſought. 
1 


We then multiplied all the terms of the 4th equation 2* = x* + 2x5 + 
* En — + Noe + &c, into the fraction A. and thereby obtained the 


240 


e fe te + Kc; which, being 


ſubtrafted from the 12th equation, z — > + + = ** — 5 
24 


46 x? tor 
+ 5 + _ + &c, produced the 14th equation, z — 7 * 5 — 
2 * „ — eee & c; which gave us the four firſt 


terms, 8 + ＋ 2 of the ſeries fought. 


* then multiplied all che terms . equation, 2 = x* + -_ + 
| — 
6 
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2 þ BY Þ be, into the fraction —, and thereby obtained the 1 5th equa- 
= ="Si4 2+ 2 4 + ce; which, being added to the 14th 


tion, — 
120 120 240 720 
p K* e 3 x5 | 7 =D 431.x7 22 - 
.. 23 2+ 1 
&c, 8 the 16th equation, 2 — 2 Nr = x * * # * 


4: = + = - + + &c ; which gave us the five firſt terms, 2— 2 22 15 


_ 


—2 2 * =, 52 the ſeries ſought, 


Bag then multiplied all the terms of the 6th equation, 2* * + 3x" + 
_ = þ _ into the fraction —-, and thereby obtained the 15th equation, 


4 3x7 235 
_ S 7 + == s + &0c; which being ſubtracted from the 16th equa · 


tion, 2 = = + 3 = it = tit in the - + Ke, 
A the 18th equation, 2— 2 ＋ 5 — 2 S (TER 
* 
= &c which gave us the fix firſt terms, 2 — 2 7＋ 3 2 
x | 7 
+ 125 _ = of the ſeries ſought. 
We then multiplied all the terms of the 7th equation, 2 = "oY * + 


— 1 1} # — 


&c, into the adios = and hereby obrained the 19th equation 75 = 


2. 2. ef + Kc; which, being added to the 18th equation, 5 - 


23 ny N 25 1 2 $4 _ 34 
— — — — — — _—_— * — — — — 
6 24 120 4 = x » L . > 5240 4480? ke, produces the 


2+ ; $ x 6 7 
20th equation, z—= +2 > _ * 725 — = + —_ 


2 „ &cz which Save us the feyen firſt terms, z — = 14 = 


49,3 * 24 
— + EI of the ſeries ſought. 


We then, in the uf place. mokiphed all the terms. of the 8th equation, 
* * + * into the fraction ——, and thereby obtained the 21ſt equa- 


= 20? 
con a = bo + &c ; which, being ſubtracted from the 2oth equation, 
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8 24 120 720 5040 | 45,320 
23 23 


= &; which OY us the eight firſt terms, 2 — — + 
2 AY 1 5 , of the ſeries ſought, 


Art. 298. Theſe equations, if ſet down in regular order one after another, 
will be as follows. 


Equation 1. & = x + EZ += + N ff Jt 262 + ke; | 
Egquation 2. 2* 2 . 4 + L + 55 ＋ 2 4 5 + &cz 
Equation 3. 2 4 + > + E = ++ 2 = * Kc; 
| Equation 4. 2* = af ＋ 2x" + 27 2 202 + pry 
Equation, 53. 2* =. x* + Lay + + * + & 
Equation 6. 2˙ = af + 350 +2 + &c 
Equation 7. 21 = * + = + &c; LY 


Equation 8s. 3 = 1 Ke. 


By multiplying th the 2d equaion into — we obtained 


— 
— 


Equation 9, to wit, = — — 7 4 > + 25 + 5 + 7 = *. 4 * = + 
&c; 8¹ 


And, dy ſebtracting equation 9 from equation 1, we * 
„re 
Equation 10, to wit, 2 —=x PAST Ez” 7 
223* de; n 0 
1120 


. And, by multiplying equation 3 by e we obtained 


Egquation 11, to wit, 5 = = + E + + +44 _ + &c;z 
which, being added to equation 10, produced. 

Equation 12, to wit, z—= += = K* * # += 2 * 2 * vet 4 . 
+ 228 ＋ Ke; 


2520 


And 
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And, by multiplying equation 4 by = we obtained 


2969 , 257 967% l 
which, being ſubtracted from equation 12, produced 


. __ OO 2x5 
Equation 13, to wit, = = 


. . 3 2+ 3 x x7 
Equation 14, to wit, 2— = 1 - m z—ũ—e 4 5 — > — 1000 
* ; | 
n 
And, by multiplying equation 5 by —_ we obtained 
| . bon. 5s 2 9 * 
_Equation 15. to Wit, 75 + 240 + —_ + = + &cz 
which, being added to equation 14, produced | 
Le 16, W . 2 2% ie 4 K. be S 
+ Bj + &c; 


And, by multiplying equation 6 by = we obtained 
, .. < 1 
Equation 17, to wit, = + xp, 80 ＋ Kc; 
which, being ſubtracted from equation 16, produced 
. 2 x* | 
vn to wit, 2— 2 132 7 125 — 758 - & „ “ oo 
7.8 105 + &c. 
And, by multiplying equation 7 by =, we obtained 


: * 0 27 FEW: x7 nxt 1 
Equation 19, to wit, 2128 128 &c; 


which, being added to equation 18, produced 


Equation 20, to wit, 2 — 2 +4 —Z += A+ == ** * 


| xt 
* ** + — &c. 
And laſtly, by multiplying equation 8 into 2 we obtained 


& | d 2 ** 
Equation 21, to wit. = &c 
: 7575 © J © G3 


which, being ſubtracted from equation 20, produced 
Equation 22, to wit, 2 — = + $— > + === == + — — =x 


C 3 5 5 
*++»+»n»»&c, or « = the ſeries 2 =Z + = + 8 73 7 
27 Fl P 


— &c. 


5040 40,320 


48 2 A Con. 
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A Conjetture concerning the Law of the Continuation of the Terms of the 


foregoing. Series. 
| » . 22 | 23 2+ 25 2 27 2 at 
Art, 299. This ſeries z— ＋ 4 — 7 1 e 
8 23 * 25 2 27 2 Me 
— 2 — — 6ꝙ6—— — — — — — — — ns 
2 2.3 2.3.4 + 2.3.4.5 2.3.4-5.0 + 2.3-4+5.0.7 2. 3. 4.5.6.7. 9 * 


which the regular increaſe of the denominators of the terms is an inducement 
to us to form a conjecture that the gth, roth, 11th, 12th, and other following 


: . 2? 
terms of the feries will be 2 3-4+5-0.7.8.9* 2:3-4-5-6.7.8.9.10* 2.3.4.5. 6.7. . 9. 1071 


&c. And, from the regular changes of the figns — and 


⁊ to i t 


272 
2.3.4.5. 6.5. 8.9. 10. 11. 12 
+ prefixed to the 2d, 3d, 4th, 5th, 6th, jth, and 8th terms in every new 
term, there is the like reaſon to conjecture that the gth, roth, 11th, 12th, and 
other following terms of the ſeries will, in like manner, be marked with the 
ſaid figns + and — alternately. But theſe concluſions would be far from 
certain, if they reſted only upon the, conjectures founded on theſe analogics. 
They are, however, known with certainty to be true, from other grounds; as. 
is remarked above in the former part of this diſcourſe, in art. 27, pages 
352, 353 l n 
4 4 p f N F * 0 . : , 

A Compariſon between the foregoing Method of Reverting an Infinite Series, and 
the former Method of doing the ſame Thing, by” the Aſſumption of a Series with 
undetermined Co-efficients, - — + E u Of! 01 de | 


#$ 4 


Art. 300. The foregoing method of reverting an infinite ſeries ſeems to be 
ſimpler and eafier to underſtand than the former method of doing the ſame 
thing by aſſuming a ſeries with undetermined co-efficients to its terms, and 
afterwards determining the values of the ſaid co-efficients and the ſigns + 
or —, which are to be prefixed to the terms in the affumed ſeries that involve 
them, by the reſolution of as many ſeparate ſimple equations as there are co- 
efficients to be determined. For in that method there is always ſome difficulty 
in proving that it is poſſible for ſuch a ſeries as that which is aſſumed with 
undetermined co-efficients, and which is the ground-work of the whole inveſ- 
tigation, to exiſt ; and in ſome caſes this difficulty will be very great. See 
above, in the former part of this diſcourſe, art. 7, pages 331, 332, and 
art. 18, pages 340, 341, 342, and art. 36, pages 361, 362, and art. 45, 46, 
47» 48, 49, 50, 51, ga, 53, pages 374, 375, 370, 377, 378, 379, 380, 387, 
382, 383, 384. And, 2dly, it is neceſſary in that method, in order to ob- 

9 5 tain 
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tain the ſimple equations, by the reſolution of which the co-efficients A, B, 
C, D, E, F, G, H, &, or A, C, E, G, I, L, N, P, &c, are to be de- 
termined, to ſuppoſe the quantities y, or ⁊, which are involved in the terms of 
the aſſumed ſeries, to decreaſe to nothing. But in the preſent method neither 
of thoſe ſuppoſitions (which, though juſt and true, have fomething abſtruſe 
and ſubtle in them,) is neceſſary. But the whole buſineſs is accompliſhed b 
merely multiplying the original ſeries a certain number of times into itſelf, an 
multiplying the terms of the new equations thereby obtained into certain frac- 
tions, and adding the equations ariſing from ſuch multiplications to certain 
equations already found, or ſubtracting them from the ſaid equations; all which 
operations are very ſimple and eaſy to be underſtood. 


Art. 301. And, further, the preſent method of reverting an infinite ſeries 
ſeems alſo to be leſs laborious in the execution than the former method by 


means of an affumed ſeries. For the labour of performing the multiplications 
of certain equations by the fractions —, , —, =, =, =, and —— 

| „2 6 * 24 129? 720% gogo 40, 320 
and of adding, or ſuhiracting, the new equations thereby obtained, to, or from, 
certain other equations already found, is much leſs than the labour of reſolving 
the * equations that involve the co efficients A, B, C, D, E, F, G, H, &c, 
in the former method of inveſtigating the ſame ſeries in art. 20, 21, 22, 23, 
24, 25, 26, 27, pages 342, 343, 344, - = - - 353, more eſpecially when we 
come to the fixth, ſeventh, and eighth, and other following co-efficients ; as 
cannot but be evident to any perſon who ſhall have peruſed the foregoing parts 
of this diſcourſe with due attention. And therefore I am inclined to think this 
latter method of reverting an infinite ſeries preferable to the former. But, 
perhaps, there may be ſome occaſions in the courſe of a mathematical diſqui- 
ſition, in which the former method may be more uſeful than the latter, though 


I do not recollect any ſuch inſtances, 
.  — — ͤ ͤ—(kK᷑—— 


Of transferring an Infinite Series from one indefinite Quantity ia another. 
——— — 


Art. 302. Sir IsAac NewrTon then gives us an. example of what he calls 
transferring an infinite ſeries from ane indefinite quantity to another. This example 
is as follows. 

Let 7 be put for the radius of a circle, and z for any are in it not greater 
than go degrees, or the arch of a quadrant, and let x be the fine of the arc z. 
Further let it be ſuppofed that we have already diſcovered that, whatever be 
the magnitude of the arc z within the limit above-mentioned, the relation be- 
tween it and its fine x will always be exprefſed by the equation z = x + 


= + 755 + 1125 = + = + &e. As this equation is always true 
in 
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in all the poſſible different magnitudes of the fine x, inſtead of being confined 
to ſome particular value of x, Sir Isaac Newron, for this reaſon, (as I con- 
ceive,) calls x an indefinite quantity. And, becauſe the relation between this 
ſine x and the tangent of the fame arc z, which he calls ft, may always, in all 


the poſſible different magnitudes of the fine x, be expreſſed by a certain equa- 


tion, to wit, the equation - (the tangent of the arc z being always 
Ir — XX 


a fourth proportional to the coſine. of the ſame arc, to wit, 4/ xx, its 
fine x, and the radius ,) he calls the tangent ? another indefinite quantity. 
He then propoſes to transfer the ſeries x + 75 + = + = — + 204 + 


11276 1152 
za 


Zeige + &c, (which expreſſes the length of the arch z in powers of the firſt 


indefinite quantity x, or the ſine,) from the ſaid firſt indefinite quantity x, or 
the fine, to the ſecond indefinite quantity ?, or the tangent, which has a 
conſtant, known, relation to the fine x, which is expreſſed by the equation, 
1 = . or he propoſes from the former ſeries x + _ + 705 + 1 


+ 2+ =; + Kc, 4d infinitum, (which expreſſes the length of the 


arch z in powers of the fine x, or the firſt indefinite quantity, and in powers 
of the radius 7,) to derive another ſeries that ſhall be equal to the former, 
or to the ſame arch z, and that ſliall expreſs the length of the ſaid arch in 


powers of the tangent 7, or the ſecond indefinite quantity, and in powers of 
the radius 1. This may be done in the manner following. 


* 
. 


A Method of Transferring the Value of 4 Circular Arc, expreſſed in an Infinite 
Series of Terms involving the Powers of its Sine, to another Infinite Series of 
Terms involving the Powers of its Tangent, 


* 
— — mmemm———rmn——_— 


Art. 303. By Sir Isaac NRW rox's Reſidual Theorem, in the caſe of frac- 


tional and negative powers, the fraction = or — or the quantity 


rr — *, will be equal to the infinite ſeries — + 4:35 + Wo + 


273 8s 10 7 
x* 62x70 rx 2 N. 
== + 85 + &c. Therefore the tangent z, or — will be (= rx X 


the 
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the ſeries — + 72 +3< 857 ＋ * + 3 —_ HY &c,) = the ſeries x + 
3 , 


E+& + 2 5 * + &c, a infinitam. Now let this ſeries be 
multiplied ten times into itſelf. Theſe multiplications will be as follows. 


_— 


The Multiplications of the Infinite Series x + — + 9 — 4 175 + 2 +. 
63x%7 a 
7 + Sc, into 1/elf. 


— — 


35 63 l= 
«+ ix the ihe + 28 + Ties + Ke. 
«+ 7 + 5 +35) + > + &. 


63x% 
** + | 5 2 ” oo; 


345 


T6 + 
5 + Fe 5 > —— 
e + &e. 


2 * 4. 
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8 + 35+ er e be. 
xs + 5 +++ &c. 


4 1 8 
＋ ＋ ＋ + 55 + 67 + Ke. 
xs 3x9 15x79 
1 J + &c. 
+ + + &c. 
x79 
A1 + Kc. 
* + = 1 + &c, 
+ > +E + + &c. 
„ + = ++ <-+ &. 


x7 3352 og 
gr 
x + > + + &c. 


# + + Ho ke 
#® 54 . 
* 
c. 


„ + 38) + > + &c. 


— 
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EET ES 
TELE ITY e | 


* O'S 04 


vt + + be 


+ +5 +: 


. 
* + > + 2 + &c. 
* + = + &c. 


r 
* + = + &c. 
ENT | 


E 


Vol. III. 4 T ; Art. 304. 
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Art. 304. We ſhall . — . 

de ſeries #& g + f +3 + n . g l bee ad uli: 
„ 2 5 + &c ad infinitum ; 
And 15 = the ſeries x* + S + £924 235+ Kc ad infiritum ; 
And „ = the ſeries EIL dee ad infiitum ; 
And de feales 49 + 2 + &c ad infuitum; 
And * = the ſeries æ* + _ ad infinitum,., = 


85 _ 2696 fince the tangent t of the arc Z is equal to the ſeries x + 


+ +1 2 + — + ages + &, and the arch 2 itſelf is equal to 


= 4 55 + FA + 185 ＋ -&c, it follows that, 


if the arch # be ſubtracted from its tangent r, and the latter of theſe two 
ſerieſes (which is equal to the arch z,) be fubtracted from the former of them, 
(which is equal to the tangent 2, ) the remainders of theſe two ſubtractions will 
* 8 to each other; that is, # — 2 will be equal to the ſeries x — x + 


4 ng x + = 412 


= 2 „ 1 ; 38 63 632% 
27 87 8 E 40 a+ Ko 115277 by 2567%9 2816775 
++ &c, or to the fries 2 5 9 + = = + = - + E + &c, or the 
ſeries — 2 ＋ 15 — 22 1 — Bro + &c; and 3 (adding 


2. 


| . we ſhall have # = the ſeries z + — — 8 — 
= + = + = + &c. And thus we have obtained the firſt term, z, | 
of the ſeries ſought, which is to give us the value of the arch z in terms in- 
volving the powers of the tangent . K. 1. 


Art. 306. We muſt now endeavour to expunge the term + = from the laſt 
equation ? == the ſeries z + = _ + + 55 + 2 + TA + &c, and 
to find another term of the ſeries ry which i is to give us the value of the 
arch z in powers of the tangent . 


Now it has been ſhewn above, in art 30g, that /* is equal to the infinite 


ſeries * + 2 + 5 + 3+ r + -&c, Therefore, if we multiply 


both 


REVERSION: OF 1 r SEAIZSES. 691 
both ſides of this equation by the fraction — =» we ſhall have = = the ſeries 


5 +E + = +3 + 35 222 * ＋ 335555 + &c; and e (by ſubtracting 
the ſides of this ace from the correſponding fides of the equation ? = the 


ſeries 2 + = +3 +355 ww 4 = 4 Up + 0 2 in the pre- 

ceeding article,) we bd — — = — (= the ſeries 2 += * — 25 — I 
. , 1547 — 5 or 15 * * Ah - g 

3 5 + 25 Br + Es f 3 ſeries 


| F. 
- 19d e eg) = th i 


5 — 7 — 277 This Kc, in which both æ and the cube of x are watit- 


ing: Therefore? — — Z will be the two firſt terms of the ſeries ſought, which is 


to give us the value en Zin A powers of the tangent . 
GE 


«© Þ | 


Art; 30. — to expunge the termi —; 71 Hom the laſt equation 
= the ſeries x f — £5 — — 55 — 8 and to find a 
third term of the ſeries ſought, Es value of the arch & in 
powers « of the tangent. . 


For this purpoſe let all the terms of the equicion #% the feries EY + | 


_ 4 = 15 + == + &c, (which was obtained in art. 303,) be multiplied 


into the fraction r- And we ſhall have the equation = 1 (= the ſeries = 


+ e Pn + &c) = the fries + 5+ 21 
+ cc; which, being . = the ſeries 2 # — 


=; — CUE 7 8 (obtained in the laſt article,) will produce 


che equation 7 — fr += (= the ſeries, # # == = + t . 


35%? 2x? 954 2 : = 126% 
Jan © ot. — 15 > 176 780 
63 


++ &c) S the ſeries 2 4 = + Tc: in which x, and the 


cube of x, and its fifth power, are all * Therefore the three firſt. r 
4+ e 


&c = the ſeries z - + 4+ Ee Es 
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the ſeries ſovght (which is to give us the value of the arch z in terms involving 
the powers of the tangent 4, will be / — = + 95 4: > -Quifhe Is + 


Art. 308. We are next to expunge the term + = from the laſt equation 


9 Garti 
r + + ti. + &c, 


5 * this purpoſe let all the terms of the equation 7 = the ſeries & + 
= + * ＋ &c (which was obtained in art. 303,) be multiplied into the 
- 1 6 
fraction r. And we ſhall have —- = = the ſeries 75 * 752 + 7 x 87 + 
&cc, or = the ſeries = — = — 95 ＋ &c z which n RN ſub- 
tracted from bu mms 5+ 2 a + 


8.8 &c, will nth equation / — 37 + 5 — 755 ( the ſeries 
TILES 890 - ＋ 17 
1 75 Ved 185 — 88-0 


NOLEG * N 
2 — 1 cc), = the ſeries 2 * * — c; in which x, 
and the cube of x, and its fifth power, — its ſeventh power, are all wanting. 

Therefore the ſour firſt terms of the ſeries ſought, (which is to give us the value of 


25 1 in terms involving the Powers of the tangent i)) will be / — — + 


of, 
* Q, E, I. 


75 &c, = the ſeries 30 + — 


Art. 309. We muft now — to expunge the term — 57 from.the laſt 
: n 
equation / — r + 5 i e e K. | 
For e all the terms of the equation 7 * + 95 + Kc, 


(obtained above in art. 303,) be multiplied into the fraction — La . And we ſhall 
have the equation = = the ſeries + Ep + &c, 2 = the ſeries 5 


gr* 
+ A + &c 3 which, being added to the equation : — = + 7 — 752 = 
x9 a5 7 


— ** | 2 
_ = will produce the equation — r 2 


* ˖· 
N e 975 — = + = 5: Ge 220 03.0 + Fo 
&c ; 
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&c ; in which x, and the cube of x, and its fifth power, and its ſeventh power, 
and its ninth power, are all wanting. "Therefore the five firſt terms of the ſeries 
ſought (which is to give us the value of the arch z in terms involving the 


powers of the tangent 7z,) will be 1 — = _ = — = ＋ . . k. 1. 


Art. 310, Laſtly, in order to expunge the term + =; from the laſt equa- 


tion, / — r f r S=z****+ T. Ke, let all the 


terms of the equation &** = ＋ &c, (obtained above in art. 303, ) be mul- 
tiplied into the fraction — And we ſhall have the equation — = 7585 + 

, - | ; 43 85 a7 Fad 
EIS being ſubtracted from the equation # — 55 Tn D * 
2 2ͤñ „ 4. — + &c, will produce the equation # — = += — = 
+ =p (=22 005 + ke, = z**++#* &c; in 
which equation x,' and *, and &', and x", and &, and *, are all wanting, 
and all the terms denoted by the mark of &c will involve in them and fol- 
lowing higher odd powers of x, to wit, Xu, *I, au, x**, &c, and conſequently 
will be very ſmall in compariſon of z, or 1, ſo that the whole right-hand 
ſide of the equation will be very nearly equal to its firſt term z. There- 
fore z alone will be very nearly equal to the left-hand fide of the equation, 


to wit, — + 55 — * and the fix firſt terms of the ſeries 
ſought, . (which is to give us the value of the arch z in terms involving the 
W.., 43 15 es”. me 
powers of the e 4, will be 5 + - + 97 . 
| Qs E. 1. 


Art, 311. Sir Is AAc Nzwron then lays down two general Theorems for 
the Reverſion of Serieſes, which are as follows. 


— —U—2——— — 


THEOREM I. 


— 


If 2 is equal to the infinite ſeries ay + yy + Th + 95 + &c, 1 will 
be equal to the ſeries 2 — Z N zz + DJ X * + — Da X 25 


+ near ng X 25 + &c, 


THEOREM - 
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THEOREM U. 


— 


If z is equal to the infinite ſeries ay + &* + 9* + df + 9* + &c ad 
infinitum, y will be equal to. the ſeries EX 2 + —- X 2 + 
2 1243 894 ele + Toaabd + 5aace — a3 * 2 . 


RO 413 


inſinitum; or, if we uſe the ſame letters in this ſecond Theorem as in the firſt, 
to denote the co- efficients of the odd powers of y, this ſecond Theorem will be 
as follows; to wit: If z is equal to the ſeries y + O + ＋ gf) ＋ + 


. . . . 2 — | | 
&c ad infinitum, y will be equal to the ſeries — — = X 2* + — — X 25 + 
Bace — aag — Lc! * 27 * 5 5 == 5 F acce + agg + 5aace = a3 * 2* + &c ad infi- 


nitum. Theſe theorems we will now proceed to inveſtigate. 


Art. 312. The firſt of theſe Theorems has been already inveſtigated in part, 
in the firſt part of this diſcourſe, in art. 8, 9, 10, 11, 12, 13, 14, 15, 4146. 
pages 332, 333, 334, &c = 339, where it is ſhewn that, if y is equal to 
the infinite ſeries ax + Ir + c + d + ex* + &c, the two firſt terms of the 
infinite ſeries of terms, involving the powers of y, that will be equal to x, will 


be _ X y — = X yy. For, if we ſubſtitute y inſtead of x, and 2 inſtead 
of y, in thoſe articles, in order to expreſs the conclufions obtained in them 
agreeably to the notation here made uſe of by Sir Isaac NRwTOx, it will 


follow that, if z is equal to the infinite ſeries ay + byy + 9* + df + & + 
&c, the wo firſt terms of the infinite ſeries of terms involving the powers of 2, 


that will be equal to y, will be — X "JL X 22, or — X zz; which 
are the two firſt terms of the ſeries given us by Sir IsA Ac N Ero in the firſt 


of the two — Theorems. Theſe two terms were obtained in the former 
part of this diſcourſe, by means of the firſt method of reverting infinite ſerieſes, 
which is grounded on the aſſumption of a ſeries with undetermined numeral 
co-efficients to its terms, for the value of the quantity that is involved in the 
terms of the firſt ſeries. But, from his manner of expreſſing himſelf, I con- 
ceive that Sir Is AA NRwWTOx did not make uſe of that method to obtain 
the two ſerieſes given in the two foregoing theorems, but obtained them by 
means of the latter method of reverting ſerieſes, which is deſcribed in the 
paſſage that has been cited above from his letter to Mr. OLDENBURG of the 
24th of October, 1676, and which requires only the common axithmetical 

operations 


* 
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operations of Multiplication, Diviſion, Addition, and Subtraction. And there- 
fore I ſhall now 4 to inveſtigate the ſaid theorems in the ſame manner, 
and ſhall carry the inveſtigations to the ſame extent as Sir Isaac Newton 
has done, or ſo far as to obtain the five firſt terms of each of the two ſerieſes 
that are given us in the ſaid two Theorems. * 


— — — — —  ___— — _____r__ 8... 
A Reverſion of the Infinite Series ay + byy + 9 + 4* + r, which is e 1 


to 2; or an Inveſtigation of a Series of Terms involving the Powers of 2, that 
ſhall be equal to the Quantity y. 


Art. 313. Let the ſeries ay + by* + o* + &* + & + &c, be multiplied 
four times into itſelf, ſo as to give us the ſquare, and the cube, and the fourth. 
power, and the fifth power, of the ſaid ſeries, Thefe multiplications will be 


as follows. 
o + + < + 4* + && + Ke. 
o + I of + &* + &* . &c. 
oy + ob” + ag + n + &c. 7 
+ a + bb + br” + Ke. 
+ acht + 30 + &c. 
+ ach '+ &c. 


+ bby + 2b* + Ke. 
+ b* + of ＋ e. 
4% + 24% + 24% + Kc. 
+ ab'y* + &c 
+ h + 246855 + Kc. 
+ 2 + &c. 


2% + 3%“ + 3% + Kc. 
+ 3ab'y* + &c. 

ay + by + &c.. 

49% + 3% + & 

+ bx + Ke. 
2 + 4% ＋ Sc. 
＋ Ec, 

a + Ke. 
4955 + &c. 


a + 2aby + 249% + 244% + Kc. 


— 


„ 


ms — 


— * „ 


» Therefore 
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Therefore zz will be = the compound ſeries 
{ a*'y* + 2aby* + 2acy* + 2d + &c, 
OED + Uo + el 
And 2* will be = the compound ſeries 
{ 4% + 30by* + 34 + &c, 
＋ 3aby + &c; 
And z* will be = the compound ſeries 
4 + 44by* + &c, ' 
{ + &cz N 
And 2“ will be = the compound ſeries 
a%* + &c, * 
+ &c. 


Art. 314. Now, ſince 3 to the ſeries ay + by + of + 4# + 9f 

+ &c, let all the terms be divided by a; and we ſhall have = = y + 
_— -- | +E+E+L + Xe. And conſequenty the fift tem of the ſerie 
ſought (which is to give us the value of y in terms Au the powers of 25 


will be —. Q. E 1. 


Art. 315. We muſt now endeavour to expunge the term 2 from the equa- 
ton = = 3'+ 2.4 E 2 + &c. Now it has been ſhewn in 


art. 313, that zz is equal e | 
1 49 + 2aby* + 240 + aach + Kc, 

+ bby* + 2b + &c. 

Therefore = will be = the ſeries 


» + ZX +Zx3 TNA &c, 


| N 2 ZN ＋ 2 xy + &c, and (multiplying all the 
terms into the fraction >) 5X2 will be = the ſeries 
2 1 25 * + = x += * „ + &c. 


+= x * + 2 x Y* &c. 
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And this equation, being ſubtracted from the equation — = y + 2 + 
— 2 * 2 + &c, will produce the equation = —3 X 22 ( = the ſeries 


byy by , 9 265 % 2be 
| So Rr ns a 
h3 
—_ X * 
1 + 2 — — X »* &c, 
| — 2 * &c) = the 
ſenies... *. -- : 
pItt (+= + = &c, 
2% abc * = an 
5 3 n &c, 
— = XY — 22 x »* &c; in which the ſquare of 
is wanting, Therefore the two firſt terms of the ſeries ſought (which is to 


give us the value of y in terms involving the powers of z,) will be — * 5 


X08 ern | 
Art. 316. We muſt next endeavour to expunge from the laſt equation the 
terms + — and — 2 which involve in them the cube of y. And for 


this porous it will be neceſſary to reduce them both to the ſame denomination, 
and to ſuppoſe one of them to be greater than the other. Now they will both 
become of the ſame denomination by multiplying the firſt of them, to wit, 


2, by the fraction =, For then they will be + — and - = And, as 
it will happen, 1 believe, in moſt caſes that ac (though it may be often greater 
than 43,) will be leſs than 235, we will ſuppoſe = to be greater than ac, 


And then the laſt equation will be as follows, to wit, = — - * 22 = the 
ſeries | | 


| | 8 þ 
— a _ &c, or a 


A 
Vor, III. 4 U X 2 


698 A DISCOURSE ON THE 


* 22 = the ſeries 
rene 
J „ 


And, if we farther ſuppoſe, (what, I believe, will moſt frequently happen, ) 
that 2abc + 6? is greater than aad, and that 22 + 2bbc is greater than 4e, 


the ſaid equation will be as follows, to wit, _— = * 22 = the ſeries y + 


— Þ3 — 2 + 2bbc — a 
25 — ac „Kö * [= £ aad ** ——— 2bbe — ae 1 


ad 43 


* | 2b = ac 
We muſt therefore now endeavour to expunge the term — | — x 
from this equation. 
Now, ſince it has been ſhewn, in art. 313, that z* is = the ſeries 49 + 


3% + G + 3a#) X + &c, it follows that - will be = the ſeries y* +: 


* X * ＋ anc +30 „ + Kc. And, if we multiply all the terms of this 


a3 
laſt equation into the fraction — D, we ſhall have 2 x = ==> * 


+ off 7 . „ * + r * + &c. And, if we add this 


laſt equation to the equation — — — X 22 = the ſeries y * = = X 5 


„„ „„ — &c, we ſhall bave the 


J a® a3 
equation — +- x 9 * 2 + — el ba * »* 
tl fect — — —. X + &c; in which both the ſquare and 
the cube of y are wanting Therefore the three firſt terms of the ſeries ſought 
(which is to give us the value of y in terms involving the powers of z,) will 


Art. 317. We muſt next endeavour to expunge from the laſt equation the 
term — — X, which involves the fourth power of y. 
Now it has been ſhewn in art. 31 3. that 2 is equal to the ſeries a4y* + 


4% + &c, al infinitum. Therefore 5 will be = y* 4 £ K * + 2 . 
and, 
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and, conſequently (multiplying both ſides of this laſt equation into the frac- 


a a*b3 — ga + a*d a*b3 = 5a%bc+ a*d — $4*b3 — gavbc + a*d 
tion £ 5 ,) we ſhall have 2 2 _ X 2* = — — 


X * + — cone + has „ + &c, and (ſubtracting this equation from 


4⁰ 
the equation -* 22 + = 2 257 » ＋＋4 2 


ny + ec) we ſhall bee i 


235  ca3bc + a*d 
—.— * y* 


255 — ac 5a*b3 — ga%ec + a*d 
1 IX | - X #* (E ® 


+ — — — X * xc 2 un Sen 2 


X &c) „„ e, or 5 — 


x 2 + = X 2? —— — * ⁊² = py # #*#* 


— 2 — 21ab*c — Fight — 25. X * — &c; in which equation the ſquare, 


cube, and fourth power of y are, all, wanting. Therefore the four firſt terms 

of the ſeries ſought (which is to give us * value of y in terms involving the 
35 — cabc + 4. 

— X 2 — Wy X 1 


Q E. I. 


powers of 0 will be — —5 — 


Art. 318. We muſt now endeavour to expunge from the laſt equation, to 


3 —Gabc + a*d 
e =P Dog 


34% — 21a6* + ba*bd — | ich 1 
. 5 TE 2 - &c, the term which involves the 


— X 2 2 57*ð + 


fifth power of y, to wit, the term _{ a=, — —ç —— TUE X *; 


which may be done as follows. 
It has been ſhewn, in art. 313, that 2“ is = 49 + &c. Therefore 


—— will be = y* + & c. And conſequently (multiplying both ſides of this 


. . „ 4 2 — 5 64 3⁴ — 
equation into the fraction — 7 —— „) we ſhall have 
gf — 21aÞPc + C + 146 — ae 23 24% — 21al*c + 641 + 141% — av 
X 3 = X * 
a* as a* 
zac — 21aHPe + ba*bd +1414 — a% „ 3a** — 2141 + 6a*bd + 1454 — ade 
r a9 X 2 3 58 4 * X. 


402 e 
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. . . . 3 — 
- And, if we add this equation to the equation — NA — * * 
F DSD 
5 = cabe + a 2 214 + 1414 —a3e 


28b — ac I rabe + a" 
X 23 (5 — * 2* 


. = L 
we ſhall have the equation 2 X 22 + 3 = 


5 link 2 a? 4 
Linked, Ain ho — X2*=y#*#*#*+#*&Cc; in which the ſquare, 
cube, fourth power, and fifth power of »y are, all, wanting; and the whole 
rigbt-Vand fide of the equation differs from the ſingle term y only by a ſet of 
terms that will involve in them the 6th, and 7th, and 8th, and gth, and other 
bigher powers of Y, which, if y is ſuppoſed to be much leſs than 1, will be 
extremely ſmall in comparifon of y, and conſequently may be neglected as 
very little affecting its magnitude. Therefore the firſt five terms of the ſeries 


ſought (which is to give us the value of y in terms involving the powers of 2,) 


. b 280 — ac 33 — cabc 2 
: A G 12 
+ 3 Thc + — Þ+ 14/ ae X 25. © 


Arrt. 319. This ſeries agrees with that given us by Sir Isaac Nxwrox in 
the paſſage above-cited from his letter to Mr. OL.pznBuRGH, except in the no- 


tation of the fourth term, which he makes to be + — 25 * X 2*. But 


76 = cat aad : 
— D —— X 2*, which 


+ 56% gabe + aad 


this is equal to — — — * 2 or — 


is the fourth term in the ſeries juſt now found. 


Art. 320. If a, or the co-efficient of y in the firſt term, ay, of the original 
ſeries ay + by* + 9* h + h + &c, is 1, (as is moſt commonly the caſe,) 
the notation of the foregoing theorem will be much ſhorter and ſimpler than 
it is in the foregoing articles, and the faid theorem will be as follows ; to wit, 
that, If the quantity z is equal to the ſeries y + &y* + o* + &* + of + &c, 
the quantity y will be equal to the ſeries = — bzz + 26—c) X 2 
— 55 — jc +d * + 3 — 216% + 6b4 + 14% —e) X 2* + &c. 

I will now give an example, or two, of the reverſion of a ſeries of the 


foregoing form, ay ＋ Y + o* + &y* + &9* + &c, by means of the foregoing, 
general Theorem. 
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1 


" $I 42 & an; o - 
wt # 4 "3 a3 


An Example of the Reverſion of an infinite Series by means of the faregoing : 
general Theorem, | 


a, 1 i F SP 


Art. 3213 Let 2 be equal to the feries y + _ + - + - + E + &c ; and 
let it be required to find the value of y in a ſeries of terms involving the 
powers of 2. 

In this caſe we ſhall have a = 1, 4 —. 6= — 42 . and e== 


* I 4 r 
Therefore 230 — c will 2 — B x")  -—_ and 
X 


and 53” — be + d will be (= 5X - —5 X — 


1 
03 Fg 8 r 7 Fe! 6 


8 
and 34 — 214 + 63d + 144% — e will be (= 3.x 7 — 21 * = X 


6 e OT K; P T 
„ Ar rinatie Lak — = N 


eee ee eee . ts a 13 

> 1 5 Any + ee . 1 4 — 

1 — - 37. ---—46- --- 120 # -—- Jo 120 r L 

N * 7 75 73 t e 2 Therefore the ſeries 

2 — bzz + 20 X 2* -{5Þ g + 4 X2* = 21 + 6bd + 14h%—e 
8 ZZ 23 2& 25 * zF 2+ 

* N ii be equal to 3. > cg ln TS nn 


reg and conſequently the five firſt terms of the ſeries ſought (which ex- 
preſſes the value of y in terms involving the powers of 2,) will be 2 — 
2* 23 w+ SEE | 1 1 | , v 
2 d $$$ 5 S3o$$; 3) -— Pe To ip ; 


Art. 322. This method of finding theſe five terms of the ſeries that is equal 
to y, is much lefs laborious than the method uſed in the beginning of this- 
diſcourſe, (in art. 21, 22, 23, 24, 25, 26, Pages 343, 344, 345, &c += 350,)- 
to find the ſame terms, (which is grounded on the aſſumption of the ſeries 
AZ, B2*, cz“, Dz', EZ“, F2*, Gz“, Hz", &c for the value eff ,) and even than 
the method uſed for the ſame, purpole in art. 289, 290, 291, 292, 293, &c, 
pages 672, 673, 674, 675, 676, &c. So that I am inclined to think that 
the application of this general theorem will be the moſt convenient way of 


reverting 
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reverting a ſeries of the foregoing form y + H + O T + 9* + Kc, that 
can be taken, when only five terms of the new ſeries are required to be found. 
But, if more than five terms were wanted, the foregoing theorem would not en- 
able us to find the ſixth and other following terms of the new ſeries, unleſs we 
were to carry the foregoing inveſtigation of the terms of the general ſeries given by 
that theorem to fix, or ſeven, or eight, or more, terms, which could not be done 
without a great deal of very intricate and troubleſome Algebraick calculation. 


* 


—ͤ́— _ 
— —ẽ ——— C——— 8 
4 i : 
o 


Another Example of the Reverſion of an Infinite Series by means of the foregoing 
„ © = * gener Thawen. ; 


— - 


o 
» 
. 
* - 
— . a 
. 


Art. 323. Let 2 be equal to the ſeries y 12 7 1 2 35 + &c; 


as in the foregoing part of this diſcourſe, art. 151, page 510, only that the 
letter z is made uſe of on the preſent occaſion, inſtead of the letter /, in order 
to adhere to the notation of Sir IAA Ntewron. And let it be required to 
find the value of y in a ſeries of terms involving the powers of 2. 


Here we ſhall have @ = „ b==, 2 rd r. and e . 1 
OE , 1 I 1 1 2 
Therefore 245 — c will be (= 2 * 172 fie 555 
= and 5Þ — 5e + 4 will be (=5 & ASN AX A= 


| "F702, TURIN | 15 RR. 
r = ant inf 68+ 


1944 — „ will be (= 3 X + — 21 * 4 * + s * ＋ * A NA 


575 
reer rr 
8 e OI x EIT 


Therefore 2 — bzz + 26b —()x 2 — 557 — bc + 4 x 2 


n 2 * r . 4 
+13 — neh 6bd ＋ 140 —e X 2 will be ＋ * 7 + = — 2 BY 
3 r en nee 
7. and conſequently Y will be = the ſeries 2 — — + —_— + * 


&c: which agrees with the ſeries found above for the value of y, in art. 162, 
| . ee e ̃ 
e . 1982928 — L. — * 
YEW 108 bo: Rom sad od Ilie mow Inn. „ 16 190451; Here 
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Here again we have obtained the value of y with much leſs trouble than by 
the method employed above in art. 151, 152, &c - « 162, which is grounded 
on the aſſumption of a ſeries with undetermined co- efficients to expreſs the 
faid value. D 


Art. 324. Sir Isaac NEwTox, (who had a grout” propepy to generalize 
all his diſcoveries, or to comprize ſeveral different propoſitions under one 
rule,) ſuppoſes that the firſt of the two foregoing theorems will enable us to 
revert a feries of this form, ay — % + - ch + 0 — &c; in which the 
fecond and other following terms are marked alternately with the fign — and 
the ſign +, as well as to revert a ſeries of the firſt form, to wit, ay + by + 
o* + dy* + h + &c, in which the ſecond and other following terms are 
all added to- the firſt term. And, upon this ſuppoſition, he applies the fore- 


going theorem to the reverſion of the ſeries'y — = + — 2 += — &c, and 
finds that, if that ſeries be called z, the ſeries of terms, involving the powers 


of z, that will be equal to y, will be z + = 4+ 5 — 2 * = + &c; which 


is the ſeries which we have found to be equal to y in the firſt part of this diſ- 
eourſe, in art. 38, 39, 40, 41, 42, 43, Pages 303,. 364, 368, 366, &a 
70, where we inveſtigated it by the former method of aſſuming aa infinite 
ARS with undetermined co-efficients to expreſs its value. But, as it is by no 
means evident to my underſtanding, that, becauſe the foregoing theorem will 
on us a ſeries that ſhall be equal-to.y, when & is equal to a ſeries of the firſt 
orm, ay + &f + * + df + &* + &c, it will alſo give us a ſeries that ſhall 
be equal to y, when z is equal to a ſeries of the ſecond form, ay — ＋ of 
— d&* + 9 Kc, I ſhall now. proceed to inveſtigate a ſecond general 
Theorem that ſhall be adapted to a ſeries of this ſecond form, without any 
reference to, or conſicleration of, the foregoing Theorem. This may be done 
in. the manner following, | | 


4 Reverfim of the Infinite Series ay = by* + - 409% Ge, in which 
the Second and other following Terms. are marked with the fign — and the fign + 
alternately; or the Inveſtigation of another Infinite Series, which, if the Value 


of the Series ay — by* + cy* - dy* + 5 — Cc, be called z, ſhall expreſs the 
Value of y in Terms involving the Powers of z. Ws R 


— 


Art. 325. Let the ſeries ay — &y* + - + 95 — &c, be multiplied 
four times into itſelf, ſo as to give us the ſquare, and the cube, and'the fourth 
power, and the. fifth power, of the ſaid ſeries. Theſe multiplications will be 


as follows. 
AY — 
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* * * -- > p . - 
f* $ 4, 12 = Ka. , n 
. , ** & + * 4 


ay gag. © & by* + cy? a. 4 + ey 2 &c. 
4 — ay + aff — ad + &c. 
— ably + bly — bh + &c. 
+ acht — biy* + Ke. 
— ach + &c. 
4% — aal + 249% — aach. + &c. E.. 
{ + by — 230 + Ke. 
—— 
| * — 208 by* + 2a%y* — &C. 
— &by* + 2455 — &c. 
+ 4˙¹9˙ &c. 


af — e + 558 — Ke. 
＋ 3459 — Kc. 
r 


— 


ay. — 34% + Ke. 
— 5 + Ke. 
ö * — e + Ke. 
| ay — Xe. | 
: &y* — Ke. 
— Xe. 
| 425 — &. 
Therefore zz will be = 
E 4.9 


{ 


— 


ad. 


— 


the compound ſeries 

— 2aby* + 2acy* — zac + &c, 
+ bby — z2bry* + &c; 

And 2* will be = the compound ſeries 


{ &y — 34% + ga — &c, 
3 + 3a. — &c; 
And z* will be = = ahe ED 
1 4 — 4% + 
+ = 


And 
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And 2 will be = the compound ſeries = — 
* 4% — &cc, 


Kc. 


Art. 326. Since ⁊ is equal the ſeries - -c, it 
follows that, if we divide all the terms by a, we ſhall have — = the ſeries 
5 — 27 Lu Z 72 — &c. Therefore the firſt term of the ſeries 
ſought ow is to give us the value of y in terms involving the powers of z,) 
will be — 4% | Q. E. I, 


Art. 327. „ We mul now coder ge iſt tem fin ths ll: 
ds = =5 Ma Gat + -&. This may be done 8s follows, 


1 has been ſhewn, in art. 325, that zz is equal the compound facies: A 
ay" — aa + 200 — 246% + &c, 3 


r a + Kc, 
& c. 


Therefore = wilt be = the compound ſeries - +" ny 
„ e + ws 
2 ZR EN &c, 
| +, &c; and his all 
che terms ino the fraftion .) we ſhall have 5 * 22 = the * 


ſeries 5 | | 
2 * 1 2 «yp 2 b, 1 
7 2 . 
*+ = x F. =p x y* ＋ Kc, ig n * 
+ &c. * 


Nuo let this laſt equation be added to 2 2 
jt: Pug peg rs OY : +5 N mul # 
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— & 25241 2—2 * * TN 1 . 


25 Bb 2bb 
YT E * Kc =9*+E XP = ND 


2abd 
KNA N AR = xy — "= 


Which the ſquare of 2 is wanting. Therefore the two firſt terms of the ſeries 
ſought (which 1 os give us the value of y in terms involving the powers, of 25 


vill be = ＋ = x 22. | r "hit 


0 


Art. zo. we muſt next endeayour to expunge Gimp the laſt equation, to 
wit, the equation = + + X ⁊Z =J* += Xx = = ** — = * * 
HEX + NN r LN N * ke, the 
terms + = X „ and —= *, which involve the cube of y. 

Now, if we ſuppoſe, (as we did above in art. 216,) that ac is leſs than 2bb, 
and that aad is leſs than 2abc + , and . dy than 2abd + 2566, 


the laſt equation will be as ſollows, to wit, E += X 2z = y 8 — 


72 rer -( — 
— + X * — X * + &c.. 
We muſt therefore — to ain from this en the term — 


— = X „, which involves the cube of y. 


No, it has been ſhewn, in art. 325; that z* is = the ſeries 49 — 3 yt 


+ 30% + 30% — &c, or the ſeries 4% — 340 + 3c c + 3ab®) X 95 — 
c. Therefore (if we divide all the terms of this equation by 4) we fhall 


have 2 = the ſeries 3? — £2 x * * + e And, if we 


mulnply all the terms of this laſt equation into the fraction — 2. ve ſhall have 
— £\ _—_ . 4 432 
the equat We 2 mip g . Kast 


KEE x 1 * * —| . = * * + 


: — — gabc 
HRS x7 I or © Xx 2 2 * —[——== 


aa ' g a3 
EN DL — xc. N 3 if we add this Jaſt equation to 
, the 
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— —— ** a7” * 


3 = 


the equation © + + K 22 =p 0 = 
— X &c, we ſhall have — += 3 ZZ oþ — 


> wine Take 7 * * ———— = 26h7 4s x Rc; 


= 3J * i — = 
in which equation both the ſquare and the cube of y are wanting. Therefote 
the three firſt terms of the fed ſought (which is 2 give us the value of y in 


terms involving the powers of 2,) will be = + => 4 N + ED * 5 4 
. . 1. 

Art. 329. We muſt ay endeavour. to expunge 2 laſt equation, to 

wit, the equation — + LY X_ 22 oþ —— I ＋ X * 2 8359 2— — — 


X * + r= anten * * &c, the term which involves the 


fourth power of y, to wit, the term — . — Es = * . For his purpoſe 
we muſt proceed as follows. 

b N in art. 325, that x. is equal the . — 40by* 4 
dec. Therefore Z will, be == the ſeries v — 2 4- Ke, and, conſequently, . 
(multiplying all the terms into the fraction kl 2) we ſhall have 
2 he +24, E S the ſerie Z= tid N — 


1 Fora &c. And, if this lit equation be added to the 


7 
equation = XA E K + 1 


— 2 uu, &c) we ſhall have = +>, X 2x 


+: 


ER" 2 — gote + X# =y5 +++ _ 


— e „ &c; in hicl n tw fq | 
and the cube, and the fourth' power, of y are, all, wanting. Therefore the 


four firſt terms of the ſeries ſought (which is to give us the value of y in 
4X2 terms 
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terms involving the powers of 2,) will be — + = X 2X2 + 
4 533 — gabe 4 n 3 


abs == or 
1 * 2 


5 X 2+. . 


— 


An. 330. Laſtly, to expunge the term — | — BE, — 
4 . 2 2 2 | 4 SAT : 26 — ac £ $63 — 5abe + a*d | 
b 


1 + 30% + bd — 2 abe — 26 


* * — F het, = Kren Xx &c, we may No- 
ceed as follows, | | | EY 

It has been, ſhewn, in art. 325, that 2* is =, the ſeries 49 — &c. 
Therefore we ſhall have — = the ſeries 95 ow &c, and (multiplying both 


4 * 1 . „ | * 14 49 ＋ 627 — 2 20 — a3 
. Tides of this equation into the fraction a uh had 1 2 „N we. 


r 

—.. X wag 

a « 8 — 21 — . ts 4 f abs. 3 5 

22 + 0989 21 Kc, or — — Dad 6 OY 
zes 149 + 3902+ 64%d — 214Þc — ate | 1 

= dde ſeriea 1 — X &c. And, by adding this 


ee | 
* * 25 os + 22 = X * &c, we ſhalt 


= the ſeries 


- 


have . 4 2 * A + * # + LES , 


the ſquare, and cube, and fourth power, and fifth power, of & are, all, want- 
ing; and the whole right-hand fide of the equation differs from the firſt term y 
only by a fet of terms that will involve in them the 6th, and 7th, and 8th, 
and gth, and other higher powers of y, which, if y is fuppoſed to be much 
leſs than 1, will be extremely ſmall in compariſon of y, and conſequently may 
be neglected, as very little affecting its magnitude. Therefore the whole right- 
hand fide of the equation may be conſidered as equal to y alone, and conſe- 
quently the firſt five terms of the ſeries fought (which is to give us the value 


of y in terms involving the powers of ,) will be = + * RS — 


* a> 


* # + — reer or 


(if 
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rr of the members of the numerator of the 
fifth, or laſt, term) = + Sx 22+ — er — 


oh Emu ttt . WB. 1 
* ] N 
Art. 331, If a, or the co- efficient 61 in the firſt term, ay, of the original 
ſeries ay — by* + 0% — 4 + 95 — &c, is 1, (as is moſt commonly the caſe,) 
the notation of the theorem juſt now obtained will be much ſhorter and 
ſimpler than it is in the foregoing articles, and the faid theorem will be as 
follows; to wit, chat, If the quantity 2 Is equal to the infinite ſeries y — * 
+ of - ' — &c, the quantity y will be equal to the infinite ſeries 


z + bzz + 2b— 0 X 5 —6be+4\x 2* + 32150 + 654 + 1P=q 
X 2* &c, 
I will now give an example of the reverſion of à ſeries of the foregoing 


form, ay — by* + - T — &c, by means of the foregoing general 
Theorem. 


kur- x. the Reverfn of on Wee dice by e of. bebe 


general Theorem, 


O00 — — wbo ws 2 . * . wp Ws SS— — 


Art. 332. Let z be equal to e + 2 2. — be; and 


let it bs required 0 Ka the e 3 a ſeries of terms abe the 
powers of x. 


Jatts cal we bel have 4 ele 2 and 4 — 


7 
and e = . 1 r eee ee - 
Therefore 238 — will be (eK A —=ETP=T)=F 3 and 
TUE IK DF. Koga e. = = = 

42 2 1 


| 18 11013 2 6 * 
TL Nee 


8. 8 6 2 
and 30 — 210% + 6bd + 14# — e will be (= 3 K * 21 X—X = 
+/07X.7D Hop AN "0" 3 rn as 


i 7 | * 49 a 
SX 40 tao FAITE X 120 1 TI T} BY Teen | 
— — 1 — — — — — _ — — — — ore 1 

3 + 40 120 120 + 1 — * 720 erefore the ſeries 


IT 


2 + bzz + q t= g NK = 21 + 1 14. —7 
K 23 2+ 25 2 R * 
ans erat! 
—_ + & and conſequently the five firſt terms of the ſeries ſought (which 
expreſſes the value of y in terms involving the powers of x,) will be 2 + 


2 23 24 z* 3 
7+ 2.3 * 2.3-4 + 2.3.4.5 * * 


4 


Of the Reſolution of Cubick and Biquadratick Equations, and otber Equations of - 
higher Powers than the Fourth Power, by means of the foregoing Theorem, 
when the Terms of any one of the ſaid Equations are all compleat, and are marked 
with the figns — and + alternately ; and when One of the Roots of the Equation 
is leſs than 1. rien 


Art. 333. When the terms of an algebraick equation, that has all its terms 
complear, are marked with the ſign — and the fign + alternately, (as is the 
caſe with the cubick equation x? — px* + gx = r, and the biquadratick equa- 
tion * — g + px? — * , and the higher equations * — 1 + px) — 
g + 1x 1, and rx — gu) + pr = mf + ur =o 2 , and * = . + 
" M + px — gx* + rx = 3, ) it is poſſible that the equation may have 
Teveral roots, or (as they are uſually called by modern Algebräiſts,) real and 
poſitive, or affirmative, roots, if the abſolute term of the equation and the 
numeral co-efficients of its other terms are of certain relative magnitudes, with re- 
ſpe& to each other, that are neceſſary for that porpore. And the greateſt poſſible 
number of roots that any equation can have, is the ſame as the number of units 
contained in the index of the higheſt power of x in the equation. But the equa- 
tion will uſvally have much fewer than this number of roots, and often only one 
root. Now it is a work of great nicety and difficulty to determine before-hand, 

a careful examination of the relative magnitudes of the abſolute, or known, 
term, and of the co-efficients of the other terms, of any of theſe equations, how 
many roots the equation will admit of, and between what limits each of Be 

| al 
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ſaid roots will lie. This is extremely difficult and tedious even in the caſe of 
a cubick equation of this form, * — px* + gx = 7; as may appear from my 
Diſſertation on the Uſe of the Negative Sign in Algebra, Chapter X, art. 97, 
98, 99, & « - 106, pages 71, 72, 73, &c - 90, and Chapter XIII, 
art. 123, 124, 125, &Cc - 158, pages 99, 100, 10, & - = = - 123p 
and Chapter XIV, art. 176, 177, &c - - - 198, pages 140, 141, &Cc - - - 
171, where all the neceſſary inquiries upon this ſubject are gone through with: 
great exactneſs. And it is much more difficult in the caſe of a biquadratick 
equation of the foregoing form, rx — 9 + px? — * = . And in equa- 
tions of the fifth, and ſixth, and ſeventh, and all higher powers, when all 
the terms of the equation are compleat, and are marked with the figns — and 
+ alternately ; this difficulty is fo'great that it may juſtly be conſidered as un- 
ſurmountable. In theſe caſes therefore it will be neceſſary to wave the pre- 
vious inquiry concerning the number of roots which the propoſed equation 
will admit of, and concerning the limits between which each root will lie, and 
it will be expedient to proceed at once to ſeek the value of ſome one of the 
ſeveral poſſible roots of the equation in preference to all the reſt, and with- 
out paying any attention to any of them, And, upon this plan of inveſtiga- 
tion, I believe it wilt generally be found convenient to give the preference to 
the leaſt root of the equation, as. being that which may be found with the leaſt 
difficulty: and more eſpecially when the ſaid leaſt root appears to be leſs 
than 1, which may always be eaſily diſcovered in a manner that will preſently 
be explained. And in this caſe, that is, when the ſaid leaſt root is leſs than 1, 
it will often happen that the ſeries given by the foregoing theorem. for re- 
verting the ſeries ay — by* + 9% — ch + &f — &c, which is equal to z, or 
for expreſling the value of y in a ſeries of terms involving the powers of , 
may be ſuccelsfully applied to the finding the value of the ſaid leaſt root, But 
for this purpoſe it will, firſt, be neceflary to reduce the propoſed equation, 
of which we are ſeeking; the leaſt root, to a reſemblance to the equation ay 
by* + of — df + ef — & = 2, (mentioned in the foregoing theorem,)- 
by converting it into another equation, in which not only the leaſt root, or 
the leaſt value of x, flalt: be leſs than 1, but likewiſe the abſolute, or known, 
term of it, (which anſwers to the quantity z in the ſaid theorem,) ſhall be leſs 
than 1, and in which conſequently both the powers of x, to wit, x, *, *, * 
&c, (which anſwer to the powers of y, to wit, y, , „, 3*, , &c,) and the 
powers of the abſolute. term of the equation (which anſwer to the powers of z, 
to wit, z, 2*, 2, 2*, 25, &c, in the foregoing theorem,) ſhall form decreaſing 
progreſhons, as the powers , 5, , „, „, &c, and z, 2*, 2“ 2*, 2*, &c, 
themſelves do in the foregoing theorem. When the propoſed equation is 
thus prepared, (which, for the moſt part, may be done by dividing all its 
terms by the co- efficient of the ſimple power of x,) its leaſt root will be 
equal to the ſeries 2 ＋ 3 * 22 + — x B + not end X 2* + 


- 
: 


— wm tf . —_ | *.. 7 , — * - | . 
Z = ante + —— | @3e * +'&c ; or, if a is equal to 1, the faid leaſt 
* 0 0 A 22 3 l 

root 
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root will be equal to the ſerics 2 + br + 20x 2 4+ FSH +'4)x-2* 


+ 3a — 216bbc + 6bd + 14 —c X*x 2 + &c, the letter 2 being put for. 
the abſolute term of the equation, the letter à for the co-efficient of x, and the 
letters &, c, d, and e for the co-efficients of *, *, *, and x*, re 


Ph. 
This will appear mote thy, oy the n a 


: 1 1 *F% 
* 4 T 4 111 ; | 
% : 
© * 
. P 


| An Example of tbe Aude of 42 Cibich Ele 5 Means T * 
N | en ent fv 


2 9 0 " : 
: 
at * — 4 
— Mn. 4468 þ4 9 e „ _ 
: 4 1 4 9 F +4 & « 


Art. 334. Let it be propoſed to nd in ; this method the leaſt roor of the 
cubick equation x* — g6x* ＋ 44 = 1. 


This $ equation is of the ſame form as the general cubick . equation * — 
+ 4x = r, which, with ſome relative magnitudes of p, 9, and v, will have, 
three roots; and, wich other relative magnitudes of thoſe antities, will have 
only two roots; and, with other relative magnitudes of the ſame quantities, 
will have only one root. We have reaſon therefore to ſuſpect that Tr equa- 


tion may have three roots. 1215 If it , we mean now to ſeek it the value 
of the leaſt root. 


In the firſt place, then, we a; inquire decir "Y leaſt root t is gester, or 
leſs, than 1. And for this purpoſe we will ſuppoſe æ to be equal to' 1, — 
inquire what will be the value of the trinomial quantity x* — 36 + 44x, 


(wbich forms the left-hand fide of the rage n 2 — Cann + Aa 
S ,) upon this ſuppoſition. ' ; 


Now, if x is = 1, we ſhall have 36es de. 3 36x 11 det; 
44 X1=1=36 +44 = 45 — 36) = 9. 


But, when » is = 0, the whole trinomial quantity of 36a + 44* - will 
be = o likewiſe. 


It follows therefore that, while increaſes from o till it becomes equal to 1, 

. the trinomial GRAY * — 36x* + 44 will increaſe at the ſame time from o 
to 9, and conſequent] y will paſs ſucceſſively through all degrees of — 
from o to 9. Therefore the ſaid trinomial quantity will, at ſome in 
time during the increaſe of x from o to 1, be equal to 1, which is leſs han - 
or the magnitude of it when & is equal to 1. Therefore there will be ſome 
value of x lefs than 1, that will make the faid trinomial quantity * — 36. 
+ 44x be equal to 1, or the abſolute term of the — he uation & — 


br + 44x = 1 ;- or, in other words, one of the roots of the {aid equation 
Jil be leſs than _ Q. E. 1, 


And 
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And we may further obſerve, that, as 1, or the abſolute term of the equation 
„* — 36x* + 44x = 1, is but the gth pee of 9, which is the value of the 
trinomial quantity » — 36xx + 44x when x is = 1, the value of x at the 
inſtant at which the ſaid trinomial quantity is equal to 1, muſt be alſo but a 
ſmall part of 1, which is the value of x at the inſtant when the ſaid trinomial 
quantity is equal to'g ; or, in other words, the root of the equation * — 36xx 
+ 44x = 1 muſt be but a ſmall part of 1. And conſequently the powers 
x, x*, and x*, will decreaſe with conſiderable ſwiftneſs, as y, „, , „„ „, & 
are ſuppoſed to do in the equation ay - + of — df + of — &c = 2, 


Art. 335. But the abſolute term 1 of the propoſed equation x* — 36x* + 
44x = 1, which anſwers to the abſolute term z in the equation ay — byy + 
* — dy* + eff — &c = >, requires to be changed into a quantity leſs than 1, 
to the end that its powers, (which anſwer to x, 2˙, 23, 3, z*, &c,) may 
form a decreaſing progreſſion. We will therefore divide all the terms of the 
ſaid equation & — 36xx + 44x = 1 by 44, or the co-efficient of x, And 


; 3 6x2? I 36x x3. 
then we ſhall have the equat X XxX = —, Of X ww mom — 
iN 44 a * 
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= = or — 1 X * + 2 X * e in which the abſolute term 8 

(which anſwers to z in the equation ay — H' + g - ch + of &c = 2 

is much leſs than 1, ſo that its powers = =p = = * &c (which an- 

ſwer to 2, 2*, 2, 2 2, &c,) will decreaſe with great ſwiftneſs. We may 
; 2 — = - 

now therefore reſolve the equation x — = x * + 2 * x = 77 by com- 


paring it with the equation ay — H + M — . + ef — & = 2, contained 
in the foregoing theorem, and computing the value of the ſeries given by that 
theorem for the value of y. This may be done in the manner following. 


Art. 336. Here y is = x, and Z is = — and a is = 1, and 5 is = , 
and c is = — and d and e &c are = o. Therefore (by art. 331,) y, or x, 
will be equal to the ſeries z + bzz + 2b — 0 x 2 + 5& — 5b + Alx 24 
+ 35 — 21dbc + 6bd + 144 - , 2* &c, or (becauſe 4 is = © and e is 
'= 0) to the ſeries 2 + z + 2 — 0x © + 5 — d x 2 


+ 3 = 21e + 14 x 2 &c; which ſeries we muſt therefore now com- 
pute. | | 


The firſt term 2 of this ſeries is = 


— = 0.022,727,272,727, &c. 
An. V3. 4 Y The 
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The ſecond term bzz is (= 2 & 22 = 0.818,181,818,181 & 22 = 
— 818,181 | 


The thinl term. 249 — dre 
nnr 7 — — K 
2 X 1 4 x 8 * 2 * 0.669,42 1,487,603 — 77 * 2¹ 7's 


I 1.338, $42,975,206 — = Da Weinen 022,727,272,727)X2? 


1.316,115,702,479 
44X 44 X 44 


= 1.316,115,702,479 Xx 2* = 32 Wee ee. 


The fourth term 55. Sex r is (g * N N iK 2 x D xz = 


121 


5X © X 0.669,421,487,603 — 5 X ＋ X 0.022,787,272,727 & 2* 


3 eee Z X 0.022,727,272,727 
bw... | 11 


30. 123,066,042; 135 — * 2 
11 7 11 


X 2% 


= 2.738,542,449,285 — 0.092,97 5,206,6101X 2* = 2,645,567,242,675 X 2 


— 2:-645,507,242,075, — 
_ Nn = dei. 


And the fifth term 36 — TI + 144") X 2* is 


| I 81 HT 
ren — * 
2 3272 '8$1 TE 2 

2 3 74 eee Ab =p & 2 
,—_— 7 1 

=> LID — | 1 * 57 * — + 14 * + * = * * 


o. 0.001,549,386,776 —21 * 157 * 2 4 + 14 X - 2 Nr 2 * n 


= 0.001,549,586,776 —/21 * 121 X= +14 X r o. 669,421,487,603) x * 


121 
= = 0.001,549,586,776 — 21 X LIVE . —— — —IF * 2 


81 , , 
= 0. 001,549.586,776 — 21 X 5 x — + 128 note xs 


= 0.001,549,586,776 — 21 x — = DT oF 6.273,751,792,907 | x 25 
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Afb Ty 81 F426 277 
= 6.755301, 379,683 — 21 X r X —|x 25 
6.27 5,301,379, 683 — 21 X 0. 669, 421,487, 603 X 1 X 2* 


= 6.255,30, 359.6 — ASSET 2. 

6.27 5,3013379,083 — 0.319, 496,19, 8 ]“ 2* = 5.955, 804, 760, 600 * 2* 
9.95 5, 804, 760, 600 x 

$4 X44X44X 44 X44 


Therefore the five terms 2 + bzz + 2bb—c\x 2? + 5% — 5bc) * 207 
＋ 3e* — 21bbe + 144) x 2* will be = 0.022,727,272,727 + 

0.000,422,014,575 + 0-000,01 5,450,268 + o. ooo, ooo, 705, 842 + 

7 O. ooo, ooo, o36, 114 = o. o23, 166,079, 526. | 
Therefore the value of y in the equation ay = bþy* + 93 — &* + 9 — &c 
= 2, or of x in the equation *— 2 X ** 1 4 X * === will be = 
0.023,166,079,526, or (neglecting the ſix laſt figures, as being not quite exact,) 
= 0.023,166 ; and conſequently the leaſt value of x in the propoſed equation 
x* — 36x* + 44x = 1, or the leaſt root of the ſaid equation, will be = 


0.023, 166. E. 1. | 


= 0.000,000,036,114. 


Art. 337. And, upon trial, we ſhall find that this number '0.023,166 is 
truely equal to one of the roots of the ſaid equation x* — 36x* + 44x = 1. 
For, if we ſuppoſe x to be =0.023,166, we ſhall have xx =. .o, 536, 663, 566, 
and x* = 0.000,012,532,347,938,290, and 36x* (= 36 x 0.000,536,66) = 
0.019,319,76, and 44x (= 44 X. 0,023,166) = 1.019,304, and 44x + * 
(= 1.019, 304 + 0,000,012) = 1.019,316, and 44x + * — 36x*, or * — 
| 36x* + 44x (= 1.019,316 — 0.019,319) = 0.999,997 3 Which is very nearly 
equal to 1, or the abſolute term of the propoſed equation & — 36x* + 44x 
= 1. And conſequently 0.023,166 is very nearly equal to the root of the 


ſaid equation x* - 36*⁰ + 447 = 1, Q. E. b. 


Art. 338. It appears from the foregoing computation, that the five firſt terms 
of the ſeries given in the foregoing theorem, will give us the value of -x in the 
propoſed cubick equation x? — 36x* + 44x = 1 exact to about fix places of 
figures. But, if we bad computed only the firſt three terms of the ſaid ſeries, to 
wit, 0.022,727,272,727, and 0.000,422,614,575; and o. ooo, ol 5,450,268, their 
ſum o. oa 3, 165, 337, 570 would have given us the value of x exact to ſive places 
of figures, to wit, the figures o. oa 3, 16; and, if we had computed only the 
two fut terms of the ſeries, to wit, o. 02 2,727, 272,727 and o. ooo, 422, 614, 675 
their ſum o. 02 3, 149, 887, 302 would have given us the value of x exact in the 
four firſt places of figures, to wit, the figures o.o23 1. And, if we had com- 

4 Y 2 | | © puted 
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ted theſe two firſt terms only to four figures, fo that the firſt term would 
ave been 0.0227, and the ſecond term would have been 0.0004, their ſum 
0.0231 would have given us the value of x exact to four places of figures. 
Therefore, when the reſolution of a cubick equation of this kind to four, or 
five, places of figures, will anſwer the purpoſe of the calculation in which it 
occurs, it will be ſufficient to compute only the two firſt terms z and hx, or, 


pe moſt, the three firſt terms z and Iz, and 245 — d x 2?, of the ſeries given 
y the foregoing theorem for the value of y, or x, and, in computing even 
theſe few terms, to carry their values only to four places of figures. And then 
the finding the value of x in this manner will be eaſy enough, inſtead of re- 
quiring the tedious and numerous computations that were neceſſary in the fore. 
going application of this ſeries, where the fourth and fifth terms of the ſeries 
were computed, and the computations were carried to twelve places of figures. 
Thoſe computations, however, will ſerve to ſhew to what degree of exactneſs 
thoſe five firſt terms of the ſeries will exhibit the value of x; and it 1s with 
that view that I. bave inſerted them. 


Art. 339. If we apply the foregoing ſeries to the reſolution of the foregoing 
equation x* — 36x* + 44x = 1 1n the lighter manner juſt now deſcribed, the 
computations will be as follows. 


The firſt term z of the ſaid ſeries z + 322 + 2bb — (x 2 + 5 — Fe 
* 2* + 30 — 21 + 1464) x 2*, (which is equal to y, or x,) will be(= 


I 
— — 0,022 * 
= 7 


; The ſecond term hz of the ſaid ſeries will be (= = x zz = 2 x 0.0027 


= _ X o. ooo, 515 = — = 0.004. 


And the third term 250 —1 x 2 will be (= 2 X = — me 2 8 


4 * 0.669, 421 — * 2 = 1.338,842 — 20 2? = 1,338,842 — 0.022727 
* 2* = 1-316,115 K 2* = 1.316,115 X 22 K X = 1.316,115 x 0.000,515 


* 7 S 1.316, 115 X 0.000,014 = o. ooo, ol8, 42 5, 610) = 0.0000. 


Therefore the three firſt terms 2 + zz + 206 q x 2 will be (= 0.022 
+ 0.0004 '+ 0.0000). = 0.0231. And conſequently y, or x, or the l 
root of the propoſed equation * — 36x* + 44x = I, will be = 0.0291; 
which is exact in all the figures. Q. E. 1. | | 


It is evident that we ſhould have obtained the value of x to theſe four figures 
0.0231, if we had computed only the firſt two terms of the ſeries, to wit, z 
and þzz. But then we ſhould not have had the ſatisfaction of being certain 

| that 
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that thoſe figures were all exact, which ariſes from obſerving that the chird 
term 255 — c 2, or o. ooo, o18, 42 5, 610, does not give us any ſignificant 
figure till after the fourth place of decimal fractions. % | 


Art. 340. If it were thought neceſſary to diſcover the value of the leaſt root 
of the cubick equation & — 36x* + 44x = 1 to more than four places of 
figures, the beſt way of obtaining ſuch a nearer value of it would be to make 
this firſt near value of it, 0.0231, (which has been obtained by means of the 
foregoing theorem,) the firſt ſtep of an approximation to it by either the method 
given for that purpoſe by Sir Isaac Newrox in his Analyſts per Aiquationes 
numero terminorum infinitas, (firſt publiſhed in the Commercium Epiſtolicum above- 
mentioned,) or the method given by Mr. Rarason in his Analyſis Aiquationum 
Univer/alis, which is almoſt the ſame with that of Sir Isaac NRWTOx. By 
either of theſe methods we muſt denote the unknown difference by which 
0.0231 falls ſhort of the true value of x by the letter z, and ſubſtitute 0.023r 
+ z inſtead of x in the ſaid equation & — 36x* + 44x = 1, but with an 
omiſſion of all the terms that involve either the ſquare or the cube of x, and 
then reſolve the ſimple equation reſulting from this ſubſtitution 3 which will 
give us the value of the difference z exact to four, or, at leaſt, to three places 
of figures; and conſequently that of 0.0231 + E, or x, exact to eight, or at 
leaſt, to ſeven places of figures. This might be done in the manner following. 


: The ſquare, of 0.0231 + z is (= 0.0231]* + 2 x 0.0231 X 2 ＋ &c) = 
o. 000, 533, 61 + 0.0462 X z + &c; and the cube of 0.0231 ＋ 2 is (= 


0.0231] + 3 x 0.0231] x 2 + &c = 0.000,012,326,391 + 3 Xx 0.000,533,61 
x 2 + &c) = 0.000,012,326,391 + 0.001,600,83 x z + &c. And 44 x 
0.0231 is = 1.0164. 


Therefore 44x — 36x* + K* will be (= 44 x 0.0231 + 2 — 36 x 


0.000, 533,01 + 0.0462 x X + & C ＋ o. ooo, o12, 326,391 + 0.001,600,83 
x 2 + &c = 1.0164 + 442 — 36 x 0.000,533,61 — 36 x 0.0462 x X + 
0.000,012,326,391 + 0.001,600,83 x z = 1.0164 + 442 — 0.019,209,96 
— 1.6632 x X + 0.000,012,326,391 + 0.001,600,83 x 2 = 
1.016, 412,326, 9 — 0.019,209,96 + 44.001,600,83 x 2 — 1.6632 X12) 
= 0.997,202,366,391 ＋ 42.338,400,83 x z. But 44x — 36x ＋ * is =1, 
Therefore 0.997,202,366,391 + 42.338,400,83 x 2 will be = 1; and 
conſequently 42.338,400,83 x x will be ( = 1.000,000,000,000 — 
0.997,202,366,391) = 0.002,797,633,609, and z will be = 01 5 2 = 
0.000,066,075. Therefore 0.0231 + z will be (= 0.0231 + 0.000,066,075) 
= 0.023,166,075, and conſequently x, or the leaſt root of the propoſed 
equation 44x — 36x* + * = 1, or * — g6x* + 44x = 1, will be = 
0. 023, 166,075. Q. E. I. 


Art. 341. 
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Art. 341. This value of x agrees with the value of it found above in art. 
336, by means of the foregoing theorem, to wit, 0.0243,166,079,526, in the 
firſt eight decimal places of figures, (reckoned, from 5 6 place, of units,) to 
wit, in the figures 0.02 3,166,07 ; from which it ſeems reaſonable to conclude 
that theſe eight figures (which reſult from both theſe methods of inveſtigation, ) 


will be exact. 


But this latter method of finding the figures 0.000,066,07, is much leſs in- 
tricate and laborious than the former method of obtaining them by computing 
the fourth and fifth terms of the infinite ſeries given for the value of y, or x, 
in the foregoing theorem; and therefore, I conceive, ought always to be made 
uſe of in preference to it, for the purpoſe of obtaining the value of x exact 
ro more than the firſt four figures. But, for the inveſtigation of the firſt four 
figures of the ſaid value, I ſhould think the ſeries in the theorem would be 
preferable to the other method. And this will be a very important uſe of this 
theorem; becauſe, in Sir Isaac NewrTon's and Mr. RAPHSON's methods of 
reſolving equations by ſucceſſive approximations to the true values of their 
roots, there is often a good deal of difficulty in finding the firſt near value 
of x, (which is to be the foundation of the ſubſequent proceſſes of approxima- 
tion,) to a tolerable degree of exactneſs; which difficulty the ſaid theorem 


feems fitted to remove. 


Art. 342. I ſhall now proceed to reſolve. a biquadratick equation that has 
all its terms compleat, and in which the terms are marked with the ſigns — 
and + alternately, by means of the foregoing theorem. hs 2 


An Example of the Reſolution of a Biquadratick Equation by means of the 
py ' foregoing Theorem. Eber 


2 * 


Let it be propoſed to find the leaſt root of the biqdadratick equation 
14937 — 1998x* + 80x* — x* = 5000, by means of the foregoing theorem. 


„This is a famous equation that reſults from a very difficult arithmetical 
problem that is mentioned by Dr. WALL1s in his Algebra, Chapter 62 ; and 
it is there reſolved by him to a great degree of exactneſs by the method taught 
by ViETA in his Exegeſis Numeroſa. It has allo been reſolved by Mr. Rarn- 
SON in his Anais Aiquationum Untverſalis, page 27; and oy Dr. HALLE 
in his Tract on the Reſolution of Equations, that was publiſhed, firſt, in the 
Philoſophical Tranſactions for the year 1694, No. 210, and again in the year 
1708, in the Collection of Tracts intitled Miſcellanea Curioſa, Vol. 2, page 85. 


And Dr. HaLLey conſidered it as a very difficult equation. It has four oy 
n 6 an 
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and affirmative roots, of which the leaſt is a fraction, or leſs than 1, as will 
preſently be ſeen. And this leaſt root is that winch I now Propoſe to er 170 


means of the foregoing theorem. 


Art. 343. In the iſt place it will be proper to prove that one of the roots 
of this equation will be leſs than 1. * 


This will appear by obſerving that, if æ is ſuppoſed to be = 1, the com- 
pound quantity 14,937 — 1998xx + 80 — * will be (= 14,937 Xx 1 — 
1998 * 1 ＋ 80 X1—1 = 14937 —1998 + 80—1 = 15,017 1999) =13,018. 
Therefore, while x increaſes from o to 1, the compound quantity 14,937 — 
1998x* + 80x? — * will increaſe. from o to 13,018, and conſequently will 
* through all intermediate degrees of magnitude between o and 13,018. 

will therefore at ſome one inſtant of time during its ſaid increaſe, or during 
the increaſe of x from o to 1, be equal to 5000, which is of an intermediate 
magnitude between o and 13,018; or, in other words, the leaſt root of the 


equation 14,937x — 1998xx + 80 — x4 ooo will be leſs than 1. 
- Q B.'D. 


And hence it follows that the powers of this leaſt root of this 7 uation, to 
wit, x; , x, and Ns will form a decreaſing progreſſion, juſt as the powers 
of y, to wit, , , „, , &c do in the equation ay — by* + i * 
9 — & = 2, which is the ſubject of the foregoing theorem. 


| Secondly, let all the terms of the equation 14,937# — 1998xx + Sor! — 


| 2 Tl 1998x* 80x3 
x* = 5000 be divided by 14,937. And we ſhall have x 14937 146937 
5 


— in. a 8 000 
Te iin which equation the abſolute term 255 „ (which an- 
ſwers to the abſolute. term æ of the equation ay — by* + ch + * — 
&c = 2 mentioned in the foregoing theorem,) is leſs than 1, and but little 


m than 52 . or —; and =o the powers of = , to wit, 


EI N FE £2}, and „ &c, will form a decreaſing pro- 
2 14931 449371 149937 15 937 


greſſion, as z, *, 2, 2 2, &c, do in the ſeries given for the value of y in 
— | * 1998 80x3 a 

the foregoing theorem. The equation x r 

therefore bears the requiſite reſemblance to the equation ay — . + O — . 
— &c = 2, mentioned in the foregoing theorem, to make it capable of 

being reſolved by a compariſon of it with that equation, and a computation 

of the terms of the ſeries given in the ſaid theorem for the value of y, or the 

root of che ſaid equation; which may be done in the manner following. 


Art. 344. Here y is = #, and 2 is = 222 1 , and 4 is = 1, and 3 is = 
12998 


14,937 4937 
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1998 | q * 80 i + * 1 2 | 
19937? and cis = —— — and d is = —, and e, &c are = 0. And, fince 


a is = 1, it follows from art. 331, that y, or x, will be equal to the ſeries z + 
bzz + 20 - Xx 2* + 5% — 5bc TALK 2* + 36*— 216bc ＋ 6b4+ 1468*—e\x 2* 
&c, or (becauſe e is = o) to the ſeries z + bzz + 2b6b—c\x 23 ＋ 5% — 5bc +4] 


* 2+ + 360 — 21% + 6bd +144*) * 25 &c; which ſeries we muſt therefore 
now gompute. | 


In computing this ſeries it will be convenient to compute firſt the values of 
the ce efficients of z, z*, 2*, 2*, and 2*, and then to proceed to the values of 


the ſaid powers of z themſelves; and, laſtly, to multiply the former into the 
latter, and add all the products together. 


The co- efficient, 5, of the ſecond term, bzz, or — — * 22, of this ſeries 
1998 


F997 = 0.133,761,8. And coaſbqucathy Bb i is (= 0. 133,761, 9) = 0.017, 


892, and * is (= o. 133,761, 8 = o. 133,701, $)* Xx 0.133,761,8 = 0.017,892 


* 0.133,761,8) = 0.002,393, and 256 is (= 2 x 0.017,892) = POM 
and 56 is (= 5 X 0-002,393) = 0.011,965. 


The co-efficient, 250 — c, of the third term, 2bb — 4 * 2˙ of this ſcriey i is 
| om — 0 * = 
(3 o. 035,784 — c o. o35, 784 oo 035,784 — o. 05,355) 
0.030, 429. | | 

The co-efficient, 53 — 5be + d, of the fourth term, 56* — 56c * „K 25, 
of this ſeries is (= o. 011,965 — 5 x o. 133,76 1,8 x o. oo5, 355 + 


_ 
0.011,965 — 0.668,809 x 0.005,355 + 0.000,067 = 0.01 1,965 — — 0,003,581 


+ 0.000,067 = 0.012,032 — 0.003,581) = 0.008,451. 

And 36 — 21. + 6bd + 14%, or the co-efficient of the fifth term 
3. — 21bbe + 6bd + 14% x 2*, of this ſeries, is (= 3 X 0.005,355 F — 
21 X . 017,892 X'0.005,255 + 63d + 146* = 3 X 0,000,028 — 21 X 
0.000,099 + 6 + 1444 = 0.000,084 — 0.002,079 + 6 X 0.133,761,8 * 
o. oo, 56) + 14 X 0.017, 892 X 0.017,892 = o. oo, 84 — 0.002,079 + 
6 x o. ooo, o + 14 X o. ooo, 320 = o. ooo, 84 — 0.002,079 + o. ooo, o54 
+ 0.004,480 = o. oo4, 618 — 0.002,079) = o. oo, 539. i 

Therefore the ſeries 2 + bzz + 255 —4 X 2* + 59 — 5be + 4) * 24 + 


3 — 21bbc + 66d + 1449) X 2 will be = z + $1307 X 22 + 0.030,429 
X 2* + o. oo, 451 Xx 2* + o. co, 539 & 25. 


But 
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„ 000 
But z is = = 0.334,739,2- 


Therefore zz will be (= 0.334,739,2 X 0.334,739,2) = 0.112,050 3 
And z“ will be (= 0.112,050 X 0.334,739,2) = 0.037,507 ; 
And 2* will be (= 0.037,507 X o. 334, 739,2) = 0.012,555; 
And 2“ will be (= 0.012,555 X 0.334, 739,2) = 0.004,202. 


Therefore the ſeries 2 + 322 + 2bb — c X 27 + 555 — 5bc TA XxX 2* 


+ 3 Zi + 6bd + 1444) 2“ will be (= 0.334,739 + 0-133,761,8 
X 0.112,050 +. 0.030,429 X 0.037,507 + 0.002,539 X 0.004,202) = 
0.334,739 + 0.014,988 + 0.001,141 + 0.000,106 + 0.000,010 = 
0.350, 984. | | 
Therefore the value of y in the equation ay — “ + of - + & = &c, 
! x __ 1998 80) es 
or the value of x in the equation x Tr Lads > x? r 
= -_ will be_= 0.350,984. And conſequently the value of x in the 
equation 1493) — 1998xx + 8ox? — * = 5000, (which has evidently the 
' . __ i998 80 1 hg 
ſame roots with the equation x —- + I, ** — * = 
TOR which is derived from it by only dividing all its terms by 14,937, 


muſt alſo be = 0.350,984, or the leaſt root of the propoſed equation 14, 937 
— 1998xx + 80x* - x* = 5000 mult be = 0.350,984. . . 1. 


Art. 345. That this number o. 3 50, 984 is very nearly equal to one of the 
roots of the equation 14,937 — 1998xx + 80x* — * = 5000 will appear by - 
ſubſtituting it inſtead of x in the compound quantity 14,937# — 1998 xx + 
80x* -, which forms the left-hand fide of the faid equation, and comparing 
the reſulting value of that quantity with 5000, or the abſolute term of the ſaid 
equation. For we ſhall find the faid reſult to be very nearly equal to the faid 
| abſolute term. For, if x is = 0.350,984, we ſhall have xx o. 123, 1895768, 
and x* = 0.043,237,637, and.x* = 0.015,175,718, and 14,937x = $242.048, 
oog, and 1998xx = 246.133,156, and 80x* = 3.459,010, and conſequently 
14,937 — Ig998xx + 80x* — * (= $242.648,008 — 246.133,156 + 
3-459,010 — ©0.015,175 5246. 107,18 — 246.148,331,) = 4999.958,087 ; 
which differs from 5000, or the abſolute term of the equation 14,937*x — 
1998xx + 80x* — * = 5000 by only 0.041,313, or leſs than the x20,c00th 
part of the abſolute term 5000. Therefore 0.350,984 muſt be very nearly 
equal to the true value of x in the ſaid equatien 14,937* — 1998xx + 80 
— * = 5000. Q. E. D, 


Art. 346. If the value of this root be inveſtigated to a greater degree of 
Vol. III. 5 4 2 . exactneſs, 
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exactneſs, it will be found to be = 0.3 50,987,046,1 &c. So that the 8 
going value of it, o. 3 50, 984, is exact in the five firſt places of figures o. 3 50, 98. 


Art. 347. Dr. HALLE x, in treating of this equation, has inveſtigated another 
of its roots, which he has found to be = 12.7 56, 441,794,480, 744, 2. And, 
by means of theſe two roots, the equation may be reduced, by the operation 
of diviſion, to a quadratick equation, the roots of which will be the ſame with 

the two remaining roots of this equation. | 
Art. 348. In computing the leaſt root of the equation 14, 93) — 1998xx 
+ 80x* — x* = 5000, by means of the foregoing infinite ſeries z + 22 4 


2 — N 2* + 56 — 5be + 4\X 2% + ge* — 216be + 6bd — 146 X 2, 
I took in the. fourth and fifth terms of the ſeries, in order to find to what de- 
ree of exactneſs the whole five terms would exhibit the value of the root x. 
But otherwiſe, and if my object had been only to obtain the value of x exact 
to ſix or ſeven places of figures, I ſhould have contented myſelf with com- 
puting only the firſt three terms of the ſeries, which are 0.334,739, 0.014,988, 
and 0.001,141, and theſe only to the four firſt places of figures ; which would 
have given us 0.3347 + 0.0149 «+ 0.0011, or 0.3507, for the value of y, or x, 
or the leaſt root of the equation 14,937 = 1998xx + 80x* — x* = 5000, 
of which value the three firſt figures 0.350 would have been exact. And I 
ſhould then have proceeded to ſrek a nearer value of x by making this firſt 
near value of it, or 0.3507, the foundation of a nearer approach to its true 
value by Mr. Raynson's-or Sir Isaac Newton's methods of approximation 
above-mentioned. , This may be done in the manner following. 


Art. 349. Let 0.3507 be ſubſtituted inſtead of x in the compound quantity 
14,937 — 1998xx + 80x* — , which forms the left-hand fide of the pro- 
poſed equation 14,937x — 1998xx + 80x* — K = 5000, in order to diſco- 
ver whether the reſulting value of the ſaid —— quantity will be greater, 
or leſs, than 5000, or the abſolute term of the ſaid equation, and conſequently 
whether o. 3 50% is greater, or leſs, than the true value of x in the ſaid 

equation. = 


Now, if x be ſuppoſed to be = 0.3507, we ſhall have xx = 0.122,990,49, 
and x* = 0.043,132,764,843, and x* = 0.015,126,660,630,440,1, and 
14,937x (= 14,937 X 0.3507) = 5238.4059, and 1998 (= 1998 X 

o. 122, 990, 49) = 245.734,999,02, and 8ox? (= 80 X o. o43, 132,764, 843) 
3.450,62 1, 18,440; and conſequently 14,937 — 1998xx + 80 * — & (= 
5238.4059 — 245734, 999, ũ 2 + 3.450, 621, 18,440 — o. 015, 126, 660, 630, 
440, 1 = 5241.8 56, 521 1 77 — 245.7 50, 125, 680, 630, 440, 1) = 4996. 106, 
395, 506, 809, 559, 9; which is ſomewhat leſs than 5000, or the abſolute term 
x the propoſed equation 14,937 — 1998xx + 80x* — x* = 5000. There- 
fore 0.3507 is ſomewhat leſs the true value of the leaſt root of the ſaid 


equation. ; Q E. I, 
2 Art. 350. 
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A 350, Let the difference between o. 350 and the true value, of, x be 
el Zs 


" we ſhall hon have 


= 0.3507 + 2, | 

And as (503507 + 2* =,0.3507\* +2 X 0.3507 X * + &) = 
0. 122,990, 49 + 0.7014 & 2 + &c; 

And & (= "0.3507 + 2)* = 0.3507]* + 3 & 0.3507]*.Xx 2 + & = 
0. o43, 132, 764, 843 + 3 X 0.122,990,49 X 2 + &c). = 
o. o43. 132,764, 843 + 0.368,971,47 X 2 + &c; ine 
| And * (= 0.3507 + 21}* = 0.3507 | + 4 * 0.3507|* Xx X ＋ &c = 
o. 01 5, 126,660, 630, 440, 1 + 4 X o. 043, 132,764, 843 X z + &c) 
= d. ol 5, 126, 660, 630, 440, 1 + o. 172, 531, 059, 372 X 2 + &Cc 3. 


And 14,37 (= 14937 X 0.3597 + 3 = 14,937 X 0.3507 + 149937 X 2) 
= 5238.4059 + 14,937 Xx 23 


And 1998xx (= 1998 & 0.122,990,49 + 0.7014 X X + &, 


= 1998 & o. 122,990, 49 + 1998 * 0.7014 X 2 ＋ &c) 
= 245.734, 999, ＋ 1401.3972 * 2 + &c; 


And 80 K 2 80 X 0.043132,704,843 + 0.308,971,47 XZ -- &c 
= 8 X 0.043,132,764,843 + 80 x 0.368,971,47 * 2 + & 
= 3.450,621,187,440 + 29.517,717,60 M 2 + &c. 
Therefore 14,937 — 1998xx + 80x* — * will be 
5 5238.40 + 14,937 * 2 ©: 
— 245-734,999,02 — 1401.3972 X 2 — &c 
+ 3-450,621,187,440 + 29-517,717,60 Xx 2 + & FF. 
|— 0.01 5,126,660,630,440,1 — 0.172,531,059,372 * 2 ＋ &c J 
_ { $241.856,521,187,440 + 14,966.517,717,60 Xx 2 
— 245.750,125,680,630,440,1 — 1401.569,731,259,372 X 2 } 
= 4996. 106, 395,506, 809, 559,9 + 13,564-947,986,340,628 X 2. 
But 14,937 — 1998xx + 80* — * is Fooo. 

Therefore 4996. 106, 395, 506, 809, 559,9 + 13,364 947,586, 300 ba * 2 
will alſo be = 5000. And conſequently 13, 564.947.986, 340, 628 * 2 will be 
= Fooo. ooo, ooo, ooo, ooo, ooo, o — 4996. 106, 395, fo6, 809, 559,9) = = 
3-893,604,493,190,440,1; and 2 will be (=> 2 atone) = Y 

0.000, 


4 Z 2 
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o. ooo, 28), oz. Therefore 0.350% + 2, or x, will be (= 0.3507 + o. ooo, 287,03) 
-= o. 350, 987, og, or the leaſt root of the propoſed equation 14, 937 — 1998 
+ 80x? — * = Sooo will be = 0.350,987,03. Q. E. 1. > 


Art. 351. This number 0.350,987,03, found by the foregoing proceſs for 
the value of x, is true in the firſt ſeven figures 0.350,987,0, and is leſs than 
the true value of x by only an unit in the eighth figure, which ought to be a 4 
inſtead of a 3, the more accurate value of x being (as we before obſerved,) = 
0. 350,987, o46, 1. This approximation therefore to the value of x, by Mr. 
Raenson's method, has given us four new figures of the ſaid value exact, or 
has more than doubled the number of figures that were exact in the firſt near 
value of x, to wit, 0.3507, which we had obtained by computing only the 


three firſt terms, z + 322 + 2454 — (| x 25, of the infinite ſeries given by the 
foregoing theorem. And, if we were to repeat this approximation by ſubſti- 
tuting 0.350,987,03 + v, or only 0.350,987,0 + v, or o. 350.987 + v, in- 
ſtead of x, in the equation 14,937 — 1998xx + 80x* = * = 5000, with an 
omiſſion of all the terms that involve either the ſquare, or cube, or fourth power 
of v in them, and were to reſolve the equation ariſing from ſuch ſubſtitution 
as a ſimple equation (as we juſt now reſolved the foregoing transformed equa- 
tion reſulting from a ſimilar ſubſtitution of 0.3507 + 2 for x in the ſame 
equation 14,937 — 1998xx + 80x* — x* = 5000,) the value of 0.350,987,0 
+ v, or of x, that would be obtained by fuch refolution, would give us the 
value of - x exact to not tefs than fourteen places of figures. And this I take to 
be the very beſt method that can be employed to find the value of x to this 
great degree of exactnefs. But, if we wiſh to diſcover the ſaid value only to 
three, or four, places of figures in any cubick, or biquadratick equation, or 
in any equation of a higher degree than a biquadratick, when the equation 
has all the properties above-deſcribed, that is, when it has all its terms com- 
pleat, and its terms are marked with the ſign — and the ſign + alternately, 
and one of its roots is leſs than 1, and its abſolute term is leſs than the co- 
efficient of x in its loweſt term (as is the cafe in the equations x* — 36xx + 
44x = 1, or 44x — 36x* + #3 = 1, and 14,937 — 1998xx + 80x* — & = 
5000, which we have juſt now been confidering,);—l ſay, when we wiſh to 
diſcover the value of the leaſt root of any ſuch equation to only three, or four, 
places of decimal figures, we are warranted, by the reſults of the foregoing 
computations relating to the ſaid two equations, in concluding that the com- 


putation of the firſt two or three terms of the ſeries 2 + bzz + 2bb — (| X 23 
+ &c, given by the foregoing theorem, will be the ſhorteſt and eaſieſt method 


that can be taken for that purpoſe. 


Art. 352. But there is another method of inveſtigating the two or three firſt 

figures of the leaſt root of any equation (which may, by its form, be ſuppoſed 
to have more than one root,) that is not reſtrained to equations that have the 
properties above-deſcribed, but extends to all equations whatſoever, that have, 


or ſeem to have, more than one real and affirmative root, whether they have, 
Os or 
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or have not, all their terms compleat, and whether they are marked with the 
ſigns — and + alternately, or ſome of the terms that are contiguous to each 
other are marked with the ſame fign, and whether the leaſt root of the equa- 
tion is, or is not, leſs than 1. And this method is founded on a very clear 
and ſimple principle, that may very eaſily be retained in the memory, and 
applied, as occaſion offers, without any danger of perplexity. And therefore I 
think it will not be amiſs to deſcribe it and illuſtrate it by an example, or two, 
before I quit this fubje& of equations. It is as follows. 


A General Method of inveſtigating the two or three firſt Figures of the leaſt Root of 
| an Equation that has more than one real and affirmative Root. 


— —  — — ——-— =_ 


Art. 353. In many equations of all degrees, it is eaſy to perceive that 
they can have but one root, that is, but one real and affirmative root. For, 
as to negative roots, they are in truth the real and affirmative roots of other 
equations conſiſting of the ſame terms, or members, as the equations of which 
they are ſaid to be the negative roots, but differently connected with each other 
by the figns + and —: and, as to impoſſible roots, they are mere imaginary 
quantities, of which the mind can form no idea ; and they are called roots of the 
equations they belong to, only becauſe, if they are ſubſtituted in the ſaid equa- 
tions inſtead of x, they will make the left- hand ſides of the equations be equal to 
their ſeveral abſolute terms reſpectively; or, in other words, becauſe, if they are 
ſquared, and cubed, and raiſed to the fourth, or fifth, or other higher, powers, 
and the ſaid ſquares, and cubes, and other powers of them, are multiplied into 
the co-efficients of the ſame powers of x in the equations to which they belong, 
they will make the left-hand fides of ſuch equations be equal to their ſeveral 
abſolute terms reſpectively. But it is impoſſible to ſquare, or cube, or mul- 
tiply, a quantity that cannot exiſt, or a non- entity; and therefore all that is 
ſaid about theſe impoſſible roots is little better than ſtark nonſenſe, and tends 
only to darken and diſgrace the Science of Algebra, Nor can I conceive the 
ſmalleſt reaſon for ever mentioning theſe roots, or indeed negative roots, in 
| books of Algebra, unleſs it be to ſupport the truth of a favourite poſition con- 
cerning equations that has been laid down. by modern writers of Algebra, to 
wit, „that every Algebraick equation has as many roots as there are units in 
the index of the higheſt Jowens of x contained in it;“ which poſition would, 
without the admiſſion of negative and impoſſible roots, be. moſt eminently 
falſe. For many equations of all degrees have in truth only one root, or 
quantity, really exiſting, and of which we can form a clear conception, that, 
being ſubſtituted inſtead of x in the terms of the left-hand fide of the equation, 
will make the reſult of them be equal to the abſolute term of the equation, 

And 


* 
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And it is often eaſy to perceive that theſe equations can have but one ſuch 
root, though their terms may involve in them the cube, or the fourth power, 
or the fifth power, or any higher powers, of the unknown quantity x ; of which 
I will mention two, or three, of the moſt remarkable inſtances. 


Art. 354. In the firſt place, when all the terms on the left-hand fide of the 
equation, or that involve in them any powers of the unknown quantity x, are 
added to each other, or connected together by the fign +, it is obvious that 
ſuch an equation can have but one root. | | 


Thus, for example, if the equation be x* + 36xx + 44x = 1, it is evident 


that x can have but one value. For, if x were to increaſe from its firſt value, 


or the value which it has when the compound quantity x* + 36x* + 44x be- 
comes firſt equal to the abſolute term 1, to any greater magnitude, each of 
the three quantities x*, 36x*, and 44 would, at the ſame time, increaſe con- 
tinually, or without ever decreaſing, from its firſt value to a greater quantity, 
and conſequently their ſum x* + 36x* + 44x would allo increaſe continually, 
or without ever decreaſing, from its firſt value, or 1, to a greater quantity, and 
therefore could never become a ſecond time equal to 1. - 


And, in like manner, the biquadratick equation & + 80x* + 1998x* + 
14,937 = $000 can have but one root, For, if x were to increaſe from its 
firſt value, or the value it has when the compound quantity &“ + 8o0x* + 
2998x* + 14,937x is firſt equal to 5000, to any greater quantity, each of the 
four terms , 80x*, 1998x*, and 14,937x would increaſe at the ſame time 
continually, or without ever decreaſing, from its firſt value to ſome greater 
quantity; and conſequently their ſum, or the compound quantity x* + go 
+ 1998x* + 14,937x, would alſo at the fame time increaſe continually, or 
without ever decreaſing, and therefore could never become a ſecond time equal 
to the abſolute term 5000. : 


And the like would be evident in any other equation whatſoever, in which 


all the terms on the left-hand fide of the equation, or all the terms that in- 


volve in them the powers of x, were added to each other, or connected to- 
gether by the ſign +. Therefore every ſuch equation can have but one 
root. a | 


Art. 355. Secondly, when the term that involves the higheſt power of x is 
ter than the ſum of all the other terms on the left-hand fide of the equa- 
tion, and the exceſs of the ſaid term above the ſaid ſum of all the other terms 
on that ſide of the equation is equal to the abſolute term of the equation, (as, 
for example, if x* is greater than 36xx + 44, and & — 36x* — 44x is 
equal to 1 ; or, if * is greater than 8ax* + 1998xx + 14937x, and x* — 
80x* — 1998xx — 14,937 is equal to 5000 ;) the equation can have but 


one root. And this root will be greater than the value of x that would re- 


ſult from a ſuppoſition that the abſolute term of the equation was equal to o. 
Thus, 
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Thus, for example, the root of the cubick equation x* — 36* — 44x = r 
muſt be greater than the root of the equation * — 36x* — 44x = o, or than 
the root of the quadratick equation xx — 36x — 44 = ©, or xx — 36x = 44; 
and the root of the biquadratick equation x* — go — 1998x* — 14,937x = 
$600 will be greater than the root of the equation x* — 80x? — 1998xx — 
14,937 = ©, or than the root of the cubick equation x 80 — 1998x — 
14,937 = o, Or x* == $oxx — 1998x = 14,937. + 


Art. 356. The truth of theſe poſitions will be evident from conſidering the 
manner in which the ſeveral terms involving the powers of x in any of theſe 
equations will increaſe while x increaſes from q ad infinitum. 


For, when x is very fimall, all the other terms on the left-hand fide of the 

equation, which will involve x*, &, X, &c, wilt be much ſmaller than x, 4 
the ſaid powers of x being continued proportionals to 1 and x, And x may be 
taken of ſo ſmall a magnitude that the proportion of x to x* ſhall be greater 
than any ratio of majority that ſhall have been aſſigned. But, as x increaſes, 
the other terms, (which involve x*, x*, „, &c,) will increaſe faſter than x; 
and the ratio of x to & will decreaſe continually, from having been a very 
great ratio of majority, till it becomes a ratio of r when x 1s equal to 1. 
And at this time all the powers of x, to wit, , XI, *, x*, &c, will be equal 
to each other and to 1. And, when x increaſes further from 1 to a greater 
magnitude, x* will be greater than x, and likewiſe than à and x*, and its in- 
crement in any given portion of time will be greater than the contemporary 
increment of x, and likewiſe than the contemporary increments of either of the 
other powers of x that are lower than itſelf, ro wit, x* and x*. And, by this 
means, *, from having been leſs than eicher 14,937x, or 1998xx, or 80x*, 
will gain ground upon them, and, at fome one point of time, become equal 
to the ſum of all the three together; and at this time the compound quantity 
** — 80x* — 1998x* — 14,937x will be equal to o, and the value of x will 
be the root of the biquadratick equation x* — 80x? — 1998x* — 14,937#= o, 

or the root of the cubick equation x? 8 — 1998x — 14,937 = ©, or 
x3 — 80x* — r9g98x = 14,937. And, when x increaſes further from this value 
ad inſinitum, the increment of x* (which has already been greater than the ſum 
of the contemporary increments of 80x?*, and 1998x*, and 14,937x, ſo as to 
enable x*, from having been at firſt leſs than either of the three quantities, to- 
become equal to all the three put together,) will continue to be greater than 
the ſum of the three contemporary increments of thoſe three quantities, 8ox?, 
1998x*, and 14,937x, and in a continually-increafing, ratio of majority. And. 
conſequently the compound quantity x* — 80 — 1998x* — 14,937x, or the 

exceſs of the ſingle quantity x* above the ſum of the three quantities 8, 
1998x*, and 14,93,7x, will increaſe continually, or without ever decreaſing, 
from o ad inſinitum, while x increaſes from being equal to the root of the 
cubick equation x* — 80x* — 1998x = 14,937 ad infinitum. Therefore the 
ſaid compound quantity x* — 80x* — 1998x* — 14,937x will, at ſome one 
inſtant or time during its ſaid increaſe from o ad infinitum, become equal 2 
8 abſolute 
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; abſolute term 5000, or to any other given quantity whatſoever ; but it will be 
equal to ſuch quantity only once during its ſaid increaſe from o ad infinitum. 
And conſequently the equation &“ — 80x? — 1998x* — 14,937# =" 5000 can 
have but one root, and that root muſt be greater than the root of the biqua- 
dratick equation * — 80 — 1998x* — 14,937x = ©, or than the root of 


the cubick equation x* — 8o0x* — 1998x = 14,937. . E. b. 


And it is evident that the ſame things will take place in any other equation 
whatſoever, in which the term that involves the higheſt power of x is greater 
than the ſum of all the other terms of the equation that involve the other, or 
inferiour, powers of x, and its exceſs above the faid ſum is equal to the abſo- 
lute term, or in which all the terms on the left-hand fide of the equation, ex- 
cept that which involves the higheſt power of x, are ſubtracted from that term, 
and conſequently marked with the ſign —. 


Art. 357. In the third place, when the term that involves the higheſt power 

of x in the equation is added to the next term, or term involving the next 

er of x, or to the two next, or the three next terms, or any greater num- 

r of the terms next following it, and their ſum is greater than the ſum of 

all the remaining terms on the left-hand fide of the equation, or than all the 

other terms that involve the lower powers of x, and the latter ſum is ſubtracted 
from the former, the equation can have but one root. 


Thus, for example, the equation & + 80x* — 1998x* — 14,937x = 5000, 
and the equation x* + 80x* + 1998x* — 14,937x = 5000, can have but one 
root a-piece, And all the following equations will have but one root a- piece, 


to wit, 


* ＋ gif — gif — 73% = r — 11 — 13x = 15, 

and x7 + gx* + Fr — 7 — ge — 11K — 13x = 15, 

and * + 3 + F + 7 — 9 — 118 — 13x = 15, 
and x? + 3* + 5x* + 7x* + 9x87 — 11* — 13x = Is, 


and & + 3x* + 5x5 + 73% + 9x37 + 118 — 13K = 15, 


This will eafily appear from reaſonings concerning the manner in which the 
ſeveral rerms involving the powers of x increaſe, and in which the exceſs of 
the ſum of the terms involving the higher powers of x above the ſum of the 
terms involving the lower powers of x increaſes, exactly fimilar to the reaſon- 
ings uſed in the foregoing article. And therefore I do not think it neceffary 
x, 1 more particular in the proof of it. ; 


Art. 358. And there are ſome other caſes in which we may be ſure before- 
hand that an equation has only one real and affirmative root, though the ſigns 
of the terms on the left-hand fide of the equation ſhould vary from + to — 
and from — to + two or three times, or oftener. But theſe caſes are more 
difficult to diſtinguiſh and aſcertain than the three caſes before-mentioned. And 


therefore I ſhall ſay nothing further concerning them. 
N Art. 359. 
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Art. 359. In all the caſes above-deſcribed, and, in all others where we know 
before-hand that the equation that is to be reſolved has only one real and 
affirmative root, the beſt way of beginning the inveſtigation of the value of its 
root, in order to approximate further to it afterwards by Mr. RArnsox%s 
method above-mentioned, (if the conditions of the Problem from which the 
equation is derived do not themſelves point out certain limits of the magnitude 
of the ſaid root, which will afford us a ſufficiently near value of it to begin 
our approximation with, which they often will be found to do,) will be that 
invented by STEvinus, a Mathematician of Bruges in the Spaniſh Netherlands, 
who flouriſhed in the beginning of the laſt century, and died in the year 1633. 
This method is as follows. | 


Since the propoſed equation can have but one real and affirmative root, it 
is evident that the whole compound quantity which forms the left-hand fide of 
the equation will increaſe continually, or without ever decreaſing, at the ſame 
time that x increaſes. Therefore, if we ſubſtitute any particular value for x in 
the ſaid compound quantity, and we find that the value of the ſaid compound 
quantity arifing from ſuch ſubſtitution 1s greater than the abſolute term of the 
propoſed equation, we may conclude with certainty that the ſaid ſubſtituted 
value of x is greater than the value of x in the propoſed equation, or than the 
root of the ſaid equation: and, if the value of the ſaid compound quantity 
ariſing from ſuch ſubſtitution is Jeſs than the abſolute term of the equation, 
we may conclude with certainty that the ſaid ſubſtituted value of x is leſs than 
the root of the ſaid equation. Let us therefore firſt ſybſtitute 1 inſtead of x in 
the ſaid compound quantity, and try what the reſult will be; and, if the reſult is 
much leſs than the abſolute term of the equation, and conſequently x is much 
leſs than the true root of the equation, let us in the next place ſuppoſe # to be 
equal to 10, or to , or to 8, or to 7, or ſuch other number conſiſting of one 
or at moſt two figures, which we conjecture to be neareſt to the true value of * 
in the propoſed equation; and let this ſecond conjectural value of x be ſubſti- 
tuted inſtead of x in the ſaid compound quantity which forms the left-hand 
ſide of the equation. And thus, by a few eaſy trials, we ſhall ſoon find a 
value of x that will he true to at leaſt one figure, and without much diffi- 
culty we may find a value of it that ſhall be true in the two firſt places of 
figures; and we ſhall know at the ſame time whether the faid value is greater 
or leſs than the true value of x in the propoſed equation; | becauſe it will be 
greater, if the reſult of the ſubſtitution of it in the aforeſaid compound quan- 
tity, which forms the left-hand fide of the equation, is greater than the abſo- 
lute term of the equation; and it will be lefs, if the ſaid reſult is leſs than the 
ſaid abſolute term. And from this firſt near value of x, ſo obtained by theſe 
eaſy trials, or ſubſtitutions, we may begin our approximation to a more exact 
value of x in the manner deſcribed by Mr. Rayrnsoxn, and which has been 
exemplified above in art. 340 and 350. Nothing more therefore need be ſaid 
on the reſolution of equations of this kind, which we know before-hand to 
have but one real and affirmative root. 
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The foregoing method of finding the two firſt figures of the root of an equa- 
tion of this kind is very fully illuſtrated by judicious examples by the learned 
Mr. Jonx KxRSEV, in his excellent Treatiſe of Algebra, publiſhed in the 
latter part of the laſt century, in the years 1673 and 1674, in two volumes, 
folio, than which, I believe, there is not a better Treatiſe on that ſubject to 
be met with. See Vol. I, Book II, Chapter X, pages 265,266, 267. 


\ Art. 360. But, when we meet with a cubick, or a biquadratick, equation, 
or an equation of any higher order, in which there are two, or more, changes 
of the figns + and — that are prefixed to the terms that involve the powers 
of x, and in which conſequently there are, or, at leaſt, may be, for aught we 
know to the contrary, two or more real and affirmative: roots, or different 
values of x, which, being ſubſtituted inſtead of x in the terms that form the 
leſt- hand fide of the equation, will make the reſult of them equal to the right- 
hand fide of it, or its abſolute, or known, term, it is often difficult to know 
which root we had beſt begin to inveſtigate. And, if we make conjectures 
concerning the middle values of x, or if we make conjectures concerning its 
values in general, and the quantities we pitch upon for one of its values are 
greater than its leaſt value and nearer to one of its middle values, and we ſub- 
== one of theſe quantities inſtead of x in the compound quantity that forms 

the left-hand fide of the equation, and we find, after ſuch ſubſtitution, that 
the value of the ſaid compound quantity thence ariſing is greater than the 
- abſolute term of the equation, we ſhall not be able to conclude from thence 
that the ſaid conjectural value of x is greater than its true value; nor, vice verſa, 
if the value of the ſaid compound quantity reſulting from ſuch ſubſtitution is 
leſs than the abſolute term of the equation, ſhall we be able to conclude that 
the ſaid conjectural value of x is leſs than its true value. For, in theſe equa- 
tions which have more than one real and affirmative root, the compound quan- 
tity which forms the left-hand fide of the equation will ſomctimes decreaſe at 
the ſame time that x increaſes, as may be ſeen in Chap. X, pages 71, 72, &c 
- - - go, of my Diſſertation on the Uſe of the Negative Sign in Algebra. 
In theſe equations therefore, which have, or ſeem to have, more than one real 
and affirmative root, there is often a good deal of difficulty in knowing how 
ro ſet about the reſolution of them by Mr. Raenson's method of approxima- 
tion. And, I believe, it will uſually be found expedient in theſe caſes to 
confine ourſelves to the inveſtigation of the leaſt root, or value of x, in the 
equation. For from the foregoing reaſonings concerning the increaſe of 
from o ad infinitum, and the contemporary increaſe of each of the terms in the 
equation that involves x, and the contemporary increaſe, or decreaſe, of the 
whole compound quantity that forms the left-hand ſide of the equation, it is 
evident that in the firſt part of the increaſe of x from o ad infinitum, or while it 
increaſes from © till it becomes equal to the leaſt root of the propoſed equation, 
the ſaid compound quantity will increaſe with it continually, or without ever 
decreaſing, though afterwards, when x is greater than the ſaid lcaſt root, the 
faid compound quantity will, if the equation has more than one :eal and 
- affirmative root, ſometimes decreaſe while x increaſes. This circumſtance 
will 
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will enable us to make our conjectural approaches to the value of the ſaid 
leaſt root of the equation with more facility and perſpicuity than to the 
other roots of it, and will enable us to conclude with certainty whether the 
value we have either aſſumed by a conjecture, or found by any previous 
method of inveſtigation, for the ſaid leaſt root of the equation, or leaſt value 
of x, is greater, or leſs, than its true value. And on this account I am much 
inclined to think that the beſt way of reſolving an equation of this' kind 1s to 
begin with the inveſtigation of its leaſt root. And the method I would recom- 
mend for this purpoſe is a very ſimple and eaſy one, being grounded on the 
following obvious propoſition. | 


— — —k — . — —— ͤ—̃— 


A LE ñIM MA. 


— — — 


Art. 361. If there be any equation involving ſeveral different powers of 
the unknown quantity x that are connected with each other both by addition 
and ſubtraction, or by both the ſigns + and —, ſuch as the equation x? — 
kx* + Is* — mx* + ur — pr + qx = r; and there be another equation that 
has the ſame abſolute term 7 as the former equation, but has only ſo many 
terms in the lefi-hand fide of it as there are terms in the left-hand fide of 
the former equation connected together by the ſign +, which are four, to wit, 
x", Ix*, nx*, and gx; and, if the powers of y involved in theſe terms are the 
ſame as the powers of x involved in the ſaid terms of the firſt equation which 
are connected together by the ſign + ; and, if the co-efficients of the ſaid 
powers of y in the ſecond equation are the fame as the co-efficients of the 
ſame powers of x in the firſt equation ; and, laſtly, if all theſe terms of the ſaid 
ſecond equation involving the faid powers of y be added to each other, or 
connected together by the fign + : So that the ſaid ſecond equation ſhall 
be * + h + Y + gy = Then will the value of y, or the only root of 
the ſecond equation * + t Y + gy = rx, be leſs than the leaſt root of 
the firft equation x? — kx* + [x* — mx* + nx? — pr + gu = 7. 


DEMONSTRATION, 


———__—— 


If there be two equations x7 + I + nx? . + D, and) + * + 
ny T =r, in both which the terms which form the left-hand ſides of the 
equations are connected together by the ſign ＋, and involve the very ſame 


5 A 2 powers 
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powers of the two unknown quantities x and y multiplied into the very ſame 
co-efficients 1, % n, and 9g, but the abſolute term of the former equation ex- 
ceeds the abſolute term of the latter equation by any given quantity called D, 
it is evident, from art. $54, that x, or the only root of the former equation 
* + I + ur + q&x =r + D, will be greater than y, or the only root of 
the latter equation 7 + 5* + 9? + gy = 7. * 


Now let the three terms x, mx*, and px* in the equation x? — kx* + 125 — 
ma* + nx* — p + g# = r, which are marked with the ſign —, be added 
to both ſides of the equation. Then, it is evident, we ſhall have x7 + [x5 + 
mx? + gx = r + ki* + mx* + px); which will have the very ſame roots as 
the former equation x? — kx* + I — mn + ns? — px* + gs = r, becauſe 
it is only the ſame equation under another form. Therefore the leaſt root of 
the equation x” + /x* + nm? + gx = r + kif + n + px* will be allo the 
leaſt root of the equation x7 — kx* + Ix* — ma“ + ni — pr + ge = r. 


Let the leaſt root of this equation & — A + Ix — m + nx — p + 
= r be called a, and its other roots, if it has any other roots, be denoted 
by the letters &, c, d, &c. 


Then it is evident that the trinomial quantity &x* + mx* + px* will have as 
many different” values as there are different values of x, or different roots of 
the equation x” i + I — mx* + mf — p + rr, of of the equation 
* + ＋ u + gz =r + b* + mx* + px, and will be equal either to the 
trinomial quantity ta + ma* + pa*, or to the trinomial quantity 4 + mb* 
«+ p#, or to the trinomial quantity &“ + mc* + pc, or to the trinomial quan- 
tity kd + md* + pd, &c; and the equation “ + I + * + gx =r + 
* + m. + pr will repreſent as many different equations, having one root 
a-piece, as it has different roots, to wit, 1ſt, the equation x” + /x* + mn + 
qx = r ta“ ＋ ma* + pa*, which will have only one root, to wit, a; and, 
2dly, the equation x? + Ix* + mf + gx = r + kb* + mb* + pb, which will have 
only one root, to wit, 4; and, in like manner, the equations x” + A + u + gx 
=r +k*+m*+ pc, and * ＋ Ir +1 ＋ % = r + kd + md* + 
p, &c, which have each only one root, to wit, e, and 4, &c, reſpectively. 

herefore, if we ſubſtitute, inſtead of the trinomial quantity &x* + mx* + px, 
any one of its particular values, ka* + ma* + pa*, or % + mb* + pb, or 
ke* + mc + pc, or d + md* + pd, &c, in the equation x? + I + ux 
+ gx = 1 + kbx*.+ mx* + px*, the equation thence ariſing will not have ſe- 
veral different roots, as the ſaid equation x? + I ＋ 1 + gx = r + ke + 
mx* + px* had, but only one root, to wit, that root of the ſaid general 
equation which was. ſubſtituted inſtead of x in the trinomial quantity & + 
mx* o+ pr.. 8244 

Let us therefore ſuppoſe the trinomial quantity &x* + mx* + px* to be equal 
to the trinomial quantity ka* + ma* + pa*, which is its leaſt value; and let 
ka* + ma* + pa* be denoted by the letter D. 

Then will x” + I + nx? + gx be = r + D; and this equation will 

| ut 
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but one root, which will be equal to a, or the leaſt root of the equation x? + 
It + 18 + g* = ie + met + px, or of the equation “ — kx* + I 
— Mx + nx + 4 r. 


But it has been \pbſerved above, that the root of the equation x” þ+ 5 + 
n +qx = r D Will be greater than the root of the equation y” + 5˙ + 
ny* + I = r. | | 

Therefore the leaſt root ef the equation x? + I + ur + g = r + kf 
+ mx* + px*, or of the equition x? — K + /x* — mx* + ur — p + 9 
= 7, will be greater than the rodt of. the equation y + . + Y ＋ gx=r; 
or the root of the equation 57 + . + Y + gy = r will be leſs than the 


leaſt root of the equation & — K + Ix* — mx* + u — p + g r. 
2 2 E. D. 


* ww 4% ++ % „ + „ 4.4 + 4«i4i,ck — 
— r — 


The Application of the foregoing Lemma to the Inveſtigation of @ near Value of the 
Leaſt Roos of an Equation that has more than One real and affirmative Root. 


— —— — — 


Art. 362. This Lemma being perfectly underſtood, I would propoſe to be- 
gin the reſolution of any equation of the foregoing form & — kx® + It5 — 
m + 1 — pr + gx = x, (or in which there are two, or more changes of 
the ſighs, + and —, of the terms that involve the unknown quantity x,) by 
finding the fole root of the equation y7 + 55 + ff + gy = r, which is 
rived from the former equation by dropping all the terms that have the ſign 
— prefixed to them, and by ſubſtituting y inſtead of x in the remaining terms. 
This root I would find in the manner preſcribed by Srxvixus and Kersey, 
to about two places of figures, and would denote it by the ſmall Greek letter a, 
to diſtinguiſh it from a, or the true value of the leaſt root of the original equa- 
tion x7 — ＋ I — n + ni —px ＋ g = r, or * + I + Ar + gs 
= rie + mx* + px*, or of the fole root of the equation x? ＋ + nx* 


+ qu = 7 ke + ma# + pa*; than which, by the foregoing Lemma, it 


would neceflarily be leſs. And this quantity « I would conſider as the firſt near 
value of 4, or the leaſt root of the equation x” — kx* + I — m + * 


p + qu r, which we are ſeeking. 


Art. 363. In the next place I would ſubſtitute a inſtead of x in the com- 
pound quantity & - + Ix* — n + Au — px* + gx, (which forms the 
left-hand fide of the equation x? — kx* + K — mx* + mx — p + ge = ,) 
in order to find how far the value of the ſaid compound quantity reſulting 
from this ſubſtitution, or how far the compound quantity a? — EA + Ia — 
ma* + na — p + ga, | wes will neceſſarily be leſs than the abſolute term r,) 
will fall ſhort of the abſolute term r. And, if I found that the ſaid com- 


pound quantity * — Ka + la — ma + na — pa + ge was conſiderably 
| leſs 
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leſs than the abſolute term r, as, for example, not more than two third parts 
of it, I would increaſe the abſolute. term.” of the equation * + þ* + ww + 
gy = 7 by the addition of the three terms ka*, ma“, and pa, and would ſeek 
the root of the new equation thence ariſing, to wit, the equation y? + 5 + 
* + gy = 7 E ma + ga, to two places of figures, by the method 


* 


of Srrwixus and KERSEr, in the ſame manner as we had before found the 


root of the equation y* + /y* + h + gy = nr; and this root I would denote 
by the ſmall Greek letter s. pod „Baus! 


Art. 364. This quantity e, being the ſole root of the equation 95˙ + +5 + 
ny* + gx = r + t + ma! + pa, would be greater than a, or the ſole 
root of the equation 9˙ + h + 9? + gy S , becauſe the abſolute term 
1 + ka" + ma* + pa of the former equation is greater than r, or the abſo- 
lute term of the latter equation, And it will be leſs than a, or the ſole root 
of the equation x? + I + nx* + % = + Ka“ + ma' + pa', becauſe the 
abſolute term 7 + La“ + ma! + pa is leſs than the abſolute term r + ka* 
+ na! + pa. Therefore it will be of an intermediate magnitude between a 
and a, and will approach nearer to à than the quantity « did, and conſequently 
may juſtly be called the ſecond near value of a, or of the ſole root of the equa- 
tion x? ＋ /x* + u + gx = r + ka" ＋ na. + pa*, or of the leaſt root of the 
equation x? + A + nx? + gx = Tr + A + mx* + px*, or of the equation 
 — kb + If Ml + u —pxf + gr r. | 1 


Art. 365. Having thus found theſe two near values, à and &, of a, or the 
leaſt root of the original equation x7 — kx* + I — mx* + ns) — pr + gs 
= 7, by reſolving the two equations y' + 5* + . +gy=-r and y! + +3 
+ * + = 7 + ka“ + ma“ + pa in the manner preſcribed by STz- 
vixnus and KERSE Y, I would denote the difference by which the ſecond of 
theſe near values of 4, to wit, e, falls ſhort of a, or the leaſt root of the equa- 
tion x7 - 1 + It — mx* + nx* — px* + gx = r, by the letter z, and 
would ſubſtitute & + z inſtead of x in the ſaid equation, omitting all the 
terms that would involve in them any powers of 2 except the ſimple power 
of it, or 2 itſelf, agreeably to the directions of Mr. Raynson in his Analyſts 
Agustin Univer/alis above-mentioned, and would reſolve the new equation 

reſulting from ſuch ſubſtiturion, as a ſimple equation; by which we ſhould ob- 
tain a near value of z, which, being added to s, would give us the value of 
E + 2, or a third near value of a, or of the ſole root of the equation x? + 
I + nn* + qx = r + ka* + ma! + pa', or of the leaſt root of the equation 
* + IX + nx? + gx =r + ki* + mx* + p', Of «„ — ke? + Is) — mx 
+ ur — px* + 9x =r. And then we might go on to find a fourth, and 
a fifth, and other following near values of a, or the ſaid leaſt root of the 
equation x? — * + I — m. + nx* — px* + gs = r by Mr. RAPHSOx's 
method of approximation, in the manner exemplified above in art. 340 and 
350, till we had found it to as great degree of exactneſs as we deſired. 


This method of proceeding will. be better underſtood by applying it to the 
reſolution of two or three particular equations. * 
| 1 
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An Example of the Reſolution of a Cubick Equation by the Method 
above-deſcribed. 


— | — . — 


Art. 366. Let it be required to find the leaſt root of che cubick equation 
* — 39x* + 4798 = 1881. 


This equation has three real and affirmative roots, of which we will now 
endeavour to find the leaſt in the manner juſt now deſcribed. 


This leaſt root will be greater than 1. For, if we ſuppoſe x to be equal 
to 1, the compound quantity x? — 39 + 479x will be (= 1 —- 39 + 479 
= 1 + 440) = 441. Therefore, while x increaſes from © to 1, ſaid 
compound quantity will have increaſed only from o to 441. Therefore, unlefs 
it ſhould have increaſed from o to ſome quantity greater than 441, and then 
have decreaſed to 441, it never can be equal to 1881 during the increaſe of x 
from o to 1. We have no reaſon therefore to ſuppoſe that, when x is equal 
to ſome quantity leſs than 1, the ſaid compound quantity will be equal to 1881, 
or the abſolute term of the propoſed equation x* — 39x* + 479x = 1881, 
or that any of the roots of the ſaid equation will be leſs than 1. This equa» 
tion therefore does not come under the deſcription of thoſe which may be re- 


folved by means of the ſeries 2 + 4 X 22 + — X2˙ + &c given by 
the theorem inveſtigated: in art. 325, &c, - - 330. And conſequently it is a proper 
example to illuſtrate the utility of the latter, method of reſolving equations that 
have more than one real and affirmative root, that has been juſt now delivered. 
Now by this method it may be reſolved as follows. 


Art. 367. In the firſt place we muſt ſeek by the method of STEvinus and 
KERSEY, the ſole root of che equation y* + 479y = 1881; which will be leſs 
than the leaſt root of the propoſed equation x* — 39x* + 479x = 1881, or 
** ＋ 479x = 1881 + 39x?, or (if we put à for the leaft value of x in this 
equation,) than the ſole root of the equation x* + 479x = 1881 + 394%, Now 
the ſole root of the equation y* + 479y = 1881 may be found by the method 
preſcribed by STEvinus and KERSEVY, by proceeding as follows. 


Tf y is = 1, the compound quantity y* + 479 will be (= 1 + 479) = 
480 ; which is leſs than 1881. Therefore 1 will be leſs than the true value 
= oh TIE. 

Secondly, if y is = 10, the compound quantity. y* + 479y will be (= 1000 
+ 4790) = 5790; which is greater than 1881, Therefore 10 will be greater 
than the true value of y. 

Thirdly, 
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Thirdly, ſince y is greater than 1, but leſs than 10, let us ſuppoſe it to be 
equal to 3. Then we ſhall have 5˙ + 479y (= 125 + 479 X 5 = 125 + 
2395) = 2520; which is greater than 1881. Therefore 5 will be greater than 
the true value of 9. | 


Fourthly, ſince y is leſs than 5, let us ſuppoſe it to be 4. Then we ſhall 
have y* + 4799 (= 64 T NK 4 = 64 + 1916) = 1980; which is 
greater than 1881. Therefore 4 is greater than the true value of y, But the 
difference cannot be great. 


Fifthly, ſince y is leſs than 4, but pretty nearly equal to it, let us ſuppoſe 
it to 'be = 3:8. Then we ſhall have y* + 479y (Z + 479 * 3.8 = 
54.872 + 1820.2) = 1875.072 ; which is a little leſs than 1881. Therefore 
3.8 will be a little leſs than the true value of y in the equation y* + 479y = 
1881. This value of y, or of the ſole root at the cubick equation y* + 479 
= 1881, is near enough io its true value for our preſent purpoſe. We mult 
'therefore-conſider 3.8 as the firſt near value of a, or of the leaft root of the 
original equation & — 39xx'+.479x = 1881, or of the equation & + 479x 
1881 + gsx, or of the ſole root of the equation & + 479x = 1881 + 
39. This firſt near value of the ſaid root, or @, we will denote by the ſmall 

Greek letter a. 5 


Art. 368. We muſt now proceed to find the value of the ſole root of the 


equation * + 47% = 1881 + 397, (or 5 + 4799 = 1881 + 39 & 3-81, 
or ＋ 4799 = 1881 +139 & 14-44, or y* + 4799 = 1881 + 563.16,) 


- 


Or y + 479y = 2444-16 by the method of STzvinus and KersEvY. 


Now we have ſeen already that, if y is = 5, we ſhall have ) + 479y = 
25203 which is greater than 2444.16. Therefore 53 will be greater than the 
true value of y. But the difference between them will be but ſmall; ſo that 
there will be no occaſion to determine: the value of ,y in this equation to any 
greater degree of exactneſs. We may therefore conſider 5 as the ſecond near 
Fes of a, or of the leaſt root of the original equation x* — 39 * + 479x = 
1881, or of the equation #* + 479x = 1881 + ,39x*, or of the ſole root of 
the equation #* + 479x = 1881 + 39@*. This ſecond near value of the ſaid 
root, or a, we will denote by the ſmall-Greek letter 6. # 


Art. 369. Having thus obtained 5 for the ſecond near value of the leaſt 
root of the original equation x* — g + 479x = 1881, we may proceed 
to inveſtigate the ſaid root to a greater degree of exactneſs by Mr. Rar. 
sons method of approximation, by putting 2 for the difference by which 5 
falls ſhort of the true value of the ſaid leaſt root, and ſubſtituting 5 + z in- 
Read of x in the ſaid equation, with an omiſſion of all the terms which in- 
volve any powers of 2, except the ſimple power of it, or 2 itſelf. This may 


be done as follows. 


Since 
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Since # is = 5 + 2, we ſhall have 4D 
ax (S TZ NT Xx 52 + &c) = 25 + 102 + &c, 
and x* (=5Þ+2\*'=5\"+3Xx NPN 2 + & = 125 + 3 * 25 X2 
+ &c) = 125 + 7952 + &, , | 
and 39xx (= 39 X 25 + 10z + &c = 39 X 25 + 39 X 10 + &c) = 
| 975 + 399 X2 + &c, | | 
and 479 (= 479 X 5 F2=479X 5 +479 x2) = 2395 + 479%, 
And conſequently * = 39x* + 479x = 
125 + 752 + &c 
— 975 —, 3908 — &c | 0 hs - — Fa 4e 
+ 2395 + 4792 | 
= 1545 + 1642 &c. 

But & — '39x* + 479x is = 1881, 

Therefore 1545 + 164z &c will alſo be = 1881. And conſequently 164z 
| & 26 nc! 
Therefore x, or 5 + z, will be = 5 +-2.0 &c = 7.0 &c, or will be 
greater than 7. | | 


will be (= 1881 — 1545) = 336, and z will be 2.0 Kc. 


Art. 370. Now let 7 be ſubſtituted inſtead of x in the compound quantity 
* — 39x* + 479x, in order to diſcover whether the reſult will be greater, 
or leſs, than 1881, or the abſolute term of the equation x* — 39 + 47x = 
1881 ; and conſequently whether 7 is greater, or leſs, than the true value o 
the leaſt root of the ſaid equation. By this ſubſtitution we ſhall have * — 


39 + 47% (= 7 39 K / + 47% K 7 = 343 — 39 & 49 + 335 
= 3696 — 1911) = 1785; which is leſs than 1881. Therefore 7 is leſs 
than the true value of the leaſt root of the propoſed equation x* — 39x* + 


479x = 1881, 


Art. 371. Let us therefore ſuppoſe x to be = 57 +», and ſubſtitute 7 7＋ 
inſtead of x in the equation x* — 39 * + 479x = 1881. And we ſhall have 


*r (=7 T S ETZ NT & S 49+ 14v + &c, 
and & ( 7 +0 = Þ +3XA: Xv+ & = 343 T & 40 K 5 
+ &c) = 343 + 147 X v &c, 
and 39xx (= 39 X 49 + 140 + Kc = 39 * 49 + 39 * 14v + &c) 
= 1911 +546 X r &c, | ; | 
and 479x (= 479 X 7 +9 = 479 X 7 + 479 X ) = 3353 ＋ 4799, 
Vor. III. 5 B | And 


- 
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And conſequently * — 39xx + 479% = 


nne = { 3696 + DUTIES 
+ 3353 + 479 * v + Ke. — 1911 — 546 X v — &c 


= 1785 + 860 XV &c. 
But * — 39xx + 479x is = 1881. 
Therefore 1785 + 80 Xx v &c will alſo be = 1881, ** conſequently 


80 * v will be (= 1881 — 1785) = 96, and v will be = 2 1.2. There- 
fore x, or 7 + v, will be (= 7 + 1.2) = 8.2. 


Art. 372. Now let 8.2 be ſubſtituted inſtead of x in the compound quan- 
tity & — 39 + 479x, in order to diſcover whether the reſult will be greater, 
or leſs, than 1881, or the abſolute term of the propoſed equation x* — 39xx 
+ 479x = 1881, and conſequently whether 8.2 is greater, or leſs, than the 
true value of the leaſt root of that equation, 


By this ſubſtitution we ſhall have x* — 39xx + 479x (= . — 39 X 8.21 
+ 479 X 8.2 = 551.368 — 39 & 67.24 + 479 * 8.2 = 551.368 — 2622.36 
+ 3927.8 = 4479- 168 — 2622.36) = 1856.808; which is leſs than 1881. 


Therefore 8.2 is lefs than the true value of the leaſt root of the 2 ** — 
39xx + 479x = 1881. 


373. Let us now denote the unknown difference, by which 8, 2 falls ſhort 
of the true value of x, by the letter w. 


Then we ſhall have x = 8.2 + w. | 
and ax (= B. a TH/ ù¾ = 8.“ + 2X 8.2 & w + &c) = 67.24 + 16.4 * w 
+ &c, 


and x* (= g. a Tu. = 8.2 + 3x8. Xx w + &c = 551.368 + 3 * 
67.24 X w + &c) = 551.368 + 201.72 x w + &c, 


and 39 rr (= 39 X 67.24 + 16.4 x w + Kc = 39 * 67.24 + 39 X 16.4 
x w + &c) = 2622.36 +.639.6 K w + &c, 
I a9 x 6 + x aqg 06a + 279 ©) & 39258 + 
| 479 w, 
And conſequently z* — 39 + 479# = 


551.368 + 201.52 Xx w I dee } 


— 2622.36 — X W — &c 


+ 3927-8 + 479 X W 
” 4479.168 
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4479-168 + 680.72 Xx w + &c 
— 2622.36 — 639.6 Xx w — &c 


= 1856.808 + 41.12 X w &c. 


But «* — 39gxx + 479* 1s = 1881, 
Therefore 1856.808 + 41.12 X w will alſo be = 188. 


Therefore 41.12 x w will be (= 188t — 1856.808) = 24.192, and con- 


ſequently w will be = — = 0.588. Therefore x, or 8.2 + w, will be 


(= 8.2 + 0.588) = 8.788 ; that is, the leaſt root of the equation * — 39 
+ 479x = 1881 will be nearly equal to 8.788. 


Art. 374. This laſt number 8.788 is not much leſs than 8.8. I ſhall there- 
fore now ſubſtitute 8.8 in the compound quantity x* — 39xx ++ 479x, in or- 
der to diſcover whether the reſult will be greater, or leſs, than 1881, or the 
abſolute term of the equation x* — 39 + 479x = 1881; and conſequently 
whether 8.8 is greater, or leſs, than the true value of the leaſt root of the (aid 


equation. 
By this ſubſtitution we ſhall have x* = 39xx + 4/0 (= 8.8) * — 39 X 


$.81* + 479 & 8.8 = 681.472 — 39 X 77-44 + 479 & 8.8 = 681.472 
— 3020.16 + 4215.2 = 4896.672 — 3020.16) = 1876.512; which is ſome. 
what leſs than 1881. Therefore 8.8 muſt be ſomewhat Jeſs than the true value 


of the leaſt root of the equation x* — 39 + 479x = 1881, 


Art. 375. Let us now denote the unknown difference, by which 8.8 falls 
ſhort o the true value of x, by the Greek letter v. And we ſhall then have 


x = 88 + 9, 
and xx (= 8.8 + 9, = 88" +2 x 8.8 x o + &c) = 77-44 + 17.6 
X % + &c, | 
and & (= 8.8 ＋ eh = 8.8] x 3 * 8.8 | + &c = 681.472 + 3 X 775.44 
X ＋ &c) = 681.472 + 232.32 & % + &c, 
and 39 (= 39 X 77-44 + 17.6 Xo + &c = 39 X 77-44 + 39 K 
17.6 x © + &c) = 3020.16 + 686.4 x % + &c, 


and 479x (= 479 X 8.8 +98 = 479 X 8.8 + 479 X 8) = 4215.2 + 
479 x p, 
And conſequently * — 39xx + 479x 


681.472 + 232.32 X „ 

— 3020.16 — 686.4 X @ 
+ 4215-2 + 479 * 

5 B 2 4396.672 
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1 4896.672 ＋ 711.32 % + & c 
— 3020.16 — 686.4 * % — F 


. 
* + 


= 1876.512 + 24.92 X o &c. 
But * — Zo + 479x is = 1881, 
Therefore 1876.512 + 24.92 X % will alſo be = 188:. 


Therefore 24.92 & % will be (= 1881 — 1876.512) = 4.488; and conſe. 
| | . 488 
quently e will be = 255 = 0.18. 


Therefore x, or 8.8 + e, will be (= 8.8 + 0.18) = 8.98, or the leaſt 


root of the propoſed equation x — 39xx + 479x = 1881 will be = 8.98. 
ö f Q. E. 1. 


Art. 376. This value of the ſaid leaſt root will be very little leſs than the 
truth. For, if we ſuppoſe x to be = 8.98, we ſhall have xx (= 8.98P) = 


80.6404, and x* (= F. obo) = 724.1 50, 792, and 39xx (= 39 X 80.6404) = 
3144-9796, and 479x (= 479 x 8.98) = 4301.42, and conſequently & — 
39xx ＋ 47% (= 724-150,792 — 3144-9796 + 4301.42 = $025.570,792 — 
3144.979,6) = 1880.594,192 ; which is very little leſs than 1881, or the ab- 
lute term of the propoſed equation * — gr + 479x = 1881. And conſe- 
quently 8.98 muſt be very little leſs than the true value of the leaſt root of 


the ſaid equation. 


Art. 377. Since 8.98 is very little leſs than the true value of a, or the leaſt 
root of the propoſed equation x* — 3 + 479x = 1881, it ſeems reaſonable 
to conjecture that its true value may be the whole number 9. And fo, upon 
trial, we ſhall find it to be. For, if we ſuppoſe x to be = 9, we ſhall have 
xx = 81, and x* = 729, and 3gxx (= 39 x 81) = 3159, and 47gx (= 
479 X.'9) = 4311, and conſequently x* — 3g9xx + 479x (= 729 — 3159 
+4311 = 5040 — 3159) = 1881, Therefore 9 is the true value of a, or 


of the leaſt root of the propoſed equation x* 394 + 479x = 1881, 
58 Q. E, D. 


Art. 378. Having thus found one of the roots of the cubick equation x? 
— gor + 479x = 1881, we may reduce the equation to a lower degree, or 
convert it into a quadratick equation of which the roots ſhall be the ſame 
with the remaining roats of the ſaid cubick equation, by proceeding in the 
manner following. 

Let à be put, as before, for 9, or the leaſt root of the ſaid equation; and 
let x repreſent each of the other two roots of it, if it has two other roots, 
or the only remaining root of it, if it has but one other root. 


Then, ſince 4* — 39aa + 4794 is = 1881, and * — 3 + 479% Is 


alſo = 1881, we ſhall have a? — 394 + 4799 „* — 39xx. + 479, _ 
| conſe- 
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conſequently (adding 39xx to both ſides,) a* + 4794 + 39xx — 3948 = x? 
+ 479x, and (ſubtracting 4 + 4794 from both ſides of the equation,) 3 


— 3944 = x* — 4 + 479x — 4794, or 39 X * — 48 = x3 — 4 + 
479 X - 4, and (dividing both ſides of the equation by the reſidual quan- 
tity X— 4) 39 Xx + 4 = xx + xa + aa + 479, or 39x + 39 = ws + 
ax + aa + 479, and (ſubtracting xx + ax from both ſides,) 39x + 39@ — 
ax — xx = 44 + 479, and (ſubtracting 394 from both fides,) 39 — ax — 
Xx = 479 + aa — 3a, or (becauſe @ is = 9,) 39x — 9x — xx = 479 + 81 
— 39 * 9, or 3ox — xx (= 560 — 39 * 9 = 560 — 351) = 209; which is 
only a quadratick equation. Q, E. f. 


Art. 379. This quadratick equation, 30* — xx = 209, will have two roots, 
which may be found in the manner following. 


Subtract both ſides of the equation zor — xx = 209 from 225, or the 
ſquare of 15, or of D, or of half the co- efficient of x in the ſaid equation. 


And we ſhall have 225 — 3ox + xx (= 225 — 209) = 16. Therefore the 
ſquare-root of the trinomial quantity 225 — 3ox + xx will be equal to the 
ſquare-root of 16, that is, to 4. But the trinomial quantity 225 — 3ox + xx 
has two ſquare-roots, to wit, 15 — x and x— 15. Therefore 15 — x will be 
= 4, and conſequently 15 will be = 4 + x, and x will be = 15 —4 = 11. 
And x - 15 will alſo be = 4, and conſequently x will be = 4 + 15 = 19. 
Therefore 11 and 19 will be the two roots of the quadratick equation 30x — 
xx = 209, and conſequently will be the middle and greateſt roots of the pro- 


poſed cubick equation x* — 39 + 479x = 1881, Q E. 1. 


And ſo, upon trial, we ſhall find them to be. For, if we ſuppoſe x to be 
= 11, we ſhall have xx = 121, and x* = 1331, and 3gxx (= 39 x 121) 
= 4719, and 479x (= 479 X 11) = 5269, and conſequently x? — 39xx + 
479x (= 1331 — 4719 + 5269 = 6600 — 4719) = 1881. 

And, if we ſuppoſe x to be = 19, we ſhall have xx = 361, and x* = 
6859, and 39xx (= 39 X 361) = 14,079, and 479x (= 479 X 19) = got, 
and conſequently x* — 39xx + 479x (= 6859 — 14,079 + 9101 = 15,960 
— 14,079) = 1881. 

Therefore both 11 and 19 are roots of the propoſed equation * =" gx 
+ 479x = 1881, and conſequently the three roots of that equation are g, 17, 


and 19. d. E. 1. 


Another 


. A DISCOURSE ON THE 


Anether Example of the Reſolution of an Equation that, by the Form of it, or the 

Changes of the Signs + and — prefixed to its Terms, ſeems capable of having 

more than One real and affirmative Root, by means of the foregoing Proceſſes de- 
ſeribed above in Art. 361, 362, 363, 364, and 365. 


OD O—ﬀC—— — 


Art. 380. Let it be required to reſolve the equation x* — 7* + 20x) 
155xx = 10,000 (which riſes to the fifth power of x,) by means of the ſaid 


proceſſes. 


This equation is of ſuch a form as to be capable of having three real and 
affirmative roots, if the co- efficients of x*, *, &, and x, to wit, 1, 7, 20, and 
155, and the abſolute term 10,000, are of the proper relative magnitudes with 
reſpect to each other for that purpoſe. But of theſe roots, (whether they be 
three in number, or fewer than three,) I now propoſe to inveſtigate only one 
root; and that will be the leaſt of them, if there are more than one: and this 
root I ſhall denote by the letter 4. | 


Art. 381, Now, ſince * — 9x* + 204% — 155xx is = 10,000, we ſhall 
have x* + 20x? = 10,000 + 7x* + 155xx; and conſequently (becauſe à is 
equal to one of the values of x, to wit, the leaſt value of it, if it has more 
than one value,) 4 + 204* will be = 10,000 + 74* + 155. We muſt 
therefore endeavour to find the root 4 of this equation 4 + 204 = 10,000 
+ 74* + 15548. 

Now the root of this equation will be greater than the root of the equation 
* + 20y* = 10,000, becauſe the trinomial quantity 10,000 + 747 ＋ 15 54 
is greater than the ſingle quantity 10,0000 We will therefore, as a firſt ap- 
proximation to the value of a, or the root of the equation 4 + 203 = 
10,000 + 74* + 155aa, ſeek the value of y, or the root of the equation y* + 
20y* = 10,000, 


Art. 382, Now, if we ſuppoſe y to be equal to 1, we ſhall have y* = 1, 
and 5 = 1, and 20y* (=20 Xx 1) = 20, and conſequently y* + 20y* (= 
1 + 20) = 21; which is much leſs than the abſolute term 10,000, Therefore 
1 muſt be much leſs than the value of y in the equation y* + 205 = 10,000. 


Secondly, if we ſuppoſe y to be = 10, we ſhall have y* = 1000, and 9 
= 100,000, and 20y* = 20,000, and y* + 205 (= 100,000 ＋ 20,000) = 
120,000 ; which is much greater than the abſolute term 10, ooo. Therefore 
10 muſt be much greater than the value of y in the equation 9 + 205 = 
10,000. * 

e 
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We will therefore, in the gd place, ſuppoſe y to be equal to 8. And then 
we ſhall have y* = 125, and y* = 3125, and 200 (= 20 X 125) = 2500, 
and y* + 20y* (= 3125 + 2500) = 5625; which is leſs than the abſolute 
term 10,000, Therefore 5 muſt be leſs than the value of y in the equation 
„ + 20 0 = 10,000, 


We will therefore, in the 4th place, ſuppoſe y to be equal to 6. And then 
we ſhall have y* = 216, and y* = 7776, and 20y* (= 20 Xx 216) = 4320, 
and conſequently y* + 205 (= 7776 + 4320) = 12,096 ; which is greater 
than the abſolute term 10,000. Therefore 6 muſt be greater than the value of y 
in the equation * + 20y? = 10, ooo. 


We will therefore, in the 5th place, ſuppoſe y to be equal to 5. 8. And then 
we ſhall have y* = 195.112, and y* = 6563.56768, and 205 (= 20 X 
195.112) = 3902.240, and conſequently y* + 20y* (= 6563.56768 + 
3902.240) = 10,465.80768 ; which is ſomewhat greater than the abſolute 
term 10,000. Therefore 5.8 muſt be ſomewhat greater than the value of y in 
the equation y* + 205 = 10,000, But the difference will be but ſmall, and 
conſequently we may conſider 5.8 as the root of the ſaid equation y* + 205 
= 10,000, and as the firſt near value of @ in the equation 4 + 204* = 
10,000 + 74a* + 15 aa. 


Art. 393. Let this quantity $5.8 be called a. And let us, for a ſecond near 
value of a, find the root of the equation y* + 200 = 10,000 + 7Ja* + 155e*. 
For this root will be greater than 4, or 5.8, or the root of the equation ys + 
20y* = 10,009, becauſe the trinomial quantity 10,000 + 7a% + 155e* is 
greater than the ſingle quantity 10, ooo; but it will be leſs than a, or the root 
of the equation 45 + 204 = 10,000 + 744 + 1554, becauſe the trinomial 
quantity 10,000 + 7a + 155 is leſs than the trinomial quantity 10,000 + 
74 + 155aa. | 

Now, ſince à is = 5.8, we ſhall have «* (= 5.8P) = 33-64, and a* (= 
5.81) = 1131.6496, and 7a (= 7 X 1131.6496) = 7921.5472, and 155a* 
(= 155 X 33-64) = 1850.20, and conſequently 10,000 + 7e* + 155a* (= 
10,000 + 7921.5472 + 1850.20) = 19,1771-7472. Therefore we ſhall have 
Y* + 2097 (= 10,000 + 7a* + 15% = 19,771-7472; of which equation 
we muſt now endeavour to find the root. | 


Art. 384. Now we have ſeen above, that, if y be ſuppoſed to be = 6, the 
compound quantity y* + 20y* will be = 12,096; which is leſs than the ab- 
ſolute term, 19771.7472, of the preſent equation y* + 2093 = 19,771.7472. 
Therefore 6 muſt be leſs than the root of the ſaid equation. 


We will therefore ſuppoſe y to be equal to 7. And then we ſhall have 
y* = 343, and y* = 16,807, and conſequently 200 (= 20 X 343) = 6860, 
and y* ＋ 20y* (= 16,807 + 6860) = 23,667 ; which is grefter than the 
abſolute term 19,771-7472. Therefore 7 muſt be greater than the root of the 
equation y* + 200 = 19,771.7472» 1 ; 

e 


| 
| 
| 
| 
| 


—— 
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We will therefore, in the next place, ſuppoſe y to be equal to 6.7. And 
then we ſhall have y* = 300.763, and y* = 13,501.25107, and conſequently 
209* (= 20 X 300.763) = 6015.260, and + 20y* (= 13,501.25107 + 
6015.260) = 19,516.51107 ; which is very little leſs than the abſolute term 
19,771.7472. Therefore 6.7 muſt be very little leſs than the root of the 


equation) + 209% = 19,771.7472. We may therefore conſider 6.7 as the 


ſecond near value of 4, or of the root of the equation 4 + 204 = 10,000 
+ 74* + 155as, or of the equation 4 — 74 ＋ 204% — 15548 = 10,000, 
or of the leaſt root of the propoſed equation & — 7x* + 20x? — 155xx = 
Io, oco. | | 


Art. 385. This ſecond near value of a, or of the leaſt root of the propoſed 
equation * — 7x* + 20 — I55xx = 10,000, is conſiderably leſs than its 
true value. For, if we ſuppoſe x to be equal only to this ſecond near value 
of a, to wit, 6.7, the two terms a* + 20x? will be leſs, inſtead of bein 
greater, than the two terms 7x* + 155xx, which are to be ſubtracted from 
them. For, upon this ſuppoſition we ſhall have xx = 44.89, and x* = 300.763, 
and x* = 2015.1121, and & = 13,501.25107, and 7x* (= 7 X 2015.1121) 
= 14,105.7847, and 20x3 (= 20 X 300.763) = 6015.260, and 155xx (= 
155 X 44.89) = 6957.95, and x* + 20* (= 13,501.25107 + 6015. 260) 
= 19,516.51107, and 7x* + 155xx (= 14,105.7847 + 6957.95) = 
21,063:7347 ; which is greater than 19,516.51107, or ** + 20x. 


Therefore x muſt be conſiderably greater than 6.7, in order to make x* + 


 20x* become, not only greater than 7x* + 155xx, but greater by an exceſs 


equal to 10,000. 


We will therefore ſuppoſe x to be equal to 8. And then we ſhall have xx 
== 64, and x#* = $12, and x* = 4096, and & = 32768, and conſequently 
7* (= 7 Xx 4096) = 28672, and 20x* (= 20 x 512) = 10240, and 155xx 
(= 155 X 64) = 9920, and x* — 7x* + 20x — 155xx (= 32768 — 28672 
+ 10240 — 9920 = 43,008 — 38,592) = 4416; which is leſs than io, ooo, 


or the abſolute term of the propoſed equation x* — 7* + 20x? — 155xx = 


10,000. Therefore 8 will be ſomewhat leſs than the leaſt root of the ſaid 
equation. 


We will therefore now ſuppoſe # to be = 8.5. And then we ſhall have 
xx = 72.25, and x* = 614.125, and x* = 5220.0625, and x* = 44370.53125, 
and conſequently 7x* (= 7 x 5220.0625) = 36540.4375, and 20x* (= 20 x 
614.125) = 12282. 500, and 155xx (= 155 X 72.25) = 11,198.75, and x* 
— 7x* + 20x — 15g (= 44,370.53125 — 36,540-4375 + 12,282.500 
— 11,198.75 = $6,653.03125 — 47,739-1875) = 891384375 ; which is 
leſs than the abſolute term 10,000. Therefore 8.5 will be leſs than the leaſt 
root of the propoſed equation x* — 7 + 20x3 — I55xx = 10,000. But 
the difference between them will not be great, becauſe 8913.84375 is not a 
at deal leſs than 10,000. Therefore 8.5 will be ſufficiently near to the 
true value of the ſaid leaſt root to be the ground of a further approximation 

i it by Mr. Raynson's method. e! 
Art. 386. 
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Art. 386. Let us therefore ſuppoſe x to be =8. $ 12. 


Then we ſhall have 
«VS 5 * + 2 X 8.5 * 2 + Menn 17.0 


{ASE Fel + 3 & 8.51* „b e 
3 X 72.25 X 2 + &c) = 614-125 +'216.75/X'2 ＋ Ke, 


and x* (= 8.5 T = = 8. 514 + 4 X 8.51" X z + & = 5220.0625 + 
4 614.125 * 2 + &c) = 5220,0625 ＋ 2456.500 x * + &c, 
and * (= 8. FTA = Feb Tg K ＋ & = 44,370. 53125 
+ 5 x 3 X 2 + der) = 44.370.5312 f + 26, 100. 3125 

* 2. + &c. » 

Therefore 7* will be (= 7 X 5220. 8725 J 2458. 5 X ＋ + N = 7 x 
5220. 005 ＋ Xx 2456. So X 2 + &c) = 36540. 4375 + 17195. 00 * 4X 
+ Kc, and 20 will be (= 20 * 614.125 + 216.75 X 2 & = 20 * 
614.125 + 20 X 216.75 x 2 + &c) = 12,282. 500 + 4335-00. & 2 + &c, 
and 155xx will be (155 * 72.25 + 17.0 X 2 + Nc 2 155 x 72.25 + 
155 X 17.0 X 2 + &c) = 11,198.75 + 2635.0 Xx. 3 ＋ &c, and conſe- 
quently * — 7x* + 20x* — 1553xx will be = 


+ 8 44,370-53125 + 26, 100. 3125 2 + Kc | 

J — 36,540-4375 — 17,195-500 x 2 = & | 
| + 12,282,500 + 4335-00 X 2 + & 

[ — 11,198.75 _ 2635.0 X X — &C -« 


8 { 56,653.03125 ＋ 30,435-3125 X 2 + & 9 
— 47,½39.1875 — 19,830.50 ᷑;ꝗ X X — Wo. 
= 8;913.84375 + 10,604.8125 X 2 &c. | 7 
But x* — 7x* + 20* — I55xx is = 10,000. 
Therefore 8,913.84375 + 10,604.8125 X 2 &c will alſo be = ro, ooo. 


And conſequently 10, 604.8 125 X 2 will be (= 10, — 8,913. 84375) 


ok 1086.15625, and x will be = — = dodo. 


Therefore 8.5 4- 2 will be (= 8.5 + 0.10).= 8, 60, or 8.6, and conſe- 
quently x, or the leaſt root of the propoſed equation x* — 1 + 20%é = t55x 
= 10,000 will be, nearly, = = 8.60, or 8.6. . 1. 


"Air 387. Now let 8.6 be ſubſtituted inſtead of x io the compound quantity 
— 7 + 208 — 15S. And we ſhall have xx (= Nö) = 73-96, 
FR III. 5 and 
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and & = 636.56, and 4* = 3470.08 16, and & = 47,042.701,76, and con- 
ſequently 7x* (= 7 Xx 5470.08 16) 38, 290.5712, and'20x* (= 20 x 
636.056) = 12,721.120, and 155xx (= 155 X 73.96) = 11,463.80, and 
** — 74 F 20x* = I55xx (= 47,042.701,76 38, 290.5712 + 12,721.120 
— 11,463.80 = 59,703.821,76 — 49,754.3712) = 10,009.450,56 ; which 
is a little greater than the abſolute term 40,000. Therefore 8.6 mult be a 
little greater than the true value of the leaſt root of the propoſed equation 
* — fa“ + 20 — 15 = 10,000, 
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Art. 388. We have now Teen that, when x is = 8.5, the compound quan- 
tity x* — 7x* + 20,7 — 155xx will be equal to 8913.84375 z and that, when 
& is = 8.6, the faid compound quantity will be equal to 10, 009. 45056. There. 
fore, while x increaſes from 8:5 to 8.6, the compound quantity & — 7x* + 
20x* — 155xx will increaſe from 8913.84375 to 10,009.45056. Therefore 
there will be ſome point of time, during the increaſe of x from 8.5 to 8.6, at 
which the compound quantity x — 9x* + 20x* =-155xx will be equal to 
10,000; which is of an intermediate magnitude between 8913.843756 and 
10,009.4 50367; or, in other words, the root of the equation x* — 7x* + a 
—165x will be of an intermediate magnitude between 8.5 and 8.6. But it will 
be much nearer to 8.6 than to 8.5, becauſe 10,009.45056 is much nearer than 
891384375 to 10,000, a Xo Þ 1 Per 
We will therefore fuppoſe x to be = 8.6 — v. 
And then we ſhall have 1. 
xx (= T6 =Þ =8.6V —2X8.6x9 + &) = 73.96 — 17.2 X v 
and x* (= $6= = 8.0 — 3X 8.6" x v Kc = 636.056 — 3 % 
13.96 * v + &c) = 636.056 —.221.88 x v + &c, 
and x* (= 8.6=v]'= 8.60 — 4 x 8.61 X v + &c = 5470.08 16 — 4 x 
636.056 x v + &c) =.5470.0816 — 2544-224 X v + &c, 
and x* (= 8.6—v]5 = 8.615 — 5 * 8.614 X. v + & = 47,042.70176 
— 5. X 5470.0816 x v + &c) = 47,042.70176 — 28350.4080 


. 


* v + &c, 

and conſequently 73 (= 7 X 5470-0816 — 2349224 Xv + NN = 7 X 
5470.08 16 = 7 * 2544-224 XV + &c) = 38;290.5712 — 
17,809.568 K v + &c, 


AF "YE Jy lb 
20 X 221.88 & v + &c) = 12,721.120 = 4437-60 * v + &c, 


and 155xx (= 155 * 73-96 — 17.2 X v + K = 155 * 73.96 — 155 X 
1.2 K v + &c) = 11,463.80 = 2666.0 x v + &c, 


and & — 7x* + 2087 — I55xx = 


47,042.701 76 
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47,042.70176 — 25, 350. 40860 X v + & J 
— 38, 290.5212 + 17, 809.568 x v — &c 
+ 12,721.120 — 4, 437.0 Xx . & 
— 11,463.80 + 2,666, Xv — & 


_ |; 59,763.821,76 — 32,788.0080 Xx v + &c } 
— 49,754.37, + 20,475-568 * v Kc 
| = 10,009.450,56 — 12, 312.4400 K UKW. 
But * — 7 + 20* — 155xx is = 10,000. 
| Therefore 10,009.450,55 — 12, 3 2.4400 Xx u will likewife be = to, ooo. 
And conſequently 10,009.450,56 will be = 10,000 + 12,312.4400 * v, 
and 12,312.4400 X v will be (= 10,009.450, 56 o, ooo) = 9.450, 56, and 


. — _—9:459,56 _ 
v will be = 5 ap o. ooo, 76), 5. pr | 

Therefore 8.6 — v will be (= 8.6 — 0.000,767,5) = 8.99, 232,5; and 
conſequently x, or the leaſt root of the propoſed equation x* — 7Jx* 20 — 


155%x = 10,000, will be = 8.599,232,5. A. E. 1. 


Art. 389. This number 8. 599, 232, 5 is exact in either all its figures, or all 
but the laſt figure 3. But the tal of it by ſubſtituting it inſtead of * in the 
compound quantity & — 7x* + 20 — 155xx would be attended with a good 
deal of labour. However, it may be performed with a tolerable degree of ex- 
actneſs, though not with perfect exactneſs, by the help of logarithms, withoyr 
Any great trouble, in the manger following. | 


The logarithm of 8.599, 200, 0 is o. 934,458, o, and the logarithm of 
8. 59 9, 300, o is o. 934, 463, , which exceeds the former logaruthm by o. co, oog 1. 
Therefore the logarithm of 8.599,232,5 will be of an intermediate magnitude 
between o. 934,458, o and 0,934,463,1, and its exceſs above 0.934,458,0 is to 
be found by the following proportion, to wit, As 8 599,300, — 8.599, 200, 
is to 8. 599,232, — 8.599. 200, o, ſo is o, 934,463, 1 — 0.934,48, o to the ex- 
ceſs of the logarithm of 8.599, 232, 5 above o. 934,458, o, that is, as 0.000, 100, 
is to o. ooo, o32, g, ſo is o. ooo, oo 5, 1 to the ſaid excels, or as 1000 to 325, ſo 
is o. ooo, oo 5, 1 to the ſaid excels. Therefore the ſaid exceſs will be = 


2.7 5 — = — = o. ooo, oo1, 6. and conſequently the logarithm 
of 8. 599, 232, 5 will be (= o. 934, 458,0 + o. ooo, oo i, 6) = 0.934, 459,6. 
Therefore, if x be ſuppoſed to be equal to 8.599, 232, 5, the logaritbhm of xx 
will be (= 2 x o. 934,4 509, 0) = 1.868, 919, 2, and the logarithm of x* will be 
(= 3 Xx 0.934,459,6) = 2.803, 378,8, and the logarithm of x* will be (= 
4 X 0. 934, 439, 6) = 3.737,838, 4, and the logarithm of & will be (= 5.x 
0.9344459,0) 4.672, 298, 0. Therefore wx will be = 73-946,762,7, and/x* . 
will be = 635-885,294,1, and x* will be = 5468.125,000,0, and a“ will be 
= 47,021.663,043,4. Therefore 7a“ will be (= 7 X $468.125,000,0) = 

5 C 2 38,276. 
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38,276.87 55000,0, and-20x* will be ( 20 Xx 635.885,294,1) = 12,717.705, 
88a, o, and 15 will be (= 155 X 73-946,762,7) = 11,461.748,218,5, and 
x* — 7x* + 208% —'1g5xx will be ( 47,021.663,043,4 — 38, 276.875, ooo, o 
+ 12,717.05, 882,0 — 11,461.748,218,5 = 59,739-368,925,4 — 49,738. 
-623,218,5) = 10,000.745,706,9 ; which exceeds 10,000, or the abſolute 
term of the propoſed equation & — 7 + 20x* — 155xx = 10,000, by leſs 
than an unit, or the 1o0,000th part of the ſaid abſolute term. Therefore 
8.599,232 5 muſt” be very nearly equal to the root of the faid equation. 
. 


Art. 390. This number 8. 599, 232, f is the only root of the propoſed equa- 
tion x* — 7x4 + 20 — 155xx = 10,000. For, if we ſhould ſuppoſe it to 
have any other root greater than @, or 8.599,232,5, an impoſſible concluſion 
would follow from ſuch a ſuppofition ; as may be ſhewn in the manner fol. 
lowing. EH — dS Tis 

Let & denote the other and greater root of the propoſed equation X — 7x* 
+ 20x* — 155xx = 10,000, if it can have ſuch other root. | 


Then will the compound quantity 2˙ — 74* + 208? — 155 be = 10,000 ; 
and conſequently it will alſo be equal to a* — 7a* + 209% — 15544. There- 
fore (adding 74* and 15545 to both ſides,) we ſhall have 55 + 2036 = af + 
7 — 7% ＋ 20 + 135 — 155aa; and (ſubtracting a* + 20a from 
both ſides) we ſhall have % — 4 + 206 — 2047 7 — 74“ + 15550 — 
155, or 65 — 2 ＋ 20 Xx - =7 x — 2 + 155 X % — as, and 

"conſequently (dividing both fides of the equation by & — a,) 4 + Ba + bat 
+ 34 ＋ 4 ＋ 20 K % ＋ la ＋ 4 = X H + ba + 5a + 4 + 155 X 
J, or © + % + % + 5a + 4 + 20 + 204 + 204 = 57 + 
"Ba + 7ba* + 74 + 155b + 155a. Therefore, if we ſubtract 74* + 1554 
rom both fides of this equation, we fhall have 73 + 78% + 76a* + 1555 
'= bþ* + b*a + Fa* + ba* + 20bb + 20ba + 4 — 74 + 2044 — 1554; 
and, if we ſubtract 4* + b*'a + Þa* + 34 + 20bb + 20 from both fides, 
we ſhall have 7˙ + 74a + 7b + 1555 — b* — 3% — Þa* — 64 — 20 
'— 20ba = 4 — 7 + 2048 — 1550, or | 

1556 — you + — 4+ I 

— 20ab abs — ab* 505 | 
1 Tn = &* — 74 + 2044 — 1558 


— 8 


S MCI LIT LSE — —— or (if we ſubſtitute 8.6 for a, to which 


WW 


* 4 
it is very nearly equal, ) 
„ 
— 20 K 8.6 + 7 X 8.6 — 8.6% 189 


1162.7, 


+ 7 * 73-96 X — 73.9606 
 — 636,056 x b 


or 
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2 172.0 X þ + 60.266 — 8.6 X 35 


or = 1162.7, or 


+ 307.72 % 6 — 73.9600 
— 636.056 X 6 


7 572.72 Xb — 93.966b + 76% — þ* : 
j . $808:056 & + 60.2 0 — 86X& -— 
that is, if from the three terms 672.72 K % + 60.2 X bb + 5 we ſubtract 
the four terms 808.056 X þ + 93.96 X bb + 8.6 x # + #4, the remainder 
will be equal to 1162.7. But the faid four terms 808.056 Xx þ + 93.96 X 66 
+ 8.6 X + , are greater than the ſaid three terms 672.72 X þ + 60.2 & bb 
+ 7%, and therefore cannot be ſubtracted from them. Therefore the ſuppo- 
ſition, from which it followed that the ſaid four terms would be leſs than the 
faid three terms, and might be ſubtracted from them, and that the remainder 
would be equal to 1162.7, or the ſuppoſition that the equation x* — 7 + 
20x* — 155xx = 10,000 had a ſecond real and affirmative root, &, that was 
greater than a, or 8.6, could not be a true ſuppolition. We may therefore 
conclude that 8.6, or 8. 599, 232, 3, is the only root of the propoſed equation 

* — 7** + 20x) — 155xx = 10,000. . | 


1555 — 2006 + 7 * 5 =] 


= 1102.7; 


— — tL—ö (— 
Anctber Example of the Reſolution of an Equation that, ly the Form of it, or the 
Changes of the Signs + and — prefixed to its Terms, ſeems capable of having 


more than One-real and affirmative Root, by means of the foregoing Proceſſes 
deſcribed above in Art. 361, 362, 363, 364, and 365. | 


— — —— 


Art. 391. Let it be required to reſolve the equation x* + 4x” — * — 10 
+ 5 *˙ — * — 10xx — tox = 5, (which riſes to the eighth power of x,) 
by means of the ſaid proceſſes. 


This equation is taken from Sir Isaac NEwrTon's Arithmetica Univer/alis, 
page 276 of the ſecond edition, and is the higheſt numeral equation men- 
tioned in that learned treatiſe, It is of ſuch a form as to be capable of 
having three real and affirmative roots, if the co-efficients of the ſeveral powers 
of x, to wit, 1, 4, 1, 10, 5,5, 10, and 10, and the abſolute term 5, are of 
the proper relative magnitudes, with reſpect to each other, for that purpoſe. 
But of theſe roots (whether they be three in number, or fewer than three,) I 
now propoſe to inveſtigate only one root ; and that will be the leaſt of them, 
if there are more than one: and this root I ſhall denote by the letter 4. 


Art. 392. Now, ſince * + 4x7 — * — 10x + 5x4 — 5x? — LOAN Iox 
is'=. 5, we ſhall have * + 4x7 + 54 = 5 + + 103% + 5x* + 10xx + 10x, 
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But a 1s equal to one of the values of x, to wit, the leaſt. Therefore we ſha! 
alſo have 4 + 44” + 5a* = 5+ 4 + 104% + 543 + 10 + 104. We muſt 
therefore endeavour tb find the root @ of this equation a* + 44! + 5a* = 5 + 
4 + 10a + 54* + 10a + 104. | | | 


Now the root of this equation will be greater than the root of the equation 
I + 4” + 5 = 5, becauſe the ſextinomial quantity 5 + 4 + 10 + 5a: 
+ 1048 + 10s is greater than the ſingle quantity 5. We will therefore, as a 
firſt approximation to the value of a, or the root „ 4 ＋ 447 + 


$8 = 5 + & + 106% + 5 + 104* + 10, ſeek the value of y, or the root 


of the equation y* + 0 + gf = x. 


Art. 393. Now, if we ſuppoſe y to be = 1, we ſhall havey* = 1, and y" 
= 1, and)“ = 1, and conſequently y* + Y + 85 (S1 T4715) = 103 
which is greater than the abſolute term 3. Therefore 1 muſt be greater than 
the true value of y in the equation Þ* + 4” + ff = 5... 


We will therefore, in the ſecond place, ſuppoſe y to be = 0.7; | 


And then we ſhall have yy = 0.49, and y* = 0.343, and y“ = o. 2401, and 
„* = 0.168,07, and * = o. 117, 649, — y7 = 0.082,354,3, and 5˙ = 
0.057,048,01, and conſequently 4y7 (= 4 X 0.082,354,3) = 0.329,417,2, 
and 5y* (= 5 X 0.2401) = 1.0005, and * + h + 5 (= 0.057,648,01 
+ 0.329,417,2 + 1.0005) = 1.387, 565, 31; which is leſs than the abſolute 
term 5. Therefore o. muft be Teſs than the value of y in the equation y* + 
4 + * = K \ | | 
Me will therefore, in the 3d place, ſuppoſe y to be o. 9. 


And then we ſhall have y = 0:81, and y* = 0.729, and 5 = o. 666 f, and 
3* -= 0.59049, and y* = 0.531,441, and 57 = 0.478,296,9, and y* = 
o. 430,467, 21, and conſequently 7 (= 4 N 0.478,296,9) = 1.913,18), 6, 
and 5y* (= 5 X 0.6561) = 3.2800, and y* + 4y' + 5y* (= o. 430, 467, 21 
+ 1.913,187,6 + 3.2850) = 5.623, 654, 8 1; which is ſomewhat greater than 
the abſolute term 5. Therefore 0.9 mult be fomewhat greater than the root of 
the equation y* + % + 5y* = 5. But the difference will not be great; and 
conſequently we may conſider this quantity o. 9 as the firſt near value of &,. or 
of the root of the equation @* 4+ 44 + ga! = 5 + 4 + 10485 + 54 + 10a 
+ 109, of which we are in ſearch. | | oy 


Art. 394 No let a be put for 0:9, or the ſaid firſt near value of 2. And, 
as a ſecond near value of it, let us ſeek the root of the equation y* + 497 + 
55 = 5' + ＋ 10 ＋ f + f +108; which will be greater than a, 
but leſs than a, becauſe the ſextinomial quantity 5 +-a* + 10 + 52? + 106? 
+ 10a is greater than the ſingle quantity ꝙ but leſs than the ſextinomial quan- 
tity 5 + 4 + 1045 + 54 + la“ ＋ 104. 

Now, becauſe à is =-0.9, we ſhall have “ (= Cg.) =0.531,441, and. 
10% (= 10 X 0.39049) = 5.9049, and ga, (= 5 X 0.729) = 3.045, and 
| | 10 


ws 
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10 (= to N 0.81) = 8.1, and 10a (= 10 X 0.9) = 9, and conſequently 
5 T + io + 5 + to + 102 (== 5 + 0.531.441 + 5.9049 + 2.645 
+ 8.1 + 9)-= 32.181,341; and therefore the equation * + 4y' + gf = 
5 + & + lo + 52? + 10a + 1oa will be y* + 497 + 5y* = 32.181,341, or 
(neglecting the decimal fraction 0.181,341,) „ + 9 + “ = 32. Of this 
equation we are now to find the root. 

Art. 395. Now let y (which we know to be er than a, or o. ,) be ſu 
1 . f SRL 2 2 1 


Then we ſhall have yy = 1.44, and y* = 1.728, and 5˙ = 2.0736, and 
5 = 2.488,32, and y* = 2.985,984, and y* = 3.583,180,8, and = 
4-299,816,96, and conſequently 4 (= 4 X 3.583, 180,8) = 14.332,723,2, 
and 5y* (= 5 X 2.0736) = 10.3680, and) + 4y” + 5y* (= 4-299,816,96 
＋ 14.332,723,2 +, 10.3680) = 29,000,540,16 ; which is ſomewhat leſs than 
the abſolute term 32. herefore 1.2 is ſomewhat leſs than the root of the 
equation y* + 4y7 + y = 32. But the difference between them is not great. 
And therefore we may conſider 1.2 as the ſecond near value of the root of the 


equation 4. + 44 + 5 = 5 + 4 + 104% + 54, + 10a + 1oa, of which 


we are in ſearch, 


Art. 396. Now let & be put for 1.2, or this ſecond near value of the root 4 
of the ſaid equation 4 + 487 + ga- = 5 + 4 + 1045 + 54 + 104% + 104. 
And for a third near value of it, let us ſeek the root of the equation y* + 
49 + gf = 5 +& + 206 + 58? + 106" + 106; which will be greater 
than e, or the root of the equation y* + 4y” + 5% = 32, or ＋ 4y7 + 
5* = 5 + a* + 10a + 5 + 1oa* + 1oe, but leſs than a, or the root 
of the equation a* + 447 + 54 = 5 + a + 104 4 fa + 10a“ + 10a, be- 
cauſe the ſextinomial quantity 5 + & + 1065 + 5® + 108 + 106 is greater 
than the ſextinomial quantity 5 + a* + 10a* + ga + 10s* + 1os, but lefs 
than the ſextinomial quantity 5 + 4 + 104% + 5@* + 10a. + 104. 


Now, becauſe & is\= 1.2, we ſhall have © (= 1.2]*) = 2.985,984, and 
198% (= 10 Xx 1.2} =-10 X 2.488,32) = 24.8832, and 5& (= X 1.2 = 
5 N 1.728) = 8.640, and 306 (= 10 X 1.2} = 10 X 1.44) = 14.4, and 


10 (= 10 X 1.2) = 12, and conſequently 5 + & + 106 + 5? + 106? 
+ 408 (= 5 + 2.966,984 + 24.8832 + 8.640 + 14.4 + 12) = 
67.909, 184. Therefore the equation * + 4y7 + „ = 5 + © + 108 + 
5 +'108* + 106 will be * + 4% + 59* = 67.909,184, or, nearly, 5 
+ 4% + 5 D 68. This equation we muſt now endeavour to reſolve. 


Art. 397. Now let y (which we know to be greater than E, or 1.2,) be 
ſuppoſed to be = 1.3. Then we ſhall have yy (= 1.3) = 1.69, and y 
(=: 1.3/3) = 2.197, and y* = 2.856r, and y* = 3.712,93, and 5 = 
4.326,809, and y' = 6.274,851,7, and = 8.157,306,82, and conſequently 
497 (= 4 X 6.274,851,7). = 26.099,406,8, and 50 (= 5 X 2.8561) = 

14-2805, 
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14-2805, andy* + 4y” + f (=8.157,306,82 + 26.099,406,8 + 14-2805) 
= 48.537,213,62 3 which is leſs than the abſolute term 68. Therefore 1.3 
will be leſs than the root of the equation 9˙ + 43" + 53* = 68. | 


Now let y be ſuppoſed to be = 1.4. 


And then we ſhall have yy = 1.96, and y* = 2.744, and. y* = 3.8416, and 
»y* = 5.37824, and = 7.529,536, and ) = 10.541,350,4, and y* — 
4.757, 890, 56, and conſequently 4 ( 4 X 10.541, 350, 4) 42.166, 401, 6, 
and 5 (= 5 X 3.8416) = 19.2080, and y* + 4y' + 5 (= 14.757.890, 56 
+. 42.165, 401,6 ＋ 19.2080) = 76.131, 292,16; which is greater than the 
abſolute term 68. Therefore 1.4 will be greater than the root of the equation 
„ ＋ 737 + 5 = 68. But the difference will not be great. And therefore 
we may conſider 1.4 as a third near value of the root of the equation @a* + 
447 ＋ 5a* = 6 + 4 + 10a + 5a“ '+ 1oa* + 104, or as a third near 
value of the leaſt root (if it has more than one root,) of the equation » + 
4x7 + gr = 5 + x + 10x5 + Fg + 10 + 1ox, or of the propoſed 
equation x* + 4x7 — * — loox + 5x* — 5x? — 108% — lo = 5. | 


Art. 398. Now let 1.4 be ſubſtituted inſtead of x in the compound quantity 
* + 4x7 — * — 10x* + gr — 5x3 — 10 — 10x; and it will be = 
14.757,890,50. + 4 X 10.541, 350,4 — 7.529, 536 — 10 X 5.37824 + 5 X 
3.8416 — 5 X 2.744 —, 10 X 1.96 — 10 X 1:4 14.757,890, 56 + 
42.165,401,0 — 7:529,5356 — 53.7824 + 19.2080 — 13.720 — 19.6 — 14 
= 76.131,292,16 — 108.631,936; by which it appears that the three terms 
* + 4x” + 5x*, which ought to be greater than all the five terms * + 10x 
+ 5x* + 10x* + ox, and to exceed them by the number 5, will be lefs 
than the ſaid five terms. Therefore 1.4 will be leſs than the value of in the 
propoſed equation x* + 4x7 — * — fox! + 5#* = 54% — 10x* — 10 
= 5 | ode” 
Art. 399. We will therefore ſuppoſe x to be = 1.6. 


And then we ſhall have xx = 2.56, and x* = 4.096, and x* = 6.5536, 
and & = 10.48576, and x* = 16.777, 216, and x! = 26.844, 54 5,6, and & = 
42.949,62, 96, and conſequently 4x” (= 4 X 26.843,545,6) = 107,374,182,4z 
and 10x5 (= 10 X 10 48576) = 104.8576, and gx (= 5 X 6.5536) = 

32.7680, and gx* (= 5 X 4.096) = 20.480, and 10* (= 10 X 2.56) = 
25.6, and 10x (= 10 X 1.6) = 16, and & + 4 - — 1085 + 5ax* — 53? 
— 10x* — 10x {= 42.949,672,96 + 107.374, 182,4 — 16.777,216 — 
104.8576 + 32.7680 — 20.480 — 25.6 — 16) =' 183.091,855,36 — 
183.7 14, 816; of which quantities the latter, to wit, 183.714,816, (which is 
equal to x* + 10x% +'5x* + 10x? + 10, is greater than the former, to wit, 
1$3.091,855,36, (which is equal to x* ＋ 4 + 5x*,) and therefore cannot be 
ſubtracted from it, as it is ſuppoſed to be in the propofed equation x* + 4x? 
— x* — 10 + 5x* — g — fo — 10 = 5, Therefore the root of that 
equation muſt be ſomewhat greater than 1. 6. | 8 . 


REVERSION OF INPINITE SERTESES, 733 


Art. 400. Let us therefore ſuppoſe x to be = 1.6 ＋ x, and let us proceed 
to inveltigate the value of z by Mr. RansoN's method of approximation, 


Then, ſince x is = 1.6 + z, we ſhall have 
xx (= 1.6+2* =1.60* +2X1.6 x 2 + &) = 2.56 + 3.2 * 2 
+ &c, | | 
and & (= 1.6++2]* =7.0* +3X1.6* Xx 2 + & =1.0: + 3 R 2.56 
X 2 + &c) = 4.096 + 7.68 Xx 2 + &c, 
and & (= 1.6 TE = 1.01% + 4 X 1.61? X 2 + &c = 1.61* + 4 X 4.096 
X 2 + &) = 6.5536 + 16.384 X 2 + &c, | 
and x* (= 1.6+ 21 = 1.6): +5 X1.6* * X + &c = 1.50 + 5 * 
6.5536 X z + &c) = 10. 48576 + 32.7680 X z + & o. 
and x* (= 1.6+2] — 1.6] + 6 X 1.6 * 2 + &c = 1.65 + 6 ” 
| 10.48576 X z + &c) = 16.777, 216 ＋ 62.91456 x 2 + &c,- 
and & (= 1.6+2] = 1.60 + 7 * 1.60 x 2 + &c = 1.6 + 7 X 
| 16.777,216 K 2 + &c) = 26.843,545,6' + 117.440, 512 K * 
+ &c, 
and x* (= 1.6+2] = 1.6“ + 8 x 1.6} * 2 + & =1.6" + 8 x 
26.843,545,0 x 2 + &c) = 42.949,672,96 + 214.748, 364, 8 
X 2 + &c, | 
and cools ata 4.x Rs 
4 * 26.843,545,0 + 4 X 117.449,512 & z + &c) = 
107.374,182,4 + 469.762,048 X X + &c, 
and Iox* (= 10 x 10.485,76 + 32.7680 x K + Nc = 10 * 10.48 5,76 
| 10 X 32. 7 * 2 + &) = 2 + 327.680 & 8 + 
&c, 8 
and 5x* (= 5 X 6.5536 + 16.384 x.2 + Nc = 5 x 6.5536 +5, x 16.384 
| X 2 + &c) = 32.7680 + 81.920 X.2 + &c, 
and 5x3 (= 5 x 4.096 + 7.68 Xz + &c = „ 4.096 + 5 & 7.68 & 2 
+ &c) = 20.480 ＋ 38.40 x 2 + &c, | 
and 10x* (= 10 X 2.56 + 3.2 * 2 + &c = 10 X 2.56 + 10 X 3.2 
X a * 2 + &c) = 25.6 + 32 X 2 + &c, | 
and 10 (= 10 x 1.6 ＋ 2 Z 10 X 1.6 + 10 X 2) = 16 + 102 
Vol. III. 49 Therefore 
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Therefore the compound quantity * + 4x? — * — 108 + 5* — 59 — 
10 — 10 will be equal the complicated quantity 


{ 42.949,672,96 + 214.748,364,8 Xx 2 + &c ] 
+ 107.374,182,4 + 469.762, %8 Xx 2 + &c 

1 — 16.777, 216, — 62.914,56 X 2 — & c 

J — 104-857,6 — 327.080 Xx 2 — &c ( 

| + 32.768, o ＋ 81.920 Xx 2 + & c 
— 20.480 — 38.40 X 2 — & c 

| — 25.6 — 32 X 2 — & c | 

2 16. — 10 X 2 2 


183.091,855,36 + 766.430,412,8 X 2 + &c 
— 183.714,816,00 — 470.994,560,0 X & — &c 


= — 0.622,960,64 + 295.435,852,8 * 2 &c. 


But the compound quantity * + 4x7 — * — 10* ＋ gif = FfK — 1047 
— IOX is = F. 
Therefore 295.43 5.8 52,8 x 2 &c — o. 622,960, 64 will alſo be = 5. And 
conſequently (adding o. 62 2, 960, 64 to both ſides,) we ſhall have 295. 435, 8 52, 8 
* 4 g 2 5.622, 060, 64 
R 2 (2 5 + 6.622,960,64) = $5.622,960,64, and 2 ITT 
Therefore 1.6 + 2, or x, will be (= 1.6 + 0.019) = 1.619 ; that is, the 
leaſt root of the propoſed equation à + 4x7 — * — 10. + 5x — * — 
o — 10x = 5 will be 1.619. . Bo 1. 


= O. 01 9. 


Art. 401. This value of x will be pretty near the truth, but will exceed 
it by a very ſmall quantity. For, if we ſuppoſe x to be = 1.619, we ſhall 
have xx = 2.621,161, and x* = 4.243,659, and x* = 6.870,484, and x* = 
11.123,21, and x* = 18.008,482, and x? = 29.155,732, and * 47.203, 130, 
and conſequently 4x? (= 4 x 29.155,732) = 116.622,928, and 10x* (= 10 
X 11.123,213) = 111.232, 130, and 5x* (= 5 x 6.870,484) = 34.352, 420, 
and 5x* (= 5 XN 4:243,059) = 21.218,295, and 1ox* (= 10 Xx 2.621,161) 
= 26.211,610, and 1ox (= 10 Xx 1.619) = 16.190,000, and * + 4x! — 


* — 103* + 5x* — 5 — 104 — 10x = 


47.203,130 
+ 116,622,928 — 18.008,482 
— 111.232,130 . 
+ 34.352,420 — 21.218, 295 
— 26.211,610 
— 156. 190, ooo 


198. 178,478 — 192.860, 5 17 = 5.317,961 ; which is ſomewhat greater than 5, 
or the abſolute term of the propoſed equation x* + 4x7 — * — 10x* + 5x* 
— 5x* — 10x* — 10 = 5. Therefore 1.619 will be ſomewhat greater than 


the true value of x in that equation. d. E. D. 


Art. 402. 
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Art. 402. We will therefore, in the next place, ſuppoſe x to be=r 619 


— . 


And then we ſhall have 
xx (= 1.619 — f) = 1.6190 — 2 * 1.619 K v + &c = 2.621,161 
— 3.238 x v + &c, 
and x* (= 1.619 — = Tos X 1.619] x» 480 = 1.619Þ 
— 3 X 2,621,161 x v + &c) 4.243,659 — 7.863,483 x v 
+ Kc, 
and x* (= 1.619 —_ 31 = 1.61, —4 X 1.61905 x v + &c = 1.619 
— 4 x 4-243,659 x v + &c) = 6.870,484 — 16.974,636 
| X v + &c, | 
and x* (= 1.619 - = 1.619] — 5 X 1.619} X + &c = 1.619“ | 
— 5 * 6.870,484 x v + &c) = 11.123,213 — 34.352,420 | 
X v + &c, | 
and * (= 1.619 —v* = 1.619 — 6 X 1.6195 X v + &c = 1.6x 
6 X 11.123, 213 & v + &c) = 18 -008,452 — 66. W X v 
+ &c, 
and x? (= 1.619 — v7 = 1.6197 —7 * 1.619] x v Ke * org 
7 * 18.008,482 X v Kc) = 29.155,732 — 126. 069,374 


X v + &cz 

and 2* (= 1.619 — U = 1. 9]*—8X 1.619] X v + &c = ig 
— 8 x 29. ir * v + c) = = 47.203, 130 — 233.245,856 
Xx v + &, © 


and conſequently 4x? (= 4 X 29. 155,732 — 4 X 126, 0595374 * v + &c) 
= 116.622,928 — 504.237,496 x v &c, 

and 10x* (= 10 X 11,123,213 — 10 X 34-352,420 X v + &c) = 

111,232,130 — 343.524, 200 x v + &c, 

and 5x4 (= 5 x 6.870, 484 — 5 X 16.974, 636 * v + &c) = 34-352,420 
— 84.873, 180 x v + &c, 

and 5x7 (= 5 X 4.243,659 — 5 x 7.863,483 x v + &c) = antes 
— 39-317,415 x v + &, _ 9 | 

and 1ox* (= 10 Xx 2.621, 161 — 10 X 3.238 & v + &c) = 26,211,610 — | 
32.380,000 X v + &c, 


and 10x (= 10 X 1.619 — 10 X v = 16.190,000 = 10,000,000" , 
5 D 2 and 
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and * + 4x7 — 4 — lor + gat — 5x7 — 108* — Ion = 


47.203,130 — 233-245,856 x v + &c ] 
+ 116.622,928 — 504.237, 496 x v + &c 
18. 008,482 +. 66.739,278 Xx v — & 
111.232,130 + 343.524,200 X v — &c | 
34-352,420 — 84.873,180 Xx v + &c [ 
21.218,295 + 39-317, 415 X 

26.2 11,610 + 32.380, 00 * 

16. 190, 00 + Io. ooo, ooo X 


GE, { 198.178,478 — 822.356, 532 X v + &c 
or. BY — 192.860, 517 + 491.960,89g X v — &c 


= $5.317,9061 — 330.395,639 X v &c. 
But the compound quantity * + 4x7 — * — 10x* + 5 — * = 1048 


— Fox is = LL ; 
Therefore 5.317,961 — 330.395,639 X v will alſo be = 5, 
And conſequently 5.317,961 will be = 5 + 330.395,639 X v, and 0.317,961 
ant = | . = 0.317,96 __ 
will be x 330.395,639 X v. Therefore v will be = Tio 309.075 © 9:000,962,3, 
and 1.619 — v will be (= 1.619,000,0 — 0.000,962,3) = 1.618,037,7 ; 
that is, x, or the leaſt root of the propoſed equation x* + 4x7 — * — 10x* 
+ 5#* — 5x? — 10 — 10 = 5 will be nearly equal to 1.618,037,79, 
„ Bo Bo 


This value, 1.6 18,037, 7, of the leaſt root of the equation & + 4x7 — K 
— ic + 5x* — sr — 10x* — 10 = $5 is, probably, exact in the firſt 
feven places of figures 1.618,037. i EET, 


II I+1]] 


Art. 403. In order to diſcover whether the equation * + 4x7 — K 49 rox 
+ 8* — 5 — 10x" — 10 = 5 has any other root greater than 1.618, 037, 
we may proceed as follows. | | 


Let the root already found, to wit, x.618,037,7, or (neglecting the three 
laſt figures 8772) 1.618, -be called a, as before; and the greater root of the 
equation (if there be any- ſuch root,) be called 5. NEXT 


Then we ſhall have * + 45˙ — &* = 1045 + 5 — 5;Þ — 108 — 1055 
= 5, and conſequently = 4 + 447 — af — 10a + fa! — 5a* — 10a — 104. 
Therefore (adding “ + 1045 + 5 + 104* + 106 to both fides of the equa- 
tion,) we fhall have 3˙ + 457 + 5 = & + 407 — 4 — 1045 + 5 — 54 
— 10a2˙ — 103 + &* + 105 + 5 + 10 ＋ 103 = © ＋ 42 + f — & 
+ 1045 — 1045 + 5a* + 5b — 5a + 106* — 10a“ + 106 — 1oa, and 
(tubtrafting a* + 447 + 5a from both ſides,) 3˙ — 4 + 447 — 44 + 56+ 
—5* — 4 + 106 — 1045 + 5Þ* — 54) + 106f — 109 + 10b — 

5 4 


104,00 af AN -N -A = 4 þ10X 6 0 
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＋ SX 5 — ＋ 10 * 7 — 7 4 10 * 3 and (dividing both ſides 


n we ſhall have ©; © +4 PEE 12 5 * 


== = JS +10 K = 282 + 1 ff 88 

or 5! ＋ b'a + 3% + 3% + 3 + ÞBa* + 3% + & + 4 x 

77 bia+ b&* + a + a + bat T2 +5X#Þ + Na 

=6* ＋ * + Þa* +ba* + 4* +10Xb* + ba + ÞFa* + ba* + a* 
+5xEf +bha+#® +$10xb6+84+ 10, or 3˙ + ab* + &b* + %, + 

433 + 42 + 2 + a? + 455 o+ 4a + 446+ + 40'ÞP ＋ 4 + 45 

+ 44* + 5% + gab + 5a*%b + 5 % = b5 + ab* a + &Þ + ab 

+ 4&5 + 103“ + 1046? + ro + 104%. + 107 + 56* + 5ab + 54a" + 

+ 1039 + 108 + 1o, or 


{ ** + af + ib + % + % + af + 4% + 47 } 
| 


+ 4% + 446) + 44 + 44˙ + 44%* + 44% + 44 
+ 5% + 54b* + 54 + 5a 


0 % + af + 4 + 4 + ob + & 
| + 108 + oa + 104%4* + 104% + 1044 
=9q T a 
# FR + 106 + 10 
+ 10, 


and (ſubtracting 4 + 10a* + 54a* + 10a + 10 from both ſides) 


** + of + 2˙ + 2˙9˙ + 48% + &Þ + 43 + a” 
* 2 + 4ab* + 446+ + 44% + 44*%6* + 44 + 44 
r 1 8 
a* 
3 
— I Of 


4% + ab* + 4˙½ + 2. + 45 


+ 103“ + 104b* + 104*%b* + 104% 

4 5 + — | I 

+ AM | 

and (ſubtracting from both ſides of this equation all the terms on the leſt: hand | 

ſide of it that involve the powers of i, and placing all the terms chat involve the: 
powers of $ on the left-hand fide of the new equation,) 
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+ Fa + 10a + 6 + 4% — gab" — at* 
+ 100þ + % — z' — 44% — 26) 
+ 2 — 5$ab* — 40%" — a5 
= $0 — 46 —- op | 
„ 


po hy 


_ a" + 44 — 4 — 10 + 54 — 54 — Cd wn 2. or (if we range the 
terms in the ſeveral vertical columns on the left-hand fide of this equation ac- 
cording to the powers of a,) | | 


105 + 5% — 56 +104 + Þ — 4 —# N 


100 + ß + 10a + 1014 + Þ = 4 — 7 | 


| + „ — . 10% + al. — 4al. — 40. 

J — sa˙ +1005 + 4% — 44˙ = 4˙ 

1 + 108% + 8b — 40% — 404 1 
+ a% — 44 — 4˙ f 
— 44% — 45 


= 4" + 44 — 4. — 10a“ ＋ $9? 2 108 10, 


But the octinomial quantity a7 + 44* — 4 — 104% + 54 — 54 — loa 


Be: wok = ES e—2005 $$? —52) — 1045 = 10s , ENS: HAR 
n ö — 0 | > 
3-090. 
Therefore the complicated quantity 
7 105 + 5 — 56 + 10 + 5 — 4% — 7 F 
| + $5ab —. 5% + 10ab* + at* — 4ab* — atf | 
— 5s + io + 4, — 44 — 4˙6. 
1 + 10a˙⁰ + ˙%⁰ — 4435 — gb 
. 
= 4 — &f | 
— &b 


| Art. 404. Now let 1.618 be ſubſtituted 
ſtead of a. ; 


And we ſhall have ea (= 1.618Þ) = 2.617,924, and 4 = 4-235,801, 
and a* = 6.853,526, and 8* = 11.089,005, and 4* = 17.942,010, and 47 
= 29. 030, 172, and 4 46.970, 818, and conſequently 34 (= 5 x 1.618) 
= 8.090, and ga* ( 5 x 2.61924) = 13.089, 620, and 104 (= 10 x 
4.23 5,801) = 42.3 58,010, and 44 (= 4 X 11.089, 0) = 44.356, ozo, 
and 10b + gab — 54*b + 108% + a*% — 42% — 4% (= 10b + 8.090 
Xx - 13.089,620 x 5 + 42.358,010 x 3 + 6.853, 526 x b — 44-356,020 

$4 * 


in the terms of this equation in- 
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* bþ 1.942, o 10 x 3) = 67.301,36 x 3 — 75.387, 650 x >; and 104* 
(= 10 Xx 2.617, 924) = 26.179, 240, and 44 (= 4 Xx 6.8 53,526) = 
27.414, 104, and 53˙ — gab* + 104%" + 20 — 42 — 2H} (= 56 — 
8.090 x 5 + 26.179,240 x #&* + 4.235,801 x * — 27.414, 104 x © — 
11.089, o x #&*) = 30.415,041 x — 46.593,109 x “; and 10a (= 
10 X 1.618) = 16.18, and 44˙ (= 4 x 4-235,801) = 16.943, 204, and — 
56% + 10ab6* + 4˙ — 44% — 4, (= — 5b* + 16.18 x b6* + 
2.617,924 K 6* = 16.943,204 K 6* = 6.8 53,526 x b*) = — 28.796,730 
Xx 6* + 18.797,924 Xx ; and 44* (= 4 x 2.617,924) = 10.471,696, 
and 1064 + ab* — 44% — 4% (= 10“ + 1.618 x % — 10.471,696 x 4% 
— 4.235, 80 1 x 64) = 11.618,000 „ — 14.707,497 x ; and 44 (= 
4 * 1.618) = 6.472, and þ5 — 4 — 4˙ (= þ — 6.472,000 „ b* — 
2.617,924 Xx 65) 2 — 9.089,924 X ; and — 43 — 4 (= — 4.000,000 
* — 1.618,000 x bþ*) = — 5.618, 00 x. . Therefore the left-hand 
fide of the foregoing equation will be equal to the following compound quan- 
- tity, to wit, 67.301,536 x — 75.387,650 x þ + 30.415,;041 X * — 
46.593,109 x % — 28.796,30 x 6* + 18.797,924 x 0 + 11.618,000 
Xx b* — 14-707,497 Xx £4 + 1,000,000 Xx * — 9g.o89,924 „ 6 — 
5.618,000 x % — 7. Therefore this laſt compound quantity muſt be equal 
to 3.090; or, in other words, the five quantities 67.301, 536 * + 30.415,04L 
* &* + 18.797, 924 K + 11.618, 00 x 3 + 1. ooo, o x muſt be 
greater than the ſeven quantities 75.387, 650 x & + 46.593, 109 N + 
28.796,730 K 6* + 14.707,497 Xx % + 9.089, 924 x #* + 5:618,000 x 6“ 
+ , and the exceſs muſt be equal to 3.090. But the ſaid five quantities 
are, reſpectiwely, lefs than the five firſt quantities of the ſaid ſeven quantities, 


and therefore, 2 forticri, muſt be leſs than all the ſaid ſeven quantities, and 


therefore the ſaid ſeven quantities cannot be ſubtracted from the ſaid five 
quantities, as they are ſuppoſed to be in the ſaid laſt equation. And conſe- 
quently the ſaid laſt equation is impoſſible. Therefore the ſuppoſition from 
which the faid equation is derived, to wit, the ſuppoſition that the equation 
* ＋ 4% — * — 1c + 5x* — * — fo — fox = 5 has a ſecond 
real and affirmative root &, greater than a, or 1.618, muſt be a falſe ſuppoſi- 
tion. And conſequently we may, at laſt, conclude that 1.618, or 1.618,037, 
is the only root of the propoſed equation «* + 4x7 — „ — 1089 + 5X — 
5X3 — 10x" — IOX = 5. Q. E. 1. 


Art. 405. This root? 1.618, is pretty near the truth. For, if we ſuppoſe 


x to be = 1.618, we ſhall have * + 4x7 — * — 1085 + 53% — 5x3 — 10x? - 


— 10x (= 46.970,818 + 4 X 29.030, 172 — 17.942,010 — 10 X 


11.089,005 + 5 X 6.853,526 — 5 X 4-235,801 — 10 X 2.617,024 — 


10 X 1.618 = 46.970,818 + 116. 120,688 — 17.942,010 — 110. 890, o 50 
+ 34.267,630 — 21.179, 5 — 26. 179, 240 — 16. 180, ch = 197.359, 136 
— 192.370, 305 = 4.988,83 1; which is leſs than 5, or the abſolute term of 


the propoſed equation x* + 4x” — * — fox! + 5x* — gr — 10 — 10 


= 5, by only the ſmall difference 0,011,169, which is leſs than the 447th 


= 
- 
- — . * — * 
ä—N— —— — = 
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Part of the abſolute term 5. Therefore 1.618 muſt be ſomewhat leſs than, 
t very nearly equal to, the true value of * in the ſaid equation, & fk. p. 


A S C HO LI U M. 


* 
* — 4 he 
|. 4 — — 


Art. 406. We have now gone through the reſolution of three equations 
conſiſting of terms marked with the figns — and +- alternately, (and which 
therefore are capable of having more than one real and affirmative root, if the 
co-efficients of the powers of x and the abſolute terms of the equations are of 
certain relative magnitudes, with reſpect. to each other, that are proper for that 
purpoſe,) to wit, the cubick equation x* — 3gx* + 47% = 1881, and the 
equation x* — 7 + 20x* — 155xx = 10,000, and the equation * + 4 — 
* — 10 4 gx* — gx* — Ioxx — Ilox = 5, by means of the Proceſſes de- 
ſcribed above in art. 361, 362, 363, 364, and 365, together with Mr. RA R- 
$oN's method of approximation, after a tolerably near value of the leaſt root 
of each of thoſe equations, ſomewhat leſs than the true value of it, had been 
firſt obtained by thoſe Proceſſes. And theſe Proceſſes have been ſet forth fo 
fully and diſtinQly that nothing more is neceſſary, as I conceive, to be added, 
in order to explain and illuſtrate them. And I have likewiſe ſhewn, at the 
end of each of theſe examples, a method of reducing the equation (after its 
leaſt root, or its only root, a, has been obtained, to a ſufficient degree of ex- 
actneſs, by means of the ſaid Proceſſes and of Mr. Rayason's method of ap- 
proximation,) to an equation one degree lower than the firſt 8 by 

utting 4 for one of its other roots, which are greater than a, (if it has any 
boch other roots, ) and dividing the terms of the equation reſulting from that 
ſuppoſition by the reſidual quantity 5 — 4. And by this reduction we can 
vſually diſcover whether the original equation has, or has not, any other root 
than a. For, if the equation obtained by this diviſion is a poſſible equation 
(as was the caſe in the firlt of the three foregoing examples, where the equation 
ſo obtained was the quadratick equation 30x — xx = 209, which is a poſſible 

uation, and has two roots,) the original equation from which it was derived, 
will have more roots than a, to wit, the root, or roots, of the ſaid ſecond 

uation, which was derived from it by means of the ſaid diviſion : but, if 
the ſaid ſecond equation appears to be impoſſible (as was the caſe in the ſecond 
and third of the three foregoing examples,) the original equation, from which 
it was derived by means of the ſaid diviſion, can have no other root than the 
root 4, which has been already found. And in the former caſe, or when the 
. faid ſecond equation 4s found to be a poſlible one, its leaſt root may be found 
by a repetition of the Proceſſes above-deſcribed, together with Mr. Rarason's 


method of approximation, in the ſame manner as the leaſt root of the original 
equation 
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equation had been obtained before. And then the next greater root of the 
ſaid ſecond equation, and the next greater than that, and ſo on, may be found 
in the ſame manner, till all its roots are known; which are likewiſe roots of 
the original equation from which the ſaid ſecond equation was derived. And 
thus at laſt all the roots of the ſaid original equation will be obtained: which 
is all that can be defired on the ſubje, W 


Art. 407. But I am apprehenſtve that it may be thought that the number 
of Proceſſes to be uſed in this method is too great, ſo as to make the inveſti- 
gation of the value of 4, or the leaſt root of the propoſed equation, a tedious 
and troubleſome buſineſs. That it is ſo, in ſome degree, I readily, confeſs; 
but 1 apprebend that this difficulty and tediouſnefs is inherent in the ſubject 
itſelf, and inſeparable from it, and that the leaſt root, or any other root, of an 
equation of the eighth degree, that has all its terms compleat (as is the caſe 
with the equation x* + 4x7 — „ — 1045 + gr — g — 10x* — 10 350 

cannot be found, by any method hitherto dilcovered, with. leſs. trouble than 
was taken in the foregoing inveſtigation of the root of the ſaid equation & + 
4%) — 4? — fen + 5x*/— gx) — 10 — 10 = 5. And it muſt be ob- 
ſerved that the Procefles by which the near value 1.6 (which was made the baſis 
of the-further 797 to the root of the faid equation by Mr: RæYH= 
sox's method of approximation, ) was obtained, though they were pretty many 
in number, were very ſimple and eaſy arithmeticat operations. For they were 
only ſubſtitutions of the ſeveral ſhort numbers 1, o. 7, 0.9, 1.2, 1.3, 1. 4, and 
1.6, (conſiſting of only one and two figures, ) inſtead of y, and a, and &, and x, 
in the compound quantities y* ＋ 4% + 50%, and 5 1 a* +. oa! + 5a? + 
10a + ia, and 5 + & + 108 + 58 + 1065 + 106, and „ ＋ 4 — x5 
— 10%" + 5x* — 5 — 10x — io. The, remaining part of the inveſtiga- 
tion of the value of a, or of the leaſt root of the equation x" + 4 * — 
10 + ga! — 5x* — fox! — io = 5, after we have obtained 1.6 for a neat 
value of it ſomewhat leſs than the truth, is performed by Mr, Rayason's | 
method of approximation, which is ſubſtantially the ſame with Sir Isaac 
Nrwrox's, and is allowed on alt bands to be the ſhorteſt and belt method 
that can be taken for the purpoſe. I therefore conceive that the only anſwer 
that can be given to this complaint of the tediouſneſs of the foregoing method 
of obtaining the leaſt root of an equation of a high degree, is that which is 
{aid to have been given by EucLtp, the author of the Elements of Geo 
to PToLEMY, King of Egypt, when he made a like complaint concerning the 
difficulty of that method of 2 at the knowledge of Geometry, te wit, 
4 That there is no royal highway to the —_— of Geometry, and much leſs To 
« that of the methad of rgſalving an equation of the eighth degree, ar of any higher 


93 ; 
* order. 
1 hats AY ' 
SPY 1101 Aida 


1 now return from this digreſfion concerning the mare of equations of 
high degrees to the doctrine of the Reverſien of Infinite Serieſes, which is 4h 

2 EE ˙ 11 
Vox. III. 5 E 4 
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| * of the Second general Theorem of Sir Isaac Newton, for the Reverfion of 
* Infinite Serigſes, given above in page 694. 


— —— — 


Art. 408. The next thing to be done with reſpect to this doctrine is, to in- 
veſtigate the ſecond general Theorem of Sir Isaac Newron, given above in 
art. 311, page 694, from his celebrated letter to Mr. Or DENBU ROH, dated 
October 24, 1676. This Theorem relates to the reverſion of a ſeries that in- 
volves only the odd powers of y; and, if the co-efficients of the ſaid odd 
powers, taken in their natural order, to wit, y, y*, , 57, , &c, are denoted: 
y the ſame letters a, c, e, g, i, &c, by which they are denoted in his firſt 
theorem, will be as follows; to wit, that, „If 2 is equal to the ſeries ay + 
«og + e + g + if, &c ad infinitum, y will be equal to the ſeries. 


ae dace — aag — 1203 


„ Xx H x f SE xY + 
« Som pore trot PLD x c ad infiitum.” See above, 
page 694. | | 
Art. 409. The three firſt terms of the ſeries given by this theorem have 


been already inveſtigated in the former part of the preſent Diſcourſe, in art. 


4% 55» 50, 67» 58, and 59, pages 384, 385, 386, - - - - - 395, where it 
Jy that, . ee to the infinite ſeries ax + cx. + er + gx” ＋ bs 


+ Is" TN ＋ px** + &c ad infinitum, the two firſt terms of the infinite ſe- 
ries of terms, involving the powers of y, that will be equal to x, will be 


* *. or 2 — E, and the third term of the ſaid ſeries, if 
gc* is greater than ae, will be == x , and will be added to the firſt term 
= X 3, ſo that the three firſt terms of the ſaid ſeries will, in that. caſe, be 


— * y —— x + EE „ „ and, if 36 is lefs. than ae, the third 
term of the ſaid ſeries will be = x n, and will be ſubtracted from the. 
firft term — X , ſo that the three firſt terms. of the ſaid ſeries. will, in that: 
„ . For, if we. fabſtitute in- 


cafe, be => x35 —S K 
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ſtead of x, and z inſtead of y, in thoſe articles, in order to expreſs the con- 
cluſions obtained in them agreeably to the notation here made uſe of, it will 
follow that, if z is equal to the infinite ſeries ay. 4 + 9* + gz” + 9? + 


&c, the two firſt terms of the infinite ſeries of terms, involving the powers 
of z, that will be equal to y, will be — X Z——— X 2*, or — _ =, 


and the three firſt terms of it will be — X 2 — X 2* + — xz, 


- * * 4 — 
if 36 is greater than ae; and will be — Daw _ Kees ==" 


if 3c* is leſs than ae; the former of which three terms are the ſame with the 
three firſt terms given by the ſecond Theorem of Sir Isaac NRWro, accord- 
ing to the notation here adopted. Theſe three terms were obtained in the 
former part of this Diſcourſe by means of the firſt method of reverting infinite 
ſerieſes, which is grounded on the aſſumption of a ſeries with undetermined, 
numeral, co-efficients to its terms, for the value of the quantity which is in- 
volved in the terms of the firſt ſeries, But, from his manner of expreſſing 
himſelf in that letter to Mr. OL.dznBURGH, | conceive that Sir IsAAc NRWTON 
did not make uſe of that method to obtain the two ſerieſes given in the two 
foregoing theorems ſet down above in art. 311, page 694, but obtained them 
by means of the latter method of reverting ſerieſes, which is deſcribed in the 
paſſage that has been cited above in art. 287, pages 669, 670, from his faid 
etter to Mr. Ol DEN BOUROR, and which requires only the common arithmetical 
operations of Multiplication, Diviſion, Addition, and Subtraction. And there- 
fore I ſhall now proceed to inveſtigate the ſaid ſecond Theorem, (as I before 
inveſtigated the former of the ſaid theorems in art. 313, 314, 315, 316, 317, 
318, pages 695, 696, 697, 698, 699, 700,) in the ſame manner, or by the 
ſaid ſecond method of reverſion, and ſhall carry the. inveſtigation to the ſame 
extent as Sir Isaac NRWTox has done, or ſo far as to obtain the five firſt 
terms of the ſeries that is given us in the ſaid Second Theorem, 


=, 


— 


— - *** * Sw eons — oo * 5 
— ſͤv—— y l — — — —— 
* ” ” * - . = 


A Reverſion of the Infinite Series ay + 9* + &f + gy! + „ + &c, which is 
equal 10 2; or an Inveſtigation of a Series of Terms involving the Powers of z, 
that ſhall be equal to the Quantity y. 

—___T_—_——_—_—_———————— 
Art. 410. Let the ſeries ay T + 9* + gy? + 5* + &c, be multiplied 
eight times into itſelf, ſo as to give us the ſquare, the cube, the fourth power, 


the fifth power, the fixth power, the ſeventh power, the eighth power, and 
the niath power of the ſaid ſeries. Theſe multiplications will be as follows, 


5 E i 9 + 
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5 + 5 + Ke 


| 4 * t + . 8e 


n 2. + 209% + 2023 


 &c 


* 


„ ＋ * „ + % &c 
& 40 ae + 241 + FT 
+ ac'y? + aach + & 

* e & 
yr + cho + & 

+  &ey + 2 + & 

+ 49 + &c 

8 


* T 2095 + 3099) + 3% + &e 
+ ach + ba +" cee 
+ & + Kc 

1 + 


. F 39 + 34% + & 
2 UH + 3a⁴h + &c 
@f ＋ 3% N 
+ 4 + & 


ballin 02? +/ 4 + 44% + & 
wor dril + 66%)" + & 
* &c 


9 + & + of + &_ 


0 - 
1 4.4 
a 


RK EVE 861 an,OF INFINITE,SERTESES, 


el + Wo + h + &c- 
+ 6 + &e 
| (=> +&c 


1 1 — "OO 4 


— 


Ma M3 + 


— eue 


ay + 4a, + dap + be 
T 64¹. t &c 
+ oy + 46%% + &Cc. 


+ 4 ＋ &e: 
+ de 


a'y* + 2? + 3a + wy 
+ ioc + & 


+ -& 


41 ; \ on a . 
__ CG ay ph: "ot green: 
fil e 51 * . kv, y 


- v — e WY — 1 


ay + gay" + he, 
5 * + &e 
+ & 


: * a. #4 q 
3 a%# 3 3i+f 8 0 4 1 


4.5 + 6a + & 
ps vil: monk, 2 21 2ga6 Fo; 


. K Sc 
8 49 * 9p; + &c : 
Wee LAG + Ke | 
+ he 
Fa + > + &c 
+ &c 


&c 1 — 
. s 


* * 
* 1 : . 
nn nent 15 1 — | 

4 ck a * 0 — LY 
* P = 
on 7 343 


Sen non — 


Ly 
* 0 © —— ̃ m M.m — 
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* 


Therefore 
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Therefore 27 will be = the compound ſeries 
'7 © + 349 + 349" + 30'gy* + Kc, 
4 ＋ . + barg + &c, 
WE 9 Ap. Y” "3 - - "_ 
., +. c, | 
and 2* will 1 — 
429 + 5a%y + ee Kc, 
+ 104%'y* ＋ &c, 
* + 2, ' ' — 
and x“ will be = the compound ſeries - 
{ 4 + 740 
on} 1 — — CENTS 
and 2* will be = the compound ſeries | | 


{ 49 + Kc, 
1 & c. 


23 — one oe ro ow cds (wa os ma ww ce wy — ws er... 


Art. 411. Now, "a 2 is = the ſeries ay + — 42. m 2) + iy + Kc, 
let all the terms on cw ſides of the equation be divided -by-e : and we ſhall 


have — — =y + 2 + 2 + 2 * — + Fc. And conſequently the firſt term 
of the ſeries ſought (which is to give us the value of y in terms involving the 
powers of 2,) will be —, — —•—— 


Art. 412. We muſt now endeavour to expunge the term 2 from the equa 


* 25 iy 
tion — =J+Z+E+L+L+& 


Now it has been ſhewn that 29 is equal to the com pound ſeries 
a*y* + 34% 0* + 349, + 3.0 + &c, 


{ + 3a + bach + &c, 
+ i. Te 
| + &e. 


Therefore Z will be = the ſeries 

1 = +2 + 2 + Kc. 

1 + £7 + 2. e. 

| 

+ — + Kc. 

+ &., and Galügyig all the 
terms 


— — 
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terms into the fraction S) we ſhall haveZ x <, or 5 x 27, = the ſeries 

e343 zeey? a 
FFF 
+ 22 + LL + tee 
+ + Ke, 

+ Kc. | 
And this equatian, being ſubtracted from the equation =, + 2 ＋ 2 


* 


+ — + 2 + &c, will produce the equation — — = * 23 = the ſeries. 
y + 2 + 2 22 + + &; 
—E=2— rolls 
—- — — &c, 
— — &c, | 
— &c, = the ſeries: 
yo + +4 Kc, 


| — — &c; in which the cube of 3 
is wanting. Fherefore the two firſt terms of the ſeries ſought (which is to 
give us the value of y in terms involving the powers of z,) will be —_—_— = 
X 2. Q. E. I, 

Art. 41 3. We muſt next endeavour to expunge from the laſt equation the 
terms + 2, and — 2, which involve in them the fifth power of y. And 
for this purpoſe it will be neceſſary to reduce them both to the ſame denomi- 


nation, and to ſuppoſe one of them to be greater than the other. Now they, 
will both become of the ſame denomination by multiplying: the firſt of them, 


wo vit, 2, by the fraktion =, which is equal to+1, and conſequently; will 
hs make 
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make no change in its magnitude. For tlien they will be + >, „ande 22 | 


which have both the ſame denominator a3. And, as it will happen, I be- 
lieve, in moſt caſes, that ae (though 1 it may be often greater than J,) will be 
leſs than 36, we will ſuppoſe 365 to be) greater than ae, And the n the laſt 


f 
1 


equation will be as follows, t to vi, e x 2* = the ſeries 


y RG. ye” 2 —ae. NN 3 + 18 xc, 
= — = 79 94 . Aa 5 
ec, + 
od ä 8 — 2 — &, j 1 
5 — 8 — . — &c, 


wow pe Tae - * ” a3 a* 
* eg * 
2544 
n Th | 
—— — — —_— &c, | 
— &c. 


And, if we further 3 (what, 1 Pelte, will In frequently ha pen, ) that 
gace + 36 will be greater than aag, and that 34% +4 6ac'e + c will be 


greater than 42 the rs equation will be as follows, to wit, — > * 25 
UN (30% © e = r 
, TI r * 


from * — — 22 * " mt 25s 


* * [EL Acct - * del 11,330 29 li 11 or Iq 2141 1 
| "10 407 Gn g ot! 10 10 Sone 


No, fince it has been Gern in art. 40, that à˙ ib = the faties pr 


52g ＋ Sr r N T c, it follows that 23 2 will be = che ſeries 
+ 
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+ 2 HEE % Ke. And, — ye 
laſt equation by the fraction LOL we ſhall bave ZZ x 2* = the ſeries 
x * + ESE xo l gp Fi And, if we add this lat 


equation to the equation — — _ X 2* = the ſeries * EE * * — 


—— x yt — — . x 5* &c, we ſhall have — 


15e — Gare — LE 


[4 
Sx# + EE x & = theſeriesy ® * + = x y* 
ac%e + 420% — ga = 3a backs - c + a3 — 
Pay ep 2. © I —— dhe X & = the ſeries 9 ® * + 
n + . — X 5 &c; in which 


a3 
equation both the cube and the fifth power of y are wanting. Therefore the 
three firſt terms of the ſeries ſought (POT is to give us the value of y in 


terms involving the powers of z,) will be — — N 2 + —.— X 2. 


"QC E. I, 
Art. 414. We muſt next endeavour to expunge from the laſt equation, to 
wit, the equation = — 4 X 2 + 3 x 2* = the ſeries y + — 


* * + — — za*ecg + a% * P &c, the term 126 — _ + —. 


Xx , which involves the ſeventh power of y. 
Now it has been ſhewn in art. 410, that 2“ is = the ſeries a'y” + 7a%y9 + 
&c. Therefore 2 will be = the ſeries 9˙ + ea + &c; and conſequently, 


al 


by multiplying both ſides into the fraction 120 = bart + ep, we ſhall have 
126? —Bace + aag x 27 = the ſeries 225: tac — — 5 x 1 + OY: — ca Xx y* + 


df ——_ 


40 


&c. And, if we ſubtract this egg from the equation — — = * 2* + 


2 * 2* = the ſeries y * * + — x 9 — — — a 


* kee, we ſhall have — — — X * ＋ 2 X 2˙— — (= 


_ — CA 3; aw 
X-'2* be ſeries y # * ® Þ+ 296% Gre > Fae Eugen . 
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— — eB 


XH S the ſeries y as 


X & = the ſeries 


— 


X 9* &c; in which equation the cube of 


a* 


J, and the fifth power of y, and the ſeventh power of y, are, all, wanting. 
1 herefore the four firſt terms of the ſeries ſought (which is to give us the 


value of y in terms involving the powers of z,) will be — — = * 23 + 


Ty 


«5 ae * 25 9 X 25. Q 1. 1 


W 7 | 
Art. 415. We muſt now endeavour to expunge from the laſt equation, to wit, 


— — "= the ſeries „ 
al a"? 


- dl. "4 ' 3 | 3 — 
4 a* R ＋ hy 
DDD 

* | 


* TY which involves the ninth power of y. 


gates + 10a + 55i*— 55acte — a3; 
— 2 3 


* 39 &c, the term — 


Now, it has been ſhewn in art. 410, that 2“ is equal the ſeries 40“ + & c 
ad inſnitum. Therefore - 
conſequently, by multiplying both fides into the fraction 

1 — er een 
——— — —, we ſhall have — 


a 453 


%. 


—— 


will be = the ſeries y* + &c, ad infinitum'; and, 


E 2,2 2 * FR fs ww 3; : i 
12% S the ſeries r he &c od infinitum. 


Now let this equation be added to the equation — — — X24 222 


al 


X = — X 27 = the ſeriesy * * — —— —. 
a Q 


I a* 
_ 


X „ &c. And we ſhall have — — = X 2* + WE x lf 


7 t 


1 TE — _ + aag ** 2! + — + loaleg £550 — Face — 27 
„„ &c ad infinitum; in which equation the cube of y, and the fifth power 
of y, and the ſeventh power of y, and the ninth power of 5, are, all, wanting. 
Therefore the five firſt terms of the ſeries ſought (which is to give us the value 


X 2* = the ſeries 


of 5 in terms involving the powers of z,) will be => — — x * + — I 
x 2˙ [= EEE Xo þ LE ns 


475 e 2. 


. Io 
Art. 16. 
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Art. 416. The firſt, ſecond, third, and fifth terms of this ſeries agree ex- 
actly with the correſponding terms of Sir ISA NRWrTox's ſeries, as ſtated 


above in art. 408. But the fourth term, X 27, ſeems to 


differ from the fourth term of the ſeries ſet down in art. 408, which is 


A x 2˙. But the difference is only in the notation; becauſe 


a? | 


Bace — gag — zr, „ — Bace + aag +120 | 3 — Bae + 


* 27. And I prefer the latter notation to the former, becauſe 1 ſuppoſe 120 

＋ aag to be greater than 8ace, and conſequently the ſubtraction of 8ace from 

1260 + aag, (which is indicated by the ſign — prefixed to Bare,) to be pol- 

ſible, and the ſubtraction of 12c% + aag from gace, (which is indicated by 

prenxing the ſign — to the two terms 12c* and ag in the other notation,) to 
impoſſible. 


Art. 417. The three firſt terms of the infinite ſeries given by this ſecond 
theorem of Sir Isaac NRwrTrOx, may be derived from the firſt, third, and fifth, 
terms of the ſeries given by his firſt theorem, to wit, the ſeries — = X 22 


+ a , 
X 2* &c, by ſuppoſing & and d, or the co-efficients of y* and y* in the ſeries 
ay + A + O + d4j4 + 9* + &c, contained in the firſt theorem, to be 
equal to o. For then the foregoing ſeries given by the firſt theorem will be- 


26h — ac pe abe — 563 — a*d 34 c — 21aB*c + 6a*%d + 1444 — ae 
———Xz + X + —— 


| 2X0 — — — TF 
come — — — X 22 '+ — Xx» 4+ 5 ac x o — aa xX * 24 + 
| 4 | a „ 
rr 14 * 0 — ae X &c=——0—< x5 2 
a 4 | 
Zaace — ae 5 uk he WM 7. AM 8 , , 
+ —— x 2} & = — XR T X 2 &c; which are 


the three firſt terms of the ſeries given by the ſecond theorem. And, in like 
manner, if the ſeries given us in the firſt theorem had been carried to nine 
terms, inſtead of five, the ſeventh and ninth terms of it would have given us 
the fourth and fifth terms of the ſeries given by the ſecond theorem. Bur it is 
eaſy to perceive, from the inveſtigations that have been here given of theſe two 
theorems, that the algebraick computations neceſſary to the obtaining the ſixth, 
ſeventh, eighth, and ninth terms of the ſeries given in the firſt theorem, would 
have been exceſſively intricate and tedious; and for that reaſon, I preſume, 
Sir Isaac NEewron choſe rather to give us a ſeparate theorem for the rever- 
ſion of the ſeries y + Y + 9* + gy” + 9% + &c, that contains only the odd 
powers of y. | , 


$Þ 24 | An . 
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| 2 ample of the Reverſion of an Infinite Series, by means of the feregoing 
61 vir Second general Theorem of Sir Isaac NRwTox. 


7 


Art. 418. Sir Isaac Newron, in the paſſage cited above in art. 287, 
page 670, from his celebrated letter of October 24, 1676, to Mr. Or DbRx- 
BURGH, illuſtrates his ſecond general theorem above-mentioned, by applying 
it to the following example. 


Let the ſeries to be reverted be y + E + E,+ 3+ 11527 + Kc, 


which expreſſes the length of an arch of which y is the ſine, in a circle of 
which v is the radius, the ſaid arch being ſuppoſed to be leſs than the radius , 
or than an arch of about 57 degrees. 


In this ſeries the arch to which the ſaid ſeries y + - + 705 + - + 
12525 + &c is equal, or of which y is the ſine, anſwers to 2 in the foregoing 
ſecond general theorem, and a, or the co-efficient of y, is = 1, and c, or the 


co-efficient of 5, is = => and e, or the co- efficient of y*, is = — and g, 


or the co- efficient of 57, is = 5 and i, or the co- efficient of 5, is = 


: Therefore —, or the firſt term of the ſeries — — N 2 + EZE x 25 
— —— hg „ 2' + SORES Se — — —.— ä TY &c, 'given 


by the ſaid ſecond theorem for the value of y, will be = =, or 2, 


And — X A, or the ſecond term of the ſaid ſeries, will be = — x 2*(= 
23 I 


£X2 = π, = =. | 
And LE * 2*, or the third term of the ſaid ſeries, will be = — 


** AN * K* -* * = — 


—36 | | 
X * - 7 * = = x 2 = ———— xv N 


And 
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And = „ , or the fourth term of the ſaid ſeries will be =. 


— X 27, Or 2c“ — 85e + Z X 27. 


But 126 is (= nx &| = 12 x == = g) = 75735 and 8ce is ( 8 * 
r . "RESI 
ber * . == 3e: and g is = i There- 
Js 112 + ox 18 _ 6+5X9.0 56 + 45 
fore 126 1 rape 11 + (= 7 11277 92 1127 9 x Ei _ 


101 1010 — _ —3—) _ 


101 
= and 126? + g — Bees = Sin 3c zz 


I Dae. Therefore 126 — 8e g 27, or the fourth term of the ſaid ſeries, 


z7 
— 7 — f 
will be = I * 27, or - 7 


And, laſtly, = TIES „A, or the fifth term of 
the faid ſeries, will be = IIS DID y , or 
5e* + 10cg + G50 — 55% —i) N . 

But pe is = 5 x = 7855 = = and Iocg is = 10 X == 


5 X 10 
X — (= A = aer = and conſequently 5e* + 1ocg is = 


+ - - (= 9 * 336 + 25 * 320 __ 9x 84 + 25x89 __ 9x21 +25 X20 _ 
== 320 x 336r* ns 20 x 336 cine 
_ 689 _ "it nw. 8 55 

=) Eonar And 55e is = 5 X — * AN 

; 2 n 

and NED: Se. +, 10cg + 55c* will be = 1 
689 x 1296 + 55 x 6720 892,944 + 369,600 __ 1,262,544 7H 315,636 


6720 x 1296 x r® 5520 x 1296 x r* © 6720 x 1296 K © 6720 x 324 x rf 


20000. )= 26,303 __ 
5520 7 5 77 6720 x 27 , 181,440 K 


2 —_ — —— * 
And gge's n 55 X * SN NN = r 
55 11 * 1 
TY en Ten) n! and i is = 118 and conſequently 35 
2 11 x 1152 + 35 X 96 _ 11 ͤ, 288 + 35 x 24 
1 1 57 + or = De — = 
11X72+3 * 6 
577117527 
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11xX12+35X6 — 1 K 12 +35 132 + 25 167 Therefore 22 
6 NI N * 175275 * tiger 0 * ＋ leg 
26,30F————2659-—- 26,303 K 116% 
Ber 1552 


+ 5500 — 556 — 1 will be = 


| 151,44 11 191,440 & 11527 OP 
167 x 181,440 A 30,301,056 30, 300, 08 76 
181,440 K Hicnr © 151,440 * 1152 181,440 * 11527 —_ 181,440 * 1152 r 


1 208 ' ———— — r , 
. Therefore $0* + yodp-o+ $5'= 550%8 1] 2, 


or the fifth. term of the {cid ſeries, will be = Jg Her X 2%, or ma. 


Therefore the five terms _ 2 * 23 + — T's = [42s — 


40 
2 ＋. 10% 4 — grace = 4271 1 15 | 
K 2 4 —— , or (becauſe @ is = 1) the 
five terms 2 — c + 3e — Xx 2* — 12 — Sc⸗ +7 X 2* + 
23 25 | 


ge* + I Ocg + 55% — 55's — . en, will be = & — Gro + 75" + fa 
87 2 : 

5040p* T 762,800 * 02 | 

radius, will be equal to an infinite ſeries of which the firſt five terms will be 


the fine of the arch 2 in the circle of which r is the 


23 25 27 29 
27 2 + 1207 5040r® + 302,880 | . f. 


Art. 419. This ſeries agrees with that found above in the firſt part of this 
Diſcourſe, art. 62, 63, 64, 65, 66, and 67, pages 396, 397, 398, - © 495, 


f : i 3 N 
for the fine of a given arch, to wit, the ſeries y — = + 2 2 5 _ 


Ls yu . . 
+ N &c, in which y denotes the arch of the 
circle, and x the fine of the arch y, and the radius of the circle is called 1. 
For 6 is = 2.3, and 120 is = 2.3.4.5, and 50.40 is = 2.3.4. 5. 6. 7, and 
362,880 is = 2.3.4.5. 6.7.8.9. 


Art. 420. Whenever a, or the co- efficient of y in the ſeries ay + <* + 6) 
+ gy + 5* + &c, that is to be reverted, is = 1, the feries that is equal 


to y, will be 2 — cz T＋ zer — d „ 2 — (12% — 83 +gX 2 + 
5e + 10cg + 55% — 5 Ce * 2* &c; as we have ſeen in the foregoing 
example. In thele caſes (which happen very frequently, ) the foregoing theo- 


rem may be expreſſed as follows: If z is equal to the infinite ſeries y + O 
„% + &* + gy* + 5* + &c, the quantity y will be equal to the infinite ſeries 


% g = C X 2* + 3c* — e X 2* — i267 — dc + g XN 3” + 
4% 5e* r log + 55% — 55e — ix 2* &c.“ 5 


Art. 461. 
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Art. 421. The foregoing ſecond theorem of Sir Isaac NewrTon teaches 
us to revert the ſeries ay + ＋ ff + gy” + 5 + Kc, ad infinitum, in 
which all the terms are added to each other, or connected together by the 
ſign +, but does not enable us to revert the ſeries ay — of + of — gy? + 
i) — &c, ad infinitum, in which the ſecond term 57 and the following terms 
e&y*, gy', 9h, &c, are connected with the firſt term ay by the ſign — and the 
ſign + alternately, or are ſubtracted from, and added to, the ſaid firſt term 
alternately, I (all therefore now proceed to inveſtigate a theorem, ſimilar to 
the foregoing ſecond theorem given us by Sir Isa ac NewToN, which ſhall en- 
able us to revert the general ſeries ax — <* + 95 — gy? + i — &c, ad infi- 
num, | 


A Reverſion of the Infinite Series ay — 9 + &f — gy! + iff — Oc, which is 
equal to 2; or an Inveſtigation of a Series of Terms involving the Powers of Z, 
that ſhall be equal to the Quantity y. 


— .. — — 


Art. 422. Let the ſeries ay — 0 + . — g + 5% — &c, be multiplied 
eight times into itſelf, ſo as to give us the ſquare, and the cube, and the fourth 
power, and the fifth power, and the faxth power, and the ſeventh power, and 
the eighth power, and the ninth power, of the faid ſeries. Theſe multiplica- 
tions will be as follows, has 


ay — of + && 5 + „ &c 


Go _ + ECE=—=WSF = © 
4% — acy* + ary — 0 + &c 
— ay + ch — oy + &c 
+ a — oy -+ &c 
— agy ＋ &c 
+ &c 


— —ů —-—„ ao —— —-— — — — 
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&c- 


205 — 20 + 209% — 2agy* + 
* 
* 


&c 
&c 


amo) + 6 = 4+ 


49“ — 2a'cy* + 24%y" — 22gy + 
+ ach — 2acey* + 
— % + 2c — 2ac09% + 


„ FR 


er = 339. + 3 — 29 + 


4% — 44˙ “ + 40%y)" — &c 
+ 6a*dy* — &c 
. 


Py — Eres: 
uu _ 


H — & + 9 — &c 


49 — 4% + 4 — &c 
+ 6a*fy* — &C 


Vol. III. 
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% — aa + 4 — See 


+ 64% — Kc 


w_ a + 40% — G&c 


+ a*%y% — &c 
— &C 


4% = ge + gap — & 


+ 104% — &c 


— & 
ay — % ＋ &c 
a — Fach + &c 
— &y + &c 
+ &c 
a — G +: & 
3 &C 
ay ' =, ＋τ Ke 
ay?) — G6a*cy? + ” 
— a*cy? -» &c 
+ & 
ay) — nay + &C 
+ & 
ay — &c 
49 — &c 
— & 
ay — G&c 
4 — G&C 
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Therefore 2? will be = to the compound ſeries 
ER IO + 369 —» 3627 + bc, 
| + 340)" — 82 + &c, 
— Oy + Ke, 
| + &c, 

and 25 will be = the compound ſeries | 

429˙ — gatcy + 5a*ey — &c, 
+ 10a 9 — &c, 
— &c, 

and 27 will be = the compound ſeries 


{ a'y! — 7a + &c, 


+ &c, 
and 2 will be = the compound ſeries 
54 4209 — &c, 
. — &c, 


Art. 42 3. Now, fince 2 is S the ſeries ay — 0 + 9955 = g + i» — &c, 
let all the terms on both ſides of the equation be divided by 4: and we ſhall 


have = = 5 —= z ＋ 2 EL + L — &c. And conſequently the firſt term 
of hs ſeries fought which i is to = us the value of y in terms involving the 
powers of z,) will be —. Q E. I. | 


Art. 424. We muſt now endeavour to expunge the term — 2 from the 


equation —- = y—S + >— i ＋ 2 — &c 


Now it has been ſhewn, in art. 422, that 2* is = the compound ſeries 
49 — 3a + 349" — 3a'gy? + &c, 

+ 34cy" — bacey* + &c, 

| — c + Kc, 
+ &c, 


Therefore 2 = will be = the com pound ſeries 
„ 
+ —7 Oe —2 + &c. 


— 2 + &c. 


"fl | + &c; and d all the 
terms 
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terms of this equation into the fraction >) we ſhall have 5 * =, or 2 * 2*, 
= the compound ſeries | 


9 4 
= + = + &c 


. . . . FEI cy? 
oy this equation being added to the 2 25 — — 
— + 2 — &c, (from which the term — = is to be expunged,) will produce 
the equation ——_ + = * 2* = the compound ſeries 


4 ey* * iy? 
„ 


e 
A 
c3 63 i 
| + . — —2 + &c, 
— — + &c, 
, + Kc; in which the cube of y 


is wanting. Therefore the two firſt terms of the ſeries ſought (which is to 
give us the value of ꝙ in terms involving the powers of z,) will be = + 
* 2% Q Bo Io | 

Art, 425. We muſt next endeavour to expunge from the laſt equation the 
terms + 2 and — , which involve in them the fifth power of y. And 


for this purpoſe it will be neceſſary to reduce them both to the ſame denomi- 
nation, and to ſuppoſe one of them to be greater than the other. Now they 
will both become of the ſame denomination by multiplying the firſt of them, 


to wit, 2, by the fraction —, which is equal to 1, and conſequently will 
make no change in its magnitude. For then they will be + 2 and — — , 


which have both the ſame denominator as. And, as it will happen, I be- 
lieve, in moſt caſes, that ae (though it may be often greater than c,) will be 
leſs than 3c*, we will ſuppoſe 3c* to be greater than ae. And then the laſt 


equation will be as follows, to wit, — + 2 * 2* the compound ſeries 
5 G 2 "F © wm 
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C2 | 7 7 
ref. 
| + WW + 
357 6c? 
] =Y — 2 = &c, 
c4y9 
| 2 + &c, 
: + &c, 
or — + — x 2* = the compound ſeries 
| * K Ke, 
EE + &c, 


+ &. 


And, if we further ſuppoſe (what, I believe, will moſt frequently happen,) that 
gace + 3c* will be greater than aag, and that 3a*g + 6ace + H will be 


greater than 4 ˙ĩ, the ſaid equation will be as follows, to wit, — +; = * K 


= the compound ſeries 
a*cg + bace — at 
r —EEESIED, \, 


We muſt therefore now endeavour to expunge the term — — X 9 


Tee: 


; . — | < Y 2 — 2c. —aag 
from this equation + 'S $ —W ns — XY + _ 
X * _EEEEEEZ==T x 9? &c. 


þ Now, ſince it has been FRany in art. 422, that 2˙ is = the compound 
eries | 


+ oa — &c, 


ay — gay” + gate? — &c, 
— &c, or to the ſeries 29 — 


ga + za + 104% Kc, it follows that = - will be = the ſeries 
een 


REVERSION OF INFINITE SERIESES 781 


FF -_- — + — — Xy* - &c. And, if we multiply all the terms. of this 
laſt equation by the fraction ©, we ſhall have =, 25 = the ſeries ns 
x * — [EDT ox yt + SERIE Kc. And, if we add this laſt 
equation to the equation — — _ * 2* = the ſeries * | 2 2 NX. 


— **. — [Z — tne X &c, we (hall have — = 


a* 


— . : Ju — 

— * 2* + — * 25 = the ſeries y ® * + n _ 15c3 225 
e 37 : 

9 5ae IE ace © „„ Kc S the ſeries y ® 4 


2 * + ap $8 2 32 . 
Bace _ „ * + 22 — = N X y9 & c = the ſeries 


* a — — A xy + 20 mee D x % &c; in which 
equation both the cube and the fifth power of y are wanting. Therefore the 
three firſt terms of the ſeries ſought (which is to give us the value of y in 


terms involving the powers of 2,) will be — + = X 2* + EE . 
. n 


Art. 426. We muſt next endeavour to expunge from the laſt equation, to 


2 z — 3 ge? — ae 3 . + + [1 2c —Bace + aag 
wit, the equation — + — X #* + - X & = the ſeries y — — . 


— B8ace + aa 
a3 


RRR . | 26.8 
x 7+ EL = 2E „ xc, che term [2 


X *, which involves the ſeventh power of y. 
Now it has been ſhewn in art. 422, that 27 is = the ſeries a) - 7a 4 


&c. Therefore = will be = the ſeries 9˙ — —— + &c; and conſequently, 


by multiplying both ſides of this equation into the fraction ——— we 


ſhall have = ZL „ = the ſeries 2.2 _ 4 2 ð* * = 


ſe = — „% + &. And, by adding this equation to the equa 


net ons ed ng tl n # (120 — Bace Þ ang 
tion - + —- X + Æ X 2 = the ſeries y | = 


Xx y7 


A 22 =» ace — —— 3a*cg Þ+ 4 X * &c, we ſhall have — — * * 23 + 


2 
2c? — ae 


—— 


a! 


— —ðt. 2 
— . D— —_— I en I es to * 
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—.— * 2 + — — * 27 = the ſeries y ** 


+ 290*= ace = g 35 — 84% 4 5Garte — 908 : 
— —.— —..— 2 Ae, N & = the ſeries y # # 
- See + grafes — Fe — lo + a% 

* — 
2 goacke + 5a%* + lc — 431 

— — 
and the fifth power of 5, and the feventh power of 2, are, all, wanting. 
Therefore the four firſt terms of the ſeries ſought (which is to give us the 


* & = the ſeries * „„ © 


* &c; in which equation the cube of , 


value of in terms involving the powers of z,) will be = + = x 2 4 


— r . Q R. 1. 


310 


Art. 427. We muſt now endeavour to expunge from the laſt equation, to wit, 


the equation 2. . 2 x & + r e x & = the 


— grace + 5a%e* ＋ loa%y — a3 


ſeries y * » + I 550 = — X 3 &c, the term — 


556-5 Face r 5a%* + loa yg — a% 


— X, which involves the ninth power of 5. 


Now, it has been ſhewn in art. 422, that 2˙ is equal the ſeries ay? — &c 


ad infinitum. Therefore - will be = the ſeries y* — &c, ad infinitum ; and, con- 
pet 5582+ 5a*%* + 109% — as 
a* 
de — Sg + ge + tog — a 
128 a3 


ſequently, by multiplying both fides into the fraction £ 


we ſhall have the equation 20 = 


o_ 55% = gate + $8%? + 1Oateg — at 


the ſeri X &. And this equation, 


2 
being added to the equation — + = X 2* + 22 — „ 
— — X 2' = the ſeries y * * —— — 


XV &c, will produce the equation — + = X 2* + . X * + 


„ the ſeries 
„ & ad mfinitum; in which the cube of , and the fifth power 
of y, and the feventh power of y, and the ninth power of Y, are, all, wanting. 


Therefore the five firſt terms of the ſeries ſought (which is to give us the value 


of y in terms involving the powers of z,) will be — K 2 * 7 7 _— * 


X 2® 
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avs a3 ; 


we ſomewhat change the order of the terms of the numerator of the co-efficient 
* c * — 4 12c3 — Bace + a 
of the laſt term,) = ＋ x% + Z= x © + — — x 27 


4+ gabe + lo + 55d F5acte — ab 


X 2. . E. I. 


Art. 428. The terms of this ſeries are exactly the ſame with the corre- 
2 terms of the ſeries given by the above- mentioned ſecond general 
eorem of Sir Isaac NRwTox for the value of 5, in the equation ay + «<? 
+ 0 + gf + * + &c = z : only the terms are here all connected 
together by the ſign +, or by addition; whereas in that ſeries the ſecond and 


fourth terms, = X 2* and — X 1, have the ſign — prefixed 
to them, or are to be ſubtracted from the firſt term —., 


Art. 429. When a, or the co- efficient of y in the original ſeries ay — cy* + 
&5 —gy + i — &c, is = 1, (as is very frequently the caſe with the 


firſt term of an infinite ſeries,) the foregoing ſeries = + = x 2? + 
5 12c3 — 8ace + gan + 104% + 556 — grate = a3; 
EE x + „ 2) + £ 2 — 


* 2* &c, will be reduced to a much ſimpler form, being in that caſe equal to z + 


ca +3 —AX 2 + 12 ce + gx & + 5e + 100g + 55e* — 55e 7 
* 2* &c; or, in other words, if the infinite ſeries y = of + of — gy? + 5 
— &c is = 2, the original quantity y will be equal to the ſeries z + c + 


3* —e)x # + 12& de + gx * ＋ 5 + nog + 55 — 55 — 1) 
* 2* &c, Sul 


An Example of the Reverſion of an Infinite Series by means of the foregoing 


general Theorem. 


— — 
2. by A 
Art. 430. Let the ſeries to be reverted be y — 82 * = * 2 


&c, which is equal to the length of an arch of which y is the tangent, in a 
circle of which r is the radius, upon a ſuppoſition that the arch (which we will 
call x,) is leſs than 45 degrees, or half the arch of a quadrant, or that the 
tangent y is leſs than the radius 7. 

| Here 
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Here a, or the co-efficient of y, is = 1, and conſequently y will be equal 
to the ſeries & ＋ ef + 3 — e x 2 + 12 — 8e +g x 2! + 
5e* + Iocg + 55 — 557 — 1 X 2⁰ &c. 


Now in this caſe c is 2 , an el A is = — 18 2 — 
7 d e 1s 5 and g is rs and fis In. 


Therefore 30, will be = 3 x 21 e N = =) — . and 30 — e 


will be = = wma —(= 1 2 = = — Therefore the three firſt terms of the 
BR Es e el X 2, vill be 2 + r 2 n "oi 
- 2 | „ 
oY r + OM 

And 12c* will be (= gg. = =12 K == = = == and 8ce 

— — T3. — 4 : 
will be ce Fern „ ach N een 
8 


8 . x f a 
(= 7 7 = m3 and tac? — not”; + 2 will be =; 832 5: 


RT 1 25 ov 4: by | 
15 X 6g e 15 * — 18 557⁵ © 5 * GT, — We the 


faurth term 1263 — 8ce +2 X 27, will be = _— * 27, or > 


Ti 
n s 00 = 1 
be = 0 g x mz 25: and 5 + l gx tents 


Ahn = 20) 2s mt avon be = 36 xD (= 


55 * = and 5e* + 1ocg + 550 will be = 8 | dr (= 


81 K 21 -, +55. 185. = $751 '* SEE £2171. 0 = 
1 81 Xx loge 1 x logr® 81 * 81 x 1050 © 81 X 1597. — 7 X 105 ) 


81 X 105r® 


— 3842 * * 
= ono" and 55c*e will be = 55 x | X — (= 55 X 


7 = gu and 55c*e ++ i will be = 7 + = = 
ſequently _5e* & 1ocg + 55 — 550e — #7 will be = 


- 
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3 * FTP * 2335 — 11,526 11349 186 a 

3 * 2835 — 3 * 203% 3x 2835 3x 2550 N 

Therefore the fifth term 5e + 10cg + 55 = 55e —1)X , will be = 
62 22 6229 

233577 1 283550 


Therefore y, or the tangent of the arch z, will be equal to the ſeries z + 


x3 225 170% 6229 


Art. 431. Theſe five terms agree with the firſt five terms of the ſeries found 
for the value of the tangent of a given arch of a circle in the firſt part of this 
Diſcourſe, art. 82, 83, 84, 85, 86, 87, 88, 89, pages 418, 419, 420, &c, 
- = - 430, where æ is put for the tangent, and y for the arch, and 1 for the 
radius of the circle, and the fix firlt terms of the ſeries expreſſing the value of 

2 of 295 1797 6299 13825 
the tangent are y + I dr 4 - 7 1＋ 5 — 
4X 2 - 


CONC LUS ION. 
—— ..... — — 

Art. 432. I have now compleated all I intended to deliver in this Diſ- 
courſe concerning the Reverſion of Infinite Serieſes. My principal object 
was to explain, and illuſtrate by proper examples, the two methods of per- 
forming theſe Reverſions invented by the great Sir Isaac NewrToNn, which did 
not appear to me to have ever been ſufficiently explained before. The ſubject 
was a ſubtle and difficult one, and could not (as I thought) be treated in a 

per manner, or ſo as to render the Principles of theſe two Methods of 
Keene Serieſes clear and evident to the Reader, and the practice of them 
eaſy and familiar to him, without running into conſiderable length, and illuſ- 
trating cach method by a variety of examples. But there is likewiſe another 
cauſe for the uncommon length of this Diſcourſe, which is more than twice as 

eat as I had ſuppoſed it would have been. And that is the introduction of 
ome Digreſſions concerning the Reſolution of high Algebraick Equations, and 
ſome other ſubjects not much connected with the Reverſion of Serieſes, And 
theſe, perhaps ſome perſons may think, ought to have been omitted. To this 
I can only anſwer, that the matters contained in theſe Digreſſions appeared to 
me ſo curious and uſeful that I thought the generality of my readers would 


be glad to ſee them there, though not eſſential to the main ſubje& of the Diſ- 
courſe : and therefore I hope, upon the whole, that the inſertion of them will 


Vor. III. 5 H not 
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not be blamed. I am likewiſe under ſome apprehenſion, that the great copiouſ- 
nefs with which all the ſubjects treated of in this Diſcourſe are diſcuſſed and 
explained, will appear tedious to ſome of the more learned Mathematicians 
into whoſe hands this book may come, being ſo very different from the manner 
in which the ſame things have been ſet forth in moſt other Treatiſes on theſe ab- 
ſtruſe parts of the Mathematicks. But I hope at the ſame time, that this cir- 
cumſtance will be agreeable to the much greater number of young readers of this 
work, who have not been very converſant in theſe deep and intricate ſpecula- 
tions ; becauſe this is preciſely the manner in which (as I well remember,) 1 
myſelf, above forty years ago, when I began to apply myſelf to theſe ſtudies, 
ſhould have been glad to have ſeen theſe ſubjects treated. * 247 


Wich this Diſcourſe I ſhall for the preſent take leave of my Readers, and 
conclude this Third Volume of the Scriptores Logarithmici, ke.” 


Mar 27th, 1794- 
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In page 6, line 12, inſtead of indicunt, read inducunt. 

In page 16, line 22, inſtead of 3) 204: 3, read 3)4(4 : 3. 

And in the fame page 16, in the next line, inſtead of 3)2(2: 2, read 3)3(2 : 2. 

In page 49, line 3, inſtead of 252,462, read 210, 330. 

In page 58, line 16, after the word ſeries, dele 1. 

In page 75, lines 9 and 10 from the bottom, draw a line o ver 
p+1+i+b+x8 | 

In page 1 19, line 10, inſtead of — 6x*, read + 6x? 

In page 128, line 17 from the bottom, after 21x*, inſert + 28*; 

In page 102, line 9, inſtead of 3, read 3. 

In page 116, in the inner column, line 9 from the bottom, inſtead of 1990, 
read 1900. 

In page . line 12, inſtead of the arc DB, read half the arc DB. 

And in the ſame page 129, line 14, inſtead of the eres, read baff the arcs. 

In page 136, line 26, inſtead of 5 min. its fine, read 10 min.; the fine of balf 


this arc, or 5 min. | 


In page 140, line 2 from the bottom, inſtead of hs read 2 


In page 149, line 10, inſtead of TY 5, read * 
And in the ſame page 149, line 11 from the bottom, inſtead of 


bead LL 
. 52 
In page 1 54, line 7 from the bottom, inſtead of A“, read A", 


In page 166, line 1 from the bottom, inſtead of — read 18 


In page 209, line 4 from the bottom, inſtead of — read N 


3 — 3 
r; read r 


In page 221, line 4 from the bottom, dele wbar, 


In page 211, line 13, inſtead of 


In page 226, line 5 from the bottom, inſtead of — 72. 
In page 227, line 3, inſtead of + —, read + = 


ARE: 1.1.3.3 
2.2.4. ? read + . 


In page 237, line 3 from the bottom, inſtead of x =, read + . 


In page 236, line 7, inſtead of x 


In pe 249, line 13 from the bottom, draw a line over 4 — 2e + f. 
- TI 0 
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In page 257, line 4, inſtead of r*, read rx. 
In page 260, line 19, inſtead of cx, read cxx. 
In page 268, line 13, inſtead of gx*, read gx“. 
And in the next line of the ſame page 268, inſtead of o, read o. 


In page 274, line 12, inſtead of + ef read _ 


N 
_—_y I 
In page 291, line 15 from the bottom, inſtead of + bx”, read — bx”, 
In page 298, line 9 from the bottom, inſtead of x x V, read Vx x Vi. 


. 0 4 7 x7 
In page 301, line 14, inſtead of R read N 


In page 281, line 10, inſtead of + 


And in the ſame page 301, line 20, inſtead of + —_ read Xx —_ 
In page 302, lines 23 and 25, inſtead of x x Va, read Wx Xx V2. 
In page 30s, the bottom line, inſtead of — read =, 


In page 330, line 8, inſtead of 27. read E. 
In page 336, line 10, inſtead of x, read &“. 
In page 347, line 3, inſtead of — read — 


In page 332, line 2, inſtead of — , read — 
In page 374, line 2 from the bottom, inſtead of ia“, read ix“. 
In page 381, line 9, inſtead of cy“, read c'. 
In page 390, line 5, inſtead of he, read the. 
And in the ſame page 390, line 18, inſtead of goea*c*ry"”, read 3oea*c*sy"?, 
In page 396, line 2, inſtead of 20A EO, read 20 A ECG. 

And in the ſame page 396, line 11 from the bottom, inſtead of 53, read 54. 
In page 399, line 13 from the bottom, inſtead of EA , read = = . 


And in the ſame page 399, line 10 ſrom the bottom, the ſame preſs error 
occurs. 8 


In page 400, — is printed three times inſtead of — * , to wit, in lines 6, 
10, and 20. 

In page 405, line 5, inſtead of ᷑ᷣ ett“ d Jg. 

In page 409, line 17, inſtead of 53, read 54. 

In page 417, line 3 from the bottom, inſtead of 20E4'z6, read 20 AEO. 

In page 421, line 6 from the bottom, inſtead of a, read y. 


In 
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In page 425, in line 12 from the bottom, and twice in line 4 from the bottom, 
inſtead of 2, read L. 

And in the . page — line 3 from che bottom, the ſame * error 


occurs. 
In page 434, line 3 from the bottom, inſtead of N read 1 — yy. 
2a? 
2.3 * 


In page 462, line 8 from the bottom, inſtead of 2 . read 8 


In page 438, line 9 from the bottom, inſtead of 1 read —— 


In page 485, line 17, inſtead of - * . read read —- ＋ 5. 
In page 490, the bottom line, inſtead of — 2. read 2 . 


In page 500, line 9 from the bottom, inſtead of + — — =, read — = 
+ 244*B 


In page 504) line 7 from the bottom, inſtead of m, read m“. 
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In page 510, line 9 from the ere, inſer the os + before the term 2 =. 
In page 512, line 8, inſtead of © 


In page 506, line 5, inſtead of — 


75 , _ 
In page 517, line 5, inſtead of — 22 , read —-, 


In page 519, inſtead 1 — _— in lines 3, 10, 14, 23, 25, and 26. 


In page 521, line 8, inſtead of — £5 =, read bac? 
And in the ſame page 521, line 4 ane, , = ow 
And again in the ſame page 521, line 10, inſtead of 2A® c, read 2 Ac“. 


f = w-; 


In page 539, line 13, inſtead o read —— 
In page 540, dele the whole of * ad ; 2 miſtake which is therein men- 
tioned, having been ſince diſcovered and corrected, and the ſheer, in which 
it was contained,: having been cancelled and re-printed. 
34e rend ZA*c.x* 
&r+ ? 65% * 
In page 589, line 12, inſtead of 42», read _ 


In page 600, line 7 from the bottom, inſtead of 2 


In page 605, line 4, inſtead of 9 I' read WW, 


In page 575, line 2, inſtead of 


Ny*3 
, read 2. 
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And 


1 y : 
"i | 
% 

Ft 


And in the ſame page 605, line 5, inſtead of T,. read . 
In page 617, line 8, inſtead of =>, read g. 


In page 620, line 10, inſtead of 2. A, read FD * 
In page 629, line I, * of — 3 read 6 — 
22 t — I 121 —1 
In page 654, line 3, inſtead of 8 read —— Im" 
In page 656, line 8 from the bottom, inſtead of — —, read — Xx. 
In page 670, line 8, inſtead of a, _ ay. 
In page 672, line 6, inſtead of - , read 
And in the ſame page 672, the bottom line, inſtead of -, read 28. 
_ 469x* 05 — 
In page 680, line 11, inſtead of — + read — + ry 
In page 682, line 4 from the Bed 8 of —— 5 * 5 read =; + 
4698" 
1440 
5 Pp 5 2 1 , | 271 
In Page 684, line 7. inſtead of 2.3.4 · 5-0. 7. 8. 9. 1011 read 2.3.4. 5. G. 7. 8.9. 10. 11 


In page 688, the bottom line, inſtead of 3zx', read . 
1 . 8 * Gal - 
In page 691, line 9 from the bottom, inſtead of , read =, 
In page 696, line 5, inſtead of 49“, read ay? 
In page 719, line 7 from the bottom, inſtead of 5000, read HD 


In page 725, line 6 from the bottom, inſtead of powers, read power, 
In page 731, line 7 from the bottom, inſtead of »y*, read . 

In page 732, line 7, inſtead of /z*, read 1“. 

In page 733. the bottom line, inſtead of a“, read a“. 

In page 734, line 7, inſtead of y*, read 57. 

And in the ſame page 734, line 10, inſtead of gx, read 2 

In page 752, line 24, inſtead of or, read 10x. 


In page 768, line 0 from the bottom, inſtead of — 2 , read 


Zace + 36 — aag 
725 a3 : 


In 


In page 771, line 14 from the bottom, inſtead of =, read —, 
In page 774, line 8, inſtead of 125? — Be + g x 2*, read(12f — Be Þ 2) 
XxX 27. 


And in the ſame page 774, line 9, inſtead of 56 Iocg + 556 = 558 —1\ 
X 27, read 5e* + log + 556 — 55 —1t) x 2%, 


